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Policy Iteration Approach to the Infinite Horizon
Average Optimal Control of Probabilistic
Boolean Networks

Yuhu Wu

Abstract—This article studies the optimal control of
probabilistic Boolean control networks (PBCNs) with the infinite
horizon average cost criterion. By resorting to the semitensor
product (STP) of matrices, a nested optimality equation for
the optimal control problem of PBCNs is proposed. The Lau-
rent series expression technique and the Jordan decomposition
method derive a novel policy iteration-type algorithm, where
finite iteration steps can provide the optimal state feedback
law, which is presented. Finally, the intervention problem of the
probabilistic Ara operon in E. coil, as a biological application,
is solved to demonstrate the effectiveness and feasibility of the
proposed theoretical approach and algorithms.

Index Terms— Boolean networks (BNs), infinite horizon prob-
lem, logical networks, optimal control, probabilistic BNs (PBNs),
semitensor product (STP) of matrix.

I. INTRODUCTION

OOLEAN networks (BNs), as a special kind of dis-
crete (logical) dynamical models with Boolean-valued
variables, were first proposed by a theoretical biologist Kauff-
man [1] in 1969 to model and analyze the complex biologi-
cal behavior in biological systems, including gene regularity
networks [2]-[4]. Since BNs modeling may be the simplest
representation of the relevant biological and physical concepts
for some finite-state systems, BNs have been also used in
various theoretical and practical applications, such as fault
detection in logic circuits [S5], [6], game theory [7], [8],
combustion engines [9], and many other areas.
After introducing the semitensor product (STP) of matrix
[10] to BNs, as an effective approach, some fundamental
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concepts and properties, such as stability, stabilization, con-
trollability, observability, synchronization, and sampled-data
control, pinning control of Boolean or multivalued logical
networks have been well discussed and exploited [11]-[18],
in recent years.

To deal with randomness of gene regulatory networks [19],
probabilistic BNs (PBNs) were proposed [20]. As discussed in
[20]-[22], the PBN model can well capture the key qualitative
features of gene regularity network with inherent biological
uncertainly, where, at each time step, the updating rule of
each gene is randomly selected from among several possible
regularity rules.

The dynamical model inference and network identification
for PBNs have great practical significance in bioinformat-
ics since the inference and reconstruction of gene regula-
tory networks are key issues for genomic signal processing
[23], [24]. An effective method for calculating the Boolean
functions, and the corresponding selecting probabilities of a
Boolean function in the PBN, based on network structure
and steady-state probabilities, was designed in [25]. Recently,
a tractable learning algorithm for identification of large-scale
PBNs was introduced in [26], in the framework of stochastic
conjunctive normal form, an equivalent representation for the
PBN.

In recent years, the optimal control and optimization prob-
lem for Boolean control networks (BCNs) have received
considerable attention [27]-[29]. A special finite horizon
Mayer-type optimization problem for BCNs was discussed by
Laschov and Margaliot [30]. In addition, they also investi-
gated the minimum-time control of BCNs [31]. Finite horizon
optimal control problems for PBNs and stochastic logical
networks were investigated in [28] and [32], respectively. Inte-
ger programming algorithm [29] and polynomial optimization
algorithm for the finite horizon optimal control problem of a
PBN were developed by Kobayashi and Hiraishi [33] to reduce
the computational complexity.

In general, analyzing the long (infinite) horizon criterion
and designing the corresponding optimal controller are more
challenging issues, comparing with the finite horizon problem.
The basic criteria for infinite horizon problem of BCNs or
PBCNs are twofold: the discounted and average cost cri-
teria. Pal er al. [34] first investigated the infinite horizon
discounted cost problem for PBNs and obtained theoretical
results were successfully applied in intervention problem on
melanoma gene-expression network. In addition, an improved
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dynamical programming, which provides a finite time con-
vergence algorithm for the discounted infinite optimization
problem of PBCNs, was developed in [35]. Furthermore, a new
policy iteration-type algorithm, which solves the discounted
infinite horizon problems of PBCNs, was derived in [36],
and it has been successfully utilized to design feedback law
for the residual gas fraction control in internal combustion
engine [37].

Applying topology properties of trajectories and the graph
theory, the infinite horizon problem for deterministic BCNs
was first addressed by Zhao et al. [38]. Using a recursive
algorithm, Fornasini and Valcher solved the average infinite
horizon optimization problem for deterministic BCNs as the
limit of the corresponding finite horizon optimization one in
[39]. The policy iteration approach for the infinite horizon
optimal control for deterministic BCNs was also given in
[40]. By introducing the optimal input-state transfer graph,
Zhu et al. [41] successfully reduced both computational com-
plexity and space complexity in finding optimal controllers for
deterministic BCNs.

Pal et al. [34] first investigated the optimal control problem
for PCBN, and a policy iteration algorithm was deduced
under the assumption that the PBCN is ergodic (or recurrent),
which requires that the transition matrix of PBCN for every
stationary policy consists of a single recurrent class. As men-
tioned in [34], the context-sensitive PBN satisfies the ergodic
assumption, and accordingly, the policy iteration algorithm
given in [34] can work effectively for the context-sensitive
PBN. However, it was found that the optimal criteria given by
[34, Th. 5] and the corresponding policy iteration algorithm
are no longer applicable for the general PBCN (please see
Example 13). As far as the authors know, there are still no
works reported solving the general nonergodic case, which is
the main motivation of this work. The results of this work can
be regarded as a generalization to probabilistic BCNs (PBCNs)
of the results that we obtained in [40] for deterministic BCNGs.
This generalization is nontrivial because when designing the
optimal controller for PBCNs, one must to carefully address
the conditional transition probabilities resulting from selection
of update the Boolean functions, especially in the nonergodic
case.

The main contributions of this work can be briefly summed
up in the following aspects.

1) By applying the technique of the STP, a nested type
optimality criterion (see Theorem 10) for the infinite
horizon problem of PBCNs with average cost is derived.
Compared with the optimality criterion given in [34],
which requires the ergodic assumption, the nested opti-
mality criterion proposed in this work can applied to
arbitrary PBCN without any requirement (please see
Example 13).

2) By resorting to the Jordan decomposition technique (see
Proposition 14) and the Laurent type series expression
(see Lemma 17), a policy iteration algorithm (Algo-
rithm 1) is deduced. Compared with the value iteration
algorithm as given in [39], the theoretical analysis on
the proposed iteration algorithm guarantees that finite
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TABLE I
NOTATIONS
Notations Definitions
Z>o (Z>q) Set of positive (nonnegative) integers
D a Boolean domain {True = 1, False = 0}
I k X k identify matrix
5% 4 th column of I,
Ay Set of columns of I,
RMX™ Set of m X n real matrices
Col;(A) ¢ th column of matrix A
AT Transpose of matrix A
dnli1,42,...im] Matrix A with Cols(A) = &7
Cartesian product
® Kronecker product
X Semi-tensor product
[1,N] Set of integers k satisfying 1 < k < N
|A| Cardinality of set A

step iterations deduce a stationary state feedback optimal
policy (see Remark 20).

This article is organized as follows: An equivalent matrix
expression of the model considered in this work is presented
in Section III, after introducing the problem formulation
in Section II. The main results of this article are derived in
Sections IV and V. Then, the probabilistic intervention prob-
lem of Ara operon in E. coil, as a practical biological appli-
cation, is solved by the proposed algorithm in Section VI.
Finally, brief conclusions are provided in Section VII. For
clarity of presentation, some technical proofs are presented
in the Appendix.

II. PRELIMINARIES AND PROBLEM FORMULATION

This section summarizes basic concepts about the PBNs and
the average optimal control problem for PBNs.

A. Definitions and Notations

The notations used in this article are listed in Table I. For
statement ease, the following definitions will be used.

1) A partial order relation a < b means [a]; < [D];, Vi €
[1, s]. Furthermore, a 2 b means a < b and [a];, # [b];
for some ij.

2) A matrix A € RM*V is called a logical matrix if its
columns Col(A) C Aypy. Then, any logical matrix A
has the form A = [d}, 9}, ..., d}y], and briefly defined
as A = Oylii,iz,...,iy]. The set of M x N logical
matrices is denoted by Ly«n.

3) The STP [10] of A € R™*" and B € RP*4, denoted as
A X B, is defined as

0

AX B:=(AQ I,)(BQ Ip) (D

where s is the least common multiple of n and p, and ®
is the Kronecker product. The symbol x may be omitted
without causing confusion.

4) The power-reducing matrix is given by My =
diag[&zln s 5%,1 s 5%: ], i.e., a block diagonal matrix with
diagonal elements d},, ..., d3,. It deduces an equation

XXX = M;}rx, for any x € A.
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B. Boolean Network

A BN, which is a directed network containing
binary (Boolean) logical-valued state nodes, can be
represented by a set of nodes V = {xj,x2,...,x,} and
a set of Boolean functions F = {fi, f>,..., fu}, where

the state x;(r) of node x;,i € [l,n] belongs to D at
each time f. The update rule of x;(f) is determined by the
Boolean function f;(x;,, Xi,,...,x;) with k specified input
nodes, and the value of f; is assigned to next state of
node x;. In general, k£ could be varying as a function of
i, but, without loss of generality, we assume that for each
X;, the corresponding update rule function f; : D" — D,
by allowing unnecessary nodes in update rule function f;
to be fictitious. For an update rule function f, the logical

node x; is fictitious if f(xy,...,x_1,0,Xi41,...,%,) =
f(xla'-'a-xi—lal,xi+la'-"xil) for all (xl,-'-a-xi—l,
Xitl, ..., Xy) € D' '. Hence, the dynamics of a BN of

V and F can be described as

xi(t+1) = fixi (@), ..., x,())
x2(t + 1) = fz()C](f), cee ,xn(t))

Xu(t 4+ 1) = fulx1(0), ..., xa (1))

C. Probabilistic Boolean Control Network

A PBCN is a directed network containing Boolean
logical-valued state nodes V = {x, ..., x,} and input control
nodes U = {uy,...,u,}. In a PBCN, the update rule of
state node x; is regulated by one Boolean function, which
is randomly selected from a set of Boolean functions. More
precisely, define a collection of Boolean function sets F and
the corresponding collection of probability set Y as follows.

) F = {F1, Fau..., Fuly with F = {719, where (i)

is the number of possible update logical rules for node
xi, and f/ @ D" x D" — D(j = 1,...,c(i)) are
possible update logical functions for node x;.

2) Y = (Y, Ya...., ) with i = {r/150),

J

i

where r

is the probability that the logical function fij will be
chosen as the update law for node x;. Note that

c(i)

J_
Zrl. =1.
j=1

In the summary, the dynamics of a PBCN with n state nodes

V = {x1,...,x,} and m input nodes U = {uy,...,u,} can
be described as

x1(t+1) = filx1 (), ...,.x, (1), u (1), ... ,un(t))

X+ 1) = folxi@), ..., x, @), ur (@), ..., un(t))

_ @)
-xn(t + 1) = fn(X](t), AR ,xn(t), M](t), ce 9um(t))
with F = {F, Fo, ..., Fu}, ¥ = {Y1, Yo, ..., Y,}, where,
for each i € [1,n]
fieFm={f. . ) 3)
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with the probability of f; choosing fij is
Prlfi=f'}=r] €. @)

D. Average Optimal Control Problem

Now, consider the class of policies, which consists of an
infinite sequence of control laws 7 = {u, : t € Z>¢}, where
a control law u, : D" — D", t € Z=o maps logical states
x(t) onto control input u(t) = w,(x(t)) in such a way that
U (x()) € D" for all x(t) € D". For notational brevity,
we refer to 7, = {u, u, -- -} as the stationary policy u.

Given an initial state xo with a policy # = {uo, tt1,---},
consider the infinite horizon average expected cost

T-1

Jexo) = Jim B2 G0, 10 (9)
t=0

where the notation E means the expectation, and g : D" x
D™ — R is the per-step cost function.
The set of all policies 7 is denoted by II, that is, the set

of all sequences of functions 7 = {ug, u1,---}. Then, the
optimal average cost function J* is given by
J*(x0) = inf Jz (x0), X0 € Aw. (6)
Te

The aim of the infinite horizon average optimal control for
PBCNs is to find an optimal policy 7* € II, which achieves
the optimal cost J*, that is

Jo+(x0) = J*(x0),

Example 1: Consider a PBCN (2)—(4) with three state
nodes V = {xj, x2, x3}, one input nodes U = {u;}, and an
update dynamics

x1(+ 1) = fi(x1 (1), x2(1), x3(1), u1 (1))
Xt + 1) = folxi(t), x2(2), x3(t), u1 (1)) (7
x3(t+ 1) = f3(x1 (1), x2(), x3(2), u1 (1))

where F = {F,, F», F3}, and ¥ = {Y, Y», Y3}, with

for all xo € D".

S (ers X0, x3,11) = (61 Axs) V=g

fo (en, X2, X3, u1) = —x1 Vg

FE (1, x2, x3,u1) = X2V (=x1 A uy) (8)
F(xr, x0, x3,u1) = =

f3(xn, x2, x3,u1) = —x1 VX3

and accordingly c¢(1) = 1, and ¢(2) = ¢(3) = 2, respectively.

As described in Fig. 1, the update rule of state x, with
(or without) self-looped influence is given by f7 (or f))
assuming that the probability having self-looped influence for
Xy is 0.4, ie., 3 = Pr{fa = f)} = 0.6 and r; = Pr{fp =
f3} = 0.4. Similarly, assume that the probability having
self-looped influence for x3 is 0.3. Hence, F; = {fll}, Fr =
U2 2L T = UL L o= (= 1,1 = {r} = 06,
ry =04}, Y3 ={r] =03,r; =0.7}.

Consider the optimal average control problem (6) for this
PBCN, with the following cost function:

2+ xy, if uy =0,

X1, X2, X3, U1) = . 9
8(x1, x2, x3, u1) [5+3x1—4X3, fu =1,
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Fig. 1. Network graph of Example 1, where red — and blue — express
the activation and inhibition relationship, respectively, and dotted green --»
indicates that the probability of generating the loop is less than 1.

III. MATRIX EXPRESSION OF MODEL

As illustrated in Section II, the PBCNs are expressed by the
combination of logical functions and their stochastic switch-
ing. Since the logical functions are originally intractable, this
section provides a systematic way to deal with PBCNs by
exploiting STP techniques. .

Since there are c(i) possible update logical functions f;/
for each node x; € V, the number of possible realization of
PBCN is

Co =T1"_,c(i).

We give a lexicographically order to possible realizations of
PBCN, defining the following special matrix, introduced as
[42], [43]

M1 | B 1 1]
1 1 1 2
1 | B 1 c(n)
1 | B 2 1
A= 1 | 2 2 (10)
1 1 2 c(n)
Lc(l) ¢(2) cn—1) cn) |
where a row a(a =1, ..., Cy) of A € RE0*" corresponds to
the possible update logical functions
(e, B fh) (1n

with A,; denoting the (a, j)th entry of the matrix A.
Then, according to (3) and (4), the probability that the
network o is selected as a realization of the PBCN is

Agj

Pr[a] := Pr( network a is selected ) = IT’;_;r; (12)

Furthermore, a Boolean variable X € D is identified with
a vector x € A, in the following form: 1 ~ o0 ~ 5%.
Under this vector identification, the whole states and inputs are
expressed by an STP of elements as x(f) = x!_,x;(t) € Ay,
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with N := 2", and u(r) = x7_ju;{t) € Ay, with M :=
2™ respectively. Accordingly, logical state space D" and input
space D™ can also be rewritten as Ay and A, respectively.

Applying the STP of matrix defined in (1), a logical function
can be represented in an algebraic form.

Lemma 2 (10, Th. 3.2): Assume that f : D — D7 is a
logical function, and let y = f(x1,x2,...,x,) € D, with
(x1,x2,...,xp) € DP. Then, there exists a unique logical
matrix My € Loy, such that f can be rewritten in a
multilinear form as

fxi,x2, ..

The matrix M is called the structure matrix of the logical
function f, and (13) is called the algebraic expression of f.

Assume that the structure matrix of the logical function
f! is M] for each i € [1,n],j € [1,c(i)]; then, based on
[44, Th. 2] and Lemma 2, we can obtain, for each o € [1, Cy],
the following algebraic expression of a possible realizations
of PBCN as

Sxp) =My xP | x. (13)

x(t+ 1) = Lla] x u(t) x x(t) (14)
where L{a] € Lyxyu is calculated as
Coly (L[a]) := x"_,Coly (M) Vk € [1, NM].  (15)
Definition 3: For a PBCN (2)—(4), define
Co
I:= > Prla]Lla] (16)
a=1

which is called the transition matrix of the PBCN, where p[a]
and L[a] are given by (12) and (15), respectively.

For a given u = x"_ju; € Ay at a time step 7, denote by
pij(u) the transition probability from a logical state Jy to a
next logical state (5,{, under the control u(t) = u

pij(u) == Pr(x(t + 1) = 8 |x(1) = oy, u(r) = u)

for all i, 55, € Ay. It is noticed that the transition probabil-
ities p;;(u) satisfy Z?’zl piju)=1VYie[l,N], uedly.
The following fact implies that the transition probabilities of
a PBCN can be directly calculated by the transition matrix I'.
Lemma 4: For any dy, 5% € Ay, and u € Ay, we have

pij) = (0T x u x o (18)

Proof: See the Appendix. |

Lemma 5: For a given PBCN (2)—(4), the evolution dynam-

ics of expectation of state x(z) can be expressed by the
following linear form:

Ex(t+ 1) =Tu(@®)Ex(t)

a7

19)

where I' is the transition matrix of PBCN (2)—(4).
Proof: See the Appendix. [ ]
The per-step cost function g : D" x D" — R in the
formulation (5) can be expressed by a matrix expression as'

gx,u)=x"Gu VYx e Ay, ueAy (20)

'As considered in [39], an equivalent linear form of the per-step cost
function g : Ay x Ay — R can be given as g(x, u) = cT X u X x, where
c=(ct,....cmn)T € RMY with cj_iyvyi = g0y, dy),i = 1,...,N,
j=1..., M.
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where G = (G j)nvxm = (8(J)y, 04)) v, IS called the cost
matrix.

Example 6: Recall Example 1. Since, in this example,
c(l) = 1,¢(2) = c¢(3) = 2, we have Cy = H?:l c(i) =4
and
1

N — =

e R¥3 (21)

1

—

2 2
by Definition (10). Then, accordion to (12), we get

3
Ay A A A
1] = H Fo = 11,.2 12,.3 13

and similarly, Prla = 2] = 0.42, Prla = 3] = 0.12, Pr[a =
4] = 0.28. Furthermore, applying Lemma 2, one can
obtain the structure matrix M € Lo of f11 as My =
0[2,2,2,2,2,2,2,2,1,1,1,1,1,2, 1, 2] and, similarly, can
obtain M le,M fzz,M £ and M 2> respectively. As a result,
according to (15) and (16), we get the transition matrix I’
of this example, given by (23), as shown at the bottom of
the page. Furthermore, according to Lemma 4, the transition
probabilities of this PBCN can be obtained. The transition
probability diagram with fixed control input u = 6} and u = 93
is shown in Fig. 2.
In addition, according to (20), the cost matrix of (9) is
T
G:|:22223333:|

51 5 1 8 4 8 4 (22)

IV. AVERAGE OPTIMALITY CRITERION

In this section, an optimality criterion, called a nested
condition, for the avarice optimal control is derived without a
conventional ergodic assumption.

The set of all feedback logical laws u : Ay — Ay is
denoted by U, that is, Y = {u | u : Ay — Auy}. One can
easily get that the capacity of U is || = M"; by noticing,
the state space Ay and control space Ay, are both finite. In the
framework of the vector formulation, the control law can be
regarded as a logical function from Ay to Aj,. Therefore,
referring to Lemma 2, we will first present the following
fundamental result.

Proposition 7: For an arbitrary control law x4 € U, there
exists a unique logical matrix K, € Ly, that satisfies
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0.28

()

Fig. 2.  Transition probability diagram for Example 6, where Si,..., Ss
represent states (581, e (5§, respectively. (a) When u = 521. (b) When u = (5%.

and it is called the structure feedback matrix of u.
For any given u € U, we define the matrix I', associated
with u, as
[, =TxK,Mp, (25)
which includes all the information about the transition prob-
ability of the PBN under feedback control law u, where K,
is the structure matrix of x, and My, is the power-reducing
matrix given in Section II.
For any given x4 € U with a structure matrix K, since
u(y) € Ay, Voy € Ay, the following equation:
T u(dy) x 6y =T x K,Mpdy =T, x5y (26)
holds.
Hence, for a given the state feedback control u(t) =

ux)=K,x VxeAy (24)  p(x(r)) = K,x(t), the evolution dynamics (19) of PBCN
0o 0o 0 00 0O OO0 O OO0 04 0 0 0
0o 0 o0 00O OO0 o0O0O0O0OO0O O 0 0 O
0 0 O 00O 00O 00 O0O0O0 06 0 1 0
_ 0o 0 o0 00 00 o1 1 11 0 0 0 0 235004
I= 0O 0 0 01 03 1030000 00120 0fF R (23)
04 04 04 04 0 07 O 07/ 0 0 0 O 0 028 0 O
0o o0 o0 o0 OO0 00O0OO0OO0OC O 018 0 03
|06 06 06 06 0 0 O 00 0O O O O 042 0 0.7 |
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becomes a closed-loop system as

Ex(r + 1) = T,Ex(t) 27)

where T, is given by (25).

Lemma 8: For any policy # = {uo, 1, ..
form of the expected cost J, = [J,, ((5}\,), AU
be expressed as

.}, the \4ector
Tz (03)]

T—11t-1

J = hm —ZHFﬂAg,‘,

t=0 k=0

(28)
and especially, for a stationary policy 7 = {u, u, ...}
=
_ 1 T
J,u - J77:f‘ - Th—{go ? ZO(F#) g,u

=

(29)

where the special cost vector g, associated with feedback
control law x4 € U, defined as

g =[8(0% 1 (3))), . g (ON, ()]

Proof: See the Appendix. [ |
Lemma 9: For a given u € U, if there exist two vectors

(30)

(J,h) € RY x RY that satisfy the following equations:
riJ=1J (31)
gu+ (T —Inh=J. (32)

Then, we have J* < J.
Proof: Left-multiplying (32) by T'; and applying equal-
ity (31), we get

J=T,J=T,g,+T, (T, —1Iy)h.

Repeating the process above with induction, we deduce the
following equation:

J=(0) g+ ()" (T = In)h (33)

for any n € Z-¢. Summing those expressions from 0 to n — 1,
we have

- %ZI: 7Y g+ [(FT) Iy ]n.

1=

Recalling that T',, is a stochastic matrix, we have |[I',| =
||1";|| < 1, and accordingly, ||(1";)” — Iyl <0 0" +1 <2
Hence

2||h
lim — H[FT .y ] H < 1im 200 _
n—oon n—oo n
and applying (29), we obtain that
1 n—1
. T
71 = lim [; 2.()'s } [ze];
t=0 i
> inf [J.]; = [J*];
rell
for all i € [1, N]. The proof is complete. [ |

Now, it is ready to present an optimality criterion for the
average optimal control problem of PBCNs as the following
theorem.
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Theorem 10: Assume there are two vectors (J, h) € RN x
RN such that, for any i € [1, N], the following condition
holds

T .
senan|Toloy | 7= @07,

. i o 17 i\ T
min %gaij—[r%a,v] h= (o) (J+h), (34a)
with ©; = {j € [1, M1|[T3},04]"T = (6%) ).
(34b)

Then, the vector J is the optimal cost vector of the average
optimal problem (6), that is, J = J*.

Remark 11: In the optimality conditions (34), the control
index set ®;, which is the control candidate domain of the
minimization problem in the left-hand side of (34a), depends
on the index set of control inputs that achieve the minimum
in (34a) when J is substituted into it. This is the reason that
the optimality conditions (34) are said to be nested.

Proof of Theorem 10: Nested condition (34) implies ®; N
®; # (), foreachi € [1, N, where the set ©; is given in (34a),
and ®; is defined as

[Fauov]"n = (63) (7 + m).
(35)

®; ={j e[l,M]|G;; —

In other words, the existence of a minimizer of the left-hand
side of (34a) is guaranteed by the nested condition, and such
an index j; € ®; N @; is chosen as a feedback law u’ € U

/1/(5;\/) = 5}]‘2,‘], S ®i n (Di

foreach i € [1, N]. Recalling definition of the sets ®;, ®@;, and
the cost vector g, given by (30), we have for each i € [1, N]

[ O [Tid]= (03) "7
O\ g —J + (T — In)h] =0

which is equivalent to (31) and (32) for x’. Thus, according
to Lemma 9, we get

(36)
(37

[J1: = [J*]; Viel[l,N] (38)

Next, we will prove that if vectors (J, 1) € RY xRV satisfy
condition (34), then there is a constant C > 0 such that vectors
J and i = h + CJ satisfy the following condition:

jenan[Tayay "7 = (0y)" (392)

min Gij - [T6,64] 7= () (J +r) (39b)

jell,Mm
for each i € [1, N]. We refer condition (39a) as the modified
optimality condition of condition (34a). Notice condition (39a)
is the same as the condition (34a). If vectors (J, h), given
in (34), satisfy (39b), then we simply chose 71 = h with C = 0.
Suppose J and %, given in (34), do not satisfy (39b), then there
exist ip € [1, N], and jo € [1, M]\®;, such that
~[royok]"n

Gio Jo < (5;\(})T(J + h)

which is equivalent to

Ci:=Gi, jy— (09) 7+ (3y) '[(Tafy) " — In]n <.
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Furthermore, since jy € [1, M]\®;,, recalling the definition of
®;, given by (34a), we have

€= (08) (o) = 1) 7] > 0

Now, set i := h + C3J, where C3 > 0 will be given later.
Then

Giy jo = (553)T[J_ — ((roy)’ — Iv)h]
= Gi, j — (5;\(})T[J - ((1—‘51{2)—r - IN)h]
46 [CS((To) — )] = €1+ G5

Hence, taking C; large enough such that C3 > (|C|/C»),
we have

(03) ' [Giviy — I+ ((ray) " — 1] > 0.

Because both of the space of state and control input are finite,
there exists large enough C; for which (39b) holds for all
ie[l,N]and g €U.

For any given u € U, if pu(8y) = o/, then based on (26)
and (30), we get I'5/ 10y =L, and G;; = (6Y) " g,, which
implies that

(40)

r8),6,]" 7 =min[6,] T] 41
jem[lu}}/l][ shon]' I mm[&N] o (41)
Jén[lu[}ﬂG,J —216111/{1[5 ] 8u- 42)
Hence, condition (39) is equal to
i 17 i\ T
weu[Tudy] T = (dy) J (43a)

min ()" J. (43b)

min (o) (g, + (T = In) 4] =

ne

By noticing (6y)"J = J;, condition (43a) implies, for all
i €[1, NJ, that

71 < [T, 7], (44)
71 < [gu + (T, — In) 2], (45)

and applying condition (43b) to w; implies that
[J1i < [gu + (T, — In)R], Vi=1,...,N.  (46)

Left-multiplying (46) by F;O and using inequality (44) imply
that we obtain

1 <[r)J], < (T, — In)a],

for any i € [1, N]. Then, repeating the abovementioned
process with induction, we get for any n € Z

T = [Ty Ty 8+ Ty o T (O, = IR,

[F,uog#l + FT

Ho

where set I'y, | = Iy, if n = 0. Therefore, summing up those
expressions from 1 to n + 1, we obtain Vi € [1, N]

= [in g] U =),

t=0 k=—1 n+1

rrrr

Hn—1"" Hn

In addition, applying ||(1";r
we have, for all i € [1, N]

— Iy < 2|nl,

n t—1
[J]; < nlim |: ZHrﬂAg"":| [Jz (XO)]i-

t=0 k=0
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Fig. 3.

Transition probability diagram for Example 13, where Si, ..., Ss
represent state dj, ...

N 52, respectively. (a) When u = 521. (b) When u = 5%.

Then, due to the arbitrariness of 7, we deduce that

[J]; < inf [Jz]; = [J*]; 47)
mell
for all i € [1, N]. Finally, we get J = J*, combining (34)
and (47), and finish the proof. [ |
Remark 12: As mentioned in Section I, Pal et al
[34, Th. 5] have given an optimal criterion for the average
optimal control for PBNs, and it has been successfully applied
in the case of context-sensitive PBCNs. However, it requires
the ergodic assumption and cannot be applied in the general
case, as illustrated in the following example.
Example 13: Consider the PBCN with two state nodes V =
{x1, x2}, one input nodes U = {u;}, and update dynamics

xi(t+ 1) = filxi (@), x2(2), u1 (7)) 48)
X2t + 1) = fa(x1(t), x2(0), u1 (2)).
Here, F = {F, F3}, and Y = {Yy, Y3}, with
Fi = {f119 flz}’ Fr= {f21}

T ={rl=07,r1=03}, Th=
FHGe, x2,u1) = x1 Au,
FE(x1, x2, u1) = x1 A =y,

ety x2, 1) = xa.

{r21 =1}, and

Then, according to the analysis given in Section IV, one easily

obtains
_ 1 1 Coxn
A= |:2 1} eR

with Cp = H?:l c(i) = 2,¢(1) = 2, and c(2) =
Furthermore, the transition matrix of this PBCN is calculated
as

1 0 07 Ol 1 0 03 0
01 0 07,0 1 0 03
=100 03 0/ 0 0 07 0 (49)
00 0 030 0 0 07

The corresponding transition probability diagram is shown
in Fig. 3.
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We consider the optimal average control problem (6) for
this PBCN, where the per-step cost function g is given as
T
0 3 1 2
G_[l 2 2 1}' (50)
If one tries to solve this optimal control problem based
on the result of [34], it needs to solve the following optimal
criteria given in [34, Th. 5] for all i € [1, 4] :

4
2+ h(i) = mi J [ h() | 51
+h(i) = min | g( ,u)+zl:pj(u) () (5D
j=
According to transition matrix I' in (49) and cost matrix G
in (50), the first and second equations of the abovementioned
equations are

[,1 + h(1) = min{0 + h(1), 1 + h(1)}

. (52)
A+ h(2) = min{3 + h(2), 2 + h(2)}.

The first equation of (52) indicates that . = 0, which,
on substitution into the second equation of (52), shows that the
system is inconsistent. The abovementioned analysis implies
that the criterion given in [34, Th. 5] cannot solve this optimal
control problem. The main reason is that the algorithm in [34]
requires the ergodicity of the PBCN (please see [34, Th. 4]).
However, it is easily observed that the PBCN considered in
this example is not ergodic. Indeed, it is observed that there
is no possible way to go from the state J; to state J7, under
both of control inputs u = 6} and u = 3, as shown in Fig. 3,
implying this PBCN is not ergodic since the ergodicity of a
PBCN requires that it is possible to go from each state to all
the states under each stationary policy.

In the following, we will see that the policy iteration
algorithm based on Theorem 10 can successfully solve the
problem in this example.

V. POLICY ITERATION ALGORITHM

By using matrix analysis techniques, including the Jordan
decomposition and the Laurent series expansion, a policy
iteration algorithm for the optimal control formulation given
in Section II is proposed in this section. At the end of the
section, the convergence of the algorithm with finite iteration
steps is examined with the example shown in Sections II-IV.

Several preliminary results, which will be used to prove the
correctness of the policy iteration algorithm, are introduced
first.

Proposition 14: For any control law u € U, the rank of
Iy — F; € RV*N is less than N, that is

r := Rank(Iy — F;) < N.

In addition, there exist a nonsingular upper triangular matrix
S, € R™" and a nonsingular matrix V, € R¥*" such that

Iy—T, = vﬂ[g g,, }vﬂl.

Proof: By definition of T, it is obvious that 3" [Ty —
F;]ij =0, forany i =1,2,..., N, which implies that A =1
11" e RN is a

is an eigenvalue of F;, and 1 = [1,1,...,

(53)
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solution of homogeneous linear equation (Iy — F;)x = 0.
Hence, r < N.

In addition, since r = Rank(/y — F;) < N, applying the
Jordan decomposition theorem (see [45, Th. 3.1.11]), there
are a nonsingular upper triangular matrix S, € R™" and a
nonsingular matrix V,, € RV such that (53) holds. ]

Accordion to the Jordan decomposition form of the matrix
Iy — F; given in Proposition 14, we will deduce a computa-
tional formula for J, as follows.

Lemma 15: For any u € U, define the corresponding
limiting matrix Fft as

T—1
1 i
Ff; = Tlgrolo E (r#) . (54)
=0
Then the following hold:

1) The Cesaro type limit, defined by the right-hand side of
(54), always exists, and accordingly, the limiting matrix
Ffl satisfies the following properties:

~N|

In_, O
f _ N—r —1
I, = V,,|:O Oi|Vﬂ (55)
ErT 18 =17 Trd
F#F# _1"# _F#F#. (56)
2) The vector J, defined in (29) can be calculated by
In_, O  _
J,,:V,,[O O:|Vﬂlg,,. (57)

Proof: Indeed, by ||[I',]| = [T K,|l <1, we have ||F;|| =
IT,|l < 1. Hence
T
() =il _

.
lim
T—o0

rLr +1 2
mwzlim—zo.

< Il
T—oo T

T—o0

Then, from the definition (54) of limiting matrix Ffl, we get

. T 1y
I, = Jim ) 7

1 — . .
F ) =, -1}

that means the first equation of (56) holds, and similarly,
we also deduce that T =T | Ffl.
According to the Jordan decomposition (53), we have

T _ Ino, 0 -
rﬂ_vﬂ[o Lo, Vi

Then, using again the definition (54) of the limit matrix Ff‘,
we get

(58)

Iy 0 7~
ré = v,l[ . }v ! (59)

0 Ly

where ng = limyr_(1/7) ZIT;OI(I, — 8,)". Furthermore,
recalling F;Ff‘ = Fﬁ of (56), we get S,L5, = 0, from (58)
and (59). Then, from the fact that the upper triangular matrix
S, € R is nonsingular, we obtain ng = (. Hence,
from (59), we obtain (55), which also implies that the Cesaro
type limit (54) exists.

Finally, noticing that J, = I'%, g, from (29), we obtain (57)
by (55). [ |
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Lemma 16: For any controllaw u € U, define h, := Hﬂg#,
with

-1
Hf:=(Iy—T,+T,) (1 -T%). (60)
Then, h, can be calculated by
0 0 -
h,,_v[o 5 :|Vﬂlg/,. (61)

Proof: From the Jordan decomposition (53) and (55),

we obtain
INfr 0 —1
w0 Ty

This implies that the matrix I — FT + rﬁ is nonsingular. Then,

0 0
[O S
Therefore, noticing definition (60) of H H, we obtain (61). H

We also present the Laurent series expansion of (Iy —
al';)~", which plays an important role in the proof of the
correction of the policy iteration algorithm given in the fol-
lowing.

Lemma 17: For any given feedback logical control law
u el and 0 < a < 1, we have

(I-T,+Th) = (62)

according to F22 =0, we get

(1-Tl+T%) 7 (1-1%) = }v‘ (63)

1

_ 1
(IN —aF;) = fari +H;E + F(a, 1)

1
where F(a, ) € RV*YN denotes a matrix that will converges
to zero when a — 1.

Proof: See the Appendix. [ ]

Based on Theorem 10, we now present a policy iteration
algorithm for PBCN.

Remark 18: In Algorithm 1, the initial policy uo is a
preset variable given by a user. As discussed in proof of
correctness of Algorithm 1 afterward, an arbitrary initial policy
Lo converges to an optimal policy. Indeed, the initial policy
of Example 5.1 is simply chosen as x(x) = d1, Vx.

The next proposition characterizes the monotonicity prop-
erty between two control laws in U.

Proposition 19: For any two control laws u,n € U,
we define the following three special subsets of Ay :

(64)

Aol ) = {Oiy1ae(3ly) = n(0)) (65)
A = {a|[ry ], < [T} (66)
N[Tid], = [T, Ju]., and
.A , =15 H i n i . (67

R [”[gn+r;h,11i<[gﬂ+r;hu]i “

If two different feedback laws u, n € U satisfy the following
condition

Ao, m) U A(u, m) U Ax(ue, ) = A (68)
then
%11?11 Jr 3 1(11?11 J¢ (69)
where, forall 0 <a < 1
JE = (Iy —al'}) g, (70)
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Algorithm 1 Policy Iteration for Optimal Control Problem (6)
of PBCN (2)-(4)
Step 0. Initialization:

1) Compute I' and G based on (16) and (20).

2) Guess an initial policy uo € U.

Step 1. Policy Evaluation:

For a given stationary policy u,, compute the corresponding
Jyu,» by, based on (57), (61).
Step 2. Policy Improvement:

2.A Choose stationary policy u,4; such that its structure
matrix K, = LN[q”+l, e, q}i,“] satisfies

g eargmin,_, {[FT ﬂu](j—l)NJri}’ Vi e [1, N]
and set ¢/ = ¢", if possible.
2.B If pyy1 = pn, go to (2.C); else return to Step 1.
2.C Choose stationary policy u,+; such that its structure
matrix K,y = Lylg]t', ..., gb™'] satisfies
c]l'”rl eargminje[le]{G,'j + h#nCOI(j,l)N+i (F)},
Vi € [1, N]
and set ¢/ = ¢!, if possible.
2.D If w,41 = u,, stop and set u* = wu,; else return to
Step 1 and repeat the process.
Proof: See the Appendix. |

The condition (68), which can guarantee the monotonicity
relation (69) between two different control laws # and x, will
help to prove that the policy improvement process given in
Step 2 of Algorithm 1 is greedy.

Proof of Correctness of Algorithm [: Given an ini-
tial stationary policy uo, Algorithm 1 generates a sequence
of stationary policy {uo, i1,...}. For any u, and u,4i,
if Ao(ttn, ttnt1) = Ay, then by definition (65), we get u, =
Un+1. Then, based on substep (2.D), Algorithm 1 terminates.

By selecting the structure matrix K,.; of u,4+; at substep
(2.A) of Algorithm 1, and using STP properties, we deduce
that, for any i € [1, N]

[r/-lru+1‘]/‘n]

= (o ;V) F;HJ,‘” (5’) O K, T"J,

= ( ;V) ( ) n+1 T‘Illn = (5;\7) D<( n+légv)TFTJ#n
= (9)) (5% ) 7, = min (84)" x (55,) T,

€A M

= min J Col(j_pn+i(I) = m1n ((3’) TJﬂ“
b’ cAy

= min [Ty 7],

Here, the simple fact Col(;_1yy () = T x (5),)T x (54)7 is
used. In addition, from substep (2.C) of Algorithm 1, we get,
for any i € [1, N]

. T
s + S li = /I}élz/l} [gu +T, h/tn]i'

On the other hand, if A¢(un, unt1) # An, then
substeps (2.A) and (2.C) of Algorithm 1 guarantee that
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ANNAo(ptns tns1) C Ar (i, ns1) or AnNAo(ptns ttns1) C
Ao(n, tay1), respectively, which implies that Ag(u, 77) U
Ai(u, n) U Ay(ue, 1) = Ay. Thus, based on Proposition 19,
we obtain the following fact:

limJ¢ ZlimJ*.
a1 Hetl = atl  Hn
Since the set of stationary policies is finite as || = MV,
Algorithm 1 must terminate in a finite iterations.
In addition, u,4+1 = wun, at termination step u,, and it

implies that

0=[(T,, = Iv)Ju]; = (T,

Hn+1
= mingey {[(T; — Iv) ]}
g, + T di = (8, + T ],

Hn

= min,¢y, [g# + F;h#n]i

- IN)J#n]i

for any i € [1, N]. Hence, applying Theorem 10, we obtain
Jy, = J*, which implies that the stationary policy {u,} is
optimal. |

Remark 20: The abovementioned correctness analysis for
Algorithm 1 also implies that finite iterations can deduce
an optimal stationary policy since the number of stationary
policies, which are considered as control candidates in the
optimization formulation, is finite. At termination step n,
an equation J,, = J* holds, and {x,} is a stationary optimal
policy. As a result, the following fact holds.

Corollary 21: For the PBCN (2)—(4), there exists a sta-
tionary optimal policy 7# = {u*, u*, ...}, which solves the
optimal control problem (6).

Example 22: Now, we apply Algorithm 1 to solve the
problem given in Example 1, following from Example 6.

Initialization:

1) In this example, I' and G are given by (23) and (22),

respectively.

2) Choose the initial stationary policy uo as uo(x) =

o1, 1,1,1,1,1,1, 1]x, for all x € As.

Policy Evaluation: Applying Lemma 16 to get V,,, S, Ju,»

and h,,, respectively, as

V/lo
0 0 0 1 -1 -1 0 —17
0 0 O 0 0 1 0 0
0 0 0 0 1 0 0 0
10 0 O 0 0 0 0 1
|1 —14286 O 0.4286 0 0 —1 0
0 1.4286 0.6 — 1.4286 0 0 —14 0
0 0 O 0 0 0 1 0
| 0 0 0.6 0 0 0 1.4 0
S/lo
03 0 0 0 0 0 O
o 1 1 0 0 0 O
o 0 1 0 0 0 O
=0 0 0 1 0 0 O
o 0 0 0 1 0 O
0o 0 0 0 0 1 O
L0 0 0 0 0 0 1
Juy =10,0,0,0,20,0,0,0]", and hy, =12,2,2,2,-173/3,

116/3,3,7.8]".
Policy Improvement:
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Fig. 4. Transition probability diagram under the optimal policy u*.

1) In substep (2.A), get Ky = d[1,1,1,1,1,1,1,1]; as a
structure matrix .
2) In substep (2.B), since u; = uo, go to (2.C).
3) In substep (2.C), the policy u; is renewed with structure
matrix K; =d[1,2,1,2,1,1,1,1].
4) In substep (2.D), since p| # po, return to Step 1, and
proceed to the next iteration.
In substep (2.D) of the fourth iteration, it is easily checked
that g4 = us3. Thus, we obtain the optimal stationary pol-
icy #* = m# with 7,,3 = Qjm. Hence, w3 is optimal

with K3 = 8[2,2,2,2,2,1,2,1] = ?????é?é},

and the corresponding optimal performance is J* = J,, =
[1,1,1,1,1,1,1,1]T. The transition probability diagram
under this optimal policy x* is shown in Fig. 4.

Example 23: Reconsider the problem given in Example 13.
Here y and G are given in (49) and (50), respectively.
We choose an initial policy ug as uo(x) = 0[2,2,2,2]x.
Then, according to Algorithm 1, similar to the abovementioned
example, we easily obtain that the optimal cost of this problem
is J*=10,1,0,1]7, and the corresponding optimal stationary
policy is u* = uy with structure matrix K, = é[1, 2,1, 2],
after one iteration step.

VI. APPLICATION TO INTERVENTION PROBLEM
OF ARA OPERON NETWORK

In this section, the optimal control on intervention of ara-
binose (Ara) operon in E. coil is performed as an application
to practical biological networks. The contributions [46] and
[47] have studied the regulation of Ara operon in E. coil and
given an observation that the regulatory protein is determined
in the presence and absence of arabinose. Fig. 5 shows
a graphical interpretation of Ara Network. As investigated
in [48], the update logics of Ara operon network can be
discredited by the following Boolean equations (71):

[ fa=ANT
fa, = (Aem AT)V A,
Fa, = Aem VA A Ar.
Jfe=—G.
fe = Mg
Sp = A, NAva
Sus = A, NCA—D
S, =Ara. NC

| fr = M7

(71)
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Fig. 5.

Boolean model of Ara operon in E. coil.

where Mg denotes the mRNA of the structural genes
(araBAD), M7 is the mRNA of the transport genes (araEFGH),
E is the enzymes AraA, AraB, and AraD, coded for by the
structural genes, T is the transport protein, coded for by the
transport genes, A is the intracellular arabinose (high levels),
Aem 1s the intracellular arabinose (at least medium levels), C
is the cAMP-CAP protein complex, D is the DN A loop, and
Aray is the arabinose-bound AraC protein. For more details
of the biological justification of each update function of (71),
please see [48]. There exist four Boolean control variables:
the AraC protein (unbound to arabinose), the extracellular
glucose, the extracellular arabinose (at least medium levels),
and the extracellular arabinose (high levels); those variables
are denoted by Ara_, G,, Aem, and A,, respectively. Further-
more, the variable D is 1 if the DNA is looped and O if it is
not looped. All the other variables represent the concentration
levels of the corresponding gene products: 1 denotes “present”
or “high concentration” and 0 denote “absent” or “low (basal)
concentration.”

Consider the context-sensitive case, as discussed in [42],
with perturbation on the influence of node My to logical
function fr, and the influence of node D to the logical
function fyy, as shown by dotted line in Fig. 5. More precisely,
assume that, at each time step, fr and f), are switched
randomly to fz = =M and fMS = Ao, ACAD, respectively,
with probability 0.5, by flipping the state of node M, and D.
Then, the BN of Ara operon becomes a PBCN, and there are
four possible realizations of this network.

1) No perturbation in network (71).

2) Only fg is switched to fE in network (71).

3) Only fu, is switched to fMS in network (71).

4) Both fr and fy, are switched to fE and fMS, respec-
tively, in network (71).

Corresponding to the abovementioned four realization,
the state transition graphs of the lac operon with fixed
control variables ((A., Aem, Ara_,G,) = (0,1,1,0) are
presented in Figs. 6-9. To give the vector expressions
of the nodes, set (A, Aem, Ara,, C,E,D, Ms, My, T) =
(x1, X2, X3, X4, X5, X6, X7, X3, X9) and (A., Aem, Ara_, Go) =
(uy, uz, us, ug). Then, as presented in Section II, based on
STP of matrix, we obtain the linear form BN expression of
Ara operon (71) as x(t + 1) = Lu(t)x(t), with a structure
matrix L € Ly9,715.
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Fig. 6.  State transition graph of the lac operon with fixed control vari-
ables ((A¢, Aem,Ara_,G,) = (0,1,1,0) in Case 1: no perturbation in
network (71). Steady states are represented by red dots, limit cycles are
represented by green dots, and all transient states are denoted by yellow dots.

00.8%3
#E

Fig. 7. State transition graph of the lac operon with fixed control variables
((A¢, Aem, Ara_, G,) = (0,1, 1,0) in Case 2: only fr is switched to fr in
network (71).

We consider a special intervention problem, that requires
to design an optimal feedback law of four parameters (the
extracellular arabinose, the AraC protein, and the extracellular
glucose) to maximize the “present” level of the mRNA of the
structural genes (araBAD). Under the abovementioned PBN
expression of Ara operon network, this intervention problem
can convert into an average minimum cost problem, with the
cost function g as

g(x,u) = —x7 (72)

noticing that x; = My denotes the mRNA of the structural
genes (araBAD).
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Fig. 8. State transition graph of the lac operon with fixed control variables
((A¢, Aem, Ara_, G,) = (0,1,1,0) in Case 3: only fy is switched to fu
in network (71).

Fig. 9. State transition graph of the lac operon with fixed control variables
((A¢, Aem, Ara_, G,) = (0,1, 1,0) in Case 4: both fr and fj are switched
to fg and fpyg in network (71).

16 T
© 9
U=y
“ 5
U=y
o 1r 511 1
= —u=d
o 9 f——— Y4 4
o —Uu=d
£ 7r
a
O 5r _— i
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 64 128 192 256 320 384 448 512

State Number
Fig. 10. Stationary optimal policy.
Now, using Algorithm 1, we easily get the optimal perfor-

mance for this problem, as J*(x) = —1 for all x € Asjp, and
also obtain the corresponding optimal feedback law, as given

2921
in the following form:
(1,0,0,0), if x; Vx, =0, and xg =0
) 0,1,0,0), ifx;vVx, =0, and xg =1
X) =
# (1,0,1,0), if x;Vxs=1, and xo = 0
0,1,1,0), if x; vx; =1, and xg = 1.
Furthermore, under new state representation y = (yy, ..., y9)

with a special permutation

X9, ifi =3
yYi = (X3, ifi=9

x;, otherwise.

Then, the optimal stationary policy is given in Fig. 10.
The policy iteration takes 5084.525867 s to obtain the exact
optimal law on a computer with 8-GB RAM memory and
Quad-Core 3.2-GHz processor.

VII. CONCLUSION

This article deal with the infinite horizon optimization
problem for general PBCNs with an average cost. Based
on STP, an equivalent matrix expression of the model was
presented. Then, combining the techniques of the Laurent
series expression and the Jordan decomposition, a novel nested
policy iteration-type algorithm, which solves the probabilis-
tic optimization problem for arbitrary PBCN without any
requirement, was deduced. Finally, some practical applica-
tions, including optimal intervention problem of ARA operon,
are solved to illustrate the benefit of the proposed algorithm
for solving optimal control problems on PBCNs.

APPENDIX
Proof: [Proof of Lemma 4] Define Q; ;j(u) = {a €
[1,Co]l | 84 = Lla] X u x 5§V}. Then, according to algebraic
expression (14) and definition (17) of the conditional transition
probability p;;(u), we have

pijwy= Y Plal

aeQ; j(u)

(73)

In addition, by observing the relationship

6l = Lla] x u x 8 <= (6])TLla] x u x &, =1
9y # Lla] x u x 8 < (64) " Lla] x u x 5y =0

we have

Co
> Plal = > Plal(6}) Llal x u x 5y
ach j(u) a=1
= (83)" > PlalLla] x u x &
a=1
= (8)) T xuxdy (74)
by recalling the definition (16) of transition matrix I'. Then,
by combining (73) and (74), we complete the proof of this
lemma. |
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Proof of Lemma 5: According to full probability formula
N . .
Ex(t+1) = ZPr(x(t +1) =,)d%

N

i

Pr(x(t) = dy) pij (u = 3} )}sf

Pr(x(r) = o) z pij(u = %)% [(75)
j=1

In addition, using Lemma 4 and the fact that ZN oL )T =

Iy, we also get
Jo(siyT k i
ol (5N) I' x dy; X Oy

Zpu (u = o) 5’ =
s

=TI K 5 ><5‘

N

(76)
Combining (75) and (76), we have

N
Ex(t+1) = > T x 8}, x 5yPr(x(r) = d})

i=1

N
=T %y > Pr(x(t)=6y) x oy =T x &},Ex(1).
i=l

We complete the proof. |
Proof of Lemma 8: Since (29) is immediately obtained
from (28), we just prove (28).

Based on the definition of g, given in (30), it is easily
checked that g(dy, u(dy)) = (&) g,, for any 5y € Ay and
u € U. This implies that the expectation of cost g can be
calculated as

N
Eg(x, u(x)) = > Pr(x = dy) (o) gu = [Ex]" g, (77)

Hence, for the given policy # = {uo, 1, ...} and an initial
state x(0) € Ay, based on closed-loop matrix expression (27)
of PBCN evolution dynamics, we get

Eg(x (1), 1/ (x(1)))
= [Ex(t)]—rg,u, = 1)]Tg,uz
t—1

Ty x (0] g, =x©) " ] T} 20,
k=0

[ET,,  x(t —

= [Ely,, -

for all + > 1. Hence, if x(0) = 5§\,
1 T—1
Jim E[7Z(; g(X(t),#r(t))}
1 T-1
Jim [7 D Egx(), m(r))]

, then

Iz (9y)

T—11-1
= hm —ZHFMg,‘,
1=0 k=0
which implies (28), by recalling J, = [J; ((5}\,), R
AGWIE u
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Proof of Lemma 17: 1t is noted that if I', = Iy, then (64)
automatically holds with T% = Iy and H! = F(a, x) = 0.
Hence, it is enough to consider the case of I', # Iy. For
0<a<l1,we take a = (1/1+ p), f > 0, and then

T _ T
IN—(ZFH —W[IBIN-’-(IN—FH)]
By the Jordan decomposition (53), we have f1y+(Iy — F;) =
ﬁINfr 0 -1
V|:O B, + S V~'. Hence

S B v, 0
(Iy —aT) ‘—(ﬁ+1)V[ 0 (B4 5)-

ﬁ-f-l In_, O], _
=7 V[NO O}Vl

+(ﬁ+1)v[8 (()[),IHFS)_]}V

We now analyze (B, + S)~'. (BI. + S)~' = [ +
BSHST! = 85711, + S ~!. Notice that if 0 < S||S~'|| <
1, which equivalent to 1 — (1/1 4+ [|S7') < a < 1, then,
based on [45, Corollary 5.6.16], we deduce that I, + ﬁS’l
in a nonsingular matrix, and its inverse have an expression as

I}V“

L (78)

[, +BS7'7' =32, (—B)'S~". Hence
BL 48" =571, +ps7H!
B EPSTE (19

i=0
Substituting (79) into (78), we get
B+1 iy, 0],
5 —V 0 0 Vv
0 0

Iy —al'))™" =

—pB+DHV

>Spis |V
i=0

0 0
+(1+ﬂ)V[O =

11|V1
B+1

= 5 1"t + H,+ F(a, n)

(80)
with
0 0
— — ° . . -1
F(a,p) == pH, — (B + 1V 0 Z(_ﬁ)1S7172 14
i=0
where (59) and (63) are used in the last step of (80). Finally,
by noticing (f+1/) = (1/1 —a), and when a — 1,
we have f = (1 —a/a) — 0,and f(B+1) = (1 — a/a’) —
0. As aresult F(a, ) — 0, as a — 1. We finish the proof.l
Proof of Proposition 19: Set

ea(n, ) == (Iy —aT ) (J5 = J5). (81)
Then, by definition (70) of J/’f, we obtain
ea(n, ) = gy +al Ji = T3 (82)
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For any x € S.(u, 77), we get

xTgy =g, n(x) = gx, u(x) = x"g, (83)
le"nT = (1”,,)c)T =(Lxnx)xx)"
=(Lxux)xx) = (F#X)T = xTF;. (84)

Hence, if &y € Ao(u,n), using (83), (84), and (Iy —
aF;)Jl‘j = gu

e (n, W)(BY)

(6§V)T(gn +al', J— %)
= (%) (gu + ol J5) = (3y) "7 = 0. 83)
Now, we analyze the case x ¢ Ao(u, 7). Applying the inverse

matrix expression of (Iy — al“;), given by the Laurent series
expansion in Lemma 17

J,;’ = (IN — al”;)_lg,,

|
= - Thgy+ Higy+ Fla, g

1
= ——Jy+hy+ F(a, 1)gu.

= (86)

Then, by rearranging terms in (82)

1
ea(n, 1) = gy — (In = aF;)[mJ# +hy + Fla, ﬂ)g#}

= D1+D2+(l—a)l”;h,, + (IN — aFZ)F(a, )8y

(87)
with
Di = - fa (T7 = In)J, (88)
Dy =g, —Ju+ () = In)hy. (89)
Noticing lim,_,; F(a, u) = 0, we have
Li%l[(l — o)y hy+ (I —al,) fa, p)gu] =0.  (90)

Recalling definition (29) and (56), we get F;J,, = J..
Hence, if &) € A;(u, 17), then we have
. : o T T

lim{D1]; = lim m[(r,7 —T,) ], =—00.  (O1)

Furthermore, according to the definition (89) of D,, we get

[[D2]il < llgyll + 1Tl + 2117, (92)
Hence, combining (90)—(92), we deduce that
limle, (1, w)]; = —o0, if oy € A, ). (93)
If 6% € S>(u, 1), then we easily obtain
a
(D] = m[(r;{ —T)J]. =0 (94)

and the second condition in Definition (66) of A>(u,n)
implies that

[DZ]i < [g,u + ryhy]i - [J,u + hu]i =0. (95)
Thus, from (90), (94), and (95), we deduce that
lim [eq (7, 1)1 < 0, if oy € Az (g, 7). (96)
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Now summing (85), (93), and (96), we obtain

limaTl[ell (779 /u)]l - O; lf 5§\l S AO(/"» ’7)
limgyileq (7, w)1i <0, if oy € Ai(u, n) U As(u, ).

In addition, condition (68) implies that there is an iy satisfying
on € Ay(u, n) U Ay(u, n). Hence, limg 4 e, (17, ) 2 0.
Using again definition (81) of ¢, (7, u), we get

a a -1
Jy = I = (IN — al”;) eq(n, 1).
Then, applying again [45, Corollary 5.6.16], we get

+o0
(v —all) ™ =>" (@M =1 +all +---
k=0

by noticing 0 < a < 1. Thus, finally, we have lim,4; J,;’ —
Ji 2 limgyieq(n, #) 2 0, form which one easily deduces
that limy,q; J¢ = limgy J¢. m
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