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Abstract: Spacecraft require a large-angle manoeuvre when
performing agile manoeuvring tasks, therefore a control moment
gyroscope (CMG) is employed to provide a strong moment.
However, the control of the CMG system easily falls into singu-
larity, which renders the actuator unable to output the required
moment. To solve the singularity problem of CMGs, the control
law design of a CMG system based on a cooperative game is
proposed. First, the cooperative game model is constructed
according to the quadratic programming problem, and the coope-
rative strategy is constructed. When the strategy falls into singu-
larity, the weighting coefficient is introduced to carry out the
strategy game to achieve the optimal strategy. In theory, it is
proven that the cooperative game manipulation law of the CMG
system converges, the sum of the CMG frame angular velocities
is minimized, the energy consumption is small, and there is no
output torque error. Then, the CMG group system is simulated.
When the CMG system is near the singular point, it can quickly
escape the singularity. When the CMG system falls into the sin-
gularity, it can also escape the singularity. Considering the opti-
mization of angular momentum and energy consumption, the
feasibility of the CMG system steering law based on a coopera-
tive game is proven.
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1. Introduction

A control moment gyroscope (CMGQG) is a kind of inertial
actuator that is utilized in spacecraft. CMGs are widely
utilized in various space missions and can be applied to
control the optical platform of spacecraft. A CMG ampli-
fies the torque to obtain a large torque for spacecraft atti-
tude control. The actuators of worldview-1 launched in
September 2007 and of worldview-2 launched in Octo-
ber 2009 are equipped with four CMGs with a rotational
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speed of 6000 rmp to realize a side swing capacity of
+40°, a manoeuvring angular velocity of 3.5°/s, and an
angular acceleration of 1.5°/s . Pleiade series satellites are
also equipped with pyramid CMGs, which has simple
mechanical structure, low energy consumption, and high
reliability.

Presently, the mainstream CMG is a single gimbal
CMG (SGCMQG). A CMG is mainly composed of a rotor
and a single frame, and its output torque linearity is high.
A CMG can quickly double the amplification torque and
response, so it is widely utilized [1]. A single CMG can-
not output a three-axis torque, so it needs multiple CMGs
to combine into the CMG group system as the spacecraft
actuator, and there are many singular points in the angu-
lar momentum envelope of the CMG group system, that
is, it cannot output the desired torque in a certain plane
[2]. Therefore, scholars have performed much research on
how to escape the CMG singularity and design the con-
trol law of the CMG group system. The control law of the
CMG group system is to calculate the required frame
angular velocity based on the current frame angle and
command torque [3]. In 2008, the CMG control law
based on singular value decomposition was investigated
by Zhang et al. [4]. The law can avoid singularity to a
certain extent, but the effect of escaping singularity is not
ideal. In 2010, Takada et al. [5] proposed the CMG singu-
larity avoidance control law based on a singular surface
cost function, which avoids the internal singularity of the
system by introducing torque error. In 2011, Nanamori et
al. [6] proposed a new optimal initial frame angle control
law without knowing the trajectory of the desired torque
in advance. In 2011, He [7] proposed an error tolerant
control law, which takes into account the rapid departure
from singularity but increases the output torque error. In
2013, Wu et al. [8] proposed the CMG compound con-
trol law design based on feedforward and feedback,
which can avoid the CMG singularity problem but can-
not be solved if the CMG initially enters the singular
state. In 2014, Geng et al. [9] applied zero motion to
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avoid CMG singularity, making CMG always run out-
side the dead zone of frame shaft speed. In 2017, Wu et
al. [10] proposed the CMG-modified singular direction
control law, which is suitable for all CMG configurations,
but multilayer correction will lead to a larger torque error.
In 2018, Guo et al. [11] proposed a fast singular escape
control law in the frame angular space to drive SGCMG
to escape from impassable singular surfaces. In 2019, Lei
et al. [12] proposed the dynamic adjustment strategy of
torque distribution to improve the singularity avoidance
ability of the system without considering the energy con-
sumption. In 2020, Guo [13] proposed the singularity
avoidance control law of CMGs based on manifold the-
ory and designed the frame angle redirection control law
and manifold path selection (MPS) control law without
introducing torque error but without considering energy
consumption. The CMG control law cannot escape singu-
larity and simultaneously solves the torque error and
energy consumption. To solve these problems, this paper
proposes a CMG group system manipulation law design
based on a cooperative game. Game theory is seldom
applied in CMG group systems. In 2005, for the first
time, Lee et al. [14] proposed that game theory was
applied to CMG singularity avoidance, which can effec-
tively avoid the singularity conditions in the process of
large angle attitude manipulation, but the problem of
energy consumption is not considered. In 2019, Wu et al.
[15] applied game theory to a CMG + RW hybrid actua-
tor but added a momentum wheel, increased weight and
required space.

To realize the large angle tracking control problem of
the optical platform, this paper examines the CMG group
system as the actuator and proposes the CMG group sys-
tem control law design based on a cooperative game so
that the CMG can successfully escape from the singula-
rity near the singularity and when it falls into the singula-
rity, and almost no torque difference is introduced, which
can reduce energy consumption and cost.

2. CMG group system configuration
2.1 Pyramidal CMGs system

The system configuration of the CMG group adopts the

classical pyramid configuration [16], as shown in Fig. 1.
The frame angle set is @ = [@), @, a5,24]", the dip

angle is B8, and the CMG angular momentum is Acyg:

4
hCMG = hoz ACMGJ =
—c(B) s(ay) —cla) +c(B)s(as)+c(as)
ho| c(ay)—c(B)s(ay)—claz)+c(B)s(as) €]
s(B) (s(ay) +s(a) + s(as) + s(as))

where c(B8) =cospB, s(B)=singB, s(;) =sing;, c(@;)=
cosa;, and Acyg; is the angular momentum direction of
the ith CMG rotor.

Fig. 1

Pyramidal CMGs system

The time derivative of (1) is

h=u,=Ja=
&
—cB)c(a))  s(a)  cPB)clas)  —s(a) _
h|  —s(@) —c@Bel@) ss)  cBel) ||
sBc@)  sB)e(@)  sB)cla) s@B)ela) ||
@)

where J is the Jacobian matrix of the CMG system,
& = [@,, &, ds,04]" is the frame angular velocity of the
CMG system, and u, is the output torque of the CMG
system.

2.2 Singularity analysis of CMGs

When the CMG system falls into singularity, it cannot
output the required torque, and its Jacobian matrix is not
full of rank:

rank(J) <3
{ det(JJT)=0 - @)

The singularity index Scyg is chosen to determine
whether the CMG singular problem occurs [17]. The
larger Scyg is, the farther the CMG system is from singu-
larity. If Scyg = 0, the CMG comes into singularity.

det(JJ")

Scme = m €[0,1] “4)

where [det(J,J])],,. is the maximum of the value that is
related to the CMG configuration. In the simulation,

[det (J.J 7], = 2:37 [15].
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3. CMGs cooperative game theory
steering logic

3.1 Quadratic programming problem of
CMGs control

The command torque is u, = [u,., u.,,u..]". To optimize
the angular momentum and energy consumption, the
quadratic programming problem is considered:
u,=hyJe=Ad&=u.. (5)
The problem can be converted to the minimization
problem of L(a):

4
L(@)= Z . (6a)
k=1
Subjected to
fil@)
fl@)=| fLla) [=0 (6b)
fi(@)
where
fi(@) =Aa +Apdy +Apds +Auds — U, (7a)
(@) = Ay +Apdn + Ay s + Apglry — Uecy, (7b)
fi(@) = Az by + Ay + Ay + Asudiy — U, (Tc)
al’ld A‘j = ho](l, J).
Let

H(&, ) =L(@)+A"f(¢) =
L(@)+ A, fi (@) + A fr (@) + A3 f5 (@) (3
where the Lagrangian operator is A = [, A, 4]
Thus, we obtain
H(a,A
H@A) o 4534 9)
3a'k

Substituting (8) into (9), we have

H(&,4
a(—fl’) = 2&’1 +/1|A11 +/12A21 +A3A3| = 0
aa’l
0H (@,
(—fl) = 20’2 +/1|A12 +/12A22 +A3A32 = 0
0H (@,
& = 2(1"; +/1|A13 +/12A23 + ﬂ';A:B = 0
aa3
0H (&,
& = 20’4 +/11A14 +/12A24 +/13A34 = O
804
Therefore, we obtain
1y
akz—zgﬂ,Aik, k=1,2,3,4. (1n

Substituting (11) into (6a), we have

4
L) = Zaz -
k=1

1 3 2 1 3 2 1 5 2 . 3 2
Z[; /liAil] +Z[; /l,'A,'z] +Z(; /l,-A,-3) +Z[; /ll-AM] =

1 , 1 , 1 2
- Eal/ll - Eaz/lz - 503/13 —apdid, — a3 — apd Az,

(12a)
a dpp dapg A Ue x
f@=fA,0D=| a, a axn A |- Uy ,(12b)
aj;z dy  a A3 U,
where the elements ¢;(i=1,2,3)and a;(i=1,2,3;
j=1,2,3;i # j) are defined as
1 4
a,-:—EZA,.Zk, i=1,2,3, (13a)
k=1

(BN . . .
4j==5 ;AikAﬂw i=1,2,3;j=1,2,3;i<j. (13b)

3.2 Design of CMGs cooperative game theory
steering logic

3.2.1 Cooperative game model of CMGs

Cooperative game model of CMGs system is R = {W, V},
where V is the return function and W is the partner,
including Partner 1, Partner 2, and Partner 3. When the
cooperative game is conducted, the income of at least one
partner increases, while the gains of the other partners are
not reduced. All cooperative games are included in stra-
tegy set D;, in which the cooperative game situation forms
the situation A =[A4,, 4,, 4;], and satisfied | fi(A, /l)| <é&p
(j=1,2,3), where ¢, is a small positive value, D,
includes all strategies A; that satisfy | fi(A, /l)| <é&p.
| fi(A, /l)| <égp is the CMG output torque error &p,
|uM — U | <Ep, |Uoy—U.,|<epand Uy, — U,
Therefore, there is a set of optimal policies A* € D; such
that | £,(A, D] = 0, u,~u.=0.

At the beginning of the game, we need to choose a
group of strategy initial values A=[A;, 4, 43]. Each
negotiation will produce a group of strategy change va-
lues 64 =1[01,, 64,, d43], and the new game situation is
A =A4+06A. Note that 61 needs to be designed according
to the constraints, and | fi(A, /l)| — 0 when 64— 0. To
calculate the strategy change value, we need to design the
value function V ({i}):

< é&p.

1
Vi {5 (1-64)), 64,<6A; or 61, <6, or 65 <61;
i =

0, 64; >64; and 64, > 645 and 845 > 045
(14)
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where 04; is the strategy change value obtained from the
last negotiation.

To ensure that at least one partner’s value function
increases in each negotiation, at least one new /; is closer
to the optimal strategy AF. If 64, > 647 (i =1, 2, 3), then
the negotiation cannot reach an agreement, this plan is
not passed, and V ({i}) = 0; otherwise, this plan is passed.
V({i}) is applied to judge whether the scheme is passed
and whether the strategy change value converges [15].

If 64 — 0, the strategy converges, the optimal strategy
and the maximum value function are obtained, and the
cooperative game ends.

3.2.2 Design of CMGs cooperative game theory

The design of the cooperative game manipulation law
includes the following steps:

Step 1  Select the policy initial value and value func-
tion initial value according to f(A,1) =0,

2
_ (02012013 - 012023) U "

As =
’ Ay
(016112023 _a%zam)uc,y + (a?z _alaZaIZ) uc,z, (15a)
/13,* 13’*
Al — A Uy — Q12013 — Q1A23) A
1= 12U, 1Uey = (A12013 — A1023) 3’ (15b)
Apx
A = uzr,x_a12/12_a13/l3’ (15¢)
).11*
V(1)=0.1, i=1,2,3, (16)

where the singularity indexes of strategy are A;x, Ayx,
and A3+ :
Asx = @120}, —207,01300; + A1A1205,+
0?203 —aaxaszdy
hr=d,—aa,
s =a

(17

Note that CMG singularity leads to Lagrangian singu-
larity. When the CMG system is singular, it cannot out-
put torque.

(i) When the X-channel does not output torque,
Apn=Ap=A;3=A4=0,

1 4
/ll,* =a; :_EZA%]‘ =0
k=1

2
1 4 1 4 4
As=ap’—aa,= Z(;Aw’zk] - Z;A%k;Agk =0

— 2 2 2
/13,* —a2a12a13—26112a13a23 +a1a12a23+
3 —
a,dz;—aadszd; =0

(18)
Thus, 4,, 4, and A; are strange.
(i) When the Y-channel does not output torque,
Ay =Ay, = A23 =Ay= 0,

1 4
ds=a = —EZAﬁ #0
k=1

2
1 4 1 4 4
Ax=ap*—aja, = Z[;AlkAZI\'] - Z;A?k;Agk =0.

— 2 2 2
/l3y* = apdi; — 26112013(123 + a1a12a23+
3 —
a,a; —a,a,aza;; =0

(19)
Therefore, A, and A; are strange.
(iii)) When the Z-channel does not output torque,
Ay =Ay=A5=A54=0,

1 4
/lly* =a = —EZA%/( #0
k=1

2
1 4 l 4 4
x=ap’—aa, = Z[;A”‘A”] - Z;Ai;Agk #0

A3 = A 1a3, —2a%,a13a03 + 1G22+
ﬂ?ya_z —a1maza;; =0 (20)
Thus, A; is strange.
When 4; is close to singularity, A;. <&,, where & is a
smaller positive number. When the strategy approaches
singularity, it can be avoided by modifying (15),

2 2
(a2a12a13 - a|2a23)uc.x (01012023 - alzaIS)uz‘.y
13 = & + * +
/13’* +& /13’* +&
3
(a}, —ayman)u,,
/13,* +S*
AUy —A1Ucy — (anais —ayax) s
/12 = -
s+e
21 = U, —apdy —apds
| = =
/L * +8* (21)

Although introducing &* can solve the singular prob-
lem of the Lagrange operator, it will increase the output
torque error of CMGs, which can be avoided by reason-
able design.

Step 2 Calculate the policy change value 64=
[0, 64,5, 6A3] and the update strategy situation and value
function.

If the strategy does not fall into singularity, the change
value of the strategy is expressed as follows:

(azanals —0?21123)131 (uc,x - Ul) "

6/13 =
).3’*
(alalzaZS - 3%2013)132 (uz:,y - Uz) "
Az
3 - I = U
(a3, —ara,a15) I'ss (ue,, 3)’ (220)
A
apls (uc,x - U1) a I, (uc,y - Uz)
6/12 = — —
/12’* /12’*
(ana13 — a,ax3)04;
s 22b
Ays ( )
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Iy (uc,x - UI) — a0, —a;304;
/11‘*

oA, = , (22¢)
where the weighting coefficient is [I;;(i=1, 2, 3;

j=1,2,3; j<i). The weighting coefficient can improve
the convergence speed of iteration and the accuracy of
CMG output torque, and reasonable design of the weight-
ing coefficient can avoid torque output error. In addition,
reasonable design of the weighting coefficient can ensure
the convergence of iteration. The iterative moment is
U=[U,, U,, U3]T,

U, a, dap ds 4
Uz = ap a; [25%) /12 (23)
Us; a3 dx  ds A3

If the strategy falls into singularity, the strategy change
value is calculated according to the following formula:

(a2a12a13 —afzazs)rm (uc,x - U|)+

6/13 = P
/13,* +&
(ala12a23 _0%2013)F32 (uc,y - Uz) +
/13’* +8*
(@, - a,azalz)l}i (. — U3)’ (242)
x+€
aply (uc,x -Uy) aln (uc.y - Uz)
6/12 = + - - -
AZ,* +& /12,* +&
(a1pa13—a1ax3)04; (24b)
dys+ & ’
r x—U1)— a0, —a304
oA, = 11(”, 1) a0 —daps 3. (24¢)

/ll,* +&
The new game situation and value function are
expressed as follows:

A=A+64, (25a)
1
—=(1-04;), 64,<6A; or 6A,<0A, or 6A;<5A;
V({ih= 3 (1704). ddi<od, 2RO ORI (25
0, 64,264, and 61,>64; and 62564,

Step 3 If V({i}) #0, repeat Steps 2 and 3 until the
iteration converges, and obtain the optimal strategy after
convergence. The optimal strategy can be obtained after
convergence.

Substituting (25a) into (11), we have

Adi+ dy + 405

1 AJin+bLdn+ 4105
J . (26)

AJa+ bdoy+ 4,103

The energy cost function of CMGs system defined as

4
1
Ecr)st = Z EJCMG[C.Y? (27)
i=1

where Jcyg: is the moment of inertia of the ith CMG.
Note that each CMG rotor has the same constant speed,
so the energy consumption function does not include the
energy to maintain the speed of the CMG rotor, that is, it
is only used to measure the energy consumption of the
CMG frame angle rotation.

3.2.3 Convergence and accuracy analysis of the CMG
cooperative game control law

When the CMG cooperative game manipulation law is
adopted, the iteration will converge to a certain extent. To
prove the convergence of the control law, there are two
cases: Case 1, the current strategy has no singularity;
Case 2, the current strategy has singularity.

Case 1 There is no singularity in the current strategy,
and in the first iteration, we obtain

U, a, dap apg /11,1 Ue, x
Upyy | =] an a ay by | = Uy (28)
Us, a3 4y ds A3 U,

where the iterative innings of the first iteration are
U =[U,,\, Uy, Us 1" and the policy initial value is
A= [/ll,ls A1, /13,1]T .

Substituting (28) into (22a)—(22c), we have 64, =0
and policy convergence.

Case 2 The current strategy is singular. In the first
iteration, we obtain

suy=u.~[ Uy Upy Us, ]Tz

Ue, x a, dp ds A
Uey |~ Gz Gy Ay by | =

U ; aj;z dy a3 Az,

T
[ 6”1’ 1 6”2, 1 (5M3, 1 ] (29)
where the iteration (moment) error of the first iteration is
6”1 = [(SML 1s 5”2, 1s (Su;, l]T.
(1) When 4; is singular,
Ouzy =u..— U =
&' [(aizar—apaxy) u. Ha ap—a,a3) uc,y+(a%2_ala2) Ue.:]
(a?z - Cllaz) (/13’* + 8*)

>

(30a)
6“2,1 = uc,y - U2,1 = 0, (30b)
6”1.1 :utr,x_Ul,l =0. (300)

Substituting (29) and (30) into (22a)—(22¢), we obtain
oA #0, 64,1 #0, 645, #0. Therefore, the strategy
cannot converge in the first iteration.

Assume that the strategy does not converge in the
(k—1)th iteration and converges in the kth iteration; we
then have
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Ui [ a an ap Ai

U2,1< =1 di2 ax dx /lz,k =

Us.x | di3 43 43 Az i
ay ap aps || At k-1 ap dpp dps 0 k-1
dp 4y dy A |+] an a ax 0y o1 | =
aiy an az || Ao aiy axp as || 04z o

Uiia ap dap aps 01 k-1

Upior |+] an ar an 0 i

Us i aiz dy a3 04341 |

(31)

where U, =[U,y, Uy, Us,]" is the iteration moment

of the kth iteration.

Uiy = Ui @104, 4oy + 120551 + 130341 =

A =T Uy + Ty, (32a)
Usy = Uppoy + 01204, 4o + @205y + A30 4341 =

a
(1-I5) U2JH+F22uc,y+f (I'1=T1) (ei=Uipa) . (32b)
1

Notably, if I';; =5 =1, we have

U=y, (33a)

Uy = Uy (33b)

Substituting (22a)—(22c) and (33a)—(33b) into (31), we
obtain

Usp = Uy + (@130 401 + 00300401 + 036 0341) =

/lg* /l%*
e, ——— + Uz |1-T . 34
33U, ot e 3k-1 33 orte (34)

Ass +&

According to (34), let I's;; = »TE (34) is then

3'*

expressed as follows:

U3,k = Uy (35)

In conclusion, when A; is singular, let I';;, =1, I'p, =1,
/13_* + 8*

I'3 =

3k
the kth cycle.
(i) When A, and A3 are singular,

, and 64, =0. The iteration converges in

Ouzy = e, — Uz =

5

£
a; (s + ") A3
&
a; (Ayx+ &) A3

&
a, (ﬂz,* + 8*) 13,*

2 *
[a12(al2a13 —aay) +a, (/lz,* +t& )] Uezs

.
[aIZ (12013—01023) (A13023 — A301) + Q12 (A12013— A1 A23) =013 (/12,* +é& )] Uext

2
[1112 (arax - 012013)(1113 —01113) +a, (011123—(112(113)] Ueyt

(36a)

Oy = Uey — U, =

a|28*
a, (/12’* +8*) (/13’* +8*)

61128*
a (12,* =+ 8*) (ﬂg’* + S*)

('5141,1 =Uqx— Ul,l = 0

Substituting (29)—(30) into (22a)—(22c), we obtain

o0A11 #0, 64,1 # 0, 645, # 0; therefore, the strategy can-
not converge in the first iteration.

*
apsé

2 *
a—aa)aa—aa —8]Lt,+ -
[( n—a1a; ) (a13a,3—a3a,2) ex al(/12’*+8*)(/l3,*+8)

2
(ana;—aiaxn) (Cllz - alaz) Uczs

[(a%z - alaz) (a1a3 - a132) + 8*] Li(,»,).+

(36b)

(36¢)

Assume that the strategy does not converge in the
(k— 1)th iteration and converges in the kth iteration; we
then have

Iy | (37)

1

Iy = 3 >
(1023 — apa)” —(a1a; — a;3?)

I a, (/13,* +8*)

32 = * 2
ap(aa; —ap?) (s + &) +aplaay —apnars)
a (/lzy* + 8*) (l&* + 8*)
I'3 =

In conclusion, if A, and A; are singular, let the weight-
ing coefficient be expressed as follows (37), and the itera-

2 5
apdys [((11023 —apa) + (s +£7)(a a3 —0132)]

tion converges in the kth cycle.
(iii) When 4,, 4, and A; are singular,
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Ouzy =u.,—Us, =

5

&
(A +&) (a2, —a1a:) (A + &)

2 2 *
[a12a13 (az3 - 02613) (012 - alaz) +ap (al2a13 —daxy (/11,* +& )) -

2 * 2 2 *
a3 (alz —aa, +& )+ (a2a12a13 - a12a23) (a13 —dadj (/ll* +é& ))]ur,x+
*
g
(s +&)(al, —a1a) (A3 + &)

2 * 2
[a12a13 (aza1 —azax)+ (6113 —das (/11,* +& )) (alalzaZS - a12a13) -

a (6112(113 —dys (/l]* + 8*))]Mryy+

5

e
(Ar+e)(a, —aay) (35 +€7)

2 2 * 2
[6112 (Clza13 — a12a13a23) (alz — Cllaz) + (/11’* +é& )(Cl12 - alaz) +

(a132 —dj (/11’* + 8*)) (a?2 - alazalz)]um, (383.)
Oy = Uey — U, =
a12£* 2 * * *
A\ —araz ) s +(A12G13 — Aoz | A1+ + € ) ) (@rai3 — appay) — (s +€ ) —ae |u.+
(/llv*+s*)(af2—a1a2+£*)(/l3,*+8*)[ 12( 23 2! 3) 2, ( 124413 23( 1, ))( 20413 12 23) ( 3, ) 2 ] ,
g 2 3 2 * *
101203 — A1 A ) aaapna; —al,axa;; —2a,340+ ) +ar, + s+ € (A« +& )| u,+
(/lly*+8*)(a%2—a1a2+8*)(/l3,*+8*) [( 1412023 12 13)( 2012013 12023413 23 1,) ( 12 2, )( 3, )] -y
1 3 * 3 *
a), —a|a,ap )€ (aapna;; —a,a3a,; —an (A1« +& ))u.., 38b
(/11,*+s*)(af2—a1a2+s*)(/l3,*+8*)( 12 142 I2) ( 2012413 124413423 23( 1, )) c,z ( )
6“1,1 = uc,x_Ul,] =
8* 2 *2 2 * *
a; (a,a;3—a12,023) | A2a12013—A1,023 ) —a3E  (@apapi—a,an)—e —aa )| A«+€ )| ue .+
(/11,*+8*)(afz—a|a2+s*)(/13,*+8*)( 1(@ai—an 23)( 2012013 —dpy 23) 13 ( 2012013—dy, 23) ( 1 2)( 3, )) x
&' . .
aran (A0 + €7 )+ (a) (apay; — anax) —ane’ ) (a1anas — da) ) u.,+
(/l]‘*+8*)(G%2—a1612+8*)(/l3,*+8*)( 1 12( 3, ) ( 1( 20413 12 23) 13 )( 1412423 12 13)) C,y
g s .
a, —a aap )\a aa,; — ayanax—anie u,,. 38¢c
(/l]y*+8*)(a%2—a]az+8*)(/l3,*+8*)( 12 142 12)( 1420013 1412423 13 ) 4 ( )
Substituting (29)—(30) into (22a)—(22c), we obtain Assume that the strategy does not converge in the
oA 1 #0, 64, #0, 643, # 0; therefore, the strategy can- (k—1)th iteration but converges in the kth iteration; we
not converge in the first iteration. then have
A = (aypa13 — a,a,3) [6123 (al +8*)_a12a13] _(as (al +8*)_a132)(/124,* +5*)
o= [ax (a) + &) —apai]an (@a; —anay) = A +€") (@ (a1 +€7) —apn?)
" (ap’—aa) (A (/13,* + 8*) —ay;(axa;; — 61126123))
(A + 8*) (Aox + S*)(alaz_% —apais) [(0126123 —aa3) + 0133*2]
2= P B
a1 (Lr—a28") (@102 — a12a13) —a12°6" (@12a03 — Ara,3)° 3
I = {F“(Az_* +8*)+(a2 (al +8*)—a122)}(/l3’* +8*) ’ ( )
31 = B
apé (012023—02013)2
r (ﬂ,]* + 8*)(/12* + 8*) (/13; + 8*)
32 = * *
a; (/12,*—028 )(ala23 —51126113)2—%22‘9 (anax —a2a13)2
1
Iy=——7————
3 (Cl?z — a1a2a12)A

In conclusion, if A;, A,, and A; are singular, let the  tion converges in the kth cycle.

weighting coefficient be expressed as (27), and the itera- Theorem 1 When CMG cooperative game theory is
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employed, if the CMG output torque capacity is not
exceeded, the CMG output torque error is 0, that is,
u,=1u..

Proof When the game situation converges, accord-
ing to (28), (33a), (33b), and (35), we can obtain

Ui a, ap aps || Ak Ue, x
Uz,k dp dy dxp Ly |= Uy (40)
Us,k ap dxp a3 i /13,k U,
Substituting (40) into (12b), we obtain
a, dpp ap 4 ] U x
f@)=|a, a a3 A =] Uey |=Ja—-u.=0.
aj;z dy; A A3 ] U
(41)

The constraint is then satisfied, and u,=Jd& =u..
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Therefore, when the output torque capacity of the CMG
system is not exceeded, CMGs can output the torque
without error.

4. Numerical simulation and analysis
4.1 Simulation parameter setting

The command torque is u. =[0.05sin(5¢);0.35cos(2f);
0.1sin(37)]. In this subsection, seven scenarios are con-
sidered. In scenario 1, the zero motion occurs at the sin-
gularity of the channel Z. In scenarios 2—4, the coopera-
tive game manipulation law is near the singularity of the
channels X, Y, and Z. In scenarios 5—7, the cooperative
game manipulation law is at the singularity of the chan-
nels X, Y, and Z channels. Table 1 shows the design of
each simulation scenario.

Table 1 Design of each simulation scenario

Scenario Scenario design Initial state/(°) Parameter

1 (Null motion) X-channel singularity (nearby) a =[-105, 10, 95, 170] W =diag|5,5,5,5]

2 X-channel singularity (nearby) a =[-105, 10, 95, 170] g1=1x10712 &* =1x10710
3 Y-channel singularity (nearby) =[20, 90, 20, 100] e =1x10712 g =1x10710
4 Z-channel singularity (nearby) =[105, 115, 110, 105] g1=1x10712 &* =1x10710
5 Singularity of X-channel a =[90, 0, 90, 0] g1=1x10712 &* =1x10710
6 Singularity of Y-channel a =10, 90, 0, 90] g1=1x10712, g* = 1x 10710
7 Singularity of Z-channel a =1[90, 90, 90, 90] £1=1x107"2, &* =1x10710

4.2 Simulation result

Fig. 2 shows the X-channel singular (nearby) control
torque error, CMG singularity index, and actuator energy.
As shown in Fig. 2(b), after 2 s, when it falls into singu-
larity due to the expected torque, it cannot escape from
the singularity state. It falls into singularity many times
from 2.5 s to 5 s, and the output torque error is very large.

Figs. 3—5 show the torque error, singular metric func-
tion, and energy consumption when singular near chan-

nel X; torque error, singular metric function, and energy
consumption when singular near channel Y; torque error,
singular metric function, and energy consumption when
singular near channel Z. As shown in Fig. 2(b), the initial
state is near the singularity, that is, the singularity func-
tion is close to 0. The initial state is far from the singula-
rity in less than 0.5 s, and near 4.3 s, it enters the singula-
rity due to the expected torque, but it soon escapes from
the singularity.
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Fig. 2 Simulation results of Scenario 1



193

HUA Bing et al.: Cooperative game theory-based steering law design of a CMG system

RO YOI C

3501
3.0}-1
25|--
20}--

H
'
T--

'
PO
'
'

R YOI

0.18

XlO*]fw

0.16 f--

v3 0.08 |--

- - - -

[ ——

PO ——

RO RO

(

=

4
3l
21
1

-N)/I0119 oanbio} jonuo))

t/s

t/s

t/s

SAuy; T Au,.

Aug -~

(b) CMG singularity index (c) Actuator energy

(a) Control torque error

Fig. 3 Simulation results of Scenario 2

(- N)/10119 9nbi1oy [onuo)

2l
3

R YCE YR YEI YRR R YCE R EIO TN

R YCR TR YEI N

t/s

t/s

t/s

JAuy; tAu..

tAu;

(b) CMG singularity index (c) Actuator energy

(a) Control torque error

Fig. 4 Simulation results of Scenario 3

Xloflé

[

__J__L

-=-L_

NI YR VCRNER

R TER YR RN

R YO FER RN

t/s

t/s

t/s

JAuy; tAu..

tAuy;

(b) CMG singularity index (c) Actuator energy

(a) Control torque error
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Fig.

tion and energy consumption near channel X; torque

When the CMG works normally, once it is close to the

error, singular metric function and energy consumption

when channel Y is singular;

the cooperative game control law has a role,

which makes the CMG group system move quickly away

singularity,

and torque error, singular

metric function and energy consumption when channel Z

B

from the singular state and makes the actuator work nor-
mally to meet the actual needs. The maximum torque

the initial state is

is singular. As shown in Fig. 5(b),

the singularity

£

observed at the singular point, that is

which can be disregarded. Simul-

taneously, the energy consumption is small, which is con-

ducive to practical application.

]

N-m

—16

error is 4.5%10

function is 0. When the CMG group system is in this
extreme state, it can immediately escape from the singu-

lar state and will not re-enter the singular state. The CMG

Figs. 6—8 show the torque error, singular metric func-
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tem can also escape from the singular state. After escap-
ing from the singular state, the torque error can be disre-

garded, and the energy consumption is small.

group system will not fall into singularity under the coope-

rative game manipulation law. When the initial state of

the CMG group system is singular, the CMG group sys-
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parison shows that null motion cannot escape singularity,

4.3 Simulation conclusions

and the torque error is large, and the energy consumption

Table 2 summarizes Scenarios 1-7, the torque difference
and the energy consumption. The abovementioned com-

is larger than that of cooperative game control law. When
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using the cooperative game control law, when the CMG
group system works normally, once it is close to the sin-
gularity, the cooperative game control law immediately
makes the CMG group far from the singularity, that is,
the CMGs will not fall into the singularity. Simultane-
ously, the torque error is approximately 0, and the energy
consumption is small, which meets the actual require-
ments of spacecraft. Once the CMG group system falls

into singularity. For example, when the initial frame
angle is at the singular point, the CMG group system can
be separated from the singular state by using the coopera-
tive game-based manipulation law. After the CMG group
system is separated from the singular state, the torque dif-
ference can be disregarded, and the energy consumption
is small. The availability of the CMG group system
manipulation law design is based on a cooperative game.

Table 2 Summary of each simulation scenario

Scenario Scenario design Singularity situation Control torque error/(N-m) Actuator energy/J

1 (Null motion)Singularity of Z-channel Singularity 0.6 14x10™"

2 X-channel singularity (nearby) No singularity 1310 0.42x10~

3 Y-channel singularity (nearby) No singularity 1x10" 11x10°
Z-channel singularity (nearby) No singularity 1107 0.3x10~

5 Singularity of X-channel Escape from singularity After escaping the singularity1x10™"° 1.5x10°

6 Singularity of Y-channel Escape from singularity After escaping the singularity1x 10" 3x10°

7 Singularity of Z-channel Escape from singularity ~ After escaping the singularity1x 10" 4x107

5. Conclusions

CMGs are widely employed in spacecraft control mis-
sions because of their multiple amplified moments and
rapid responses. However, the application and develop-
ment of gyroscopes are limited due to their inherent sin-
gularity [11]. In this paper, the pyramid CMG group sys-
tem is modelled, and the cooperative game model is con-
structed according to the quadratic programming prob-
lem. Considering the angular momentum optimization
and management, the angular velocity of the CMG frame
is minimized; the energy consumption is small; there is
no output torque error; it can effectively move away from
the singular state; and it can escape from the singular
state in the limit state. Compared with null motion, the
energy consumption is lower. Compared with the design
of the hybrid actuator, the weight and space of the
momentum wheel are saved. The mathematical simula-
tion proves that the control law design of the CMG group
system based on a cooperative game enables the CMG
group system move effectively away from and out of the
singular state, reduces energy consumption, and avoids
output torque error and that it can be employed to control
spacecraft optical platforms.
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