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Joint Channel Estimation and Equalization in Massive
MIMO Using a Single Pilot Subcarrier

Danilo Lelin Li

Abstract—The focus of this letter is on the reduction of
the large pilot overhead in orthogonal frequency division
multiplexing (OFDM) based massive multiple-input multiple-
output (MIMO) systems. We propose a novel joint channel
estimation and equalization technique that requires only one pilot
subcarrier, reducing the pilot overhead by orders of magnitude.
We take advantage of the coherence bandwidth spanning over
multiple subcarrier bands. This allows for a band of subcarriers
to be equalized with the channel frequency response (CFR) at
a single subcarrier. Subsequently, the detected data symbols are
considered as virtual pilots, and their CFRs are updated with-
out additional pilot overhead. Thereafter, the remaining channel
estimation and equalization can be performed in a sliding man-
ner. With this approach, we use multiple channel estimates to
equalize the data at each subcarrier. This allows us to take
advantage of frequency diversity and improve the detection
performance. Finally, we corroborate the above claims through
extensive numerical analysis, showing the superior performance
of our proposed technique compared to conventional methods.

Index Terms—OFDM, massive MIMO, channel estimation,
linear combining, spatial diversity, spectral efficiency.

I. INTRODUCTION

ASSIVE multiple-input multiple-output (MIMO) has

brought substantial improvements to 5G systems and
it continues to be a dominant technology in next-generation
networks. In particular, spatial diversity and beamforming
gains provided by massive MIMO have led to significant
improvements in capacity, spectral, and energy efficiency com-
pared to 4G networks [1]. In massive MIMO, multiple users
reuse the same time-frequency resources, as their signals can
be distinguished based on their channel responses. Therefore,
obtaining accurate channel state information (CSI) at each base
station (BS) antenna is crucial. Conventional channel estima-
tion methods, e.g., least squares (LS), rely on the transmission
of pilot sequences from each user. These methods are favor-
able due to their low complexity. However, this comes at the
expense of spectral efficiency (SE) loss [2].

Hence, extensive research has been conducted to reduce the
pilot overhead, see [3], [4], [5] and the references therein. For
instance, (semi) blind techniques emphasize reducing the pilot
length and estimating the channel by solving underdetermined
systems of equations using iterative algorithms [3]. Moreover,
superimposed pilots share the same time-frequency resources
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for both data and pilot transmission. In these techniques, the
channel is estimated by treating data as noise. This can com-
pletely remove the pilot overhead, however, at the cost of
interference and extra computational load [4], [5]. Most works
on massive MIMO consider a narrow band channel. Therefore,
utilizing these channel estimation techniques for orthogonal
frequency division multiplexing (OFDM) would require pilots
on each subcarrier. Meanwhile, it was shown in [6] that the
number of pilot subcarriers needs to be at least equal to the
channel length. However, this leads to a large overhead, as the
channel length varies from 7% to 25% of the OFDM symbol
duration, [7]. To alleviate this issue, the authors in [6] proposed
a technique that can reduce the required pilot subcarriers by
80%, however, the technique is limited to sparse channels.

To address the aforementioned limitations of the existing lit-
erature, in this letter, we show that only one reference subcar-
rier is sufficient for both channel estimation and data detection
in massive MIMO. It is worth noting that our proposed tech-
nique is independent of channel sparsity and length. We take
advantage of multiple adjacent subcarriers being within the
channel coherence bandwidth. Thus, the transmitted data over
a band of subcarriers can be detected using only one reference
subcarrier’s channel estimate. Thereafter, the detected data
symbols are considered as virtual pilots to update their cor-
responding channel estimates. Each updated channel estimate
is then used to equalize a new band of subcarriers within the
coherence bandwidth. This way, we can obtain multiple esti-
mates of the transmitted data symbols at each subcarrier and
average them. With this approach, we take advantage of the
frequency diversity apart from the spatial diversity to achieve
an improved performance. By repeating this process in a slid-
ing manner, all the data symbols and the channel frequency
responses (CFRs) can be estimated, starting from one reference
pilot.

Furthermore, we prove that in the large antenna regime,
linear combining can be performed using the channel esti-
mate at any subcarrier. The combined signal at a subcarrier
will be scaled by a coefficient, which depends on the chan-
nel power delay profile (PDP) and frequency spacing between
the subcarrier and the CFR used for combining. However,
this coefficient can take very small values leading to noise
enhancement. To avoid this issue, we define a depth factor in
our proposed sliding technique that determines the number of
subcarriers within each band to be equalized using the same
CFR. This ensures that only large values of the aforemen-
tioned coefficient are considered. To evaluate the effectiveness
of our proposed technique, we compare its bit error rate (BER)
and signal-to-interference and noise ratio (SINR) performance
with the conventional techniques. For 15 MHz transmission
bandwidth, the existing techniques require over 70 pilot sub-
carriers, whereas our proposed technique reduces this overhead
to only one pilot subcarrier. Moreover, our proposed tech-
nique outperforms the linear equalizers by around 2 dB,
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at high signal-to-noise ratios (SNRs), in terms of the BER
performance.

Notations: Matrices, vectors, and scalar quantities are
denoted by boldface uppercase, boldface lowercase, and nor-
mal letters, respectively. [A]mm represents the element on
row m and column n of A. tr{A} represents the trace of
A. Ij; and Opy«n are the M x M identity and M x N
zero matrices, respectively. The superscripts (-)f, ()H, ()T
and (-)* indicate pseudo inverse, Hermitian, transpose and
conjugate operations, respectively. | - |, ((-))as and E{-} are
the absolute value, modulo-M, and expected value operators,
respectively. Finally, Fj; is the normalized M-point discrete
Fourier transform (DFT) matrix and fy/ , is the m column
of F M-

II. SYSTEM MODEL

We consider the uplink (UL) of a single-cell massive MIMO
system operating in the time-division duplex (TDD) mode.
OFDM with M subcarriers is deployed as the modulation for-
mat, with the cyclic prefix (CP) of length Mcp. Mcp is
chosen to be larger than the channel length to avoid inter-
symbol interference. The BS is equipped with Q antennas and
serves K single antenna users. The duration of each frame is
assumed to be within the channel coherence time, including N
number of OFDM time symbols in the UL. Hence, the channel
remains time-invariant within each frame.

The UL transmission is divided into two phases, train-
ing/pilot and data transmission. Np and Ny time slots are allo-
cated to pilot and data transmission, respectively. Thus, a glven
user k transmits the time-frequency symbols X* = [Pk DF
where P¥ € CM>Np represents the pilot and D* (CM X
the data symbols. Hence, the OFDM transmit srgnal of user k
is obtained as SF = ACPFH Xk, where Acp = [GCP,IM]
is the CP addition matrix and the Mcp x M matrix Ggop
includes the last Mcp rows of Ij,.

The signal is transmitted through the channel and undergoes
OFDM demodulation. Thus, the received signal from all the
users at a given BS antenna ¢ is obtained as

K—-1 K—-1

Y, =FyRep Y HyiSF + Wy = diag{hqu}X* +Wq, (1)
k=0 k=0

where Rcp = [0a/xagp-In] is the CP removal matrix,

H, ;. denotes the Toeplitz channel matrix realizing the lin-
ear convolution, which is formed by the channel impulse
response (CIR) of length L between user k£ and antenna g,
ie., hyp = [hg[0],..., hg[L — 1]]T, and W, includes
the complex additive white Gaussian noise (AWGN) in the
frequency domain, with the variance (712”, ie, (Wylmn ~
CN(0,02). We assume the CIR between each user and the
BS antennas to be independent and identically distributed
(ii.d.) complex random variables, h,j ~ CN(0px1,%%)
for ¢ = 0,...,Q0 —1and k¥ = 0,...,K — 1. ¥ is a
diagonal matrix with the diagonal elements formed by the
PDP of the channel p;, = [p4[0],...,px[L — 1]]T, where
the normalized PDP is considered, i.e., Zf:_ol prll] = 1
As Mcp > L —1, Hy,, = RepH, pAcp is a circulant
matrix, with the first column formed by the zero-padded
CIR, ie., hy; = [h3k70}/[ 1x1] T Hence, the channel

matrix Hq L can be dlagonahzed by the DFT and inverse

DFT matrices as FMHq kFM = diag{Aqyx}, where A, =
Ag k0], .., Agk[M — 1]]T represents the CFR with the
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elements obtained as
A plm] = VMEY by g 2)

To pave the way toward the derivations in the following
sections, we rearrange the received signals into the space-time
representation. By stacking the received samples at a given
subcarrier m, i.e., the mth row of Y, from all the Q receive
antennas, we obtain the Q x N space-time matrix Y ,,. Thus,
the input-output relationship for a given subcarrier m across
all the antennas can be represented as

?m = Xmim + Wma (3)

where the elements of the matrices A,, € (CQXK X,, €
CEXN and Wy, € C@*N are given by [Am], k= Ag.k[ml,
Xinlk,n = X, and [(Wpn]g.n = [Wglm.n, respectively.

Finally, X,, £ [P,,,D;,]), where P,, and D,, repre-
sent the transmitted pilot and data symbols respectively.
Correspondingly, Y, £ [Y5,, Y 7?,1] and W, 2 W2 WO ].
III. CONVENTIONAL CHANNEL ESTIMATION

AND EQUALIZATION

In this section, the widely used linear pilot-based channel
estimation and equalization techniques are described. In par-
ticular, we consider LS-based channel estimation, and two
linear combining techniques, namely maximum ratio com-
bining (MRC) and minimum mean square error (MMSE)
equalization techniques. At the channel sounding stage, each
user transmits a pilot sequence with the length N, > K over
different time slots on a given subcarrier allocated to pilot
symbols [1]. The pilot sequence of length N, for a given
user k at a given subcarrier m, ﬁk , is chosen from a pilot
book P, = [p2,, DL, ..,ﬁﬁ_l]Tmthat satisfies the orthogo-
nality property P, P,,, = NpIg, [8]. We consider a pilot book
where each ﬁfn is obtained from k cyclic shifts of the Zadoff-
Chu (ZC) root sequence of length Ny,. Using (3), the received
pllots from all the users at subcarrier m can be represented as

=A,P,, —|—W . Consequently, the channel response for
all the users at a given subcarrier m can be estimated as

Am——YpP 7Am+—wp Po 2K+ Won, (4)
P

where Wy, = W5 P

To estimate the whole CFR, it is sufficient to allocate L
equally spaced subcarriers as pilots [6]. Let 7 represent the
set of subcarrier indices allocated to the pilot, and Az k the
vector formed by selecting the L entries of A, ; at the pilot
subcarriers, each element of pra .k can be estimated from (4), as

Ag.klm] = [Km]%k. From (2), the following relation between
CFR and CIR holds

Agp = VMEjhy ;. ®)

where Fﬂ is a L x L matrix formed by selecting the first L
columns of F; with the rows indexed by Z. Hence, the CIR of
user k at a given BS antenna g can be estimated by solving (5)
forhg p,ie, hy, = r(FI )~ 1)%’ . Finally, after obtaining

the CIR, Km at each subcarrier can be reconstructed with (2).
Therefore, the channel estimation process, (4) and (5), requires
a minimum of LK pilots.
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Using the channel estimates Km, and deploying a linear
combining technique such as MRC, the transmit data symbols
for all the users can be estimated as

XMRC _ p—13Hyd _ pIRH R Do+ W), (6)

where T',, is a K x K diagonal matrix, with the £*" diagonal
element given by 5 22’2:—01 |Aq.x[m]|%, considered solely to
normalize the amplitude of the equalizer output. In the litera-
ture, the effect of channel estimation noise is often neglected
and the diagonal elements of I'y, are formed from the diago-

nal elements of XI;,ILXm, i.e., the norm squared of the channel
vector for each user at a given subcarrier m. However, in the
presence of channel estimation errors, using (4), the normal-
ization factors on the elements of A,, A, are obtained as the
diagonal elements of

oy~ ey o~ 1
KRy = AR + K Won + 5P (Wh) WD BT ()

p

The term XEI,LWm tends to zero in the asymptotic regime,
as ) — oo, since the channel gain and noise are indepen-
dent. However, the same is not true for (Wh,)TW? = As W,
represents the AWGN, in the asymptotic regime, we have

7H —

AW, + — P, (W2 HWP P Q “owp P (8)
Ng P Ng P

Hence, taking a similar approach to [9], the channel estimation

noise can be mitigated by subtracting (8) from the normaliza-

tion factor, i.e., I'y, 1s formed from the diagonal elements of
( AH A qu) P P )

Due to the channel hardening effect [1], in the asymptotic
regime, as () — oo, we have

TH =+ _
A ehmpr {Ig){|>\m7k[q]2} =1if k=4 ©)

Q otherwise ’

where X,, . of length O, represents the k' column of A,

Therefore, as ) — oo, I‘*leXHXm — Ik
In practical systems, the number of BS antennas is limited,
and the off-diagonal elements of ADA mAm, in (6), lead to a
significant amount of interference. Thus MMSE combining,
)A(I\n/liMSE _ ,I,MMSEYd (10)

where ®MMSE 2 (RHR Q%P P 4+ o21,) 1AH,

provides an improved performance compared to MRC.

IV. PROPOSED CHANNEL ESTIMATION AND COMBINING

The linear combining techniques presented in the previous
section take advantage of the channel hardening effect and
spatial diversity gains in massive MIMO. However, it requires
knowledge of the whole CFR, and therefore, a minimum of
LK time-frequency slots are allocated to the pilots for chan-
nel estimation. In practical systems, L can take large values,
especially as the bandwidth increases. Hence, in this section,
we study the possibility of reducing the pilot overhead to a
single pilot subcarrier. Therefore, only K time-frequency slots
would be necessary for pilot allocation, reducing the training
overhead by a factor of L.

In current standards, the subcarrier spacing Af is chosen to
be much shorter than the coherence bandwidth [10]. Hence,
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the channel can be considered flat across the frequency band
of multiple adjacent subcarriers. This suggests that the channel
at a single subcarrier can be considered for the equalization
of its adjacent subcarriers. Moreover, the correlation between
the CFR of adjacent subcarriers can be obtained from the

following approximation [11]
_(AfAm?
Fe ’

where we define anm i £ E{, bl (mram)ukld})
.= i is the coherence bandwidth and ¢, is the maximum
delay spread of the channel.

Taking this into account, we consider a reference pilot in
one subcarrier and utilize its channel estimate for equalization
of the neighboring subcarriers. The detected data symbols will
be considered as virtual pilots, updating their channel estimates
and allowing for the equalization of data at their adjacent sub-
carriers. We repeat this process, in a sliding manner, until all
the data and the CFR in the UL frame are estimated. Hence,
the data X,,, at any given subcarrier m, can be equalized
using (10) and (11) with the CFR at subcarrier m — 1 as

|aam, k| = Y

Xp M = |0 T e MERY (12)
where ¥ a,, is a diagonal matrix with the diagonal elements
formed by the vector [aam 0+, @Am, K—-1]. In (12), we
consider the approximation (A,,)"A,, ~ (A,_1)H A, 1,
and the phase of aq j to be negligible.

After obtaining XMMSE, we perform hard decision by
quantizing each symbol to their nearest quadrature amplitude
modulated (QAM) constellation point, resulting in XHD With
XHD the CFR estimate at subcarrier m can be updated as

Am = Y (XHD)T, (13)
This channel estimate is then used for equalization of the fol-
lowing subcarrier,Am + 1, using (12). In particular, since
we now consider X,, as the pilot, the noise mitigation term

in (8) should be corrected accordingly. That is, the term P
in T, and ®MMSE ¢hould be substituted by (XHD)T, Then
the procedure is repeated in a sliding manner until the whole
frame is equalized. If the detected symbols XHD are erro-
neous, (13) provides imperfect channel estimates, and hence,
the sliding technique propagates the error to further subcarri-
ers. Therefore, as we will show in the later part of this section,
we propose the concept of depth that significantly improves
the accuracy of Xm , alleviating the error propagation issue.
It is worth noting that X,, can be a rank-deficient matrix.
Speciﬁcally, if the rank of X,,, is lower than K, (13) fails to
retrieve A . To solve this issue, we calculate apy, j for any

value of Am. This way, XMMSE at any subcarrier can be
detected with the same reference pilot using (12).
Proposition 1: In the asymptotic regime, it is possible to
perform MRC with the channel estimates on a single subcar-
rier. In other words, the data at any given subcarrier m can be
equalized with the CFR at any other subcarrier m’.
Proof: We detect the data X,,, at any given subcarrier m, by
performing MRC with the channel estimates at subcarrier m’
KMRC _

=T, AL Y3, (14)



1934

Considering (9) in the asymptotic regime, as () — oo,
—H —
Aoor A 3 — I/
m/ k' *Mm .k N AAmk if k& k’ , (15)
Q 0 otherwise
where Am = m — m’. Thus, in (14), T JAH Ay — @p .
To obtain the exact value of aay, ., we substitute the CFRs
with the expression given in (2). This yields a quadratic form,
with the expectation defined as [12]

E{ﬁlg,k(MfXJ,mfAT/I,((m+Am))M)ﬁq,k} =tr{AZ;} +u"Ap, (16)

where g and ¥ . represent the mean and covariance matrices
of hy 1, respectively, and A = Mf]T/[,me\i;[,((erAm))M' With
the parameters presented in Section II, it is given that the
channel is zero mean, i.e., 4 = 0371, and ¥}, is a diagonal
matrix with the diagonal elements formed by the vector p;, =
[p;ng;\F/[—Lxl]T' Hence, (16) reduces to

Based on this result, as long as the PDP is known, equal-
ization can be performed using (14) followed by scaling the
MRC output for each subcarrier by — |

While Proposition 1 is sufficient in the asymptotic
regime, in practical systems, the aforementioned scaling by
an, g may lead to noise enhancement and, consequently, a

m,k

performance loss. For this reason, we rely on our proposed
sliding equalization technique as aag,  is larger for the

smaller values of [Am|. When X, is rank-deficient, A, can-
not be estimated. Thus, we resort to utilizing the previously
estimated channels on the closest subcarrier. Furthermore, if
the PDP is known at the receiver, the scaling term aa, x can
be calculated from (17), instead of using the approximation
from (11).

When the coherence bandwidth is much larger than the
subcarrier spacing, the correlation aa,  takes large values
for multiple values of Am. This sparks the idea of taking
advantage of the frequency diversity in addition to the spa-
tial diversity. To this end, improved SINR performance can
be achieved by performing equalization for each subcarrier
multiple times, each with the channel of a different sub-
carrier within the coherence bandwidth. This improvement
substantially reduces the error propagation issue from (13).

While the channels from all subcarriers could be considered
for the averaging, the channels with a small correlation would
bring minimal improvement to the output. Since, the value
of apy, 1 decreases as we increase the value of [Am|, only
channels of subcarriers within a range are considered. Hence,
we call the maximum range considered as the depth, D.

Ideally, the depth would consider all adjacent subcarriers,
at higher and lower indices. However, since the channels
are updated in a sliding manner, only the channel on one
side of the subcarriers is available at the time of equaliza-
tion. Therefore, the final output of our proposed technique
is achieved with two steps. We perform the first step of the
proposed technique by sliding from lower to upper subcarrier
indices until the whole frame is equalized. For the second step,
the procedure is realized again, however, now sliding from
higher to lower subcarrier indices. It is worth noting that both
steps can be realized in parallel as the steps are independent of
each other. The output of both steps are then averaged to obtain
the final output of our proposed technique. We distinguish each

a7)
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Algorithm 1 Proposed Sliding Technique With Reference
Pilot at Subcarrier Index i

1: Initialize: Estimate channel at reference subcarrier (Pilot), obtaining Ki
using (4).

2: for £ = [—1,1] do
3: m’ = i {Define the anchor for closest available CFR}
4: for mq;, =1to M —1 do
5: m = ((4 * Emgir)) M
6: Initialize Xm,f = OKXN
7: ¢ = 0 {Define total channels used for equalization}
8: for Am =1to D do
9: if A((7n—£Am))M was estimated then
. X _x —1 MMSE v
10: X e _Xm’E+\P£Am<l>((m§£Am))MYm
11: c=c+1
12: end if
13: end for
14: if ¢ == 0 then -
15: Xpe=0"1 oMMSEY,
16: else .
17: X6 = X”;’E
18: end if R
19: X%D is obtained from hard decision of X, ¢
20: if f(m]?& is invertible then
21: A = Y (XHD) and update m/ = m
22: else
23: A, is not estimated and m’ is not updated
24: end if
25: end for
26: end for

27: Obtain X by averaging the two sets of result

step with the direction variable § € [—1, 1] representing steps
one and two, respectively. Each step can be represented as

D
~ 1 —
Xne=75 2. YeAn®n eAmYm-  (I8)
Am=1
The final output is then obtained as X,, = %(Xm7,1 +Xm,1)-
Our proposed technique is summarized in Algorithm 1.

In the following section, we numerically evaluate the
performance of our proposed technique. We compare our
solution with the conventional LS-based channel estimation
and MMSE combining. We show that our proposed chan-
nel estimation and equalization method, using only K pilots,
outperforms the conventional method, which requires LK
pilots.

V. NUMERICAL RESULTS

In this section, we evaluate the efficacy of our proposed
technique and compare it with the conventional LS-based
channel estimation and MMSE equalization. In our simula-
tions, we consider the UL transmission of a single frame with
16-QAM and OFDM modulation, M = 1024 subcarriers and
N = 14 time symbols. The BS serves K = 7 users, where
Np = 7 time slots are allocated to each user for channel
estimation and Ny = 7 for data transmission. We use the
Extended Typical Urban model (ETU) channel model, [13].
ETU channel model has the smallest coherence bandwidth,
ie., Fo =~ 200 kHz, among the 3GPP channel models [13].
Since our proposed method benefits from larger coherence
bandwidths, we chose this model to show the efficacy of
our proposed technique. Considering subcarrier spacing of
Af = 15 kHz and transmission bandwidth of 15 MHz,
the channel length is L = 77. Hence, for the conventional
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Fig. 1. SINR performance as a function of the number of BS antennas.
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Fig. 2. SIR performance as a function of the number of BS antennas.
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Fig. 3. BER performance for our proposed technique and MMSE combining.

LS-based channel estimators, a total of LN, = 539 time-
frequency resources are allocated for pilot transmission while
our proposed technique requires only N, = 7 time-frequency
resources. Perfect knowledge of the PDP for each user at
the BS is assumed. These results were obtained through the
ensemble average of 5000 random trials.

In Fig. 1, we evaluate the SINR performance of our
proposed technique versus the number of BS antennas for
D = 1, 2, 3, and without implementation of depth. When
depth is not implemented, we only consider one sliding
direction where one estimate of the data symbol at each sub-
carrier is obtained, i.e., the output is obtained from X,, =
\IlfltP%E/IlSE?m. An input SNR of 0 dB was considered.
The results in Fig. 1 show that our proposed technique can
effectively average out noise and multiuser interference as
the number of BS antennas grows large. Furthermore, our
proposed technique, without the implementation of depth, can
achieve very close performance to that of the conventional
MMSE combiner. This is while for D = 1, 2 and 3, it leads
to the SINR performance gain of around 2 dB compared to
the conventional MMSE combining. The SINR performance
of our proposed technique becomes linear only after deploying
a minimum number of BS antennas. This is due to error prop-
agation at the channel estimation stage in (13). This highlights
the benefit of increasing depth as it greatly improves the SINR
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performance, especially when considering fewer BS antennas
or lower input SNR. Furthermore, the frequency diversity pre-
dominantly averages out the channel estimation noise in (4).
However, as it is shown in Fig. 2, in the absence of noise,
increasing depth adversely affects the signal-to-interference
ratio (SIR). This is due to the approximation in (12). The con-
ventional LS channel estimation and MMSE combining lead
to infinite SIR in the absence of noise and thus, cannot be
included in the results of Fig. 2.

Finally, in Fig. 3, we analyze the BER performance of our
proposed technique when Q = 200 BS antennas are deployed.
The proposed technique with D = 3 leads to 2 dB performance
gain at large Eb/NOs compared to the conventional method.
These results show that increasing D from 1 to 3 provides
almost 4 dB performance gain.

VI. CONCLUSION

In this letter, we proposed a sliding joint channel estima-
tion and equalization technique that significantly reduces the
pilot overhead in massive MIMO. With the CFR estimates on
a single reference subcarrier, we showed that the data symbols
on the adjacent subcarriers can be detected with linear com-
bining. The detected data symbols are then utilized as virtual
pilots to update their corresponding channel estimates. The
updated CFRs are then used for equalization of the remain-
ing data symbols, in a sliding manner. With this approach,
we obtain multiple estimates of the transmitted data sym-
bols at each subcarrier that are averaged to provide additional
frequency diversity to the spatial diversity gains of massive
MIMO. Through extensive numerical analysis, we showed that
our proposed technique achieves improved SINR and BER
performance compared to the conventional linear combiners.
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