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Online Weakly DR-Submodular Optimization Under
Stochastic Cumulative Constraints

Junkai Feng, Ruiqi Yang*, Yapu Zhang, and Zhenning Zhang

Abstract: In this paper, we study a class of online continuous optimization problems. At each round, the utility

function is the sum of a weakly diminishing-returns (DR) submodular function and a concave function, certain

cost associated with the action will occur, and the problem has total limited budget. Combining the two

methods, the penalty function and Frank-Wolfe strategies, we present an online method to solve the considered

problem. Choosing appropriate stepsize and penalty parameters, the performance of the online algorithm is

guaranteed, that is, it achieves sub-linear regret bound and certain mild constraint violation bound in

expectation.
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1 Introduction

In the era of information, a large number of data are
produced rapidly, and it is urgent to make a relatively
optimal choice for the future based on the history
information. Repeat in this way, this is online
optimization. Generally speaking, at each round 7 € [T7],
first the learner makes a decision x; € X, where X is the
fixed constraint set, then the environment feeds back
the utility function U;: X — R. The goal is to make a
sequence of decisions such that the following quantity
is as small as possible:

T T
Rr = r){g; Ui(x) - Z Ui(xy).

=1

It means that we pursuit to get decisions {x;}ie[r],
which can produce total utility as good as the largest
utility we can get at the fixed point in hindsight to
some extent. At a glance, since we make current
decision only with history information, it seems
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impossible to get guaranteed result. However, some
rigorous results about online optimization have been
obtained, especially in convex setting!!- 2],

In real world applications, the involved functions
may not have convex (concave) structure. It is well
known that nonconvex optimization is hard to solve,
both in offline and online settings. Submodularity,
which is neither convex nor concave property, has been
studied extensively in recent years, such as in machine
learning!3- 4, etc. In the offline setting, consider the
following problem:

U )
U

where U:X — R, is of submodular property. There
have been some guaranteed approximation algorithms,
deterministic or stochastic type, under certain
assumptions. That is, the algorithm outputs vector x;
after ¢ iterations with

U(x;) 2 rmax U(x) —loss(t),
xeX

where r>0 is the approximation ratio, and loss(¢)
reprensents the loss term[4-!21 | It is natural to introduce
certain factor r for the comparator in the online setting,
that is, to measure the following:

T T
Ry = rrgeg;«; Uix) = ) Uil

t=1

It is obvious that we are devoted to design algorithms
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with higher factor » and lower upper bound on R,
which is needed at least sub-linear with respect to 7T,
meaning that the total utility of the algorithm produced
is as good as the utility at the fixed benchmark point in
handsight multiplied by r in average. Guaranteed
results for online continuous diminishing-returns (DR)
submodular optimization can be found in Refs.
[13-15], etc.

In the case of limited budget available, in addition to
make actions to maximize the utility, we need to
consider the consumption occured by decisions in
every round such that the true cost does not violate
much from the budget. Mathematically, the
corresponding offline problems is

T
max " U(x),
=1

T
s.t., th(x,) < B,
=1
xeX, Vte[T],
where we have one more constraint. Note that, in the
online setting, ¢; may be given before or arrive in
online form. Compared with the unconstrained form
online problem, we need to add the measure for
constraint violation, that is,

T
Cri= ) c(x) =B,
=1

For some certain settings of U, and c¢;, different
online algorithms have been proposed!!16-19],

Since the problem in real world is not of perfect
property, it is necessary to study problems that cover
more utility functions and constraint functions
appeared in real application. In this work, we consider
a class of online continuous weakly DR-submodular
maximization problems with stochastic linear long
term budget constraint. At each round, the utility
function is the sum of two terms: one is weakly DR
submodular, the other is concave, the revealed linear
constraint vectors are stochastic and independent
identically  distributed with  certain  unknown
distribution. By the approach of penalty function
method and Frank-Wolfe method, we propose our
online algorithm. The sub-linear regret bound is
guaranteed in expectation under mild assumptions, as
well as certain bound for constraint violation.

2 Preliminary

For any integer T, [T] denotes the set of {reN:

1<t<T}. For any two vectors x=(Xienl,
¥ =iiern) €R", x <y means that x; <y;, Vi€ [n]. xVy
and xAy denote the element wise maximum and
minimum vector, respectively, Vi € [n], that is

(xVy)i = max{x;,y;}, (x Ay); = min{x;, y;}.

Given nonempty set S CR". If S is closed and
convex, we use Ps to denote the metric projective
operator of R” onto S . In particular, we use [-]+ := Pk, .

A function f:S — R is said to be monotone if for
any two vectors x,y€S with x<y, it holds that
f(x) < f(»). Suppose that f:S — R is differentiable, it
is called DR-submodular function if Vf(x) > Vf(y),
Vx,yeS, with x<y. Moreover, if f is monotone,
Vif() >0, Vie[n], set p=supip; >0:Vf(x)=p1 V),
Vx <y}, then 0 <p <1 is well defined, and we call that
f is p-weakly DR-submodular at this time.

3 Problem Model

In this paper, we consider the online continuous
maximization problem with linear stochastic
cumulative constraint. The corresponding offline
problem is as follows:

T
max Z Ui(xp) := fi(xy) +64(xy),
=1

T 1
s.t., Z(c,xt) < B, 2
=1

x€X, VYte[T]

where B>0 and XCR" are known budget and
constraint set, respectively. Under online environment,
it means that integer 7 is time horizon, at each round
te[T], two actions will occur in order. (1) The user
executes x; € X; (2) the utility functions f, 6;: X - R
are revealed, as well as the stochastic constraint sample
vector «¢; with certain unknown distribution:
expectation ¢ and covariance matrix N. The target of

online optimization is to maximize the total utility

T

ZUt(xt) with decision vectors satisfying the linear

=1
T

constraint Z(C, X:) < B. Since the algorithm gives x; €

X without tlztllowing information about U,(:), naturally,
it is unreasonable to measure the performance of online
algorithm similar to the offline case. Before putting
forward the measure criterion, we make the following
clear assumptions about online optimization model (1).

Assumption 1 (1) About the constraint set X:
0e X Cc R}, and X is compact and convex.
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(2) At each round re[T], the utility function
U,: X > R, is of structure U,(-):= f;(:)+6,(-), where
fi,6; : X - R are monotone and differentiable, and the
gradient of U, is Lipschitz continuous. Moreover, f;
and 6; are p-weakly DR-submodular and concave,
respectively.

(3) The revealed stochastic vectors {c;}i[r] are
independent identically distributed with certain
unknown distribution D: expectation ¢ and covariance
matrix N. Meanwhile, the sample vectors {c;}[r] are
nonnegative and bounded.

Observation 1 Based on these conditions, there
exist D,L,C;,C,,C3 > 0, such that

(1) D := max||x - yl| = max||x],
X,y€ xeX .
(2) {U/}ierry are L-smooth, that is V¢ € [T],x,y € X,
IVU(x) = VUW)Il < L|lx = yll,

{Utdterr) are
Vte[T],x,ye X,

Ci-Lipschitz continuous, that is

U (x) = Ul < Crllx=yll,
(3) The sample vectors {c/},[r; has the following
property:
llesdl < Co2, Ve € [T1,

Cs = max
p~D(c,N),xeX

< 00.

B
<P’x>_ ?

For simplicity, set C = max{Cy,C2,C3} > 0.

Applying an algorithm to online form of optimization
problem (1), it will output {x;},[r; at the end. We
define two notions: regret and constraint violation to
evaluate the performance of the algorithm.

Definition 1 Let {x/}.[r; be outputs of an online
algorithm for problem (1).

(1) Take X= {x € X,i(c,x) < B}- The (1 - eip)
regret with respect to {xt}:e—[lr] is defined as
| T T
R = (1 - e—p)r@; Us(x) - ; Ui(xo).

(2) The stochastic constraint violation with respect to
{x¢t}rerr 1s defined as

T
Cr:= Z(c,x,) -B.
=1

4 Proposed Algorithm

Inspired by the penalty function method for constrained

optimization and Frank-Wolfe algorithm, we propose
our online algorithm for solving online maximization
problem (1).

5 Performance Analysis

Lemma 1 Let {x},7] be the sequence generated by
the Algorithm 1. Then we have, for any x € X,

Algorithm 1 Online algorithm of primal-dual type

Input: The constraint set X, time horizon 7, integer K, stepsize

a > 0, and penalty parameter 8> 0 with = —.

aC?
Output: Action sequence {x;}e[r]-
Initialize Lo() =0, v} = 0,k € [K].
fort=1to T do
M=o
for k=1to K do
k k k
vg )= PX(VQl +(’Vx£f—1(x§—)1’/l"1)) @
A - 0 10 3)
end for
Set x; = xEK+1) and act x;.

Observe the utility function U;(-) = f;(-) + 6:(-) and the
random constraint vector sampled as c;.

1 t
Set ¢; = 7 Z ¢;, and construct function .£; : R* XR — R as
i=1
1 B
L) = fi0) +6,(x) + @Az = Ahy(x), where () = (&)= 7.
Compute A; = B[A:(x)]+.
end for

1 T T
(1 - e—p)z U0 =) Unx) <
=1 =1

LD’T DB T <
BT > Ah(x) )
=1

2K 2

Proof The proof is done in four steps.

Step 1: To show the following claim:

Suppose that U(:) = f(-)+6(-), and f,6:X —>R are
monotone and differentiable, and they are p-weakly
DR-submodular and concave, respectively. Then
Uy)-U(x) < é(VU(x),y), VYx,yeX.

Since f is p-weakly DR-submodular, then

1
SO -f) < ;(Vf(x),y—x% Yx,yeX,yzx.

Thus, for
monotonicity of f that

any x,yeX, it follows from the
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1
JFO)=f)<fOVr)-flo)< ;(Vf(x),ny—)O:

1 1
—(Vf(x),y=yAx)< =(Vf(x),y).
o 1Y

According to the concavity and monotonicity of 6,
we get

1
6(y) = 6(x) <(VO(x),y - x) < ;(VG(X),y%

thus we get the claim.
Step 2: To proof that for any xe X, ke[K], the
following relational expression holds:

DZ
7 aC*T +aC? Z 1,2

t=1
&)
Since the projection operator is nonexpansive, it
follows from Formula (2) that, Yk € [K],1 € [T],

WP — 12 <

Zmz:,(x“‘) ), x—=v{) <

I, + @V Lot ), ) — 2l =

-1’

IW® =l + @2V Lo 8 D IP+
20V Lo (00 ) v, — ),

thus, for any k € [K],1 <t €[T],

20V, Lo (6P ), =0 )y <

k k
5, =21 = 0 = 2P + IV L 0 AP =

-1°
k k -
IV, =2l = v = 2 + @IV Uy () = A1 P <
W) = 2P = v = x? + 20*C2 + 207 C2| 2,1 .
By summing up the above inequalities over indices ¢
from 2 to T + 1, we obtain that

T+1
2aZ<Vx£t 16942, 0= <
=2
T+1
VY = xI? +202CT +20%C? Z 12
=2
By arranging the above formula, we get the Formula
4.
Step 3: To show that for any x € X, it holds that

T T T
Z Ui(x) - Zl Uix) < (1 - %)K; Ui+
S H  ad

e K +/1tht(.x)+/l[ ?—

@Dy = (V. LGP, 1) 0 x>]

Since L;(-) is L-smooth with respect to x variable,
we conclude from Formula (3) that, Vk € [K],7 € [T],

L£,6%,0) < £,65D )+
<Vx1:t(x<k> A0, a0 =KDy,

(k) x(k+1)”2 —

||x = Lt(xﬁ"*”,ﬂf)—

7
LG A0 + O = @

L,(xﬁ“”,m <vx1:t<x<") )P — x)+

k)2
||“||

<vx£t(x§k>,ﬂt>,x>

2K?
Notice that

1 1
- [—(<vx1:t(x<") A1), %) = —}wut(x?‘)) — A x) <

- U~ U+ 2o,
where the inequality follows from the conclusion of
Step 1.

Substituting it into Formula (7), and combining with
the definition of [;, iterative Formula (3) and the

bound of vgk), we obtain that

Ui - Uil ) < (1= By - Ui ) -

17LD?
—<vx1:,(x<") D ® —xy+ —[§+

B .
A+ - = = )|
Using the above recurrence formula, we get that

Ut(x) - Ut(-xt) = U[(.x) _ Ut(xl(‘K+1)) <
K
(1-%) Wt

K
1 K—j B
e 2l-%) 3 rameoa7-

2@y = (v, L, )0 — x|,

thus we get Formula (6) by summing up the above
inequalities over .
Step 4: To show that for any x € X, it holds that

1 T T
(1 - 5)2 Ui = ) Uilx) <
=1 t=1

LD’T D*> ., <
ko taC T+Z/l,h,(x)

®)

t=1
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K

Notice that x;, = — (’)

(5) and (6) that

T T
DU = Ui <

t=1

, it follows from Formulas

T 2
1 LD°T
5 El U,(x)+ X +
=

t=1

T
DAk - Z Ahy () + — + aC?T +aC? Z P2
t=1

t=1 t=1

On the other hand,

QC2|/lt|2 = Ahy(x;) =
aC*B2[hy(x)12 Bl (x)]+ho(x) = 0,

where the two equalities follows from the definitions of
A; and operator [-];, respectively. Thus we get Formula

4.

. . 1
Using the relation 8 = Ve get Lemma 1. O
a

Lemma 2 Let {¢},r; be random vectors defined
in Algorithm 1. Then,

T
(1) For any t € [T], CE[||¢; — c|l*] < r(tN);

T
DIl —c||] <NT+ 1V,

t=1

(2) CE

Proof (1) Since ¢ = —Zc, and {c;}e[r) are ii.d.
with distribution D(c, N), we obtaln that CE[¢,] = ¢ and

N
Cov(¢y) = E Thus we conclude that

CE[ll¢; - cl*] = CE[(& - ¢) (& )] =
CE[Tr(( — c)(& — )] =
Tr(CE[(&; — ¢)(& —¢)"]) =

Tr(Cov(@y) = T4V

(2) It follows from the concavity of function V" that

E[VI& —cl]

< VCE[|[¢ —cIP].

Hence

T T T
E Zua,—cnl = > CEllle; - clll < ) VCEIllE: - el <
=1 =1 t=1

T
IRV Tr(tN) <2NT + 1 TrN).
t=1

O

Theorem 1 Take K = VT, B= {T. Then we have
the following upper bound of the regret in expectation
sense,

Online Weakly DR-Submodular Optimization Under Stochastic Cumulative Constraints 1671

22
CE[R)] < LD? «/T+D2C T+

VT3 +2CD \/Tr(N) NTNT+1.

T
Proof Take x* € arg magcz U,(x). Substitute x = x*

X€E
=1
in Fomula (4), and take expectation in both sides of the

inequality, we get that

CER)] < LD’T . D2C2B T

2K 2
T
CE[Term1]+ 4, -CE Z(@ Xy— —) ©)
LD*T ch%
K + 5 E + CE[Term1]

T
B
where Terml := Z/lt (h,(x*)—(c,x*)+ 7), and the last
t=1

inequality follows from x* € X.
Moreover, we observe that

T

Terml = Z/lz (& = c,x") < Dl Alwliglh < DCBiglh,
i=1

=2 an)t, g = (e =clllle2=cll.....
and the last inequality is based on the

where

ez —cl)T,
definition of A;. Therefore, it comes from Lemma 2 (2)
that

CE[Term1] < 2CD \Tr(N)BNT +1,

substituting into Formula (7), we get the conclusion of
Theorem 1.

Theorem 2 Take K = VT, B = VT . Then we have
the following upper bound of the constraint violation in
expectation sense,

CT 4 LD T
E[Cr] < J_ T+ T
D*C?
=T +2D «/T 1 \/Tr(N).

Proof Take x=0 as the fixed vector in Formula

(4), and according to the definition of %, we conclude
that

T 2 22

B LD“T D T
E — + Cﬁ +7TC,
P T 2 ,8

hence

T T /1
Z he(x0)]+ ;E

=1
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LD®*T? D2C?*T T? T2*C
—t— =+ —=
2KpBB 2B BB BB

CT T LD*T .~ D*C?
- 34 - -
B\/T +B\/7+ 2B T+ 2B T.

On the other hand, we have

T
Cr= Z(c,x»—B =
=1

T T
D )+ Y (e =) <
=1 t=1

T T
DGl + Y lle =il
t=1 t=1

Thus, the above two relationships together with
Lemma 2 (2) yield the conclusion. o

6 Conclusion

We consider a certain class of nonconvex online
continuous optimization problems with stochastic
linear budget constraint, where the objective function
at each round is composed of two parts: weakly DR-
submodular and concave function. We present an
online algorithm of primal-dual type to solve it. The
expectation of the regret related with the weakly ratio
achieves sub-linear bound with respect to the time
horizon. Meanwhile, the violation constraint obtains
certain bound in expectation.
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