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Abstract—We introduce a new grant-free non-orthogonal
multiple access (GF-NOMA) scheme, which unlike conventional
approaches, spreads over the frequency domain instead of the
time domain to reduce access latency. Most conventional receivers
for GF-NOMA require the pre-tuning of hyperparameters to
achieve superior performance. To avoid such pre-tuning, we
propose a hyperparameter-free receiver for the proposed archi-
tecture, exploiting the sparsity of channels in the delay domain.
Simulation results demonstrate the superior performance of the
proposed receiver in terms of the normalized mean-squared error
and the activity error rate.

Index Terms—Massive connectivity, grant-free, NOMA, active
user detection, channel estimation, hyperparameter-free.

I. INTRODUCTION

W ITH the rapid development of Internet-of-Things (IoT),
new wireless communication systems must be designed

to cope with the exponential growth in the number of wire-
less devices. In this context, future systems must not only
address sporadic data traffic but also meet the demands for
both massive connectivity and low latency when IoT networks
are applied to delay-sensitive applications such as robot control
and automated driving. Conventional multiple access schemes
use a grant-based approach wherein a base station (BS)
assigns resource blocks to users ahead of data transmission,
causing a huge control-signaling overhead.

As promising techniques to overcome this impediment,
grant-free random access schemes such as grant-free non-
orthogonal multiple access (GF-NOMA) have gained much
attention [1]. A grant-free strategy does not exclusively
assign radio resources to each user for data transmission,
and thus, each active user in GF-NOMA systems can
directly transmit its packet to the BS without waiting for
any permission. However, there are fundamental challenges
to realize massive connectivity and low latency, namely:
1) active user detection (AUD), 2) channel estimation (CE),
and 3) multiuser detection (MUD).

Manuscript received September 26, 2020; accepted December 11, 2020.
Date of publication December 16, 2020; date of current version April 9, 2021.
This work was supported by the Ministry of Internal Affairs and
Communications in Japan under Grant JPJ000254. The associate editor coordi-
nating the review of this article and approving it for publication was Y. Huang.
(Corresponding author: Takanori Hara.)

Takanori Hara and Koji Ishibashi are with the Advanced Wireless &
Communication Research Center, The University of Electro-Communications,
Tokyo 182-8585, Japan (e-mail: hara@awcc.uec.ac.jp; koji@ieee.org).

Hiroki Iimori is with the Focus Area Mobility, Department of
Computer Science and Electrical Engineering, Jacobs University Bremen,
28759 Bremen, Germany (e-mail: h.iimori@ieee.org).

Digital Object Identifier 10.1109/LWC.2020.3045159

Recently, many studies have focused on utilizing spar-
sity to address the issues discussed above [2]–[10]. These
works utilize the non-orthogonal sequences spread over the
time domain, and a BS estimates the active users from
the overlapped measurements via sparse-recovery techniques.
However, this transmission scheme requires a sufficiently long
sequence in the time domain to accommodate massive users
efficiently, leading to the difficulties in meeting the latency
requirements. In addition, as a waveform based on orthogonal
division frequency multiplexing (OFDM) is employed for both
downlink and uplink transmissions in fifth-generation new
radio (5G NR) [11], the latency issue is more severe due to the
extension of OFDM symbols, induced by the spreading over
the time domain. To reduce the access latency in GF-NOMA
based on massive multiple-input-multiple-output (MIMO)-
OFDM, a scheme to perform AUD and CE in an alternating
manner was proposed in [7]. However, the scheme proposed
in [7] still requires dozens of OFDM symbols to perform accu-
rate estimation. Hence, an alternative that makes use of the
frequency domain while further reducing access latency and
retaining the advantages of GF-NOMA is required.

Compressed sensing (CS)-based random access with mul-
ticarrier transmission and its associated pilot design was
investigated in [12]. However, this letter made an impracti-
cal assumption in that the BS perfectly knows the number
of potential active users and the maximum delay spread
among all users in advance. In practice, the BS includes the
parameters under consideration (i.e., the number of active
users and the maximum delay length), and cannot utilize
prior channel statistics as the reference, owing to sporadic
traffic and mobility of uplink users, e.g., robots and cars.
Hence, a receiver without the need for such knowledge is
desired, and several approaches based on the message pass-
ing mechanism have been proposed [13], [14]. However,
they require updates of many messages at each iteration,
resulting in prohibitive computational complexity at the BS
as the number of system parameters increases. Besides, the
conventional receivers for GF-NOMA systems, e.g., [3]–[5],
require an exhaustive search of their design parameters
called hyperparameters for all (time-varying) system param-
eters such as signal-to-noise ratio (SNR) and user activity
ratio. Doubtlessly, it would enforce a huge overhead to
obtain those system parameters and tune the corresponding
hyperparameters before transmission in practice. Hence, a
hyperparameter-free receiver, which does not require tuning
of any hyperparameters, is strongly desired.

In this letter, we propose a hyperparameter-free receiver
for GF-NOMA with massive MIMO-OFDM, incorporating
the pilot design considered in [14] to cope with issues
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Fig. 1. Uplink GF-NOMA system.

described above. Our main contributions can be summarized
as follows:

• Our proposed receiver based on [15] utilizes the spar-
sity of channels in the delay domain and avoids any
pre-tuning of resultant hyperparameters.

• We reveal that the notable mathematical connection
between the methods of [15] and [3] and propose a
hyperparameter-free receiver based on [3].

• The proposed scheme is superior to the classical CS algo-
rithms exploiting different sparseness and comparable to
the state-of-the-art schemes for GF-NOMA systems.

II. SYSTEM MODEL

We consider an uplink GF-NOMA system comprising N
potential users, and a BS equipped with M antennas, as shown
in Fig. 1. In addition, we assume that the BS is equipped
with a one-dimensional uniform linear array (ULA) so that
the antennas are separated by one-half wavelength and that all
users are time-synchronized. Throughout this letter, K < N
users are active in each coherence time.

The uplink transmission is organized in OFDM symbols,
where Np pilot subcarriers are uniformly allocated to Nc

subcarriers. All users share the same subcarrier locations
for pilot transmission, and the subset of pilot subcarrier
indices is denoted by P ⊂ {1, 2, . . . ,Nc}, with |P| = Np.
Let Y ∈ C

Np×M denote the received signals at all the
receiver antennas in the subset P after cyclic prefix removal
and discrete Fourier transform (DFT) modulation. Then, the
received signals are given by

Y =
∑

n∈A
diag(sn)Gn + Z

�
∑

n∈A
SnGn + Z, (1)

where A denotes the set of active users, Sn = diag(sn) is a
diagonal matrix based on the pilot sequence of user n, denoted
by sn ∈ C

Np×1, which is assumed to be unimodular, i.e.,
|sn,p | = 1 for p = 1, . . . ,Np. Gn = [gn,1, . . . , gn,Np

]T ∈
C

Np×M is the channel frequency response (CFR) between
BS and user n over subcarriers P. The matrix Z ∈ C

Np×M

represents the noise, where the elements follow a complex
Gaussian distribution with zero mean and variance σ2

n . In this
letter, we utilize the pilot design proposed in [14], assuming
N ≤ Np and Np < NNcp, where Ncp denotes a cyclic prefix
length.

For the p-th pilot subcarrier (p ∈ P), the sub-channel of the
n-th user can be modeled as follows [16]

gn,p =

Lpath∑

�=1

βn,�a(φn,�)e
−j2πτn,�

(
−Bs

2 +
Bs (pNc/Np−1)

Nc

)

∈C
M×1, (2)

where Nc/Np is an integer, Lpath represents the number
of multi-path components (MPCs), βn,� ∼ CN(0, 1/Lpath)
and τn,� ∈ [0,Ncp/Bs ] are the complex path gain and the
path delay of the �-th MPC, respectively. Bs is the two-sided
bandwidth, and the antenna array response vector is denoted
by a(φn,�) = [1, e−j2πφn,� , . . . , e−j2π(M−1)φn,� ]T ∈ C

M×1,
with φn,� = d sin(ψn,�)/λ, where ψn,�, λ, and d denote the
angle of arrival of the n-th user’s �-th MPC, the wavelength,
and the antenna spacing, respectively. Throughout this letter,
we assume that d = λ/2 and ψn,� is uniformly distributed in
[−π, π], resulting in φn,� ∈ [−1/2, 1/2].

The CFR can be represented by

Gn =
√

NcFNp,Ncp
Hn , (3)

where Hn = [h1
n , . . . ,h

M
n ] ∈ C

Ncp×M denotes the
channel impulse response (CIR) from the n-th user to the BS.
The matrix FNp,Ncp

∈ C
Np×Ncp is the sub-matrix of the

Nc×Nc DFT matrix FNc
, and contains the Np rows according

to P, and the first Ncp columns of FNc
.

Let F̄Np,Ncp
∈ C

Np×Ncp be the matrix FNp,Ncp
, with all

column vectors normalized. Then, the received signals can be
expressed with the CIRs as follows:

Y =
∑

n∈A
Sn(

√
NpF̄Np,Ncp

Hn) + Z

=
∑

n∈A
Sn F̄Np,Ncp

Xn + Z, (4)

where Xn �
√

NpHn and
√

NpF̄Np,Ncp
=

√
NcFNp,Ncp

.
We define A = [S1F̄Np,Ncp

, . . . ,SN F̄Np,Ncp
] ∈ C

Np×NNcp

and X = [XT
1 , . . . ,X

T
N ]T ∈ C

NNcp×M , and (4) can be
simplified as

Y = AX + Z. (5)

Here, all column vectors of A are normalized. For massive
MIMO systems, the inherent sparsity in the angle domain [7],
[17] can be exploited. However, we take advantage of the row
sparsity of X in (5) to avoid an increase in the number of
required parameters in the estimation scheme.

III. PROPOSED METHOD

In this section, we propose two hyperparameter-free
receivers. Unlike the existing approaches, including that
of [12], our proposals exploit the row-sparsity instead of
the block sparsity of X in (5). After formulating the
problem for the user activity and channel estimation as
an maximum likelihood (ML) problem [3], we reveal a
nontrivial mathematical connection between ML [3] and
SPARROW [15], which is the �2,1 mixed-norm minimization
problem. Then, considering the connection, we propose
hyperparameter-free receivers based on SPARROW or ML
to perform the accurate estimation without any pre-tuning of
algorithmic parameters.

A. ML-Based Problem Formulation

Based on [3], we define γn to represent the channel
strengths involving the associated activity patterns, while
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Γ � diag(γ ) with γ � [γ1, . . . , γNNcp
]T. Then, (5) can be

rewritten as

Y = AΓ
1
2 X̄ + Z, (6)

where X = Γ
1
2 X̄, and X̄ is the matrix whose each row

obeys the complex standard Gaussian distribution. Based on
the model given by (6), the ML estimation problem can be
represented as [3], [5]

minimize
Γ∈D+

log |AΓAH + σ2
n INp |+ tr((AΓAH + σ2

n INp)−1R̂), (7)

where R̂ = YYH/M denotes the sample covariance matrix,
and D+ denotes the set of non-negative diagonal matrices.

B. Nontrivial Connection Between ML and SPARROW

In this subsection, a mathematical connection between ML
and SPARROW is presented, demonstrating how to obtain an
estimate of X from (6). As the matrix AΓAH + σ2

nINp
is

positive-definite, the following inequality holds

log |AΓAH + σ2
nINp

| ≤ tr(AΓAH + σ2
nINp

− INp
), (8)

which readily yields the following relaxed problem of (7):

minimize
Γ∈D+

tr(AΓAH) + tr((AΓAH + σ2
nINp

)−1R̂). (9)

Since the matrix AΓAH can be expressed as∑NNcp

n=1 γnanaH
n , the first term of (9) can be transformed into∑NNcp

n=1 γn‖an‖2
2 after some mathematical manipulations.

Moreover,
∑NNcp

n=1 γn‖an‖2
2 is equal to

∑NNcp

n=1 γn = tr(Γ)
owing to the fact that all columns of the measurement matrix
A are normalized, i.e., ‖an‖2

2 = 1. Interestingly, when the
first term of (9) is expressed by the trace of Γ according
to the above, (9) can be regarded as a special case of
SPARROW [15, Th. 1] with ρ = σ2

n :

minimize
Γ∈D+

tr(Γ) + tr((AΓAH + ρINp
)−1R̂), (10)

which mathematically demonstrates that SPARROW is indeed
a relaxed variate of ML.

According to [15], the estimate of X in (6) is given by

X̂ = Γ̂AH(AΓ̂AH + ρINp
)−1Y, (11)

where Γ̂ denotes an estimate of Γ. Although SPARROW [15]
and ML [3] can efficiently solve (7) and (10) by
the coordinate descent (CD) method, they require a pre-
determined parameter, such as the noise variance σ2

n or the
pre-tuned hyperparameter ρ, to execute. Hence, an approach
without any knowledge of such parameters is needed, which
will therefore be described in the following subsection.

C. Hyperparameter-Free Activity and Channel Estimation

To avoid any pre-determined parameters, the proposed
scheme utilizes a reformulation of the matrix AΓAH + ρINp

with the second term denoting the covariance matrix of the
additive white Gaussian noise (AWGN) noise at the receiver
models the covariance matrix of each column of Y, i.e., ym .
Let us assume that each diagonal entry of the covariance

Algorithm 1 Hyperparameter-Free CD Method

Input: R̂ = 1
M YYH ∈ C

Np×Np , A ∈ C
Np×NNcp , ρ0 =

‖Y‖2
F

NpM ,

The number of iterations T.
1: Initialize Σ̂−1 = 1

ρ0
INp

, γ̂ = 0NNcp
, ν̂1 = · · · = ν̂Np

= ρ0.
2: for k = 1, 2, . . . ,T do
3: Randomly select a permutation i1, i2, . . . , iNNcp

of the coor-
dinate indices {1, 2, . . . ,NNcp} of γ̂ .

4: for n = 1, 2, . . . ,NNcp do

5: δ =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

max

{
aH
in

Σ̂−1R̂Σ̂−1ain−aH
in

Σ̂−1ain

(aH
in

Σ̂−1ain )2
,−γ̂in

}
(ML)

max

{√
aH
in

Σ̂−1R̂Σ̂−1ain−1

aH
in

Σ̂−1ain

,−γ̂in

}
(SPARROW)

6: γ̂in ← γ̂in + δ

7: Σ̂−1 ← Σ̂−1 − δ
Σ̂−1ain aH

in
Σ̂−1

1+δaH
in

Σ̂−1ain

8: end for
9: for n = 1, 2, . . . ,Np do

10: δ =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

max

{
eHn Σ̂−1R̂Σ̂−1en−eHn Σ̂−1en

(eHn Σ̂−1en )2
,−ν̂n

}
(ML)

max

{ √
eHn Σ̂−1R̂Σ̂−1en−1

eHn Σ̂−1en
,−ν̂n

}
(SPARROW)

11: ν̂n ← ν̂n + δ

12: Σ̂−1 ← Σ̂−1 − δ
Σ̂−1eneHn Σ̂−1

1+δeHn Σ̂−1en
13: end for
14: end for
Output: γ̂ ∈ R

NNcp×1, Σ̂−1 ∈ C
Np×Np .

matrix of the noise can be replaced with an arbitrary vari-
able, unlike in the original SPARROW formulation. Then, the
covariance matrix of ym can be modeled as

Σ = AΓAH +

⎡

⎢⎢⎢⎣

ν1
ν2

. . .

νNp

⎤

⎥⎥⎥⎦

� ĀΓ̄ĀH, (12)

where Ā = [A INp
] ∈ C

Np×(NNcp+Np), and Γ̄ is the
following diagonal matrix:

Γ̄ =

⎡

⎢⎢⎢⎣

Γ
ν1

. . .

νNp

⎤

⎥⎥⎥⎦. (13)

Fortunately, even with this reformulation, X can be esti-
mated from (11) as

X̂ = Γ̂AHΣ̂−1Y, (14)

where Σ̂ denotes an estimate of the covariance matrix Σ. It
is worth noting that the above reformulation can be applied
to the ML estimation since (7) involves a similarly struc-
tured covariance matrix, i.e., AΓAH + σ2

nINp
. Therefore, two

different hyperparameter-free schemes according to ML and
SPARROW can be presented for joint activity and channel
estimation, respectively.

Following the CD method proposed in [15], the proposed
scheme iteratively updates the variables in a coordinate fash-
ion to minimize the objective function (7) or (10), where the
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covariance matrix including a hyperparameter is replaced with
the matrix given in (12).1 In contrast to the approach in [15],
the proposed CD method based on the parameter-free formu-
lation described above jointly estimates the noise variance,
activity patterns, and channel strengths, without pre-tuning of
σ2
n or ρ.
In light of all the above, an algorithmic flow of the proposed

scheme is summarized in Algorithm 1. Notice that we assume
that ν1 = · · · = νNp

in the initialization step, which implicitly
sets Σ̂−1 to ρ−1

0 INp
with ρ0 = ‖Y‖2

F /(NpM ). In addition,
in each outer iteration of the proposed algorithm, estimates of
ν1, . . . , νNp

, i.e., ν̂1, . . . , ν̂Np
, are computed after the updates

of the coordinates corresponding to γ . The update of νn for
n = 1, 2, . . . ,Np requires the n-th canonical basis vector with
1 only at its n-th entry and zero elsewhere, which is denoted
by en1 .

The computational complexity of the proposed method
is mainly owing to the matrix-vector multiplications, and
the complexity order required for each outer iteration is
O((NNcp + Np)N 2

p ). While its complexity grows with the
cubic of Np, this can be acceptable for small Np, and the
proposed scheme can be considered efficient owing to the out-
standing convergence rate of the CD method that was shown
by numerical results in [15].

After processing the CD method, we obtain an estimate of
X by (14). Furthermore, we determine the estimated set of A
as follows

Â =

{
n | ‖Ĥn‖F ≥ η‖Ĥmax‖F and Ĥmax = max

n=1,...,N
‖Ĥn‖F

}
,

(15)

with η = 0.1 denoting the ratio of the minimum and maximum
Frobenius norms of the channel coefficients.2

IV. NUMERICAL RESULTS

In this section, we investigate the normalized mean-squared
error (NMSE) performance and the activity error rate (AER),
which is the probability of the activity pattern of each user to
be detected incorrectly. In this letter, we define the NMSE as

NMSE � E

[
‖H − Ĥ‖2

F

‖H‖2
F

]
. (16)

For the simulation results, the bandwidth is Bs = 10 MHz,
and the number of significant paths Lpath is 6. The system
adopts OFDM, where Nc = 1024 subcarriers and a cyclic
prefix of length Ncp = 32 are employed. The SNR is defined
by the ratio of the pilot norm to the noise variance as SNR �
‖sn‖2

2/(Npσ
2
n) = 1/σ2

n . We assume that the BS is equipped
with M = 32 antennas, and N = 64 potential users exist while
K = 8 users are active unless otherwise specified. In addition,
the number of iterations of the proposed scheme, denoted by
T, is set to 10.

1In order to avoid redundancy, we omit details about the derivation of the
update rules. Please refer to [3], [15] for details.

2Although η is a tunable parameter, the search for an optimal value is
beyond the scope of this letter. If this search is conducted, a receiver operating
characteristic needs to be evaluated [3].

Fig. 2. NMSE performance of the proposed scheme and classical CS
algorithms for Np = 64.

Fig. 2 shows the NMSE performance for Np = 64. As a
benchmark, we evaluate the performance of a complex approx-
imate message passing (CAMP) exploiting block-sparsity,
namely, BS-CAMP, with 50 iterations. This scheme does not
require prior impractical knowledge at the BS, unlike the
approach in [12]. Moreover, we show the performance of the
scheme of [18], i.e., 2D-FISTA, with 100 iterations to evalu-
ate the case that the sparsity in the angle domain is exploited
in the estimation.3 The performance of the least squares (LS)
estimator, where the BS knows the indices of non-zero rows of
H, and that of the CD method of [15], with pre-tuned ρ and
10 iterations, are denoted by “Exact LS” and “SPARROW,”
respectively. In comparison, the proposed CD method with
update rule of [15], denoted by Proposed CD (SPARROW),
can outperform BS-CAMP, and its performance can approach
that of SPARROW, whereas the one using update rule of [3],
denoted by Proposed CD (ML), is significantly superior to
BS-CAMP and 2D-FISTA in terms of performance. Our
results thus imply that the �2,1 mixed-norm minimization is a
more suitable approach for GF-NOMA systems with MIMO-
OFDM, compared to classical schemes utilizing block-sparsity
and 2D-CS. Furthermore, while our proposed method does not
require hyperparameters, its performance approaches that of
Exact LS.

Moreover, the NMSE performance of the proposed and con-
ventional schemes for Np = 64 is shown in Fig. 3. As conven-
tional schemes, we evaluate the performance of the schemes
proposed in [3], i.e., non-negative least square (NNLS) and
ML, where the number of iterations is set to 10. These results
show that the proposed scheme can outperform NNLS signif-
icantly and is comparable to ML. Note that our objective is
to achieve superior performance without any hyperparameters
that need to be designed via an exhaustive search to yield a low
estimation error. In light of the above, our proposed receiver
can meet such an objective and is comparable to the state-of-
the-art receiver for GF-NOMA systems. Next, we demonstrate
the accuracy of activity detection of the proposed scheme.

3Although the Lipschitz constant is calculated by
max‖X‖F=1 ‖AHAX‖F in [18], it is computed via ‖AHA‖F based on

the relation ‖AHAX‖F ≤ ‖AHA‖F ‖X‖F since ‖X‖F = 1 is not usually
satisfied in this letter.
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Fig. 3. NMSE performance of the proposed and conventional schemes for
Np = 64.

Fig. 4. AER of the proposed scheme for Np = 64 and SNR = 5 dB.

Fig. 4 represents the AER versus the number of active users
K, where Np = 64 and SNR = 5 dB. As the activity detection
depends on the accuracy of channel estimation, we focus on
our proposal with update rule of [3] and ML. As seen from
the figure, the accuracy of activity detection degrades as the
number of active users increases. However, the AER of the
proposed method can reach approximately 10−2, even when
20% users are active, i.e., K/N = 13/64 ≈ 0.2. Although the
conventional studies on GF-NOMA, e.g., [2]–[4], consider the
case where 10% of users or fewer are active, the proposed
scheme can achieve low error rate even under tougher condi-
tions. This indicates that our proposed scheme is robust against
the variation of the traffic.

V. CONCLUSION

We introduce a new GF-NOMA spreading pilot sequence
over the frequency domain to reduce the overhead of uplink
transmissions. We also propose a hyperparameter-free receiver,
which takes advantage of the sparsity of the channels in the
delay domain. Unlike conventional schemes, our proposed
method is an iterative algorithm requiring no pre-tuning of
parameters to perform accurate estimation. Simulation results

indicate that the proposed receiver can estimate the corre-
sponding channels and the user-activity pattern with high
precision in comparison with the classical algorithms utilizing
a block-sparsity or a sparsity of channels in the angle domain.
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