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Theoretical Analysis of Cooperative Driving
at Idealized Unsignalized Intersections

Shen Li, Jiawei Zhang, Zhenwu Chen�, and Li Li�

Abstract: Cooperative driving is widely viewed as a promising method to better utilize limited road resources and

alleviate traffic congestion. In recent years, several cooperative driving approaches for idealized traffic scenarios (i.e.,

uniform vehicle arrivals, lengths, and speeds) have been proposed. However, theoretical analyses and comparisons

of these approaches are lacking. In this study, we propose a unified group-by-group zipper-style movement model to

describe different approaches synthetically and evaluate their performance. We derive the maximum throughput for

cooperative driving plans of idealized unsignalized intersections and discuss how to minimize the delay of vehicles.

The obtained conclusions shed light on future cooperative driving studies.
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1 Introduction

Connected and Automated Vehicles (CAVs) are expected
to revolutionize road traffic because we can collect
useful information via vehicle-to-everything (V2X)
communication and plan their movements to fully utilize
limited road resources. If we can successfully implement
cooperative driving in practice, then we will undoubtedly
improve traffic safety and efficiency[1–4].

In the past decade, various studies of cooperative
driving have been conducted. Several studies focused
on how to establish reliable V2X communication for
cooperative driving[5, 6]. Some studies emphasized the
self-organized controller design of individual vehicles[7].
Other studies discussed how to formulate a good
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cooperative driving plan for multiple vehicles, so that
these vehicles can pass a certain conflict point (e.g.,
unsignalized intersection, ramp areas, and working
zones) as quickly as possible. In this study, we also
address this issue.

Generally, cooperative driving planning can be
roughly categorized into two kinds, namely, studies
of non-idealized traffic scenarios[8–11] and studies of
idealized traffic scenarios. In the first kind of study,
researchers assume that the vehicles’ lengths, arrivals,
driving directions, and speeds are all random and time-
varying[12–14]. Under such assumptions, we need to
design adaptive and intelligent planning algorithms
to schedule a short-term feasible passing order for
the investigated vehicles, so that their delay can be
minimized. Here a possible passing order for vehicles
refers to an assignment of the right-of-way of vehicles
for the critical conflict point[15–18].

In the second kind of study, researchers assume that
the vehicles’ lengths, arrivals, driving directions, and
speeds are all uniform. Under such assumptions, we
aim to design a long-term cooperative driving plan to
maximize the possible throughput or minimize the delay
in a relatively long period. In such studies, the influence
of all of the other factors was neglected to highlight
the dominant impact of passing orders. Then, the key
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problem becomes which long-term cooperative driving
plan generates the best passing order[19, 20].

One typical example of cooperative driving for
idealized traffic scenarios is the rhythmic control method
proposed in Refs. [21, 22]. This method aims to enable
vehicles to pass through an intersection in a conflict-
free manner with a preset rhythm. More precisely,
vehicles running in different directions are assumed
to sequentially take the right-of-way via a one-by-one
zipper-style movement. Thus, a certain gap must be
retained between every two consecutive vehicles running
in the same lane and let a certain vehicle that moves in
the other direction run across this gap. Notably, the
proposed rhythmic control considerably increases the
intersection capacity.

Another typical example of cooperative driving for
idealized traffic scenarios is the modular vehicle method
proposed in Refs. [21, 23]. Modular vehicles originally
referred to vehicles whose capacity can be flexibly
changed during operations. That is, a vehicle can be
composed of an indefinite number of Modular Units
(MUs) to dynamically vary its capacity by concatenating
or detaching MUs across different dispatches. In several
studies, researchers used modular vehicle techniques
to arrange a certain number of vehicles to pass the
intersection as a seamless vehicle queue. Compared with
conventional platoon-based intersection control[24–27],
modular vehicles can further condense traffic flow, thus
improving traffic throughput.

However, no synthetic study to compare various
cooperative driving approaches for idealized traffic
scenarios, particularly unsignalized intersection
scenarios, has been conducted. The parameters of
several driving plans that were manually designed
cannot be easily generalized to other scenarios. Several
important questions remained to be answered:

First, is there any simple yet intuitive explanation for
the efficiency of rhythmic control? Is there any theory
for determining the parameters of rhythmic control?

Second, can we combine modular vehicles and
rhythmic control? Are these two approaches completely
contradicting each other?

In this study, we proposed a unified group-by-group
zipper-style movement model to analyze idealized
cooperative driving synthetically and evaluate their
performance fairly. We assume that vehicle groups
driving in different directions will sequentially take
the right-of-way of a certain conflict point via a one-

by-one zipper-style movement. When the group size
degenerates to one, we obtain the one-by-one zipper-
style movement model or the equivalent rhythmic
control. When the group size increases to some large
numbers, we achieve fixed-time signal control with the
modular vehicle method. Through the unified group-
by-group zipper-style movement model, we determine
that these two extreme solutions can be appropriately
combined. In other words, rhythmic control and fixed-
time signal control with modular vehicles are exactly the
two sides of one coin.

In ideal situations, the time gap between two
consecutive vehicles in the same group can be kept to
zero, and the time gap between any two adjacent groups
in different driving directions can be kept to the lowest
value (or even zero when necessary). Thus, the time
resource of a conflict point can be maximally utilized.

Different from dynamic cooperative driving plans for
non-idealized traffic scenarios, the periodic/cyclic nature
of unified group-by-group zipper-style plans has some
interesting and clear conclusions. First, we theoretically
determine the upper bound of the throughput for a
simple two-way intersection. We determine that, in many
situations (e.g., when the inflow rates of different lags
of an unsignalized intersection are uneven), rhythmic
control may not be the best cooperative driving plan
because the strict one-by-one zipper-style movements
may lead to a waste of time resource. By contrast, our
unified model can help reach the maximum throughput
with a better arrangement of group sizes. Then, we
discuss how to achieve the shortest delay of vehicles
when the throughput requirement is satisfied. We
observe that the smaller the group size is, the shorter the
delay. Thus, rhythmic control might be the best choice if
it could satisfy the throughput requirement. Otherwise,
we propose an algorithm to determine the best group
size. Finally, we explain how to extend the obtained
conclusions to build a more complex cooperative driving
plan for complex intersections with multiple lanes.

To provide a clear explanation of our findings, the
remainder of this paper is organized as follows: In
Section 2, we briefly review several related studies. In
Section 3, we introduce a unified model to analyze
different cooperative driving approaches for the simplest
idealized unsignalized intersection scenarios. In Section
4, we generalize the conclusions obtained in Section 3
to other idealized traffic scenarios. Finally, in Section 5,
we conclude the paper.
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2 Literature Review

With the aid of V2X communication, CAVs can
share their driving states (i.e., position, velocity,
and acceleration) and intentions to cooperatively
coordinate their movements when passing conflict
points. Specifically, researchers began to show interest
in complex cooperative driving around unsignalized
intersections in the mid-2000s[8, 9], where vehicles were
allowed to drive in various directions.

Several related studies aim to reach an appropriate
driving plan by directly solving the detailed trajectories
of every individual vehicle[19]. Usually, we will
formulate a mathematical programming problem in
which the decision variables are the discretized
trajectories of every vehicle. Suppose we use a certain
number of midway points sampled at certain time points
to represent a trajectory. Then, we can describe the
time/energy-optimal and the collision-free/lane-keeping
conditions with the constraints among the coordinates
of these midway points[28]. By solving the obtained
mathematical programming problems, we can derive
an appropriate cooperative driving plan[29]. However,
these programming problems are often difficult to solve
because they usually contain integer variables that
indicate whether one vehicle will pass the conflict point
before the other vehicle.

By contrast, many other studies first determine
the passing orders of vehicles and then calculate the
corresponding trajectories of vehicles. Dresner and
Stone[9] first proposed the reservation-based method or
first come, first served mechanism. In the approaches
reported in Refs. [30–34], the vehicle sends a conflict
point access request to the control center based on their
possible arrival time. If the intersection space required
for that arrival time is unoccupied, then the request
is granted; conversely, the vehicle slows down and
resubmits a new request. In terms of request priority, the
vehicle that enters the control area earlier has a higher
priority to apply. The calculation complexity of such
approaches is low, but the obtained cooperative driving
plan is often far inferior to the optimal cooperative
driving plan.

Li and Wang[8] were the first to investigate planning-
based passing order selection. Various planning methods
have been employed to represent and search the solution
spaces spanned by all of the possible passing orders.
One frequently used planning method is to construct a
search tree containing all feasible crossing sequences,

where each node of the search tree corresponds to a
feasible solution[12, 13]. The original tree node pruning
algorithm can guarantee that the optimal cooperative
driving plan is identified; however, it is time-consuming
when the number of vehicles is large[8]. The recently
proposed Monte Carlo tree search algorithm can help
in identifying a good enough cooperative driving plan
within a short time budget[17].

The aforementioned cooperative driving approaches
assumed random and time-varying vehicles’ arrivals and
driving directions. Thus, we need to provide flexible
driving plans to maximize the throughput and minimize
the delay. Implementing such driving plans requires
complicated vehicle movements and intensive V2X
communication.

By contrast, some recent studies assumed regular
vehicles’ arrivals and driving directions to build
simplified cooperative driving plans. Such plans are
based on the hidden relationship between conflict points
and time slot formulations of cooperative driving plans
for isolated intersections[31, 33, 35, 36]. To guarantee that
vehicles will not collide with each other at the conflict
points, we can equivalently require them to occupy a
special conflict point one-by-one. If we further require
that vehicles of different flows occupy a special conflict
point in a locally sequential yet globally periodic
manner, then we can obtain another interesting time
slot interpretation of the cooperative driving plan. In
other words, for each conflict point, we can preset a
certain number of time slots along the time axis and let
vehicles from different flows occupy this conflict point
cyclically[20, 37].

Different design methods for such preset cyclic
cooperative driving plans have been employed. One
typical example is the rhythmic control method proposed
in Refs. [22, 38], as illustrated in Fig. 1a. Such a
method considered a complex symmetric intersection
with three lanes, where Lanes 1, 2, and 3 of each leg
are through, through, and left-turn lanes, respectively.
Then, a complex preset time slot assignment plan was
designed to ensure that every two consecutive vehicles
moving in the same direction will be right separated by a
vehicle moving in another direction at a certain conflict
point. Such design is delicate and places every issue
in a highly correlated composition. The parameters of
the proposed design are manually selected and not well
explained. Therefore, theoretical analyses to examine
whether rhythmic control considerably increases the
intersection capacity are lacking.
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(a) (b) (c)

Fig. 1 Illustration of different control methods at the simplest conflict point, where vehicles run in only two directions: (a)
rhythmic control, where vehicles pass with the one-by-one zipper-style movement; (b) modular vehicles control, where vehicles
condense the car-following gap or even diminish such gap to increase the intersection capacity; (c) platoon-based control, where
vehicles in the same direction are grouped to pass the intersection, but there is a gap between vehicles in the same group.

Rhythmic control utilizes the gap between every
two consecutive vehicles moving in the same direction
by letting a different-way vehicle run through this
gap. A typical question is whether we can further
condense this gap or even diminish such gap to increase
the intersection capacity. The modular vehicle method
proposed in Refs. [23, 38] is a typical example that
follows this idea. The modular vehicle method arranges
a certain number of vehicles to pass the intersection as
a seamless vehicle queue. Different from conventional
platoon-based intersection control[39, 40], the modular
vehicle method ideally assumes that there are no gaps
between vehicles so that we can save that recourse to
accommodate more vehicles to increase the intersection
capacity, as illustrated in Figs. 1b and 1c.

However, most of the current modular vehicle studies
emphasize the network-wide transport arrangement
problems. Whether the modular vehicle method can
be an alternative or combined with the rhythmic control
method remains to be answered.

3 Simplest Idealized Unsignalized
Intersection

3.1 Group-by-group zipper-style cooperative
driving

We take the simple intersection, which only has two-
direction flows (or streams in the classical traffic signal
control context), e.g., west-to-east and south-to-north
flows, as a basic example. Each lag of this intersection
has only one lane; thus, we have only one conflict point
in such scenarios. We will explain other cases that can be
generalized from this simple case in Section 4. Without
losing generality, we assume that all of the vehicles are
running at the maximum possible speed v and the lengths
of all vehicles are the same L. These assumptions are

common in idealized cooperative driving studies.
In this study, we set up a group-by-group zipper-style

movement of vehicles, as illustrated in Fig. 2a. In other
words, a group of vehicles in the west-to-east flow will
pass the intersection right after a group of vehicles in the
south-to-north flow that passes the intersection, and vice
versa, cyclically. Without losing generality, we assume
that the first group of vehicles in the west-to-east flow
passes the core area before the first group of vehicles in
the south-to-north flow passes the core area. Let us set
the original time point as the starting time point of an
hour.

Suppose we divide the west-to-east flow into several
groups of vehicles. Each group has k1 vehicles. The
south-to-north flow is also divided into several groups of
vehicles. Each group has k2 vehicles. Such a division
strategy assumes uniform vehicle arrivals. When k1 D

k2 D 1, the movement plan degenerates to the one-
by-one zipper-style movement, which is equivalent to
rhythmic control proposed in Refs. [22, 38]. When k1

and k2 are large enough, the movement plan degenerates
to the ordinary fixed-time signal control[26, 41–43].

We assume that the time gap between every two
consecutive vehicles in a group for the west-to-east
flow is set to a constant value �t1. The time gap
between every two consecutive vehicles in a group for
the west-to-east flow is set to a constant value �t2. As
discussed in Refs. [44, 45], we define the time gap
as the time difference between the rear bumper of the
leading vehicle and the front bumper of the following
vehicle. �t1 and �t2 are introduced to model the
necessary safe distance between vehicles that prevent
rear-end collisions. Notably, the achieved minimum
time gap is 0.6 s for AV platoons under some special
Cooperative Adaptive Cruise Control (CACC) driving
conditions[46]. If we can reach the ideal�t1 D �t2 D 0,
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Fig. 2 (a) Illustration of cooperative driving at the simplest conflict point, where vehicles run in only two directions; (b) the
corresponding right-of-way assignments for the conflict point illustrated using the virtual vehicle mapping technique.

then the movement plan degenerates into the modular
autonomous vehicles proposed in Refs. [21, 23].

We can adopt the virtual vehicle mapping technique
proposed in Refs. [47, 48] to map the vehicles moving
in the south-to-north flow to the west-to-east flow.
Then, we can obtain the corresponding right-of-way
assignments for the conflict point along the time axis
for the two flows shown in Fig. 2b. The original time
point is the time that the first group of vehicles in Lane
1 passes the conflict point between Lanes 1 and 2. The
time value for every vehicle in Lane 1 or 2 indicates its
arrival time to the conflict point.

Here, we set the time gap between every two
consecutive groups of vehicles in the west-to-east flow
as �T1 and the time gap between every two consecutive
groups of vehicles in the south-to-north flow as �T2.
Suppose the time gap between the first vehicle of a group
of vehicles in the west-to-east flow and the last vehicle
of the succeeding group of vehicles in the south-to-north
flow is set as �t3. Similarly, the time gap between the
first vehicle of a group of vehicles in the south-to-north
flow and the last vehicle of the succeeding group of
vehicles in the west-to-east flow is set as �t3. Notably,
�t3 is introduced to model the necessary safe distance
between vehicles that prevent side collisions.

We determine that a group of vehicles in the west-to-
east flow pass the intersection between two consecutive

groups of vehicles in the south-to-north flow and vice
versa, cyclically. By observing the occupying sequence
of the conflict point along the time axis, we derive the
following expressions:

.k1 � 1/�t1 C k1

L

v
C 2�t3 6 �T2 (1)

.k2 � 1/�t2 C k2

L

v
C 2�t3 6 �T1 (2)

We further assume the upstream inflow rate of the
west-to-east flow is q1 veh/h and the inflow rate of the
south-to-north flow is q2 veh/h. The vehicles coming
from upstream are originally uniformly distributed and
will be appropriately guided to form some condensed
groups before they enter the core area of the unsignalized
intersection. Such assumptions are widely adopted for
idealized cooperative driving[13, 17] (see Fig. 3 for an
illustration). Our focus is on the passing orders within
the core area, and the movements in the adjusting area
are not addressed in idealized cooperative driving studies.
For presentation simplicity, we assume that, in 1 h, m1

groups of vehicles of the west-to-east flow pass through
the core area and m2 groups of vehicles of the south-to-
north flow pass through the core area. Thus, we either
have m1 D m2 or m1 D m2 C 1 because we assume
that the first group of vehicles in the west-to-east flow
passes first. Because of the round-off effect, it could be
possible that not all of the k1 or k2 vehicles of the last
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Uniform arrival

Adjusting area

Core area

Groups

Fig. 3 Illustration of the condensing process before
cooperative driving at the core area of an unsignalized
intersection.

group can pass the core area within the 1 h threshold.
However, such round-off errors can be negligible when
q1 and q2 are large.

3.2 Throughputs of different cooperative driving
plans

In idealized cooperative driving studies, we usually
assume that L and v are preselected constants. We are
interested in two related problems:

Problem 1 Given the upstream inflow rates q1

and q2, determine a cooperative driving plan that is
characterized by a 9-tuple (i.e., k1, k2, �t1, �t2, �t3,
�T1, �T2, m1, and m2) to “serve” such inflow rates.
Here, “serve” means to make all of the vehicles pass
through the core area with a bounded non-increasing
delay. If the vehicles are jammed outside the core area
and the lengths of the jammed queues increase with time,
then we say that the cooperative driving plan cannot
“serve” such inflow rates.

Problem 2 Determine the maximum upstream
inflow rates q1 C q2 that can be served by a given
cooperative driving plan that is characterized by a 9-
tuple (i.e., k1, k2, �t1, �t2, �t3, �T1, �T2, m1, and
m2). Based on the previously drawn conclusions, we
can compare the performance of different cooperative
driving methods.

Let us investigate the first problem. Suppose a
cooperative driving plan can “serve” the upstream inflow
rates q1 and q2. Thus, we should approximately dispatch
all q1 vehicles in the west-to-east flow in 1 h (3600 s) as
follows:

m1k1 > q1 (3)

q1

�
�t1 C

L

v

�
Cm2�T1 6 3600 (4)

Similarly, we should approximately dispatch all q2

vehicles in the south-to-north flow in 1 h (3600 s) as
follows:

m2k2 > q2 (5)

q2

�
�t2 C

L

v

�
Cm1�T4 6 3600 (6)

Notably, we do not require m1k1 D q1 and m2k2 D

q1. As discussed in Refs. [31, 33, 35], such group-by-
group zipper-style movements of vehicles define a series
of time slots along the time axis. Formulas (3) and (5)
guarantee that we have reserved enough time slots for
the coming vehicles. If no vehicle arrives in time for a
time slot, then we just leave this preset time slot (or the
corresponding position in the groups of the west-to-east
and/or south-to-north flows) unoccupied.

We draw the following conclusions:
Theorem 1 A cooperative driving plan (i.e., k1, k2,

�t1, �t2, �t3, �T1, �T2, m1, and m2) can “serve”
the upstream inflow rates q1 and q2 if they satisfy the
Formulas (1) – (6).

Theorem 1 seems a bit tricky, but we can analyze
several special cases to obtain some useful insights.

Theorem 2 Rhythmic control proposed in Refs. [22,
38] is a cooperative driving plan (k1 D k2 D 1, �t1,
and �t2 are not involved; �t3 D 0, �T1 D �T2, m1 D

m2). Rhythmic control can “serve” the upstream inflow
rates q1 and q2 if

L

v
6

1800

max fq1; q2g
(7)

Proof From Formulas (1) and (2), we derive the
following expression:

L

v
6 �T1 D �T2 (8)

From Formulas (3) and (5), we derive the following
expression:

m1 D m2 D max fq1; q2g (9)

By combining Formulas (4), (6), (8), and (9), we derive
the following expression:

max fq1; q2g
L

v
Cmax fq1; q2g�T1 6 3600 (10)

which can satisfy Formulas (4) and (6). Thus, we
achieve a sufficient condition (i.e., Formula (11)) for
the service problem by selecting the time gaps between
two consecutive groups of vehicles running in the same
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direction, as follows:
L

v
6 �T1 D �T2 D

1800

max fq1; q2g
(11)

This concludes the proof for Formula (7). �
The rhythmic control method proposed in Refs. [22,

38] requires a strictly symmetric one-by-one zipper-style
movement, thereby wasting some road resources. Indeed,
we can relax the constraints and obtain an asymmetric
group-by-group zipper-style movement to better “serve”
the imbalanced inflow rates q1 and q2. Without losing
generality, we assume that q1 > q2.

Theorem 3 The asymmetric cooperative driving
plan (i.e., k1, k2, �t1 D �t2 D �t3 D 0, �T1, �T2,
m1, and m2) can “serve” the upstream inflow rates q1

and q2 if
L

v
6

3600

q1 C q2

(12)

Proof From Formulas (1) and (2), we derive the
following expression:

k2

L

v
6 �T1 (13)

From Formulas (3) and (5), we derive the following
expression:

m1k1 > q1 > .m1 � 1/k1 (14)

By combining Formulas (4), (6), (13), and (14), we
achieve a sufficient condition for Formula (12) using the
following expression:

�T1 D k2

L

v
;�T2 D

3600 �m2�T1

m2 C 1
; k1 D

�
�T1v

L

�
(15)

to conclude this proof. Here, the function b�c is the
integer flooring function. �

Notably, the asymmetric cooperative driving plan can
“serve” the imbalanced inflow rates and, whereas the
rhythmic control proposed in Refs. [22, 38] cannot do
so.

We also regard this cooperative driving plan (i.e., k1,
k2, �t1 D �t2 D �t3 D 0, �T1, �T2, m1, and m2)
as a fixed-time signal control plan with modular vehicle
techniques. Given certain appropriate k1 and k2, we
can set the green-phase time for the west-to-east flow as
�T1 � 3600k2= .q1 C q2/ and the green-phase time for
the south-to-north flow as �T2 � 3600k1= .q1 C q2/.
The throughput of the intersection will be the same if we
use this fixed-time signal control plan. Thus, we easily
draw the following conclusion:

Theorem 4 For the simple intersection discussed in
this section, the maximum upstream inflow rate q1 C q2

that can be served by a given cooperative driving plan

is the same as that served by the best fixed-time signal
control plan. In other words, we derive the following
upper bound:

max fq1 C q2g D 3600
L

v
(16)

We determine that the rhythmic control method
proposed in Refs. [22, 38] uses the vehicles in a different
direction to split the vehicles in the same direction. If we
set �t1 D �t2 > 2�t3C L

v
for some applications, then

the rhythmic control method may yield more throughput
than the fixed-time signal control plan. The numerical
example provided in Refs. [22, 38] fits such conditions.

3.3 Delay of vehicles and feasible cooperative
driving plan search algorithm

The previously presented analysis indicates that we can
have different cooperative driving plans that “serve” the
same inflow rates q1 and q2 but the resulting delays for
vehicles in different flows can vary significantly. Let us
consider an extreme example: we have q1 � 1 vehicles
of the west-to-east flow and q2 D 1 vehicles of the
south-to-north flow. Cooperative driving vehicle plan A
first dispatches q1 vehicles of the west-to-east flow to
pass the core area and then dispatches only one vehicle
of the south-to-north flow (i.e., we set k1 D q1 and
k2 D 1). Cooperative driving vehicle plan B dispatches
the first q2=2 vehicles of the west-to-east flow to pass
the core area, then dispatches only one vehicle of the
south-to-north flow, and finally dispatches the first q1=2

vehicles of the west-to-east flow (i.e., we set k1 D q1

and k2 D 1). We determine that the maximum delays
of the south-to-north flow obtained by the two plans are
quite different.

To retain the equity of different travelers, we need
to distribute the benefits and costs to travelers fairly
and appropriately[49–52]. Thus, we are interested in the
following problem:

Problem 3 Suppose the upstream inflow rates q1

and q2 can be served by a certain number of cooperative
driving plans. Determine the plan that provides the
lowest maximum delay for vehicles.

Suppose a cooperative driving plan that is
characterized by a 9-tuple (i.e., k1, k2, �t1, �t2,
�t3, �T1, �T2, m1, and m2) can “serve” the upstream
inflow rates q1 and q2. We assume uniform arrival of
vehicles. Without any delay, the i-th vehicle of the
west-to-east flow should arrive at the core area at time

t iideal D
3600

q1

i (17)
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When the cooperative driving plan is applied, the i -th
vehicle of the west-to-east flow should arrive at the core
area at time

t ireal D

�
i�1

k1

��
.k1�1/�t1Ck1

L

v
C2�t3C�T1

�
C

Œ.i mod k1/ � 2�
C�t1 C Œ.i mod k1/ � 1�

L

v
(18)

where function .M mod N/ yields the remainder of M
divided by N ; function Œx�C D max f0; xg .

The delay of the i-th vehicle of the west-to-east flow
can then be written as follows:

t idelay D
�
t ireal � t

i
ideal

�C
(19)

Similarly, we determine the delay of the j -th vehicle
of the south-to-north flow and formulate our decision
problem as follows:

min
k1; k22N

max
i2f1;2;:::;q1g;j2f1;2;:::;q2g

˚
t i ; tj

	
s.t., Formulas (1)–(6) and Eqs. (17)–(19) (20)

The programming problem expressed in Formula (20)
is difficult to solve because of the complicated round-off
operations of integer decision variables. However, we
can derive a simple upper bound for the maximum delay.

Theorem 5 The upper bound for the maximum
delay of any vehicle is derived as follows:

�T1 C�T2 (21)
If we can further apply an asymmetric cooperative

driving plan (i.e., k1, k2, �t1 D �t2 D �t3 D 0, �T1,
�T2, m1, and m2), then we should select the minimum
�T1 C�T2.

Proof Based on Formula (14), we derive m1k1 D

q1 for the west-to-east flow. Thus, the i -th vehicle of the
west-to-east flow should arrive at the core area at time

t iideal D
3600

q1

i D
3600

m1k1

i (22)

Considering the periodic feature of the cooperative
driving plans, we roughly derive the following
expression:

m1fk1

L

v
C�T1g D 3600 (23)

By combining Eqs. (22) and (23), we derive the
following expression:

t iideal D

L
v
C�T1

k1

i (24)

Further considering Eq. (18) and Formula (1), we
derive the following expression:

t idelay D
�
t ireal � t

i
ideal

�C
6 �T1 C�T2 (25)

Such a condition also holds for the delay tjdelay of the
j -th vehicle of the south-to-north flow. This concludes
the proof. �

Further considering Formula (11), we derive the
following expression:

.k1 C k2/
L

v
6 �T1 C�T2 (26)

Based on Eq. (22) and Formula (25), we select the
smallest possible k1 and k2 that “serve” the inflow
rates q1 and q2 to reduce the lowest maximum delay
of every individual vehicle. This indicates that when
the condition in Formula (7) is satisfied, the rhythmic
control method leads to the lowest maximum delay and
is suggested. However, when the condition in Formula
(7) is not satisfied, but the condition in Formula (11)
is satisfied, we should select the following cooperative
driving plan.

Because we aim to keep k1 and k2 as small as possible,
given q1 and q2, we can identify the ideal asymmetric
cooperative driving plan using Algorithm 1 assuming
�t1 D �t2 D �t3 D 0.

Theorem 4 guarantees that we can finally obtain a
satisfactory solution if Formula (12) holds. Let us use
a simple test case to illustrate the algorithm. Suppose
L=v D 1 s, q1 D 2100 veh/h, and q2 D 1000 veh/h.
The rhythmic control method cannot “serve” such inflow
rates. When k2 D 1, we obtain �T1 D 1 s, m2 D 1000,
�T2 � 2:6 s, k1 D 2, andm1 D 1001. At that point, we
derive m1k1 < q1. Thus, we increment k � 2 to k2 D

2. We obtain �T1 D 2 s, m2 D 500, �T2 � 5:19 s,
k1 D 5, m1 D 501, and m1k1 > q1. This cooperative
driving plan can “serve” such inflow rates. Indeed, such
a cooperative driving plan (i.e., k1 D 5, k2 D 2, �t1 D
�t2 D �t3 D 0, �T1 D 5:19, �T2 D 1, m1 D 501,
and m2 D 500) can at most “serve” the upstream inflow
rates q1 D 2500 veh/h and q2 D 1000 veh/h. If this plan
is applied to the upstream inflow rates q1 D 2100 veh/h
and q2 D 1000 veh/h, then some positions in the groups
of the west-to-east flow (or the equivalent planned time
slots[31, 33, 35, 36]) will be left unoccupied.

4 From Simple Intersections to Complex
Intersections

In this section, we will show how to gradually add

Algorithm 1 Search for a feasible cooperative driving plan
Step 0: Set k2 D 1

Step 1: Let �T1Dk2
L
v
; m2D

l
q2

k2

m
, �T2D

3600�m2�T1

m2C1
;

k1 D

j
�T1v

L

k
; m1 D m2 C 1. Here, the function d�e is the

integer ceiling function.
Step 2: If m1k1 > q1, then exit the algorithm; otherwise, set
k2 D k2 C 1 and go to Step 2 for another round of scans.
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more lanes to the simplest two-lane intersection to build
more complex driving scenarios. The previously drawn
conclusions can be easily extended to new cases.

4.1 Adjacent and nonadjacent lanes

Let us first consider the three-lane intersection shown
in Fig. 4, which has two west-to-east flow lanes (i.e.,
Lanes 1 and 3) and one south-to-north flow lane (i.e.,
Lane 2). The two west-to-east flow lanes are adjacent to
each other. We can assume that the upstream inflow rates
for Lanes 1 and 3 are the same in such cases because no
left-right turns are considered. Suppose we determine
the cooperative driving plan for Lanes 1 and 2 as what
has been explained previously without considering Lane
3. We can copy the cooperative driving plan for Lane 1
as the cooperative driving plan for Lane 3, expecting to
enlarge the safety gap �t3 for all of the lanes to avoid
side collisions. We did not consider the time lag between
Lanes 1 and 3 because they are adjacent in space. We
can aggregate such lanes and consider them as a whole
as a special flow (stream) without causing problems.

Let us then consider the other three-lane intersection
shown in Fig. 5a, which has one west-to-east flow lane
(i.e., Lane 1), one east-to-west flow lane (i.e., Lane 3),
and one south-to-north flow lane (i.e., Lane 2). Different
from that shown in Fig. 4, we assume a non-negligible
space distance �1;3 between Lanes 1 and 3. Without
losing generality, we assume that the upstream inflow
rate of Lane 3 is q3 and q3 < q1. Thus, the west-to-east
flow in Lane 1 is the mainstream in this case. First, we
can determine the cooperative driving plan for Lanes
1 and 2, as explained previously, without considering
Lane 3.

Then, we can copy the cooperative driving plan for
Lane 1 as the cooperative driving plan for Lane 3, further
considering a phase time lag '1;3 between two lanes to
allow a group of vehicles in Lane 2 to run across Lanes
1 and 3 sequentially without any interruption. Thus,
we obtain the right-of-way assignments along the time
axis, as shown in Fig. 5b. The original time point is the

Lane 1
Lane 3

Lane 2

Fig. 4 Three-lane intersection with two west-to-east flow
lanes and one south-to-north flow lane.

time that the first group of vehicles in Lane 1 passes the
conflict point between Lanes 1 and 2. The time value for
every vehicle in Lane 1 or 2 indicates its arrival time to
the conflict point between Lanes 1 and 2. The time value
for every vehicle in Lane 3 indicates its arrival time to
the conflict point between Lanes 2 and 3.

Let us still assume that the first group of vehicles in
Lane 1 will pass the conflict point between Lanes 1 and
2 before the first group of vehicles in Lane 2. Thus, the
first group of vehicles in Lane 2 will arrive at the conflict
point between Lanes 2 and 3 at time �T2C�1;3=v. We
assume that the first group of vehicles in Lane 3 has just
passed the conflict point between Lanes 2 and 3. As
shown in Fig. 5b, the phase time lag '1;3 between the
west-to-east flow in Lane 1 and the east-to-west flow in
Lane 3 could be expressed as follows:

'1;3 D �T2 C �1;3=v ��T2 D �1;3=v (27)

In other words, the i-th group of vehicles in Lane 3
will arrive at the conflict point between Lanes 2 and 3
with a phase time lag �1;3=v to the time that the i-th
group of vehicles in Lane 1 arrives at the conflict point
between Lanes 1 and 2. The obtained cooperative driving
plans for the three lanes can ensure that every vehicle

Fig. 5 Three-lane intersection with different flow lanes and
the right-of-way assignments along the time axis. (a) Three-
lane intersection with one west-to-east flow lane, one east-to-
north flow lane, and one south-to-north flow lane; (b) the
corresponding right-of-way assignments along the time axis.
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uninterruptedly passes the core area with speed v if the
upstream inflow rates can be served.

Notably, in many urban roads, the left-most lane
of one flow is adjacent to the left-most lane of the
opposite flow. Under such conditions, no time lag exists
between opposite flows. The corresponding cooperative
driving plan degenerates to fixed-time signal control
with modular vehicle technique. The method applied in
Section 3 can be easily extended to design the driving
plan and analyze the throughput/delay of vehicles.

4.2 Mirror-symmetric cooperative driving for
intersections with only through lanes

Indeed, we can view cooperative driving plans for
idealized unsignalized intersections as special fixed-
time signal timing plans assuming that (1) all vehicles
move with constant speed within the core area of the
intersection, (2) the gaps between any two consecutive
vehicles are minimized to nearly zero, and (3) the green
time for a certain flow can be short (e.g., < 1 s for
rhythmic control).

We focus on mirror-symmetric cooperative driving
plans in this study. Here, mirror symmetry means that
the cooperative driving plans for opposite flows are the
same, except for certain time lags. The rhythmic control
method is a typical kind of mirror-symmetric cooperative
driving plan. Mirror-symmetric cooperative driving
plans introduce more constraints to the design; therefore,
their maximum throughputs may be lower than some
asymmetric alternative plans. The maximum throughput
of a mirror-symmetric plan should be determined using
the flows with the largest upstream inflow rates.

Let us consider a four-lane intersection labeled as
counterclockwise, as shown in Fig. 6a, which has one
west-to-east flow lane (i.e., Lane 1), one east-to-north
flow lane (i.e., Lane 3), one south-to-north flow lane
(i.e., Lane 2), and one north-to-south flow lane (i.e.,
Lane 4). We assume that non-negligible space distances
exist between every two parallel lanes. Without losing
generality, we assume that the upstream inflow rate of
Lane 3 is q3 and q3 < q1 and the upstream inflow rate
of Lane 4 is q4 and q4 < q2. Thus, the west-to-east flow
in Lane 1 and the south-to-north flow lane in Lane 2 are
the mainstreams in this case. First, we determine the
cooperative driving plan for Lanes 1 and 2, as explained
previously, without considering Lanes 3 and 4. Then,
we copy the cooperative driving plan for Lane 1 as
the cooperative driving plan for Lane 3 and copy the
cooperative driving plan for Lane 2 as the cooperative

Fig. 6 Four-lane intersection with different flow lanes and
the right-of-way assignments along the time axis. (a) Four-
lane intersection with lanes labeled as counterclockwise; (b)
the corresponding right-of-way assignments along the time
axis.

driving plan for Lane 4, except for introducing some
phase time lags.

As shown in Fig. 6b, the original time point is set as
the time that the first group of vehicles in Lane 1 passes
the conflict point between Lanes 1 and 2. The time value
for every vehicle in Lane 1 or 2 indicates its arrival time
to the conflict point between Lanes 1 and 2. The time
value for every vehicle in Lane 3 indicates its arrival time
to the conflict point between Lanes 2 and 3. The time
value for every vehicle in Lane 4 indicates its arrival
time to the conflict point between Lanes 3 and 4. The
phase time lags between Lane 1 and the other lanes are
defined as '1;2, '1;3, and '1;4. That is, the p-th group
of vehicles in Lane 4 will arrive at the conflict point
between Lanes 3 and 4 with a phase time lag '1;4 to the
time that the p-th group of vehicles in Lane 1 arrives at
the conflict point between Lanes 1 and 2. Indeed, we set
'1;2 D �T2 directly in all of the previously presented
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discussions. Let us still adopt '1;3 D �1;3=v.
From Fig. 6b, we can set the following expression:

'1;4 D '1;2 C '1;3 C �2;4=v (28)
Thus, the first group of vehicles in Lane 4 will arrive

at the conflict point between Lanes 4 and 1 at time
'1;4 C �1;3=v D �T2 C �2;4=v C 2�1;3=v (29)

If the first group of vehicles in Lane 4 catches up with
the end of the second group of vehicles in Lane 1 when
arriving at the conflict point between Lanes 4 and lane 1,
then an ouroboros pattern will be generated, which can
be expressed as follows:

'1;4 C �1;3=v D�T2 C �2;4=v C 2�1;3=v D

2�T2 C�T1 � �2;4=v (30)
or equivalently

2�2;4=v C 2�1;3=v D �T2 C�T1 (31)
If the aforementioned constraints hold, then we can

ensure that every vehicle uninterruptedly passes the
core area with speed v under the mirror-symmetric
cooperative driving plan. Specifically, for the one-by-
one zipper-style movement, which is equivalent to
rhythmic control, we derive �1;3 D �2;4 D � and
�T1 D �T2 D L=v. Based on Eq. (31), we derive
'1;2 D '1;3 D L=v and '1;4 D .3L/=.2v/, with the
following road geometry requirement:

� D pL=2 (32)
If the intersection is an ordinary intersection where

all opposite lanes are adjacent, then we obtain �1;3 D

�2;4 D 0. Thus, '1;3 D 0 and '1;2 D '1;4 D �T2,
which naturally degenerate a two-phase fixed-time signal
timing plan with the modular vehicle technique.

4.3 Cooperative driving for complex intersections

Let us consider an eight-lane intersection labeled as
counterclockwise, as shown in Fig. 7, which has one
west-to-east flow lane (i.e., Lane 1), one east-to-north
flow lane (i.e., Lane 3), one north-to-south flow lane (i.e.,
Lane 2), one south-to-north flow lane (i.e., Lane 4), one
east-to-north flow lane (i.e., Lane 5), one south-to-west
flow lane (i.e., Lane 6), one east-to-south flow lane (i.e.,
Lane 7), and one north-to-east flow lane (i.e., Lane 8).

The design difficulty lies in the left-turn flows. For
example, Lane 5 sequentially intersects with Lanes 4,
6, 8, and 3. The appropriate cooperative driving plan is
difficult to calculate when the group size of vehicles is
not one. Generally, two ways are employed to solve this
problem.

The first way is to allow the vehicles of left-turn flows
to pass the intersection nonsynchronously. Moreover,

Fig. 7 Eight-lane intersection with four through lanes first
labeled as counterclockwise and four left-turn lanes then
labeled as counterclockwise.

the vehicles of left-turn flows will not share the same
period as the vehicles of through flows. For the lane
intersection shown in Fig. 7, we set a two-phase period
for the vehicles of left-turn flows. In the first phase,
at some appropriate time slots, we let a few vehicles
in Lanes 5 and 7 enter the core area without causing
queue spillover and dispatch them when possible. We
can always enlarge �T1 and �T2 to reserve enough
time slots allowing left-turn vehicles to pass the conflict
points between the through and left-turn lanes. Then, in
the second phase, we dispatch a few vehicles in Lanes 6
and 8.

The most valuable merit of the first way is its
simplicity. Because we do not need to consider the
interactions between vehicles in different left-turn lanes,
we can simply change the cooperative driving plan
obtained in Section 4.2 to realize it. Furthermore, we can
still handle imbalanced upstream inflow rates because
the group size of vehicles in different lanes can be larger
than 1 and asymmetric.

The second way is to adopt the one-by-one zipper-
style movement, which is equivalent to the rhythmic
control method. We can carefully set up the distances
between neighboring conflict points and the speed of
vehicles to enable vehicles to pass each conflict point
in a delicate head-to-tail connecting manner. Because
exceptional examples have been provided in Refs. [22,
38], we will not further discuss the intricate calculations
here.

The previously presented analysis indicates that for
some intersections allowing complex vehicle-moving
directions, we can gradually build cooperative driving
plans, just like putting construction bricks together to
build castles. When we set the group size of all lanes
to be one, we can also obtain the cooperative driving
plans proposed in rhythmic control[22, 38] or erasing
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lane control[20]. This bottom-up establishing process can
explain how we can achieve delicate rhythmic control
like the cooperative driving plan originally presented
through an up-bottom manner in Refs. [22, 38].

The subtle interlaced time lag assignment introduced
in rhythmic control places extra limits on the intersection
capacity, particularly when we meet strictly imbalanced
upstream inflow rates. Thus, different cooperative
driving plans can be appropriately modified based on the
change in upstream inflow rates.

5 Conclusion

In this study, we provide a unified group-by-group
zipper-style movement model to combine the rhythmic
control and modular vehicle methods that have
been proposed for cooperative driving at idealized
unsignalized intersections. When the group size
degenerates to one, we utilize the rhythmic control
method. When the group size increases to a large number,
we employ fixed-time signal control with the modular
vehicle method. This trick enables us to integrate two
different cooperative driving plans together and reveal
the essence of some showy cooperative driving plans.

Different from existing approaches, our model
theoretically analyzes the throughput/delay of vehicles
and reveals the key difference between different
cooperative driving methods. We show that our new
model may outperform existing approaches when we
meet significantly imbalanced upstream inflow rates.
The obtained conclusions set a basis for further
analysis of cooperative driving methods, particularly
on the adaptive planning-based cooperative driving
method[12–14, 28, 29, 53], which had not been theoretically
investigated.

This study focuses on the maximum throughput and
minimum delay for idealized situations. When applied
in practice, we cannot assume the safety gap �t1 D
�t2 D �t3 D 0. How to select the safety distances �t1,
�t2, and �t3 to balance traffic efficiency and safety
remains challenging. Specifically, when we consider
mixed traffic flow in which CAVs and human-driven
vehicles share roads[39, 40, 54–57], we might dynamically
maintain different safety distances when following CAVs
and human-driven vehicles. We hope more researchers
will show interest in this interesting research direction.
We believe the combination of classical signal timing
design skills and recently developed cooperative driving
methods can lead to more interesting results.
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