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Approximate Computing Circuits
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Abstract: In recent years, Approximate Computing Circuits (ACCs) have been widely used in applications with

intrinsic tolerance to errors. With the increased availability of approximate computing circuit approaches, reliability

analysis methods for assessing their fault vulnerability have become highly necessary. In this study, two accurate

reliability evaluation methods for approximate computing circuits are proposed. The reliability of approximate

computing circuits is calculated on the basis of the iterative Probabilistic Transfer Matrix (PTM) model. During the

calculation, the correlation coefficients are derived and combined to deal with the correlation problem caused by

fanout reconvergence. The accuracy and scalability of the two methods are verified using three sets of approximate

computing circuit instances and more circuits in EvoApprox8b, which is an approximate computing circuit open source

library. Experimental results show that relative to the Monte Carlo simulation, the two methods achieve average

error rates of 0.46% and 1.29% and time overheads of 0.002% and 0.1%. Different from the existing approaches to

reliability estimation for approximate computing circuits based on the original PTM model, the proposed methods

reduce the space overheads by nearly 50% and achieve time overheads of 1.78% and 2.19%.

Key words: Approximate Computing Circuit (ACC); correlation coefficient; iterative Probabilistic Transfer Matrix (PTM);

reliability

1 Introduction

With the continuous advancement of integrated circuit
design technology, the existing feature size has reached
the physical limit. Dennard’s scaling law and Moore’s
law have also become difficult to maintain. Meanwhile,
reducing power consumption to continuously meet
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the requirements of high-performance computing has
emerged as a meaningful task. In many traditional
and emerging applications, such as multimedia
processing, digital signal processing, wireless
communication[1–3], image rendering, augmented reality,
data mining, computer vision, voice identification,
deep neural network, mobile computing, and sensor
data analysis[4–9], users can accept output results with
certain errors. With the growing popularity of mobile
and embedded computing systems, these applications
are becoming increasingly widespread. Developed
under this context is the Approximate Computing
Circuit (ACC)[6, 10]. ACCs take advantage of the
inherent error tolerance of a number of applications
to balance the accuracy of the output results with
the performance of the applications, relaxing 100%
accuracy ultimately to reduce power consumption
and area overhead. As ACCs meet application
requirements while improving performance and energy
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efficiency, they have increasingly attracted the scientific
community. With the physical realization of ACCs, the
reliability issues emerging during their design require
close attention. One key aspect of today’s nanoscale
technologies is their vulnerability to process deviations,
various defects, and failures. In order to ensure the
availability of ACCs, it is necessary to analyze the
reliability problem caused by manufacturing defects and
failures.

At present, the research related to the reliability
analysis of ACCs is immature. Existing studies mainly
focus on the analysis of the error characteristics of
ACCs to measure the approximation degree. In terms of
research objects, most existing methods are oriented
toward approximate adders, and a few are oriented
toward approximate multipliers. Hence, approaches that
do not distinguish the functions of ACCs are limited.
As for the attributes of methods, they can be divided
into three categories: methods based on Monte Carlo
(MC) simulation analysis, methods establishing error
characteristic metrics, and methods analyzing error
probabilities. In the above works, errors refer to the
different functional outputs of ACCs relative to those
of corresponding conventional accurate circuits. Herein,
reliability is not evaluated assuming that ACCs are faulty.

Some of the functional outputs of ACCs that differ
from those of conventional circuits are sometimes
acceptable for certain applications. However, little
research has been conducted to estimate the probability
of obtaining acceptable outputs. At present, only a
few studies have explored ACC testing, fault-tolerant
design, and failure rate. Herein, ACC reliability is the
probability of obtaining an acceptable circuit output
under the influence of production defects and operating
faults. Calculating reliability can help designers to
improve the ACC structure during the design stage[11].

In our previous work[12], we evaluated the reliability
of small-scale approximate adders on the basis of the
original Probabilistic Transfer Matrix (PTM) method[13].
In this work, we present relatively complete and accurate
ACC reliability evaluation methods that are based on the
iterative PTM model. Correlation vectors are derived
for various basic topologies in a circuit and are then
incorporated into the iterative PTM model to calculate
ACC reliability. The derivation of the correlation vectors
alleviates the correlation problem caused by fanout
reconvergence, and the iterative PTM model increases
the applicable circuit scale.

The rest of the paper is organized as follows. The

existing studies in the field of ACC reliability analysis
are introduced in Section 2. Preliminaries are detailed
in Section 3. The proposed ACC reliability evaluation
methods are discussed in Section 4. The analysis of the
comparative verification experiment results and the test
results of the proposed methods based on an open source
library are provided in Section 5. Relevant conclusions
are summarized in Section 6.

2 Related Work

ACC reliability analysis is still in its infancy. Most
existing works focus on the analysis of ACC error
characteristics. For example, the method for the
modeling and analysis of ACCs simulates and analyzes
the behavior of ACCs. Through Boolean analysis
technology, the MC simulation method is used to obtain
the worst error situation, calculate the error probability,
and infer the error distribution[14]. This method can
be applied to ACCs with different functions and is
relatively accurate but time consuming. In this method,
the descriptions of error statistics and error distribution
are numerical data, which cannot be parameterized
according to the circuit design. References [15–17]
proposed a series of error characteristic metrics,
including error rate, error distance, mean error distance,
normalized mean error distance, relative error distance,
mean relative error distance, etc. These metrics are
widely used to analyze and compare existing ACCs
or evaluate newly proposed ACCs, including various
approximate adders[17, 18], approximate multipliers[19],
and approximate dividers[20]. The methods for
calculating error characteristics are mainly oriented
toward arithmetic units and are based on statistical
measurements; hence, they are difficult to extend to
complex circuits, and they do not always reflect the
critical degree of errors[21]. Existing error analysis
methods are aimed toward evaluating the approximation
degree of ACC design, taking the accurate output of
conventional circuits as the benchmark, and calculating
the deviation range and the rate of the approximate
output. However, they cannot directly evaluate the
reliability of ACCs. Studies focusing on the reliability
of ACC are few. A number of scholars[22, 23] have
emphasized the necessity of reliability analysis for
ACCs, but their research is not extensive. Reference [24]
selected an error-tolerant application, i.e., H.264/AVC
decoder, to evaluate fault criticality in different modules
and in the same modules. This work is dedicated to
specialized applications and 1/0 (stuck-at) hard faults.
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Our previous work[25] aimed at soft errors and involved
the calculation of the failure probability of ACCs based
on the error propagation probability model. This work
can apply to different types of ACCs, but it cannot
evaluate the overall reliability of ACCs. Reference [12]
performed a preliminary exploration of ACC reliability
prediction, defined an acceptable output set by an
accurate output and an approximate fault-free output,
and evaluated ACC reliability accurately on the basis
of the original PTM model. However, due to the
exponential space-time complexity of the original PTM
model, the method can only be used for small-scale
ACCs.

In this work, the complexity and correlation issues
during ACC reliability evaluation are further studied.
The iterative PTM model is used in the ACC reliability
calculation, and time-space complexity is linear, which
can help to expand the scale of the applied circuit.
During the calculation, the correlation coefficients are
expanded and derived to solve the correlation problem.

3 Preliminary

In this section, we briefly introduce the preliminary
knowledge about the iterative PTM method and the basic
theory of the correlation coefficients required by the
evaluation methods analyzed in this work.

3.1 Iterative PTM

In conventional circuit reliability evaluation, the PTM[26]

is a complete and accurate classic analysis model. In this
method, the PTM is established for each primary gate.
For example, assume that the probability of NAND2
producing an incorrect output is p; the corresponding
PTM is shown in Fig. 1. When p D 0, the PTM becomes
an Ideal Transfer Matrix (ITM). The PTM and ITM
of the whole circuit are obtained according to the gate
connection structure. Then, the reliability of the circuit
is calculated as

R.c/ D
X

8i;j jI.i;j /D1

p.i jj /p.i/ (1)

where p.i/ is the probability of the input i , p.i jj / is

Fig. 1 Probabilistic transfer matrix of NAND2.

the probability of the output j for input i in PTM, and
I.i; j / is the probability of the output j for input i in
ITM.

Xiao et al.[27] extended the PTM method and proposed
an iterative PTM method by using hybrid coding. They
divided a circuit into multiple modules according to
the logical connection. For every basic circuit module,
the input probability matrix, input reliability matrix,
probabilistic transfer matrix, output probability matrix,
output reliability, etc., are defined. The input probability
matrix of a basic module with multiple inputs is equal
to the tensor product of its different input probability
matrices. Each input probability is equal to the output
probability of the last connected gate. Similarly, the
input reliability matrix of a multi-input module is
the tensor product of the different input reliability
matrices. The PTM of the basic module is the probability
representation of the corresponding state of the output
signals driven by the input signals. Finally, the Hadamard
product of a module’s PTM and ITM is multiplied by
its input probability matrix, and its output probability
matrix can be calculated accordingly.

3.2 Correlation coefficient

Assume: event A means that an input signal is equal to 1
in a circuit; event B means that another input signal is
equal to 1 in this circuit; their probabilities are denoted
as P.A/ and P.B/, respectively. Then, the probability
of event AB D A \ B , indicating the two-input signals
equal to 1, can be written as

P.AB/ D P.A/P.B/CA;B (2)

where CA;B is the correlation coefficient defined in
Ref. [28]. CA;B D 1 means that events A and B are
independent; otherwise, CA;B ¤ 1. CA;B is calculated
as

CA;B D
P.AB/

P.A/P.B/
D

P.AjB/

P.A/
D

P.BjA/

P.B/
(3)

Reference [28] discussed several basic topological
structures in a circuit only considering the probability
that a signal is equal to 1, and provided fundamental
calculation methods. In this work, we expand the
correlation coefficient theory and introduce it to the
reliability evaluation of ACCs to improve the accuracy
of results.

4 ACC Reliability Evaluation

4.1 Basic definitions

For ACC, we have the following definitions:
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(1) Acceptable value: The ACC output value that
meets the requirements;

(2) Approximate value (denoted as AV): The output
value of the fault-free ACC;

(3) Accurate value (denoted as V): The output value
of the corresponding fault-free conventional circuit;

(4) Maximum deviated value (denoted as MV): The
acceptable value having maximum deviation from AV
under every input combination in the ACC, with the
direction of deviation approaching the accurate value;

(5) Threshold range: The range of acceptable values
of ACC.

The definitions are shown in Fig. 2. In this study, we
set MV D V , i.e., ŒMin.AV; V /; Max.AV; V /� as the
threshold range. As for the threshold range, the interval
of ŒV � jV � AVj; V C jV � AVj� is suitable for some
cases, but it cannot be used in nonlinear applications.

For example, if the output of an ACC controls
a high pass filter to allow the passing of signal
components that are higher than a certain frequency,
then the output ranges ŒV � jV � AVj; V � and
ŒV; V C jV � AVj� exert different effects. Therefore, we
seek to improve the accuracy by applying the interval
ŒMin.AV; V /; Max.AV; V /� as the threshold range of an
ACC.

4.2 Correlation coefficient derivation

To resolve the correlation problem caused by fanout
reconvergence, we initially derive the correlation
coefficient.

We define four correlation coefficients, namely,
CiD0;jD0; CiD0;jD1; CiD1;jD0; and CiD1;jD1 for every
pair of nodes .i; j / in the circuit. For a two-input
primary gate, the correlation coefficient of the outputs
can be derived from the input signal probabilities and
correlation coefficients. Taking the XOR gate as an
example, we present the derivation process. As shown
in Fig. 3, i, j, and h are the input signals, l and m are
the output signals, we defines three events: F D fl D

0g; D D fi D 0; j D 0g; and E D fi D 1; j D 1g.
Events D and E are mutually exclusive, hence, the
equation is P.F / D P.D [ E/ D P.D/ C P.E/,
i.e.,

Fig. 2 Threshold range of an approximate circuit.

Fig. 3 XOR gate connection structure.

PlD0 D PiD0;jD0 C PiD1;jD1 (4)

where PlD0 is the probability of l D 0 and PiD0;jD0 is
the probability that inputs i and j are 0. According to
Eq. (3), Eq. (4) can be written as

PlD0 D PiD0PjD0CiD0;jD0 C PiD1PjD1CiD1;jD1

(5)
By combining Fig. 3 and Eqs. (4) and (5), we have

PlD0jmD0 D P.iD0;jD0/jhD0 C P.iD1;jD1/jhD0 D

PiD0jhD0PiD0jhD0CiD0;jD0C

PiD1jhD0PjD1jhD0CiD1;jD1 (6)

From Eq. (3), we can rewrite Eq. (6) as

PlD0ClD0;mD0DPiD0CiD0;hD0PjD0CjD0;hD0CiD0;jD0C

PiD1CiD1;hD0PjD1CjD1;hD0CiD1;jD1 (7)

By substituting PlD0 in Eq. (7) with Eq.. (5), we have

ClD0;mD0 D .PiD0CiD0;hD0PjD0CjD0;hD0CiD0;jD0C

PiD1CiD1;hD0PjD1CjD1;hD0CiD1;jD1/=

PiD0PjD0CiD0;jD0 C PiD1PjD1CiD1;jD1 (8)

For other three correlation coefficients of .l; m/,
the derivations are similar. Then we can obtain the
following:

ClD0;mD1D.PiD0CiD0;hD1PjD0CjD0;hD1CiD0;jD0C

PiD1CiD1;hD1PjD1CjD1;hD1CiD1;jD1/=

PiD0PjD0CiD0;jD0 C PiD1PjD1CiD1;jD1 (9)

ClD1;mD0D.PiD0CiD0;hD0PjD1CjD1;hD0CiD0;jD1C

PiD1CiD1;hD0PjD0CjD0;hD0CiD1;jD0/=

PiD0PjD1CiD0;jD1 C PiD1PjD0CiD1;jD0 (10)

ClD1;mD1D.PiD0CiD0;hD1PjD1CjD1;hD1CiD0;jD1C

PiD1CiD1;hD1PjD0CjD0;hD1CiD1;jD0/=

PiD0PjD1CiD0;jD1 C PiD1PjD0CiD1;jD0 (11)

The correlation coefficients of the other primary gates
are presented in Table 1.

Current discussions about correlation coefficients
mainly focus on two-input primary gates. A multi-input
gate can be converted into a cascade of two-input gates.
Figure 4 shows an example of a four-input AND gate
case. In this case, we add a virtual buffer gate at the end
of the cascade module and let the fault probability of the
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Table 1 Correlation coefficients of different structures with primary gates.
Primary gate Correlation coefficient

Fig. 4 Conversion of a four-input gate into a cascade
module.

buffer gate to be equal to that of the original one. All
gates except the last one are free from faults. Then, the
correlation coefficients of multi-input gate connection
structures can be obtained according to Table 1.

4.3 Evaluation methods considering correlation
coefficients based on iterative PTM

For an ACC with n inputs and m outputs, let us assume
that each gate has an error probability. The circuit
reliability can be expressed as

Rel D
2n�1X
iD0

pout.i/pin.i/ (12)

where pin.i/ is the probability of the input vector whose
decimal value equals i and pout.i/ is the probability of
the acceptable values under input i . For pout.i/, two



734 Tsinghua Science and Technology, August 2022, 27(4): 729–740

calculation methods are given as follows:
Method 1:

pout.i/ D
X

p.i; j / (13)

Method 2:

pout.i/D

8<:p.i; j /; AV.i/DV.i/IP
jj�V.i/jp.i; j /

jAV.i/�V.i/j
; AV.i/¤V.i/

(14)

In Methods 1 and 2, AV(i) and V.i/ are the approximate
value and accurate value under input i , respectively;
p.i; j / denotes the probability of the ACC outputting
acceptable value j under input i , where j belongs
to the threshold range, i.e., j 2 ŒMin.AV.i/; V .i//;

Max.AV.i/; V .i//�.
In Method 1, Eq. (13) is plugged into Eq. (12), and

then the ACC reliability is evaluated by the probability
of all acceptable values in the threshold range wherein
the acceptable values are not treated differently. In
Method 2, Eq. (14) is plugged into Eq. (12), with the
acceptable value nearest to V.i/ having the largest
weight. That is to say, Method 1 focuses on the reliability
of ACCs under faults, and Method 2 emphasizes the
vulnerability of ACCs to faults.

In Eqs. (13) and (14), AV(i) can be obtained according
to the truth table of the ACC, and V.i/ can be
obtained by the arithmetic function of the corresponding
conventional circuit. In order to obtain p.i; j /, the
basic idea of the iterative PTM is applied. We take
every primary gate as a basic module. Beginning from
every Primary Input (PI) of the ACC, we calculate the
reliability matrix of every gate output. According to the
connection structure and by taking the matrix as the input
reliability matrix, we can then calculate the reliability
matrix of the next connected gate output. For such
an iteration, the reliability matrices of every Primary
Output (PO) can be obtained, and then p.i; j / can be
calculated. The correlation coefficients in the calculation
are combined.

As shown in Fig. 5, IN1 and IN2 are the input nodes
of gate g; OUT is the output node of gate g; MRIN1

and MRIN2 are the input reliability matrices of IN1
and IN2, respectively, where RIN1 and RIN2 denote
the reliabilities of IN1D 0 and IN2D 0, respectively;
IRIN1 and IRIN2 are the ideal input reliability matrices
of IN1 and IN2, respectively; PIN1 and PIN2 are the
input probability matrices, where pIN1 and pIN2 denote
the probabilities of IN1 D 0 and IN2D 0; PTM-g and
ITM-g are the PTM and ITM of gate g, respectively;

Fig. 5 Relevant parameters of a two-input primary gate.

and CIN1;IN2 denotes the correlation vectors of IN1 and
IN2 and is defined as

CIN1;IN2 DŒCIN1D0;IN2D0; CIN1D0;IN2D1;

CIN1D1;IN2D0; CIN1D1;IN2D1� (15)
Then, the iterative calculation process for this example

is given as follows:
(1) Initialize PIN1; PIN2; MRIN1, and MRIN2;
(2) Calculate the input probability matrix PIN of g by

the Hadamard product of CIN1;IN2 and the tensor product
of PIN1 and PIN2,

PIN D PIN1 ˝ PIN2 ı CIN1;IN2 (16)
(3) Calculate the input reliability matrix MRIN of g

by the tensor product of MRIN1 and MRIN2,
MRIN DMRIN1 ˝MRIN2 (17)

(4) Calculate the ideal input reliability matrix IRIN of
g by the tensor product of IRIN1 and IRIN2,

IRIN D IRIN1 ˝ IRIN2 (18)
(5) Calculate the output reliability of g,

ROUT D PIN � Œ.MRIN � PTM-g/ ı .IRIN � ITM-g/�

(19)
(6) Initialize the output reliability matrix of g,

MROUT D

"
ROUT 1 � ROUT

1 � ROUT ROUT

#
(20)

(7) Initialize the output probability matrix of g,
POUT D PIN � ITM-g (21)

In Step (2), the values of CIN1;IN2 are combined to
obtain the accurate signal probabilities, e.g.,
Pro.IN1D0;IN2D0/DPro.IN1D0/�Pro.IN2D0/�CIN1D0;IN2D0:

The probabilities of g getting outputs 0 and 1 are the
1st and 2nd elements in ROUT; respectively; they can be
calculated with Step (5). Steps (6) and (7) are prepared
for the next iteration. That is to say, after assigning value
i and taking the iterative calculation, we can calculate
p.i; j / in Eqs. (13) and (14) according to ROUT of the
primary outputs.
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4.4 Algorithm implementation

In this section, we describe the algorithms for calculating
ACC reliability based on the iterative PTM with
consideration of signal correlation. The complete
procedure is shown in Algorithm 1.

We explain Algorithm 1 as follows. At the beginning,
the ACC’s information is derived by parsing the
circuit netlist (see Line 1). For Line 3, calculating the
correlation vectors for all the gates is not necessary,
and thus, the procedure for determining the correlated
gates is indicated in Algorithm 2. The ITM-g of every
type of primary gate is prepared beforehand. Then, the
corresponding PTM-g can be obtained by the given fault
probability p and ITM-g. This procedure explains Line
14. In Line 21, NPI is the number of PIs of the ACC.
In this step, AV(i ) can be derived according to the ACC
structure, and V.i/ can be calculated by the accurate
function of the conventional circuit corresponding to the

Algorithm 1 ACC reliability estimation
Input: ITM-g and fault probability p of every primary gate g,

ACC gate-level netlist
Output: ACC reliability Rel

1: Parse netlist and divide the multi-input gates into cascade
modules;

2: Separate ACC levels;
3: Search correlated gates, see detail in Algorithm 2;
4: for every i -th PI vector do
5: Initialize PIN1, MRIN1, IRIN1, PIN2, MRIN2, and IRIN2

for every PI node;
6: for every j -th level of the ACC do
7: Use POUT in Level j–1 to set value for PIN1 and PIN2,

use MROUT in Level j –1 to set value for MRIN1 and
MRIN2 for gates in Level j ;

8: if there exist correlated gates in the j -th level then
9: calculate correlation vectors for the related

connection parts, see detail in Algorithm 3;
10: Calculate PIN considering correlation vector;
11: else
12: Calculate PIN without correlation vector;
13: end if
14: Overload ITM-g, and then obtain PTM-g by p for

every gate g in the j -th level;
15: Calculate MRIN, IRIN, ROUT; MROUT, and POUT;
16: end for
17: Obtain the signals “0” and “1” probabilities of POs by

Rout, then calculate p.i; j /;
18: Convert the PI vector’s decimal value i to a binary value,

and then calculate AV(i ) and V.i/ for the ACC;
19: Calculate pout.i/ in Methods 1 and 2;
20: end for
21: Rel D 1

2NPI

P2NPI�1
iD0 pout.i/.

Algorithm 2 Correlated gate searching
1: for every j -th level of the ACC do
2: for every line node l in level j do
3: Mark l with a number set of its fanout sources

FromFan.l/ and initialize it by FromFan.l/ D ∅;
4: if l is one of the fanout branches then
5: Put the number of this fanout source into

FromFan.l/;
6: else
7: FromFan.l/ D FromFan.IN1/[ FromFan.IN2/

8: end if
9: end for

10: end for

Algorithm 3 Correlation coefficient calculation
1: if for gate g’s inputs IN1 and IN2, FromFan.IN1/ [

FromFan.IN2/ ¤ ∅ then
2: Calculate correlation vector CIN1;IN2 of IN1 and IN2;
3: Back trace to calculate the precursor correlation vector

recursively until reaching the fanout source;
4: if for two line nodes m and n, FromFan.m/[

FromFan.n/ D ∅ then
5: Set Cm;n D f1; 1; 1; 1g;
6: end if
7: end if

ACC. Take the adder circuit as an example, for AV(i ) and
V.i/, the rules are designed for inputting the order of PI
and PO tags, i.e., inputting PO tags as CnSnSn�1 � � �S0

and PI tags as XnYnXn�1Yn�1 � � �X0Y0C0. According
to the order of the PI tags, we convert the PI vectors into
decimals X and Y . Then, we calculate the value of V.i/

by adding X and Y . According to the order of the PO
tags, the AV(i ) vector derived from the circuit structure
can be converted into a decimal reasonably.

Signal correlation originates from fanout. Thus,
Algorithm 2 describes the steps in constructing the paths
for all branches of the fanouts. Lines 1–5 show that
the fanout sources are searched level by level; for a
fanout source f , a path can be constructed by the set
FromFan.l/, i.e., if f 2 FromFan.l/, line node l is on
the path originating from f . Every path starts from
one fanout source and ends at the next fanout source. In
Line 7, IN1 and IN2 are the input nodes driving l . For
an inverter, IN2 is ignored. If one of FromFan.IN1/ and
FromFan.IN2/ is empty, the input node does not come
from a fanout. The line nodes with intersecting FromFan
sets are correlated. Then, the correlation vector needs to
be calculated for correlated gates. Algorithm 3 shows
the calculation process of the correlation vector.

Take Fig. 6 as an example. The circuit is a part of
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Fig. 6 Correlated gate searching.

approximate adder AXA1, and the sets from FromFan(1)
to FromFan(14) are derived according to Algorithm 2.
Then, we can know that line nodes 4, 5, 6, 7, 9, 10, 11,
12, 13, and 14 are on reconvergent paths. As shown in
Fig. 6, from levels 1 to 5, only gate G has two correlated
input nodes 11 and 13 (Algorithm 3); that is,

(1) C11;13 D function.C11;12; C11;8/;
(2) C11;12 D function.C11;5; C11;7/ D function.C9;5;

C10;5; C9;7; C10;7/; and C11;8 D f1; 1; 1; 1gI

(3) C9;5D function.C4;5/; C10;5Df1; 1; 1; 1g; C9;7D

f1; 1; 1; 1g; and C10;7 D function.C6;7/I

(4) C4;5 and C6;7 can be calculated directly.
The calculations for C4;5, C6;7 and other functions are

provided in Table 1. The correlation vector C11;13 can
be calculated by a recursive function. For the correlation
vectors of the nodes on the fanout branches, we calculate
and store them in a table in advance and look them up
from the table during recursion. By applying Algorithms
2 and 3 to Algorithm 1, we can calculate the reliability
of the ACC.

At this point, we analyze the complexity of
Algorithm 1. In Methods 1 and 2, based on the iterative
PTM, every primary gate is regarded as a basic
circuit component. Hence, the space complexity is
O(N), where N is the gate number of the ACC. The
time complexity is mainly determined by two parts,
namely, Algorithm 2 and the loop of Lines 4 to 20
of Algorithm 1. If we define the number of levels
in the ACC as L and the average number of line
nodes in every level as NL, the time complexity of
Algorithm 2 is O.L�NL/. The runtime of Algorithm 3
is also related to L, NL, and the internal structure of
the network. The calculation time is generally less

than
P

L

NL.NL�1/

2
. Thus, the time of Lines 4–20

in Algorithm 1 is less than 2NPI P
L

NL.NL�1/

2
�

NPI. Despite the theoretical time complexity being
exponential, the ACC reliability analysis approaches
that are based on the iterative PTM and consider
correlations have high accuracy. Furthermore, as
the large approximate adder or multiplier is usually
composed of small basic ones, NPI is not large in most
cases.

5 Experimental Analysis

5.1 Experimental setup

The experimental circuit includes three series of typical
approximate adders and a number of ACCs in the
EvoApprox8b library. EvoApprox8b[29] is an open
source library that provides many different approximate
adders and approximate multipliers. We implement the
proposed methods and MC simulation by using C++. All
the experiments are conducted on a 2.2 GHz laptop with
8 GB memory.

Herein, the MC method and two other methods
(called A1 and A2) proposed in Ref. [2] are selected
for comparison. A1 and A2 are the methods of ACC
reliability evaluation based on the original PTM; they
feature a large space complexity, and they do not have
any correlation coefficients.

5.2 Experimental result analysis

Method 1(A3) and Method 2(A4) in this work are
compared with A1, A2, and MC methods. The results
obtained under the assumption that the primary gate fault
probability p is 0.01 are shown in Table 2. As the MC



Zhen Wang et al.: Accurate Reliability Analysis Methods for Approximate Computing Circuits 737

Table 2 Accuracy verification and cost comparison for A3 and A4 with A1, A2, and MC.

ACC Nodes
Rel. diff. (%) Runtime (ms) Memory (MB)
A3 A4 A3 A1 A4 A2 MC A3 A1 A4 A2 MC

AXA1 31 1.4107 3.5034 3.1 77.8 3.5 99.3 119980 14.5 24.98 14.49 25.00 5.46
AXA3 41 0.6551 1.0816 1.6 365.4 1.4 276.7 101 770 14.48 25.00 14.52 24.98 5.47
AMA1 27 0.1901 1.4125 1.8 28.7 1.3 24.8 119 980 14.48 24.99 14.51 24.98 5.46
AMA2 23 0.0544 0.5048 1.3 76.8 2.1 84.0 89 250 14.48 24.99 14.48 25.00 5.46
InXA1 13 0.0005 0.5970 1.4 18.7 1.7 17.9 39 770 14.49 24.98 14.48 24.97 5.45
InXA3 31 0.4781 0.6486 2.1 74.0 2.5 71.7 87 850 14.51 25.01 14.51 24.98 5.45

Average – 0.4648 1.2913 1.9 106.9 2.1 95.7 93 100 14.49 24.99 14.5 24.99 5.46

method is time consuming and A1 and A2 have a large
memory overhead, only small-scale ACCs are used. All
of the six approximate adders have 5 PIs and 3 POs. In
Table 2, “Nodes” shows the number of line nodes in
every ACC, that can affect the runtime and memory of
the analytical methods.

The accuracy of A3 and A4 is proved by comparing
them with MC simulation in Columns 3 and 4. “Rel.
diff. (%)” denotes the percentage difference of reliability,

i.e.,
jAi �MCj
jMCj

, where Ai means A3 in Column 3 and

A4 in Column 4. Among the six ACCs, the maximum
difference value of A3 is 1.4107%, and the average value
is only 0.4648%. As for A4, the values are slightly large
because different weights are combined to approximate
values. By contrast, the MC method treats approximate
values equally. The maximum difference value of A4
is 3.5034%, and the average value is 1.2913%. The
difference value illustrates the accuracy of our methods.
About the temporal and spatial overhead, we make
comparison with MC, A1 and A2. For an example,
according to the average time costs of A3 (i.e., 1.9)
and MC (93100), we can calculate the ratio 0.002%.
Hence, the time costs of A3 and A4 are 0.002% and 0.1%
of those of the MC method, respectively. Relative to
A1 and A2, A3 and A4 have a space cost of 50%

and time costs of 1.78% and 2.19%, respectively.
Relative to A1, A3 has a relatively stable runtime
because the time complexity of A3 mainly depends on
the PI number of the ACC and that of A1 depends on
the line node number of the ACC. The six experimental
ACCs have the same PI number, and thus, the runtimes of
A3 on these circuits are similar. Meanwhile, AXA3 has
the most line nodes; thus, the runtime of A1 on AXA3 is
the longest. The runtime characteristics for A4 and A2
are similar. Columns 10–13 illustrate that the memory
overhead of A3 and A4 is almost half of that of A1 and
A2, respectively. The space complexity of A1 and A2
is almost O.2n/, and n is the width of the ACC, i.e., the
maximum line node number in all levels. By contrast,
A3 and A4 have a nearly linear space complexity. As
shown in Table 2, a portion of the preprocessing in the
program causes the trend of the space complexity to be
obscure.

Table 3 shows the results of A3 and A4 methods
running on 10 ACCs that are randomly selected from the
EvoApprox8b library. All the ACCs have 16 input nodes.
The adders have 9 output nodes, and the multipliers have
16 output nodes. In Table 3, the second column shows
the total node number of each circuit. Columns 3 and 4
and Columns 5 and 6 show the reliabilities calculated by

Table 3 Reliability calculated by A3 and A4 for ACCs in EvoApprox8b.

ACC Nodes
Reliability (p D 0:001/ Reliability .p D 0:0001/ p D 0:001(A3)

A3 A4 A3 A4 Runtime (s) Memory (MB)
Add8 002 91 0.957078 0.956 988 0.995 562 0.995 556 14.66 22.71
Add8 034 112 0.978 099 0.977 740 0.997 657 0.997 568 14.96 22.70
Add8 039 111 0.980 825 0.980 721 0.998 218 0.998 194 16.26 22.71
Add8 057 102 0.949 126 0.949 088 0.994 819 0.994 818 14.17 22.67
Add8 070 91 0.986 841 0.986 753 0.999 231 0.999 167 13.87 22.71
Mul8 004 480 0.894 757 0.893 559 0.927 421 0.926 815 31.67 22.66
Mul8 024 453 0.846 698 0.844 198 0.876 521 0.874 408 30.73 22.67
Mul8 025 483 0.846 099 0.843 371 0.876 682 0.874 361 30.55 22.66
Mul8 044 472 0.879 174 0.876 475 0.920 183 0.918 427 29.74 22.75
Mul8 113 510 0.843 173 0.840 551 0.876 032 0.874 032 31.93 22.66
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A3 and A4 given the fault probabilities of primary gate
p of 0.001 and 0.0001, respectively.

For A3, the reliability trend under p = 0.001 is
consistent with that under p = 0.0001. With regard to
the general trend, the reliabilities of the approximate
multipliers are smaller than those of the approximate
adders because of the circuit scale. For the ACCs with
similar node numbers, e.g., the five approximate adders,
the reliability values are affected by the gate number
and correlated coefficient calculation. If the correlation
condition is the same, the reliability decreases with
the increasing gate number. However, the consideration
of correlation coefficients does not always lead to a
simple reliability trend. Take the OR gate in Fig. 7
as an example. The range of CiD1;jD1 of the OR
gate is calculated. We can find that the correlated
coefficients are not always smaller than 1. For the
reliabilities calculated by A4, we observe similar
phenomena and trends. Under a fixed value of p, the
reliabilities calculated by A4 are always smaller than
those calculated by A3. The reason is that in A4, every
acceptable output value is multiplied by a weight; the
weight is smaller than 1, except for that of AV. The last
two columns show the runtime and memory overhead.
As the overheads between A3 and A4 for each circuit
are similar, only the values of A3 are listed.

6 Conclusion

This study proposes two relatively complete and accurate
methods for ACC reliability evaluation that are based
on the iterative PTM with correlation vectors. The
correlation coefficients of four signal combinations
under different basic gate connection structures are
derived to improve the accuracy of the reliability
evaluation of ACCs. The proposed methods are less time
consuming than the MC method, but their accuracies
are similar. Moreover, the proposed methods have lower
time and space costs than the methods for ACC reliability
evaluation based on the original PTM. The accuracy

Fig. 7 Reliability calculated by A3 and A4 for ACCs in
EvoApprox8b.

and feasibility of the proposed methods are verified by
experiments.
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