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Maximizing Submodular+Supermodular Functions Subject to
a Fairness Constraint

Zhenning Zhang, Kaigiao Meng, Donglei Du, and Yang Zhou*

Abstract: We investigate the problem of maximizing the sum of submodular and supermodular functions under

a fairness constraint. This sum function is non-submodular in general. For an offline model, we introduce two

approximation algorithms: A greedy algorithm and a threshold greedy algorithm. For a streaming model, we propose

a one-pass streaming algorithm. We also analyze the approximation ratios of these algorithms, which all depend on

the total curvature of the supermodular function. The total curvature is computable in polynomial time and widely

utilized in the literature.
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1 Introduction

Submodular maximization has become one of the
most attractive problems in combinatorial optimization,
since the greedy algorithm!!! was introduced by
Nemhauser et al. The diminishing return of a set
function is regarded as an equivalent definition
of submodularity, which has been well applied in
economics and artificial intelligence. In Ref. [1],
Nembhauser et al. showed that the approximation ratio,
1 — 1/e of their greedy algorithm, cannot be improved
for maximizing monotone nonnegative submodular
function unless P = N P. Many new results have been
arising. Except the greedy algorithm, many other
algorithms, such as local search?!, continuous greedy
algorithm®®!, adaptive algorithms!*/, and streaming
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algorithmsD!, have been proposed. Various constraints,
such as cardinality!’:31, knapsack!® 7!, matroid®!, and
18.91 have also been considered. A number
of models, including non-submodular models!'%1?!,
models on the lattice'> 131 off-lineM*, and online
models!'!, have been investigated.

Submodular maximization has been extensively
studied and widely applied. However, most practical
problems are non-submodular in nature!!%-1?
al. introduced the submodularity ratiol'!l to describe
the difference between a non-submodular function
and a submodular function. They proposed a greedy
algorithm and attained the first tight approximation ratio
with respect to the submodularity ratio. However, the
submodularity ratio of a non-submodular function is
highly related to the ground set and cannot be computed
in polynomial time. Bai and Bilmes!'"! investigated a
non-submodular function with special structures; that is,
the non-submodular function is a submodular function
plus a supermodular function. By introducing the
polynomial-time computable parameters, named total
curvatures!!®!, they obtained a constant approximation
ratio for the greedy algorithm.

Fairness constraint® is a new constraint that was

fairness

I Bian et

proposed by Wang et al., and it is considered as a
special case of matroid partition constraints. When
we investigate the maximization of the submodular
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function with a cardinality constraint, the solution would
probably be obtained in a subset with the same properties.
Taking the Olympic Games as an example, if we put
male and female athletes in the same competitions,
then male athletes have a high probability winning all
the medals. Thus, fairness constraint is significant for
practical problems!!”!. In Ref. [9], the fairness constraint
is given in the form [S N E;| < k; with Zﬁ-:l ki =k,
where § is a feasible solution, E; (j = 1,....,[) is
the partition of the ground set £ with E; N E; = &
(i # j)and U5-=1Ej = E, k; is a known budget given
as k; = @k and k is the total budget. The authors

|E

mainly considered a streaming model and gave multi-
pass and one-pass streaming algorithms.

In Ref. [8], Halabi et al. proposed another
form of fairness constraint as g¢; <|SNE;|<pj,
and Zj-:l q; <k, where p; and g; are constants.
Their streaming algorithm was designed by invoking
an approximation algorithm for the submodular
maximization with a matroid constraint.

Here, we mainly focus on the maximization of a
submodular function plus a supermodular function with
a fairness constraint. We design two offline algorithms
and one streaming algorithm. First, using the greedy
algorithm alone, we choose the element with the largest
marginal increment at each step. By utilizing the total
curvature of the supermodular function, we analyze
the approximation ratio of the greedy algorithm. If the
objective function reduces to a submodular function, we
obtain the same approximation ratio given in Ref. [9].
Second, we design the threshold greedy algorithm to
overcome this problem. We pick the element if its
marginal increment is larger than a given threshold. We
use the thresholds to reduce the inquiry complexity.
Finally, a one-pass streaming algorithm is provided.
However, we cannot obtain the total curvature of the
supermodular function in advance. Here we guess it
by dividing the interval [0, 1) equally and returning the
solution with the largest objective value at the end. We
also give the guarantee, memory complexity, and inquiry
complexity of the algorithm.

The rest of the paper is organized as follows.
In Section 2, we describe the investigated problem,
and introduce some notations and conclusions used
throughout the paper. In Section 3, we provide a greedy
algorithm and analyze its approximation ratio. In Section
4, to improve the inquiry complexity, we introduce the
threshold greedy algorithm and give its guarantee. In

Section 5, a one-pass streaming algorithm with post-
processing is proposed, and its properties are analyzed.

2 Preliminary

In this section, we introduce some notations, definitions,
and properties. We also give a description of the problem
we focus on.

Given a ground set E = {ey, ..., e,}, the monotone
non-decreasing function is defined as f(S) < f(T') for
any S € T, S and T € 2. Let [n] denote the set
[n] ={1,2,...,n}.

The definitions of submodularity and its equivalent
form are given as follows:

Definition 111 A set function f(-) : 2 — R, is
submodular if for any subsets S, T € 2E the equation
&+ (T = f(SUT)+ f(SNT)

holds.

Meanwhile, the most useful equivalent form is the
Diminishing Return submodularity (DR-submodularity)
which is defined as follows:

Definition 2!'31 If a set function f: 2 — R,
satisfies

f(SUled) = f(S) = f(T Uie}) — f(T)
forevery Sand T € 2E S CT,ee E\T, the function
f(-) is DR-submodular.

Similarly, the supermodularity of a set function is
defined.

Definition 3 Given a set function g: 2 — R, we
say that g is supermodular if for any S and T € 2%,
SCT,eeE\T,

g(S Ule}) —g(S) < g(T Ude}) —g(T),
which is equivalent to

g(8) +g(T) <g(SUT)+g(SNT)
for any subsets S and T € 2.

We investigate the maximization of a monotone
submodular function plus a supermodular function!!”!
with a fairness constraint!”’. A given ground set E
is divided into / subsets E,..., Ej, satisfying E; N
E; = @ and Uﬁ.:lE i = E. The objective function
h(X) = f(X) + g(X) is a monotone nonnegative non-
submodular function with (&) = 0, where f(X) and
g(X) are a monotone nonnegative submodular function
and a monotone nonnegative supermodular function on
E, respectively. The target of the problem is to get a
subset X € 2% to maximize the objective function /(X))
with the constraints | X N E;| < k; foralli € [/] and
Zl ki = k, where k;, i € [[] are known positive

i=1
integers. Thus, the feasible solution X with | X| < k
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chooses at most k; elements in each subset E; (i € [[]).
The formula of the problem is as follows:

h(X)

max
X €2® |X NE;| <ki,iell],

For two subsets S and 7', we denote A(S|T) := h(SU
T) — h(T) as the marginal value of a set S when it is
added to another set 7.

To measure the non-submodular function /(X)) with

ey

polynomial-time computable parameters, we introduce
the total curvatures of submodular and supermodular
functions.

Definition 4!'%'% Given a monotone nonnegative
submodular function f: 2F — R , the total curvature
of f(-) is defined as follows:

(o B (AN )
e€E f(e})
where we suppose that f({e}) # O forany e € E.
From the definition it is obvious to see that ¢ € [0, 1).

Moreover, the function is modular if and only if ¢, = 0.
Proposition 1'% Let g(X) be supermodular. Its dual
function g(E) — g(E \ {X}) is submodular with respect
to X.
Proof Forany X CY,e € E\Y, from the definition
of supermodularity, we obtain
(X U{e}) —g(X) < g(Y Ufe}) —g(Y).
Furthermore, let /(X) = g(E)—g(E\ X), we can prove
the following:
[(XU{e}) —I1(X) =
g(E) —g(E\ (X Ufe})) — (g(E) —g(E\ X)) =
g(E\X)—g(E\ (X U{e}) >
gENY)—g(E\(Y Ule})) =
g(E)—g(E\ (Y U{e}) — (g(E) — g(E\Y)) =
I(Y U {e}) —1(Y),
where the first inequality holds for the supermodularity
of g(-).
Therefore, [(X)
submodular function with respect to X .

= g(E) — g(E \ X) is a DR-
]

Thus the total curvature of a supermodular function

can be derived from its dual submodular function as

follows.
Definition 51!

supermodular function on E, the total curvature of g(-)

Let g(-) be a monotone nonnegative

is defined in the following:

. g(ie})
— min

ek g(E) —g(E \ {e})
Similar to the case of submodularity, we can obtain

that ¢& € [0,1) and g(-) is modular if and only if

¥ = ce(B)-g(E\X) = 1
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c¢ =0.

The advantage of these parameters is that they can be

obtained by at most 2n + 1 oracle queries [10, 14].

By utilizing the total curvatures, we have the following

properties of the objective function /4 (-).
Lemma 119
submodular function with total curvature ¢z, and g(-)

be a monotone nonnegative supermodular function with

total curvature c¢#. Then, for the function 4(-) = f(-) +
g(-) and any two subsets S and 7" C E, satisfying S €
Tandeec E\T,

(1=cr) (h(S U {e}) —h(S)) < h(T U{e}) — h(T)

2

(1= %) (A(T U{e}) — h(T)) < h(S U {e}) —h(S)

3)

Proof From Definition 2, we have
(1—cr) f(e}) < f(E) = f(E\ {e})
From submodularity, we obtain the expression below:
SE)— f(E\{e)) <
f(SU{e}) = f(S)

< fde))

(4)—(6), we achieve
(I—cr) (f(SU{e}) = f(S)) <
(1—cr) f{e}) <

J(E) = f(E\{e}) <

ST Ule}) — f(T)
Correspondingly, for function g(-) there holds

(1—cr) (g(SU{e}) —g(8)) <

g(S Ule}) —g(S) <

g(T Ute}) —g(T)

combining Formulas (7) and (8). By Definition 2, we
can obtain

(1—c®) (g(E) —g(E\ {e})) < g({e})

have
g(TUfe}) —g(T) < g(E)—g(E\{e}) (10)
g({e}) < g(SU{ep) —g(S) (D

where S and T € E. If § C T, then together with
Formulas (9)—(11), we obtain

(1—c®)(g(T Ule}) —g(T))

(1—c®)(g(E) — g(E \ {e}))

g({e}) < g(S U{e}) —g(S)
For the submodular function f(-) and there holds

<
<

<
<

Let f(-) be a monotone nonnegative

“)

ST Ule}) — f(T) (5)
(6)
where S and 7 C E. If S € T, combining Formulas

(7

)
where § € T. Then Formula (2) can be derived by

(€))

Moreover, by the supermodularity of function g(-), we

12)
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(1=c®) (f(T Ufeh) — f(T)) <
S(T Ufey) = S(T) <

F(SUle}) = f(S) (13)
where § C T'. Together with Formula (12), we finally
finish the proof. |

3 Greedy Algorithm

First, we use the greedy algorithm to investigate
Formula (1). In every step, the algorithm enumerates
all the elements in the remaining ground set to find

the maximum one with the largest marginal increment.

Then, the subset to which the selected element belongs
is checked. If the constraint of the subset has not reached
the capacity, the element is added to the solution set, and
is removed away from the ground set. If the constraint
of the subset has already reached the capacity, the
element cannot be added to the solution set and we

delete all the elements in this subset from the ground set.

This procedure is repeated until the remaining ground

set is empty. Meanwhile, all the constraints are tight.

Algorithm 1 gives the pseudo code of this idea.

To analyze the approximation ratio of Algorithm 1,
we introduce some notations. Let O denote an optimal
solution set of Formula (1) and O; = O N E; be the
optimal solution in the subset E; (j € [[]).

Theorem 1 The performance guarantee of
Algorithm 1 is (1 —c%)/(2—c®). The inquiry
complexity of Algorithm 11is O(nk).

Proof The final solution X obtained by Algorithm 1
is divided into X7, X», ..., X; according to the subsets
Ey,E,....,E;. Given that |0;| = |X;| = k;, we
construct bijections 7r; : O; — X; from O; to X;, j =

Algorithm 1 Greedy(2, E)
input: function /(-), ground set E, partitions Eq, Ea, ..., E; C
E, total budget k € N, budgets of each partitions
k],kz,...,kl eN
output: X
. X« 9,8« E;
2: while S # @ do
32 e< argmaxees h(X U{e}) —h(X);
Finde € Ej;
if | XN E_]'| < kj then
X< XU{e}, S < S\{eh
else
S < S\Ej;
9: end if
10: end while
11: return X

® N> 9B

1,2,....1. Foro € O; N X;, the bijection maps o
to itself. The subset X; \ O; = {x;;. Xj,.... X),
(g < kj) is labeled in the order of the elements
added by Algorithm 1. The set O; \ X; is ordered
{0j1.0j5» ... 0j,, } arbitrary. For oj, € 0; \ Xj, thg
bijections are 7;(0),) = xj;,i = 1,2,...,q;. Let X/i
denote the initial solution of the iteration in which the
element x;; is added. According to Algorithm 1, the
equation h(oj, | X /1) < h(xj; | X /i) holds. Thus, we have
h(0) —h(X)<h(OU X) —h(X) <

1 I 4q _
T 2o 2 oy X <

j=li=1

l

1 i .

g 2 D X <
j=1li=1

1

1—c8
By rearrangement, the above inequality can be written
as follows:

h(X).

1
2
The algorithm needs to query the marginal increment
of at most n elements in each round, and enumerates k
rounds. Thus, we obtain the conclusions in Theorem 1.
[ |
Remark 1 If ¢& = 0, then g(-) is a modular
function. At this point, Algorithm 1 is guaranteed by
1/2.

h(X) >

—c8
h(0O) (14)
—c8

4 Threshold Greedy Algorithm

In this section, to reduce the inquiry complexity, we
propose the threshold greedy algorithm for Formula
(1). The main idea is as follows: when the marginal
increment of an element for the current solution is larger
than some threshold, it will be added to the solution.
Intuitively, the threshold is related to the OPTimal value
(OPT). Moreover, the threshold can be considered as
one over k of OPT. The OPT can be estimated by using
Formula (3),

1 kd
d<h0)<— > h(o) < )
0€0
where d = maxeeg h({e}) is the maximum value

of any singleton element. Thus, the one over k of

d d
OPT falls in the interval | e—, ——— |, where € is a
k' 1—c¢

small positive constant. We reduce from I by the

order of times the geometric progression (1 — €)1,

—c8
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log k

i=1,...,0
€

as thresholds. For each threshold, we enumerate all
elements in the ground set. If the marginal increment
of an element is larger than the threshold and the
corresponding constraint has not reached its upper bound,
then the element is added to the solution. More details

and consider all these values

are shown in Algorithm 2.

To analyze the approximation ratio of the algorithm,
we consider the upper bound of the marginal increment
for an element which is in the optimal solution but not
in the current solution. Suppose that Algorithm 2 is

terminated as the threshold lower than GE. Thus, the

L nlogky .
solution is updated at most O times. Let
nlogk . .
p=0 denote the final step of the iteration.
€

We then have the following lemma.

Lemma 2 Letx; (x; € E;(j € [I])) be processed
at the i -th iteration (i = 1,..., p) in Algorithm 2 and
X'~V with [X'~! N E;| < k; be the initial solution for
the i-th iteration. X’ = X' U{x;} (G = 1,...,p)
is the solution after the i-th iteration. For any o €

Algorithm 2 Threshold greedy
input: submodular function f(-), supermodular function

g, h() = f() + g(), ground set E, partitions
Ei,E>,..., E; C E, total budget k € N, budgets for each
partitions k1, k2, ..., k; € N, parameter € € (0, 1)

output: X

_ . He}) .
b =1 —mineck g g (ETen

2 X «— 3,8 E,d— maxeeg h({e});

3: for (6 = 1117,9 25%;06(1_8)0)(10
4. for alle € E do

5 Finde € E;;

6: if | X N Ej| <k; then

7: if h(X U{e}) —h(X) > 0 then
8: X <~ XU{el, S < S\ {e}
9: else

10: X <X, § <8,

11 end if

12: else

13: S« S\E;;

14: end if

15:  end for
16:  if |X| = k then

17: break;
18:  end if
19: end for

20: return X

Tsinghua Science and Technology, February 2024, 29(1): 46-55

0; \ X'71 (j = 1,...,1), the relationship between the
increment of 0 to X' ~! and the gain at the i-th iteration
is given as follows:

. 1 .
ho| X' < ————h(x;|X'! 16

(o] ) (1—e)(1 —c8) (x| ) (16)
where o and x; are in the same partition £;(j = 1,...,

D).

Proof First, suppose that the threshold is 6 =

. Thus, the increment is

1—c&
. d 1—¢
h(x; |1 XY >0 = d >
(X7 I—cf  T—cf

1— .
“ h(o) = (1 —&)h(o] X' >
1—c8

(1—&)(1 = c®)h(o| X',
where 0 € O\ X~ 1.

Second, for 6 < ]

d
7> Suppose that the last
—c

,and X™ (X™ < X'71) is the last

0
threshold is N

0
feasible solution with respect to the threshold ——.

Then, all the elements in the ground set £ have bee%
read at least once. For any 0 € O; \ X'7!, let X!
(X°7' N E;| < k;) be the initial solution for the
iteration to consider the element 0. As o has not been
added, we therefore have

0
h(o|X°™1) < (17)
1—¢
From Formula (3), we have
h(olX'™") < h(olX°™") (18)
1—c8

where X°~1CcX™CX~! Meanwhile, from Algorithm 2,
at the 7 -th iteration, we have

h(xi|X'™1) > 6 (19)
Combining Formulas (17)—(19) immediately yields
Lemma 4. |

Theorem 2 Algorithm 2 is
(1+c®)*(1—e)
(14+¢8)2(1—e)2+1"

nlogk

of Algorithm 2 is O .
€

Proof From the algorithm, the final output solution
X7 satisfies | X?P| = k or | X?| < k. Let X]P = XN
E;, j € [l] be the partition of X ” based on E; (j € [/]).

(1) For the case | X?| = k, each constraint satisfies
|X7| = kj. We first label the elements in the set X/ =
{Xj,..0,x jkj} according to the order of the element

guaranteed by

The inquiry complexity
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added. As |O;| = |ij| = k;, we construct bijections
i (i € [I]) from O; to X ]P similar as the bijections
in the proof of Theorem 1. As a result, we obtain the
following:

0j,, ifoj, € 0; ﬂX]?’;

. (20)
Xj;, otherwise

mj(0j;) =

Let X /i~1 be the initial solution of the iteration in which
Xj; is added. Thus, we have

h(0) — h(XP) <
h(O U XP)—h(XP) <
1

l
a2 2 hoplxFTh<

Jj=1 o.i,'eoj\Xp

1 : -
i gL X Mulihs
J=lx;, EXJ‘.D\OJ'
1
(I —c£)2(1—e)
The first inequality holds by monotonicity, and the
second and the third inequalities hold via Formula (3)

h(X?) 2D

and Lemma 4, respectively. By rearrangement, we obtain
(1+c5)*(1—e)
(14+c¢8)2(1—¢€)+1
(2) In the case |X?| < k, some constraints satisfy
|ij| < kj, and others satisfy |ij| = k;. We label
the index sets I = {J| |Xf| <kj,jell]}and I, =
LX) =k, j €}
According to Algorithm 2, we have

h(o|XP) < % (23)

h(X?) = h(0) (22)

forany o € O; \ X? with j € I;. Thus, we get
Do D hlX?) <en(x?) <
Jj€l1 0€0;\X?
€
(1—-c8&)(1—¢)
For the case of 0 € O; \ X? with j € I, we construct
bijections similar to Eq. (20). Thus, we have
> Y ko lxi T <
jelr 0j; €0;\X?

1 N
WZ Y hllXATh <

J€la x;, eXP\O;

h(X?) (24)

1
(I—c&)(1—e)

Combining Formulas (24) and (25), we attain in the
following:

h(X?) (25)

h(0) —h(X?) <
h(O U XP)—h(XP) <

1_1ch > holX?) +

J€I1 0€0;\XP

Y Y el <

Jje€lr0;, €0;\X7
1+e€
A= e (1= e)h(XP).
By rearrangement, we obtain
(1+c#)*(1—e)
(1+c¢8)2(1—-e)+1+¢
(1+c#)*(1 —¢)?
(1+c¢8)2(1—-e)2+1
Combining Formulas (22) and (26), we achieve the
conclusion in Theorem 2. |
Remark 2 When ¢ = 0, h(-) is generated to a
submodular function. Thus, Algorithm 2 becomes a
(1/2 — €)-approximation algorithm .

h(X?) >

h(0) =

h(0) (26)

5 Streaming Algorithm

Finally, we attempt to investigate Formula (1) with a big
data ground set. We cannot store all data information
and calculate them simultaneously. We need a streaming
algorithm. Streaming algorithms consider the data one
by one, and before the next element reveals, it must make
a decision for the current one. Four indexes are used
to measure the performance of a streaming algorithm.
The approximation ratio and time complexity are formal
indexes. The other two are memory complexity and
the number of passes of reading the total data. We
aspire to attain a one-pass streaming algorithm with a
reasonable approximation ratio, time complexity and
memory complexity.

Similar to the threshold greedy algorithm, if the
marginal increment of the current element is larger
than the threshold, then it is added to the solution.
We subdivide the estimation interval of the OPT by
geometric series, and consider all these values as the
threshold. By Formula (15), the bound of the OPT is as

follows:
kd

1 —c8

n<h(0) <
where n = max|[d, h(X)].

27)

We subdivide the interval | 7, 7 g} and obtain a

set in the following:
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7—[:{(1 +)"|meZ, max{d, n} < (1+€)" < 12]“[ }

Suppose that (1 4+ €)™ = h(0). Then, we attain

—c8

logh(O .
* _ Log—()J Let t* = (1 + €)"". Evidently,
log(1 + ¢€)
: h(0)
we have t* < h(0). Meanwhile, t* > T > (1—
€

€)h(0). Therefore, the parameter T* is contained in H
with (1 —€)h(0) < t* < h(0). T can be considered
as an estimation of the OPT.

As the element is revealed one by one in streaming
algorithms, we cannot obtain the maximum value d of a
singleton element in advance. Meanwhile, the feasible
solution is updated with the new arriving element. Thus,
the estimation interval and the parameter set H are
updated. Finally, the set desired is exactly H, with
(1—=¢e)h(0) < t* < h(0).

Another difficulty is that ¢# is the total curvature of the
supermodular function g(-), whose computation needs
the entire information of the data set. Thus, we cannot
receive it in advance. Given that ¢ € [0, 1), we refine
the interval [0, 1) into | 1/€] copies to simulate the value
¢&. The more copies of the interval [0, 1) are subdivided,

the higher accuracy of the solution can be achieved.

Finally, the algorithm returns a solution with the largest
value among all these ¢8 € {0,¢,2¢,...,|1/€]e} and
7 in H,. The pseudo code of the one-pass streaming
algorithm is presented in Algorithm 3.

In the following lemma, we consider the properties
of the solution X+ corresponding to * in the set X,
where X = {X;, v € H,} is the set of all final solutions
with respect to the parameters T € H,, returned by the

streaming processing and (1 — €)h(0) < t* < h(0).

The constraints of X+ may resultin (1) | X« NE;| = k;
forall j € [I], or (2) | X+ N E;| < k; forall j € [I], or
(3) | X+ N Ej| = kj for some j and | X+ N E;j| < k;
for others. One of these three cases may occur.
Lemma 3 For the parameter t* with (1 —¢€)2(0) <
* < h(0), if the cardinality of X+ is | X x| = k, or
| X+ N Ej| < kj forall j e [I], we have h(X¢+) >

1

Proof By mathematical induction, we get
*

T
h(Xex) = — | X,
(Xer) > 2| Xoe)
For the case of | X¢=| = k, it is obvious that
*

1
h(Xe) > 5 > 5 (1= h(0).
For the case that | X« N E;| < k; forall j € [I], we
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Algorithm 3 Streaming / submodular plus supermodular

input: f(), g(). () = f()+g0). E, E1. Ea...... E CE,
k €N,and kq,k2,..., k; € N,eand 8 € (0,1)

output: X

1: foreach c¢® =re,r =0,...,[1/€] do

2 d<0,n<0,M<«—2, Q;, < aforjell

3. foreachi € [n] do

4 d =max{d,h ({e;})};

5 Update Q; with respect to e using reservoir sampling;

6 Hi = {(1 +€)"m € Z,max{d,n} < (1 +¢)" <

12kdg :
7: X TC<— @ for each new appeared 7 in H;;
8: Discard X, forall t ¢ H;;
9: Finde; € Ej;
10: for each r € H; do
11: if | X;: NE;| <k; then
12: if h(e;|X¢) > 5 then
13: Xt < X Ulei )
14: else {if h(e; | X¢) = %};
15: M <~ M U{e;};
16: end if
17: end if
18: end for
19: n = maxcen,; h(X);

20:  end for
2. X ={X¢,t € Huls
2 ifR2={t:X(Ej)<kjforallj e[l X; e X} # 2

then
23: ¢ < mingep T;
24:  else
25: ¢ < MaXgey, T;
26:  end if
27. foreacht < ¢ andt € H,;, do
28: X «— XraS(_MU(U§'=1QJ');
2: X, < Greedy (X,,M U (u§=1Q,~));

30:  end for

3. return X¢° = arg maxre,, h(X7);

32: end for

33: return X = arg maXce—0,1,...,[1/¢e h(X<)

have
h(O)=h(Xe+) < h(O U Xox) — h(Xex) <

1
— 2 hlXe) <
OEO\X.[*
1 T*
c— k< ——h(0),
1—c& 2k 2(1 —c8) )

where the third inequality holds by Algorithm 3.
By rearrangement, we get

1
h( X)) > |1——— ) h(O 28
()= (1= 5 ) 1) @)
From the above, we receive the conclusions in
Lemma 5. [ |
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However, if the constraints of X+ are | X« N E;| =
k; for some j and | X+ NE;| < k; for others, we cannot
achieve the quality of X,+. Thus, Algorithm 3 employs
a post-processing to improve the solution quality and

help us achieve an approximation ratio of the algorithm.

We keep some elements during the streaming processing
and store them in set M. The marginal increments of

these elements are less than the threshold % but no less

B

than % Set M is considered as the ground set in the
post-processing. The solutions X, based on the special

parameter ¢ are considered. Two cases are investigated.

One is when ¢ is assigned as the minimum value in set
2 ={t: X(Ej) < kj forall j € [l], X; € X}, if
2 # 2. 1f 2 = &, then ¢ is the maximum value in set
‘H,. We consider the properties of the final solution X J
whose initial solution is X, in the post-processing.
Theorem 3 Algorithm 3 is
2(1-c8)* - B
2(1 —c8)2 +2+2€’

guaranteed by

the update time per element in

logk
€

streaming processing is O

, and the running

k1 ogk

time for the post-processing is O (M| + k))

Proof We first consider the case that | XoNE;| <k;
forall j € [/].

In this case, we divide O \ X, J into two sets: Oy =
(O \ X({ ) N M, in which the optimal elements are in
the set M, but not in the final solution X({ ; OF =
(0 \ X(f; ) N (E \ M), in which the optimal elements
are deleted directly during streaming processing.

For any 0 € 01, we have

holX]) < ——hlXy) <

h(xlX ) (29)

where X/, (X g; C wa ) is the initial solution when x is
added, and x and o are in the same patition. Formula (29)
holds both in streaming processing (h(0]X;) < % <
h(x|X,)) and in post processing (the idea of greedy
h(o|Xg) < h(x]Xy)).

Meanwhile, as the element 0 € Oy is deleted during

streaming processing, its marginal increment to the

corresponding solution X7 is less than % Thus, for

any o € Oy, we achieve

! B
ho|X]) < T hlol X)) < Tk

1—c& 2k
Combining Formulas (29) and (30), we have

(30)
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h(0) —h(X]) <
h(OUX])—h(X]) <
1

e > holx)) =
on\X(/{

1
— | 2 helX)) + Y helx]) | <
¢ 0€0y 0€0y

1 1 k,Bn
1—cé& —c& 2k |

xEX(/,
1 f B

where X (;, is the initial solution when x is added.
By rearrangement, we obtain

2(1—c8)?2 - B
h(X])>——h(0 32
0D 2 S 13O (32)
Second, we investigate the case in which ¢ is the
maximum parameter in H,. Notably, ¢ < T <
—c

(1 4+ €)¢. In such situation, for any solution X, (r €
‘H,), there are at least one element in the set {j| | X; N
Ejl =kj.j €[]}

In this case, O \ X ({ is divided into three sets: Oy, in
which the optimal elements are deleted in the streaming
process since their corresponding partitions have already
reached the capacities, where J; = {j| | X, N E;| =
ki.j el 0y, = (0 \ (Xq{ U OJ]>)ﬂM,in which
the optimal elements are in the set M but not in the final
(0 \ (X({ u ojl)) N (E\ M),

in which the optimal elements are deleted directly during

solution X({ ; 0y, =

streaming processing thought the constraints of their

corresponding partitions are not tight. However, their
marginal increments are less than ?

For o € Oy, , we have
1
S
holx]) < 1_cgh(o)<

2k J. < (1 —I—G)go <
1—c8 2k 2k

(1 + e)h(x|X)) <

where x is in the same partition with 0 and X is the
initial solution when x is added. Collect all these x in
theset Xj, ={x:x € X({ NE;,jelJi}.

Foro € Oy, and 0 € Oy, the relations are similar
with Formulas (29) and (30).
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Thus, we obtain the calculation as follows:

h(0) —h(X]) <

h(OUXf)—h(Xf)<
X el =
on\X(ﬂ
1
— Yo+ Y+ D> |hlx)) <
OEOJI 0€0_/2 060_]3
m((we) ? h(x|X}) +
xe J1
kBn
X kX)) <
xeX)\Xy,
! (1 +ehx)) + Eh(0)
(I—c#)? 72 '
By rearrangement, we have
— 2 _
x> 2022 o) 6

2(1 —c8)2 +2 + 2¢
Combining Formulas (32) and (33), we obtain the
conclusion in Theorem 5.

From d(1 + ¢)" =

, the cardinality of the

log k
set H, is O ( og ) Therefore, in the streaming
. N klogk
processing the memory complexity is O
€

for each ¢%. At most (|[M| + k) elements are
stored for the post-processing. As we have to check
|1/€] values of c#, the total memory of Algorithm

klogk  |M
3is o (Klogk | M
€ €

In the streaming process,

the inquiry complexity for each element is formed
by the number of parameters in set #,, that is

logk . .
(0] . In the post-processing, the algorithm
€

enumerates at most k iterations for (| M| + k) elements
with each initial solution. Thus, post-processing needs

klogk
0 ( o2 (M| + k)) oracle queries for each ¢¥.

6 Conclusion

This paper investigates the maximization of a non-
submodular function which is a submodular function
plus a supermodular function. Meanwhile, the constraint
about fairness is more practical than the cardinality
constraint because it considers more properties of
each subset of the ground set. We first give a
greedy algorithm which is a high-quality approximation
algorithm consumes long running times. To improve
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its inquiry complexity, we introduce a threshold greedy
algorithm. Both of them are offline algorithms. Finally,
we give a streaming algorithm with post-processing to
overcome the big data problem. We also analyze the
quality of the solutions, inquiry complexity and memory
complexity of the three algorithms.
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