TSINGHUA SCIENCE AND TECHNOLOGY
ISSN 1007-0214 15/18 ppl174-185
DOI: 10.26599/TST.2021.9010045
Volume 27, Number 1, February 2022

SIGNGD with Error Feedback Meets Lazily Aggregated Technique:
Communication-Efficient Algorithms for Distributed Learning

Xiaoge Deng, Tao Sun, Feng Liu, and Dongsheng Li*

Abstract: The proliferation of massive datasets has led to significant interests in distributed algorithms for solving

large-scale machine learning problems. However, the communication overhead is a major bottleneck that hampers the

scalability of distributed machine learning systems. In this paper, we design two communication-efficient algorithms

for distributed learning tasks. The first one is named EF-SIGNGD, in which we use the 1-bit (sign-based) gradient

quantization method to save the communication bits. Moreover, the error feedback technique, i.e., incorporating

the error made by the compression operator into the next step, is employed for the convergence guarantee. The

second algorithm is called LE-SIGNGD, in which we introduce a well-designed lazy gradient aggregation rule to

EF-SIGNGD that can detect the gradients with small changes and reuse the outdated information. LE-SIGNGD saves

communication costs both in transmitted bits and communication rounds. Furthermore, we show that LE-SIGNGD

is convergent under some mild assumptions. The effectiveness of the two proposed algorithms is demonstrated

through experiments on both real and synthetic data.
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1 Introduction

The past few decades have witnessed an explosion of
data in both the number of observations and parameters,
resulting in significant in distributed
algorithms for solving large-scale machine learning
problems!'~"1. However, efficient implementations of
the distributed optimization algorithms for machine
learning applications are challenging. Both intensive
computational workloads and the volume of data
communication demand careful system designs. This
paper is devoted to the algorithmic development of
communication-efficient algorithms for distributed
learning tasks, which can be formulated as
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min f@) with f@):= ) fn@) (1)

weRd me
where @ € R? is the parameter vector to be learned.
f and { f;,, m € M} are smooth (may be nonconvex)
functions, where M := {l1,..., M} denotes the set
of workers. Problem (1) arises in a large number of
distributed machine learning tasks, ranging from linear
models to deep neural networks!>® 9, In distributed
settings, fy, is also a sum of functions, i.e., fi, (@) :=

> A(xmn; ), where {(x;®) is the loss function
neNm
associated with parameter @ and training sample x, and

N is the number of data samples at worker m.
Gradient Descent (GD) is the main workhorse for
Problem (1), which is performed as

M
o =0 —y . YV fn(@) )

m=1
where w* is the parameter value at iteration k and y
denotes the step size. In the commonly used parameter
server architecture, the implementation details of the
GD method are as follows: At iteration k, the server
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broadcasts w* to all workers; every worker m € M
computes the local gradient V f;, (@¥) and uploads it
to the server; the server aggregates all the gradients,
ie., Z \% fm(wk), and updates the parameters via

mem
Eq. (2). The server needs to communicate with all

workers to obtain fresh gradients {V f, (a)k)}nﬂf: , in
each iteration. However, communication is much slower
than computation in several settings!®!. Therefore, as the
number of workers grows, or when incorporating popular
deep learning-based models with high-dimensional
parameters, worker server communications become a

major bottleneck!!%!,

1.1 Related work

Communication-efficient distributed learning methods
have gained popularity recently!!%'4l. We briefly review
two kinds of related work.

Communication bits. Gradient quantization is a
simple but efficient method to reduce communication
bits. It aims to compress gradients by limiting the number
of bits that represent floating point numbers during
communications. Multi-bit quantization schemes have
been studied in Refs. [15, 16], where an adjustable
quantization level can offer additional flexibility
to control the trade-off between the per iteration
communication cost and the convergence rate. One-bit
quantization method (e.g., SIGNSGD) has been developed
in Refs. [17-19], which reduces each component of the
gradient to only its sign (one bit). References [18, 19]
provided theoretical and empirical evidence that 1-bit
signed gradient schemes converge well under some
assumptions. However, Refs. [12, 20] show that naive
use of this sign-based gradient compression scheme may
lead to the divergence of sIGNSGD. To this end, they
proposed SIGNSGD with Error Feedback (Ef-SIGNSGD),
which can fix possible divergence?"!.

Communication rounds. Many communication-
efficient schemes have been recently developed to reduce
the number of communication rounds. Instead of the
gradient information, higher-order information (Newton-
type method) were leveraged to reduce the number
of communication rounds?'~23. Novel aggregation
techniques, such as periodic aggregation®*?3 and
adaptive aggregation!'®26-2° are used to skip some
communications. Among these, the Lazily Aggregated
Quantized gradients (LAQ) approach which was
proposed in Ref. [16] is the first to quantize the computed
gradients, and then skip less informative quantized
gradient communications, which means that it saves

both the communication bits and rounds. Reference [30]
also reported a lower bound on communication rounds.

1.2 Our contribution

This paper focuses on developing the GD method
Eq. (2) to reduce communication costs with a theoretical
convergence of guarantees. Our contributions are as
follows:

(1) To save the communication bits, we used the
1-bit gradient quantization method. The error feedback
technique was employed for the convergence guarantee.
We named this method as EF-SIGNGD and designed it
for the distributed systems. In EF-sIGNSGD!?!, only a
single worker is considered. In this paper, we studied
the more interesting distributed setting. Without relying
on the unrealistic assumptions that have a large mini-
batch and unimodal symmetric gradient noise in Refs.
[18, 19], we show that EF-SIGNGD is convergent under
mild assumptions.

(2) To reduce the communication rounds, we
introduced a lazily aggregated rule and named this
algorithm as LE-SIGNGD, which can save communication
bits and rounds simultaneously without sacrificing the
desired convergence properties. In particular, jointly
adopting multiple techniques makes our theoretical
analysis highly challenging.

(3) We tested these two algorithms both on real and
synthetic data, and the numerical experiment results

verified the effectiveness of the proposed algorithms.
Notation: Bold lowercase letters denote column

vectors. For a vector x € R¥, ||x|| and ||x||; denote
the £>-norm and £;-norm of x, respectively, x; is the i-th
component, and sign(x) is the vector whose i -th element
is sign(x;).

2 SIGNGD Algorithm with Error Feedback

In this section, we intend to apply the 1-bit gradient
compression approach for saving the communication bits
of the basic GD method Eq. (2) with the error feedback
technique.

2.1 Algorithm development

In the 1-bit gradient compression methodology, the m-th
worker only uploads the sign of the gradient computed
on its portion of the data, which suggests an update of
the following form:

M
o =0 —y Y sign(Vin@h) G
m=1
However, Ref. [20] presented some counterexamples
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to substantiate that naively using such a sign-based
algorithm may not generalize or even converge. The
sign operator misses massive information about the local
gradient’s magnitude and direction.

Thus, we employ an elegant error feedback technique
to fix the abovementioned problems. The error feedback
technique is performed as follows: scaling the signed
vector by the £;-norm of the gradient to ensure the
magnitude of the gradient is not forgotten; locally
storing the difference between the actual and compressed
gradient, and adding it back into the next step so that the
correct direction is not forgotten. We named this sign-
based GD method with Error Feedback as EF-sSIGNGD
(Algorithm 1) and applied it to the distributed system.

More specifically, in Algorithm 1, e’,‘n represents the
accumulated error from all compression steps in the
previous k iterations of worker m. This residual error
is added to the gradient step V f;,(@¥) to obtain the
corrected direction gfn, i.e.,

&n = V(@) + e, @)
All workers will upload ||g’,‘n||1 and signggfn) to the

server, and the compression gradient is defined as the
signed vector sign(g¥ ) scaled by |g¥ |1/d, i.e.,

kN . ||g7]'€n||l . k
Clgy) = g sign(g;,) (5)

and stores information about the magnitude. d represents
the parameter dimension. Therefore, the EF-SIGNGD

algorithm is updated by
ol =w*—y- ) Cley) 6)

mem

Our focus here is to reduce the number of worker-
to-server uplink communications, which also refer to
uploads (the same as Ref. [16]). Table 1 shows the
communication bits per upload of various algorithms.
Compared with GD and siGNGD, we find a trade-
off between the number of communication bits and
convergence guarantee. In large-scale machine learning

Algorithm 1 EF-SIGNGD
1. Input: step size y > 0, worker number M.
2. Initialize: ®° = 0; €% =0, Ym € M.

3 fork=0,1,...,K do

4 server broadcasts ¥ to all workers.

s forworkerm =1,..., M do

6: worker m computes gfn =V fn(@F) + ei‘n.
7 Clgk) == (lghlh/d) sign(gh,).

8 worker m updates eX+1 = gk — C(gk).

9: worker m uploads || gfn |l and sign(g’,f1).

o: end for
11:  server update parameter @ according to Eq. (6).
12: end for

Table 1 Communication bits of different algorithms when
training a d-dimensional parameter with M workers.

Algorithm Number of bits per upload
GD 32Md
SIGNGD Md
EF-SIGNGD M@32+d)

tasks, the dimension d of the parameters is usually very
large, so the cost of the extra 32 M bits is negligible.

2.2 Theorem guarantee

This part shows the theoretical guarantee of the EF-
SIGNGD method under several standard conditions. The
detailed proof will be given in the Appendix.

Assumption 1 (smoothness) Function f,(:) is L,-
smooth, and f(-) is L-smooth.

Assumption 2 (gradient boundedness) For a given
® € R?, the local gradient V f;,(-) and the global
gradient V f(-) are bounded, i.e., there exits constant
Om,0 € R such that

IVim@)| < om, [Vf@)] <o @)

We use the definition of compressor given in
Ref. [20].

Lemma 1 (in Ref. [20], Lemma 8) The operator
C(-) defined in Formula (5) is a §-approximate
compressor, i.e., there exits a constant § € (0, 1), such
that

IC(x) — x> < (1= )|l vx € R ®)

With the gradient bound assumption, we are prepared
to present a critical lemma, which is used to bound the
residual error in Algorithm 1.

Lemma 2 Under Assumption 2, at any iteration k
of EF-SIGNGD, the accumulated error in worker m, i.e.,
e],f1, is bounded:

lek > < 2002 ©)

Lemma 2 shows that the residual errors maintained
in Algorithm 1 do not accumulate too much. Then we
can estimate the object value descent by performing one-
iteration of the EF-SIGNGD method, and the convergence
theorem of our algorithm will also be given.

Lemma 3 (gf-sIGNGD descent) Under Assumption
1, wF+1 is generated by running the one-step EF-SIGNGD
iteration Eq. (6) given ¥ and step size 0 < y < 2/(p+
L). The objective values satisfy

SO — F0%) < Ak (10)
where p > 0 and
M
vkzzwk—y-Zelfn (11)
m=1
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M
(o+ L)y L?y? 2
aly ==y [1- vy + S| X b
m=1

(12)

Theorem 1 Under Assumptions 1 and 2, let the

sequence {@*} k>0 be generated by EF-SIGNGD with step
size0 <y <2/(p+ L), then

0 *
; V£ (0F) 112 gM b- 13
Og}cng” f@)| V'(K+1)+ y (13)
where 10 := f(w°), f* is the optimal value of Problem
2 4L2Mo2(1 — )
D), a:= =— , and
2—(p+ L)y P82 = (o + L)y]
M
0% = Z o2
m=1

Remark 1 Lemma 1 shows that C(-) is a §-
approximate compressor, which implies that a §-
fraction of the gradient information is sent at each
iteration. The rest is added to the residual error to
be transmitted later. Therefore, the sequence {vk}k>0
defined in Formula (11) is the result of error correction
for {w* }x >0, and it has the property:

M
Vi =0t —y Y g =vE -y S a4
m=1

3 Lazily Aggregated EF-SIGNGD Method

The EF-SIGNGD method reduces the number of
communication bits per upload. At the same time,
we can further reduce the number of uploads
while ensuring the convergence of the algorithm.
In this section, we employ the lazily aggregated
technique to develop a smart lazy aggregation rule
to skip certain communications. This approach can
save communication bits and rounds simultaneously
without sacrificing the desired convergence properties.
Throughout the paper, one round of communication
means one worker upload.

3.1 Lazily aggregated algorithm

The basic idea of the lazily aggregated technique is that
if the difference of two consecutive locally compressed
gradients is small, then the redundant uploads may
be skipped and the previous one in the server can be
reused. This idea comes from a simple rewriting of the
EF-SIGNGD iteration Eq. (6) as

o TT=0*—y Y ClelH-v Y Clk)—Clel™)
mem mem

(15)

The difference in two consecutive compressed

gradients on worker m, i.e., C(gk) — C(gk™1), can

be viewed as a refinement to C (gfn_l). Obtaining this
refinement requires a round of communication between
the server and the worker m. If this refinement is small
enough, i.e.,

lCeh) -l < | Y cek™
mem

then we can skip the communication between the server
and the worker m to reduce the communication rounds.

Generalizing on this intuition, the lazily aggregated
EE-SIGNGD algorithm, named LE-SIGNGD, will be updated
by
o* ="~ Y "C@h -y (Cley)-C@Ey )=

mem meMKk
of —y( Y cek)+ Y c@k™h)=
memk mem¥k
oF—yd Ceh)+r Y (Cek) —C@k ™) a6
mem mEMIC‘

where g5, = V f,,(@% ) + €k, M¥ and M¥ are the sets
of workers that do and do not communicate with the
server in iteration k, respectively. We will only use the
fresh compressed gradients from the selected workers in
MF¥ | and reuse the outdated compressed gradients from
the rest of workers, which means

“ko._ ok k. sk ._ =k-1 k
@, =0, Yme M"; @, =, ,Yme M,

gk =gk vme Mk gk =gkt vm e MK

a7

Therefore, the iteration process of LE-SIGNGD can also
be expressed as

ot =k —yvE VE= Y c@h)  av)

memM
The difference between two compressed gradients in
worker m at the current iterate @* and the old copy &F !
is defined as

Ak =C(gk) —C@hh (19)
We find that
vE=vET 4 3" o4, (20)
memk

Combining Egs. (18) and (20), we can observe that,
instead of requesting all fresh compressed gradients in
EF-SIGNGD, the lazily aggregated trick is to obtain A
by refining the previously aggregated gradient VAL If
VK =1 i stored in the server, then we can scale down the
per-iteration communication rounds from M to |M¥]|.

Designing a principled criterion to select a subset of
workers M¥ that does not communicate with the server
at each iteration is critical. Our focus is on the trade-off
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between the communication cost and the convergence
guarantee of the LE-SIGNGD algorithm. Therefore, we
compare the one-step descent amount of EF-SIGNGD and
that of LE-SIGNGD. For EF-SIGNGD, as shown in Lemma 3,
the one-step descent is A’EF. The one-step descent of LE-
SIGNGD is Ak, which will be specified in the following
lemma.

Lemma 4 (LE-SIGNGD descent) Under Assumption
1, w**1 is generated by running the one-step LE-SIGNGD
iteration (Eq. (18)) given . The objective values satisfy

SO — f0¥) < Af 21)
stoi= o]+ SE L
m=1

P+L TNkt k2, ¥ k|2
G L S DI
mGMILf
(22)
where p > 0.
Remark 2 Different from Eq. (14) in EF-SIGNGD,
the sequence {vk}k>0 has the following property:

M
Vi =0t —y Y gty Y AL =
m=1 mem¥k
vy Vi@ +y D 4y (23)
mGMlg
Lemmas 3 and 4 estimate the objective value descent
by performing one iteration of the EF-SIGNGD and LE-
SIGNGD methods, respectively, conditioned on a common
iterate @X. EFSIGNGD finds A’éF by performing M
rounds of communication with all the workers, while
LE-SIGNGD yields A]’fE by performing only | M¥ | rounds
of communication with a selected subset of workers.
Our pursuit is to select a subset M* to ensure that LE-
SIGNGD enjoys larger per-communication descent than
EF-SIGNGD; that is
Aty _ ok
(MK~ M
For simplicity, we choose the step size y = 1/(p+ L),
ignore the same residual error term, and obtain

| ¥ a8 < Ml g ity es)

M
mGMlg

(24)

If we can further show that
1
14517 < 5 IVA@NI2 vme Mg 6)
then we can prove that Formula (25) holds. However,

directly checking Formula (26) in the local worker
is impossible because obtaining the fully aggregated

gradient Vf(w*) requires information from all the
workers. It does not make sense to reduce uploads if
the fully aggregated gradient has been obtained. Instead,
we approximate || Vf (@*)||? in Formula (26) as follows:

D
1 _ —
IV @I ~ 5 Y aale! T kP2 @)
d=1

where {oy }é):l are constant weights. The fundamental
reason here is that, as f is smooth, Vf(*) can
be approximated by weighted previous gradients or
parameter differences.

Building upon Formulas (26) and (27), we will include
worker m in M¥ if it satisfies

1 D
eI ;ad”wkﬂ 4 _pk=d|2  (28)

Although the intuition for Formula (28) is not
mathematically strict, we will show that the convergence
of the algorithm is guaranteed under this selection
rule. In summary, LE-SIGNGD can be implemented as
follows: At iteration k, the server broadcasts the learning
parameter to all workers; each worker calculates the
local gradient, adds the residual error, and compresses
the local information; the worker in M¥ selected by
Formula (28) will upload the local information to the
server; the server aggregates the fresh compressed
gradient from the selected workers MF and the outdated
gradient information (stored in the server) from /\/l]cC
to update the parameter. The LE-SIGNGD algorithm is
summarized in Algorithm 2.

k2
[Aml” <

Algorithm 2 LE-SIGNGD

1: Input: step size y > 0, and {oy }5:1.

2. Initialize: @° = 0;8° . e% = 0,Vm € M.
3 fork=0,1,..., K do

4  server broadcasts @ to all workers.

5. forworkerm=1,...,M do

6: worker m computes gk = V f,, (@¥) + X .
n Cgk) = (lghlli/d)sign(ek,).

8: if worker m violates Formula (28) then

o: worker m uploads ||g’,; |l1 and sign(g’,‘n).
10: worker m updates ek 1 = gk — C(gk).
1: set g, = gk for worker m.

12: else

13: worker m uploads nothing.

14: set gk =gk=land ek t! = ek .

15: end if

16:  end for

17:  server updates parameter @ according to Eq. (18).
18: end for
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3.2 Convergence analysis

In this section, we will establish the convergence of LE-
SIGNGD under the following assumption.

Assumption 3 For a given parameter ® € R?, the
local gradient in workers i and j satisfies

(Vfi(@), V@) >0 (29)

Although Assumption 3 is non-standard, it can be

verified reasonably in real-world experiments. For

example, in the logistic regression problem, i.e.,

fm@) = log(l + exp( — y},Xmw)). Where (X, €

R"mxd y e R™*1} are data in worker m, we then
have

XTy) "Xy,
(Vfi(w), Vfj(w)) = (Xiyi) X;y,

(1 + 1Xi@)(] 4 7%?)
If we distribute the data randomly and evenly to each
worker, which means that the data in workers i and j are
not significantly different, then (XiT i)TXJT-y ; = 0and
Assumption 3 hold.

(30)

As f* denotes the optimal value of Problem (1), we
define a vital Lyapunov function as follows:

D
Ek = f(\)k) . f* + Z ﬁd|lwk+1_d _ wk—d”2+
d=1

M
T lek? 31)
m=1

where 7 and {B4 }£=1 are constants that will be
determined later. The Lyapunov function is coupled
with the selection rule Formula (28) that contains the
parameter difference terms. Compared with LAQ!®! and
Lazily Aggregated Gradient (LAG)?®!, our Lyapunov
function introduces a residual term to cope with the
difficulties caused by multiple technical combinations.
We will start with an important descent lemma of the
Lyapunov function £¥.

Lemma 5 (descent lemma) Under Assumptions 1
and 3, if the step size y and constant weights {ag }gzl
are chosen properly, then the Lyapunov function satisfies

M
L — LF < ep |V @) 1P —ce Y ek, 12~

m=1
D
Z Cd ||ﬂ)k+1_d —(l)k_d ”2 (32)
d=1

where constants c¢, c.,c1,...,cp > 0Odependon y, 7,
{ag}, and {B4} (see the Appendix for details).

In the proof of Lemma 5, we combined Lemma
2 to conduct a further analysis of the residual term.

Moreover, we discussed the choice of parameters to
satisfy Formula (32).

Theorem 2 Under Assumptions 1 and 3, if the
step size y and constant weights {ad}le are selected
properly, let the sequence {@* }k>0 be generated by LE-
SIGNGD, then

1
n,liinK ”a)k—I—l (I)k||2 N (?) :
0<k<
AN k i 1 (33)
. \V _ 1
Jmin V7@ =0 (K)

Theorem 2 shows that LE-SIGNGD can achieve an order
of convergence rate identical to the GD method with
the judiciously designed lazy gradient aggregation rule
Formula (28).

Remark 3 Note that Theorem 1 shows that the EF-
SIGNGD algorithm only has a sub-linear convergence
rate O(1/+/K) with the decreasing step size y =
O(1/+/K). Theorem 2 does not require additional
assumptions, and is more general. If we assume Formula
(29) holds, we can also easily prove that the EF-SIGNGD
algorithm has the same convergence rate as the GD
method.

4 Numerical Result

This section contains some numerical experiments to
demonstrate the effectiveness of the proposed two
distributed algorithms: EF-SIGNGD and LE-SIGNGD. We
evaluate the performance of these algorithms for the
regularized logistic regression problems as

A
fn(@) = log(l + exp(—y, Xn)) + S@]* (34

By default, we consider one server and ten workers in
the distributed system, and the regularization parameter
is set to A = 0.001. We use the GD, siGNGD, and
LAG"® algorithms as benchmarks. GD is described
in Eq. (2) and siGNGD is updated by Eq. (3). LAG
improves the basic GD algorithm by introducing lazy
aggregation techniques. To optimize performance and
ensure stability, we choose the decreasing step size yx =
1/(¥/k L) for sioNGD. And step size for other algorithms
is chosen as y = 1/L. For LE-SIGNGD, the constant
weights {ag} are set to oy = (D —d + 1)/D with
D =10.

We first consider a synthetic dataset {X, €
[R200x100% ., 10, which is synthesized with
increasing smoothness constants. As shown in Fig. 1,
the proposed two algorithms achieve the same iteration
complexity as GD and reduce the needed communication
bits by several orders of magnitude compared with
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Fig.1 Objective function value vs. iteration and communication cost in a synthetic dataset.

LAG and GD. Moreover, the LE-SIGNGD algorithm saves
communication bits and rounds simultaneously without
sacrificing the desired convergence properties.

Performance is also tested on a real dataset, Gisette,
which is constructed from the MNIST datal®'l. The
dataset contains 6000 samples, and each sample x,,, , €
R3990 To reduce the computational cost, we randomly
sampled 2000 samples and projected them to dimension
1000 by Principal Component Analysis (PCA). Figure
2 shows the test results in terms of iteration and
communication cost. In Fig. 2a, we can see that
our proposed two algorithms can achieve comparable
performance as GD and outperform SIGNGD. As shown
in Fig. 2b, LE-SIGNGD requires fewer communication
rounds than EF-SIGNGD and GD because of the lazy
selection rule, but more rounds than LAG due to
gradient compression. Nevertheless, the total number
of communication bits of our proposed algorithms is
significantly smaller than that of LAG and GD, as
demonstrated in Fig. 2c.

Figure 3 records the convergence performance of the
gradient norm for different algorithms, which also shows
that our algorithm can obtain better performance.

5 Conclusion

This paper proposed two communication-efficient
algorithms for distributed learning tasks. EF-SIGNGD used
the sign-based method to reduce the communication

2
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Fig. 3 Gradient norm vs. communication cost in two
datasets.

bits by several orders of magnitude. LE-SIGNGD further
introduced the lazily aggregated technique to save both
communication bits and rounds. Convergence guarantees
have been provided under some mild assumptions.
The effectiveness of the two algorithms has also
been demonstrated by empirical performance on both
synthetic and real datasets.
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Fig. 2 Objective function value vs. iteration and communication cost in a real dataset.
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Proof of Lemma 2

As shown in Lemma 1, C(-) defined in Formula (5) is a §-
approximate compressor. Combined with the definition of
the error sequence, we have

lek 1% = llgk, — Ceh) > < (1

(1 =)V fn (@) + €k, |1? <

(1 =8+ ek 12 + (1 + 1/nV @] 35)
where we used Young’s inequality (for any 1 > 0). Notice

that €9, = 0 and V f,, (@*) is bounded in Assumption 2,
so a simple computation yields

ek 12 < (1= 8)(1 + ek 1> + (1

IV fn (@) <
k

Y [a -8 +n)

—8)llgk 11> =

81 + 1/n)-
(1= 8)(1 + n)FtHled, 1>+

T =81+ 1) Vm@)]?

~
Il
o

[(1=8)(1 + )]

(=81 +1/m ,

1-(1=81+n ™
Let us select n = ﬁ suchthat 1+ 1/n=(2-6)/6 <
2/8. Thus, we have

20-HU+1/n) 5, _41-5) ,
) Im S g "

M2

(1=81 +1/n)o2 =

~
[=}

(36)

k+172
len '1I* <

37
[ ]
Proof of Lemma 3

From Formula (11), the sequence {v¥} has the property

M M
vk+l :a)k+l —y Z efn+l :wk —y Z C(g]:n)_
= m=1
M M
yy et =0t -y ) g =
m=1 m=1
M
of =y Y e~y Y Vi) =
m=1 m=1
vE —yV [ (38)
Given that the function f is L-smooth, i.e.,
IVf@) =V Oz < Llx—yl2.
L
f@ = fO) <S(VI0).x—y) + Slx—yI* (39
We have
SO — fO0F) <V FF)vEHT -0+

L
E||vk+1 _ vk||2(Vf(wk),vk+1 _ Dk>+

(VLOF) = fl@r) vFT! —vF)+
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L
E ”vk+1 _ \)k ”2

< (1= ) Ivr@hi+
1
+ —IIVf(vk) — f@")]* <

B y[l (L +p)7/]

o
§||vk+l —l)k||2
IVf @) + pu vk —wF |2 <

1= L s+

(40)
The third inequality follows from the mean-value
inequality and holds for any p > 0. |

Proof of Theorem 1

The one-step descent of EE-SIGNGD is given in Lemma 3,
and the residual error is bounded in Lemma 2. Summing
the terms in Formula (40) over k yields

FOEH) — £ <~y [1 - w] :
20292(1 — §)

K
DIV @I+
k=0
where we used

M M
4(1—8)
k2 < k 2
||mZ:1em|| ;' || T

M
Zo = 4(1_8)M0 ,

m=1

M
2._ 2
where 0° := E Opm-
m=1

Noticed that v® = @° and f* is the optimal value.
Given step size y < 2/(p + L), rearranging the terms
in Formula (41) and averaging over k can lead to

pre (K + 1)Mo? (41)

i Z IV @) <
f(vo) - f(vK“) 2L%y(1 - §)Mo?
v(K + 1)[] _ (p+2L)V] p82[1 _ (p+2L)V] =
2(f%— % 4L%y(1 —8)Mco? 2)
V(K+DR2—(p+ L)yl  ps22—(p+ L)y]
Therefore, we finished this proof. [ ]

Proof of Lemma 4

The sequence {v*} in LE-SIGNGD has the following property:

M
P Ry 37 gkl —

M
k+1 _
14 Z Cm -
m=1

M
—y Y CEk)+

m=1

y Y. Ak -

me./\/llg
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ok —y ngﬂ/ > oAk =

meMmk m=1

M
yZme(wk)+y Z Afnz

m=1 meM¥
v YV +y ) A (43)
meM¥k
The smoothness of f is
SO = f06) <

L
E||vk+1 _ vk||2 <

(Vf(vk), vk—i—l _ vk)+

(Vi@ —yVri@ +y 3 k)

memk
L (@)
<Vf(l)k) _ f(a)k),vk+1 —l)k> + 5||l)k+1 o \)k||2 <

VI @P + (V). Y Ak )+

meMk

1
+ IV -
1

PRI

mE/\/I/Cc

p+ L ()

e LA S@")? <
YV (k)12

—SIVA@OI* +

+ L 1 L?
(p_ _ _)”vk+1 —\)k||2 + —”l)k —Cl)k||2 <

2 2y
M
14 N L?y? k|
1R I P
p+L 1o ki1 ez r k
T LA G ) SLA ety
me Mk
where (a) uses Young’s inequality (for any p > 0), and (b)
uses 2(a,b) = ||a||* + ||b]|* — |l — b||*, i.e.,
Hvreh. 3 ab)=ZIvieh+
meM¥
Y 2 1
L DI el L G
mEM’f

Proof of Lemma 5

By the definition of £k in Formula (31), it follows that
£k+l _ ,Ck —

k+1—d ”2_

D
SO = f05) + ) Ballo T —w

d=1

wk—d ||2+

D
Z ﬂd ||wk+1—d _
d=1

f( % lem" I - % ek ) <
)/va( k)H L? y HZ H +)’H ZAkH

meM¥k
(B5F -5 ) Wt =k iP T P
D—-1
D (Bas1 — Bl T — kP
d=1
,BD||a)k+1_D _wk—DHZ_l_

M M
(D ekt 1Z = 3 Nk I?) (46)
m=1 m=1
Using Young’s inequality, for any n; and 7, > 0,

M
2
k k k k k k
R e e R D D AR ] IS
m=1

M
2
(4 ) F T —vF P (1 m0p2 | D (el )|
=1

47
WP = | -y st + ' ¥ o | <
(1 + IV @I + (4 1/my?| 3 ab’
e (48)

Plugging Formulas (47) and (48) into Formula (46), we
arrive at

£k+l —Ek <

L 1
~ L9 @b + [ﬁla g PEE _]

2 2y
k+1 kg2, Y k|? LYY k|?
e 1 DI +7HZ%H +
k m=1
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Y (Bar—Ba) 0 =0 P Bp 0* T P—0 PP+
d=1

M M
A+ 1/m0B M (D et 12 + 3 llek12) +
m=1 m=1

M
Z ek 11?) <
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M
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= k+1-d _, k—d |2 k+1-D M ey csog| MK 2
— a4 _ — —P_ k2
Z(ﬂd-i-I :Bd)Hw o ” :BD ”w Z ||em|| — Z (,Bd — ﬂd+1 — ]/2—[\/[26)
d=1 m=1 d=1

P24 [(1+ /)1y M + 7] S Ik

m=1

L2y? M
[a+1/m0B1y* M + =M —] DNl o)
2p =
Noticed that in the proof of Lemma 2, Formula (35) shows
that |leX+1|? satisfies

ek 112 < Ellek |12 + el Vi@ )I>  (50)

where ¢ := (1 =8)(1 + n) and ¢, = (1 —8)(1 + 1/n).

In Lemma 2, 5 is chosen as then we can see that

o 2-8
G=""c<l.
2

2(1—6)

Combined with the selection rule Formula (28), i.e.,

D
1 _
< — § (Xd||6l)k+1 d _
Y M d=1

and Assumption 3, i.e.,

1A% 12 w42, vm e Mk

61V

M 5 M
IV/@HIP = | 3 Vi@ = Y 1 Sl
m=1 m=1

(52)
. +L 1
we have (with ¢g := —+<ﬂ1(1+n1)+’oT__)( 4
1/12)y%)
£k+l _ck

(3= (B e+ P - )=
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0

k2
k+l-d _ , k—d|2 csap | M|
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o P2 (53)
Furthermore, if the step size y, parameters ¢, {8,}, and
trigger constants {c; } satisfy

L
o i= 5= (B + ) + P25 = )+

((1 +1/n)B1y*>M + 1) > 0;
cei=(1—E)t— 1+ + 1/n)pr1y*M—
L?*y’M
= 0;
2p L
e (Y prL_
ca = Ba — Bai1 (2+(ﬂ1(1+m)+ >

1 ag| MK
—a 1 2)—C
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v i=fo— (5 + (Bl +m+ = -
k|2

ap|M
1+ 1/772))’2>l;|2—MC2

”wk—i-l—D _

20»

>0

(54)

We can see that the Lyapunov function is non-increasing,
ie., £+ < £F, and the proof is completed. ]
Choice of parameter: We then will show that simple
parameter selection can satisfy Formula (54). We can

choose 1 = %,sothatﬁl(l—i-m)-i-#_% =0

(with y < ;H-;L)’ after rearranging terms, Formula (54) is
equivalent to

y [] =+ L)J/)Mfz]

T —=— (55a)
2¢» m
l—(p+L)y)Ad+é)M  L*M
es ¥ [( (p+ L)y)(1 +¢é1) N )’]
2(1 —¢y) m p
(55b)
ag| MEJ?
By — el 0 g =1,....D—1 (55
Ba — Ba+1 2yM2 (55¢)
ap|ME|?
gy 2IMl” 55d
¢p = Pp M2 (55d)

Notably, ¢, < 1, p, n; > 0, we can choose the sufficiently

large p and 1 to satisfy Formulas (55a) and (55b) for the

theoretical guarantee. In practice, the step size y and the

trigger constants {cg } can be chosen as follows:

2yM*Bp . 2yM>(Ba — Ba+1)
g < T ,

| ME]
D —1 (56)

1
< ——F10p <~
P T T MEp

d=1,...,



184 Tsinghua Science and Technology, February 2022,27(1): 174-185

Proof of Theorem 2

Lemma 5 implies that
LY — L8 < s IV f(@M) P~

M D
ce 3 llek 2 = Y callot 17 — ot <
m=1 d=1
it tad) (IV @5+

M D

k k+1—-d k—d
D lleklP + Y okt - ok 2)
m=1 d=1

where the constant c(y; t; {agz}) > 0 is defined as c(y; t;
{ag}) := min{cs,ce,c1,...,cp}.

Rearranging the terms in Formula (57) and summing up
both sides over k, we have

K M
cyistaad) 3 (IVS@HIZ + Y llek 2+
k=0 m=1

(57)

D
Z ”wk-i-l—d _wk—d”2> < EO _ £K+l (58)
d=1

Given that the Lyapunov function (Formula (31)) is lower
bounded by £*¥ > 0, Vk, and £° < co. Taking K — oo,

we have that
K

M
c(yizdaa) Jim 3 (V@92 + Y lleh |2+
k=0 m=1

D
Z ”wk+l—d _wk—dHZ) < L0 (59)
d=1

which implies that

o o0
DIV @HIP <oor Y [0 —of|? < oo (60)
k=0 k=0

Using the implications of summable sequences in Ref.
[32], the theorem follows. |
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