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Abstract—Subarray-based hybrid beamforming communica-
tion systems are a cost- and power-efficient architectural solu-
tion to realize massive multiple-input multiple-output (MIMO)
systems. To estimate the required channel state information (CSI)
current research focuses on beam training algorithms, which
suffer from long estimation times and require precise system
calibration. In order to overcome these problems, two channel
estimation algorithms in combination with suitable beamforming
algorithms are proposed. The presented algorithms are based on
sparse array measurements, where only one antenna per subar-
ray is active during the estimation process. This allows for the
reconstruction of the complex MIMO channel matrix by per-
forming multiple sparse array measurements. Channel estimation
algorithms, which drastically reduce the channel estimation time
are proposed in this letter. Their high performance is proven in
small cell communication measurements around 28 GHz.

Index Terms—Channel estimation, MIMO communication,
mobile communication.

I. INTRODUCTION

HYBRID beamforming systems split the beamforming
process into a digital and analog beamforming network

enabling a cost and energy-efficient implementation of mas-
sive multiple-input multiple-output (MIMO) communication
systems [1]. An especially efficient architectural realization of
the analog beamforming network is the subarray-based (also
denominated as sub-connected or partially-connected) hybrid
beamforming architecture [2]. Thereby the analog beamform-
ing network connects each digital channel to a subarray
of antenna elements via a dedicated phase shifter. One of
the main challenges of subarray-based hybrid beamforming
systems is the acquisition of the channel state information
(CSI). Current research on channel estimation for hybrid
beamforming systems in the centimeter-wave (cmWave) and
millimeter-wave (mmWave) region focuses on beam training
algorithms. These algorithms try to find the dominant spatial
propagation paths characterized by pairs of angles of departure
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(AoDs) at the transmitter (Tx) and angles of arrival (AoAs)
at the receiver (Rx). To decrease the estimation time of an
exhaustive search the works presented in [3]–[9] adopt hierar-
chical codebook-based approaches. These hierarchical beam
training algorithms divide the search process into different
subsequent codebook levels, where at first the full angu-
lar range is scanned using wide sector beam patterns [4].
Unfortunately, the architectural constraints of the subarray-
based hybrid beamforming architecture make the generation
of wide sector beam patterns difficult. Moreover, system cal-
ibration in amplitude and phase is required to steer the beam
in the desired angular direction [10]. Beside the hierarchical
beam training algorithms, the sparse nature of the channel can
be exploited at higher mmWave frequencies by utilizing com-
pressed sensing techniques [11]–[16]. This leads to a decrease
in training overhead but assumes a sparse channel with only
a few spatial propagation paths.

In this letter two novel channel estimation algorithms are
proposed for subarray-based hybrid beamforming architectures
based on sparse array measurements. The focus is on the new
radio n257-band around 28 GHz specified by the 3rd gener-
ation partnership project (3GPP). In this band the presented
measurements by Rappaport et al. [17] show an average of 4.7
multipath components between a transmitter and a receiver. As
a result, compressed sensing techniques as presented in [11],
considering only one spatial path between the transmitter and
receiver, are not applicable. Moreover, the proposed algo-
rithms aim to reduce the long estimation times of current beam
training algorithms.

This letter is structured as follows: First, the sparse array
channel estimation concept as well as the algorithms are
presented in Section II. The reduction of the estimation time
compared to an exhaustive search is derived in Section III.
Finally, the high performance of the algorithms is demon-
strated in Section IV by means of MIMO outdoor commu-
nication measurements around 28 GHz.

II. SPARSE ARRAY CHANNEL ESTIMATION APPROACH

Subarray-based hybrid beamforming systems connect each
digital channel with a dedicated number of antenna elements.
The number of antennas per subarray results to Nsub =
Nant/Ndig, where Nant represents the total number of antenna
elements and Ndig denotes the number of digital channels, i.e.,
the number of subarrays. To reduce the hardware effort in the
digital domain, the number of antennas is in general chosen
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Fig. 1. Block diagram of the considered uplink communication scenario with
a fully digital transmitter and a subarray-based hybrid beamforming Rx.

much larger than the number of digital channels, such that
Nant � Ndig. The beamforming matrix at the Rx results to
W = WRF ·W BB, where the analog beamforming matrix of
block-diagonal form is denoted WRF ∈ C

Nant×Ndig and the
digital beamforming matrix is written as W BB ∈ C

Ndig×Ndig .
Due to the hardware constraint introduced by the analog beam-
forming network the antenna elements of one subarray can no
longer be distinguished in the digital domain.

A. Sparse Array Measurement

For the sparse array measurement only one antenna element
per subarray is activated at a time [18]. This allows a sepa-
ration of the remaining active antenna elements in frequency,
time or signal domain. In this letter, the signals of the Tx
antennas are separated by using different interleaved orthog-
onal frequency division multiplexing (OFDM) subcarriers.
OFDM is chosen as multicarrier scheme due to its robustness
against frequency-selective fading and as it is currently con-
sidered by 3GPP in release 15 as part of the first phase of the
fifth generation of mobile communication (5G) [19]. For the
sake of clarity, we simplify our considerations without loss
of generality to an uplink communication scenario between
a fully digital MIMO Tx and a subarray-based hybrid beam-
forming Rx. This restriction is motivated by the fact that space
is limited in mobile devices and thus a very large number of
antennas will not be integrated in the near future, making a
fully digital architecture preferable. The selected scenario is
also consistent with the measurement-based analysis presented
later. A block diagram of the considered scenario is depicted
in Fig. 1.

For an OFDM-based data transmission the Nc OFDM sub-
carriers containing the training data can be addressed by the
index set C ∈ {0, 1, . . . ,Nc − 1}. This index set is divided
into Mant subsets Cm ⊆ C with m ∈ {0, 1, . . . ,Mant − 1},
where

C =
⋃̇Mant

m=1
Cm (1)

holds, realizing the separation of the transmit antennas by dif-
ferent OFDM subcarriers. Thereby

⋃̇
denotes for the disjoint

union. The discrete time-domain OFDM signal with sampling
times t = ξ · To/Nc and ξ ∈ {0, 1, . . . ,Nc − 1} can be

written as [20]

u(m, ξ) =

Nc−1∑

p=0

X (m, p) · ej2πpξ/Nc , (2)

where To represents the OFDM symbol duration, m the indices
for the Mant transmit antennas and p ∈ {0, 1, . . . ,Nc−1} the
indices for the OFDM subcarrier frequencies

fp = p ·Δf = p/To (3)

with the subcarrier spacing Δf = Bs/Nc and signal band-
width Bs. The index set addressing the antenna elements of the
subarray-based hybrid beamforming Rx I ∈ {0, 1, . . . ,Nant−
1} can be divided in subsets of indices Id ⊆ I with
d ∈ {1, 2, . . . ,Ndig}, where Id contains the Nsub indices of
the d-th subarray. For the sparse array measurement exactly
one antenna per subarray is active at a time. The selection
of active antennas can be addressed by the index set Is ⊆ I,
where Is contains one element of each of the subsets Id . The
elements of I, Id , and Is are the absolute antenna indexes.
For a selected sparse array constellation n ∈ Is the received
signal in time domain y ∈ C

Ndig×Nc results to

y(n, ξ) =

Mant−1∑

m=0

h(n,m, ξ) ∗ u(m, ξ) + n(n, ξ), (4)

where h ∈ C
Ndig×Mant×Nc represents the complex channel

matrix and n ∈ C
Ndig×Nc accounts for the additive white

Gaussian noise (AWGN) introduced during transmission. After
Fourier transformation the received signal in frequency domain
R ∈ C

Ndig×Nc results to

R(n, p) =

Mant−1∑

m=0

H s(n,m, p)X (m, p) +N (n, p), (5)

assuming that the coherence time is longer than the OFDM
symbol duration, where H s ∈ C

Ndig×Mant×Nc represents the
channel frequency response and N ∈ C

Ndig×Nc the addi-
tive white Gaussian noise in frequency domain. At the Rx the
channel can be estimated using least squares estimation [21]

Ĥ s,f(n, p) = R(n, p) ·T (p)−1, (6)

with the known transmit data symbols

T (p) =

Mant−1∑

m=0

X (m, p). (7)

As the transmitters are separated by their OFDM subcarriers
defined in Cm the MIMO channel matrix can be estimated to

Ĥ s(n,m) =
1

|Cm |
∑

p∈Cm
Ĥ s,f(n, p), (8)

averaging over all subcarriers of each transmitter assum-
ing a frequency non-selective channel over the full signal
bandwidth. The result is the complex MIMO channel matrix
Ĥ s ∈ C

Ndig×Mant .
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Algorithm 1 Multiple Sparse Array Measurements (MSAM)

1: Input: Is, i with i ∈ {0, . . . ,Nsub − 1}
2: for 0 ≤ i ≤ (Nsub − 1)
3: Sparse array measurement with Is, i → Ĥ s, i

3: Reshape Ĥ s, i using (9)
4: end
5: Reconstruct Ĥ using (10)
6: Calculate W using SIC algorithm
7: Output: W ∈ C

Nant×Ndig

B. Multiple Sparse Array Measurements

The Multiple Sparse Array Measurements (MSAM) algo-
rithm is a simple approach to reconstruct the full MIMO
channel matrix Ĥ ∈ C

Nant×Mant . The channel matrix is
reconstructed by performing Nsub subsequent channel mea-
surements with different sparse array constellations [18].

The estimation result for each of the i ∈ {0, . . . ,Nsub− 1}
subsequent sparse array measurements can be described by a
matrix Ĥ i ∈ C

Nant×Mant×Nsub constructed by

Ĥ i (n, ·, i) =
{
Ĥ s, i , n = Is, i
0, else.

(9)

The sparse array estimation result Ĥ i (·, ·, i) contains at the
sampling times t = i ·Te,s only Ndig ·Mant non-zero entries at
the row indices Is, i , where Te,s represents the sparse array
estimation time. The row indices Is, i thereby represent the
active Rx antennas. The different constellations Is, i are cho-
sen to satisfy I = ∪̇Nsub−1

i=0 Is, i and ∩Nsub−1
i=0 Is, i = ∅ holds.

The full MIMO channel matrix is reconstructed by summing
up the Nsub subsequent measurements resulting in

Ĥ =
∑Nsub−1

i=0 Ĥ i (·, ·, i). (10)

Based on the reconstructed full channel matrix we calculate
the beamforming matrix W at the Rx using the Successive
Interference Cancellation (SIC) algorithm presented by
Gao et al. in [22]. The pseudo-code for the MSAM algorithm
is shown in Algorithm 1.

C. Sparse Array Beam Analysis

In contrast to the MSAM algorithm, the Sparse Array Beam
Analysis (SABA) algorithm tries to identify the main propaga-
tion directions, analyzing the estimated sparse array channel
matrix Ĥ s. Starting from the singular value decomposition
(SVD) result of the sparse array matrix Ĥ s = U sΣsV

H
s ,

where U s ∈ C
Ndig×Ndig and V s ∈ C

Mant×Mant represent
unitary matrices and Σs ∈ C

Ndig×Mant donates for a diagonal
matrix containing the singular values of Ĥ s, the beamforming
matrix at the Rx is selected as W s = UH

s . For better clarity,
in the following steps of the algorithm a linear array is consid-
ered. However, the described algorithm can be easily extended
for planar arrays. At the Rx the beam pattern in azimuth ϕ is
calculated for the beamforming matrix W s ∈ C

Ndig×Ndig by

C s(ϕ) =

Ndig−1∑

r=0

∣∣∣∣∣∣

Ndig−1∑

n=0

W s(n, r)C e(n, ϕ)e
jk�d(n) sinϕ

∣∣∣∣∣∣
(11)

Algorithm 2 Sparse Array Beam Analysis (SABA)
1: Input: Is
2: Sparse array measurement with Is → Ĥ s

3: Define W s = UH
s with Ĥ s = U sΣsV

H
s

4: Calculate C s(ϕ) using (11)
5: Find local maximas �vs ∈ R

Nd×1 in C s(ϕ) above
threshold Γ

6: for 1 ≤ i ≤ Nd
7: Select φ fulfilling minφ{|�vφ − �vs(i)|}
8: Beam steering towards �a(φ) (with (12))
9: Measure the received power �PRx(i)
10: end
11: Select the Ndig largest indices �κ evaluating �PRx
12: Construct W with the �vs(�κ(m)) for m ∈ {1, . . . ,Ndig}
13: Output: W ∈ C

Nant×Ndig

where C e contains the antenna element characteristics, k =
2π/λ denotes the wave number, and �d represents a vector
with the spatial positions of the active antenna elements. The
dominant AoAs are then identified by searching for the local
maxima in C s(ϕ). The angular vector of the Nd detected
maxima �vs = [ϕ1, . . . , ϕNd

] is in addition limited by a thresh-
old Γ with respect to the global maximum max{C s(ϕ)}.
As the large antenna spacing of the active antennas for the
sparse array measurement leads to grating lobes within the
antenna array characteristic, ambiguities for the main propa-
gation directions are present in the beam pattern C s(ϕ). These
ambiguities are filtered out in the second phase of the SABA
algorithm by using directive beams. The full antenna array is
pointed subsequently towards each element of �vs to identify
the real propagation paths by observing the received power.
The directional beams are selected from the exhaustive search
codebook with the array response vectors [8]

�a(φ) =
1√
Nant

[
1, ejkda sinφ, . . . , ejkda(Nant−1) sinφ

]
(12)

where the possible beam steering angles �vφ ∈
{, . . . ,−2φr ,−φr , 0, φr , 2φr , . . . , } are considered to be
limited by the phase shifter resolution q resulting in

φr = arcsin

{
λ

da · 2q
}
. (13)

The beamforming matrix W is then constructed as described
in a previous study [23], by steering each subarray towards
one of the Ndig directions with the strongest received
power. The pseudo-code for the SABA algorithm is shown
in Algorithm 2.

In contrast to the MSAM algorithm, a calibration in ampli-
tude and phase between the parallel Rx chains is needed. This
calibration is also required for an exhaustive search and hier-
archical beam training algorithms, as an uncalibrated system
would lead to a distorted beam pattern. In general phase
and amplitude imbalances between the parallel Rx chains are
inevitable as they are caused by manufacturing tolerances
of the circuit boards or RF components, differences in the
temperature behavior of the components, and so forth.
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TABLE I
COMPARISON OF THE REQUIRED ESTIMATION TIME

III. ESTIMATION TIME ANALYSIS

The essential advantage of the proposed algorithms becomes
clear by comparing the required estimation time. In order to
put the estimation times of the presented algorithms into a
relation, an exhaustive search is used as reference. The esti-
mation time of an exhaustive search depends on the number
of steering vectors within its codebook. With the limitations
of the phase shifter resolution described by (13) and a con-
fined angular coverage range in azimuth Φ the estimation time
results to

Te,exh =

⌈
Φ

φr

⌉
· Tm =

⎡

⎢⎢⎢
Φ

arcsin
{

λ
da·2q

}

⎤

⎥⎥⎥
· Tm, (14)

where Tm represents the measurement time for each beam
steering angle of the exhaustive search codebook.

As the sparse array estimation utilizes no antenna array
gain, the signal-to-noise ratio (SNR) is reduced by a factor
corresponding to the numbers of antennas Nant and has to be
recovered for a fair comparison. Therefore the sparse array
estimation time is enlarged to Te,s = Nant · Tm. It follows
that the estimation time for the MSAM method results to

Te,MSAM = Nsub · Te,s = (N 2
ant/Ndig) · Tm . (15)

For the SABA algorithm, only one sparse array measure-
ment is required, but in the second phase of the algorithm
all possible angular directions have to be tested. The total
estimation time for the SABA algorithm

Te,SABA = Te,s + Nd · Tm = (Nant + Nd ) · Tm (16)

therefore depends strongly on the number of angular directions
Nd found by the sparse array measurements. Hence, that the
threshold Γ has to be properly adjusted to balance the trade-off
between the estimation time and the non-detection of individ-
ual spatial propagation paths. For our analysis, the threshold
is set to Γ = 0.1 leading to an average of Nd = 7 detected
angular directions. The estimation times for the presented
MIMO measurement system are summarized in Table I with
the system parameters Nant = 16, Ndig = 4, Nd = 8,
da = λ/2, q = 6 bits, and Φ = 120◦.

IV. MEASUREMENT-BASED PERFORMANCE ANALYSIS

To analyze the performance of the presented channel esti-
mation algorithms, the MIMO channel measurement system
operating around 28 GHz presented in a previous work [24]
is adopted. The measurements are performed in typical small
cell site scenarios, where the base station is elevated on top
of a building and the mobile Tx is placed at different spa-
tial positions within the coverage area of the base station. For
each of the in total 159 measurements the channel estimation

TABLE II
UTILIZED SUBSEQUENT SPARSE ARRAY CONSTELLATION FOR THE

MSAM ALGORITHM

Fig. 2. SE over the SNR including all measurements.

is performed over 512 ms. This results in 4000 snapshots of
the complex MIMO channel matrix.

The performance of the algorithms is compared by calcu-
lating the spectral efficiency [24]

SE = log2

{∣∣∣∣INant
+

γ

Mant
WHHHHW

∣∣∣∣

}
, (17)

assuming full CSI at the Tx, where H denotes the measured
MIMO channel matrix, γ represents the SNR, and INant

denotes the identity matrix of dimension Nant. The presented
channel estimation algorithms consider a subarray size of
Nsub = 4 and consequently Ndig = 4 digital channels. For the
MSAM algorithm the active antenna constellations are given in
Table II. The SABA algorithm employs the sparse array con-
stellation given by Is,BA ∈ {1, 5, 9, 16} for the subsequent
analysis.

To compare the algorithms, the measurements are ranked
by the estimated SNR. For each SNR, a CDF of the SE with
more than 4000 values is calculated and the 50% outage SE
is determined. This enables to analyze the behavior of the
performance for different SNRs regimes. As the measurement
system uses a fully digital architecture, the SE of a 16 × 4
MIMO system can be calculated as an upper performance
boundary.

For subarray-based hybrid beamforming architectures, the
SE of the SIC algorithm serves as an upper performance
boundary by assuming the knowledge of the full channel
information at each point in time.

The results in Fig. 2 show that the SE of the MSAM
algorithm is only slightly below the upper performance bound-
ary for subarray-based hybrid beamforming architectures. This
proves that the full MIMO channel matrix can be reconstructed
by performing multiple subsequent sparse array measurements
even with comparable long sparse array measurement times,
here Tm = 128 μs. Moreover, the high performance of the
MSAM algorithm is proven by comparing it with the SE
of the exhaustive search algorithm, which cannot reach the
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Fig. 3. SE over the SNR for different thresholds of the SABA algorithm.

performance of the MSAM algorithm. This is due to the bet-
ter performance of the utilized beamforming algorithm for the
MSAM approach. The SE of the SABA algorithm is slightly
below the exhaustive search algorithm as the AoAs could not
be as precisely detected by the reduced number of antennas.
Note that for the exhaustive search and SABA algorithm the
same beamforming algorithm is utilized after the AoAs are
determined. However, the SABA algorithm drastically reduces
the channel estimation time compared to the exhaustive search
approach as shown in Table I.

The SE for different thresholds of the SABA algorithm is
shown in Fig. 3. The presented results reveal the trade-off
between the threshold and the estimation time. For a channel
SNR of 10 dB, the loss in spectral efficiency compared to an
exhaustive search is inegligible for very low threshold levels,
i.e., Γ ≤ 0.01. For a threshold level of Γ = 0.15, the loss
increases to 1.5 b/s/Hz, but reduces the estimation time by
roughly 30% compared to a threshold level of Γ = 0.01.

V. CONCLUSION

This letter presents two novel channel estimation algorithms
for subarray-based hybrid beamforming systems. Employing
multiple subsequent sparse array measurements allows a
reconstruction of the full MIMO channel matrix, which
enables the use of elaborated beamforming algorithms for
subarray-based hybrid beamforming systems. Furthermore, no
calibration of the amplitude and phase imbalances between
the parallel Tx and Rx chains is required, as it has to
be done for current beam training algorithms. The results
show that the MSAM algorithm achieves a higher SE than
the exhaustive search algorithm within a lower estimation
time. The SABA algorithm allows to drastically reduce the
estimation time and achieves dependent on the threshold
level Γ nearly the performance of the exhaustive search
algorithm.
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