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Multi-Scale Induction Machine Model in the Phase
Domain With Constant Inner Impedance

Yue Xia and Kai Strunz

Abstract—An efficient and accurate multi-scale induction ma-
chine model for simulating diverse transients in power systems is
developed and validated. Voltages, currents, and flux linkages are
described through analytic signals that consist of real in-phase and
imaginary quadrature components, covering only positive frequen-
cies of the Fourier spectrum. The stator is modeled in the abc phase
coordinates of an arbitrary reference frame whose rotating speed
is adjusted by a simulation parameter called shift frequency. When
the reference frame is stationary at a zero shift frequency, then the
model processes instantaneous signals to yield natural waveforms.
When the reference frame is set to rotate at the synchronous
frequency of the electric network, then the Fourier spectra of
the analytic signals are shifted by this synchronous frequency to
become dynamic phasors that allow for efficient envelope tracking.
The shift frequency can be adapted during simulation. For any
rotor position and independent of the variation of the magnetizing
inductances with saturation, the induction machine model appears
as a Norton current source with constant inner admittance in
the abc phase domain to support the integration with simulators
that represent the electric network in the abc phase domain. The
analysis of test cases covering diverse transients substantiates the
claims made in terms of accuracy and efficiency across different
time scales.

Index Terms—Dynamic phasor, electromagnetic transients,
electromechanical transients, induction machine, modeling, multi-
scale, power system simulation, reference frame, shift frequency.

NOMENCLATURE

Throughout this paper, an underscore is used to mark a quantity
existing of real and imaginary parts, the symbol “∼” indicates
predicted quantities.
eabcsh, eabcrh Stator and rotor voltage history terms.
edq0rh Rotor voltage history term in rotor reference

frame.
eoc Stator open circuit voltage.
fc Carrier frequency.
fref Shift frequency.
Geq Equivalent conductance matrix.
iabcr, iabcr Rotor currents.
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iabcs, iabcs Stator currents.
ĩabcs Predicted stator currents.
idr, iqr Direct and quadrature components of rotor

currents.
ids, iqs Direct and quadrature components of stator

currents.
j Short circuit current source injection.
J Moment of inertia of machine.
k Time-step counter.
Lls, Llr Stator and rotor leakage inductances.
Lms Magnetizing inductance of stator windings.
Lrs(θr), Lsr(θr) Matrices of mutual inductances between sta-

tor and rotor windings.
Lss, Lrr Stator and rotor constant inductance

matrices.
p Number of poles.
Req Equivalent resistance matrix.
Rs, Rr Stator and rotor diagonal constant resistance

matrices.
Tm, Te Mechanical and electromagnetic torques.
vabcr, vabcr Rotor voltages.
vabcs, vabcs Stator voltages.
α Ratio of present to previous time-step sizes.
λabcr, λabcr Rotor flux linkages.
λabcs, λabcs Stator flux linkages.
θr Electrical rotor position.
θ̃r Predicted electrical rotor position.
τ Time-step size.
ωr Rotor electrical angular velocity.

I. INTRODUCTION

A LGORITHMS for the simulation of transients in electric
power systems are commonly classified into two cate-

gories. For the simulation of electromagnetic transients, the
algorithms of electromagnetic transients programs (EMTP) pro-
cess instantaneous signals to track natural waveforms [1]–[3].
For the simulation of electromechanical transients, algorithms
that process dynamic phasor signals to track envelope wave-
forms are popular [4], [5]. If it is of interest to study both
electromagnetic and electromechanical transients within the
same study, then the concept of frequency-adaptive simulation
of transients (FAST) [6]–[10] offers an efficient multi-scale
simulation. The virtues of dynamic phasors and EMTP-type
modeling techniques are combined by representing all ac quan-
tities through analytic signals and by introducing a variable
simulation parameter called the shift frequency. When the shift
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frequency is set equal to the ac carrier frequency of either 50 Hz
or 60 Hz, the ac carriers are eliminated and analytic signals
are transformed into dynamic phasors. With the shift frequency
equal to 0 Hz, the ac carriers are preserved, allowing for the
tracking of natural waveforms as in the EMTP. By appropriate
selection of the shift frequency, accurate and efficient multi-scale
simulation is supported.

The focus of this paper is on the modeling of induction
machines for multi-scale simulation. The dq0 transformation has
been widely used in the modeling of induction machines. The
main motivation of modeling stator quantities in the rotating dq0
reference frame lies in the elimination of time-varying induc-
tances [11], [12]. However, when the dq0 models are connected
to network models represented in the abc phase domain, they
do have indirect interfaces [2], [13], [14]. In [15], a phase
domain (PD) induction machine model that can be directly
interfaced with the network models was proposed for EMTP.
In [12], the voltage-behind-reactance (VBR) induction machine
model also providing direct machine-network interfacing was
introduced. Both the described phase domain and VBR models
have rotor-position-dependent equivalent admittance matrices
when discretized for EMTP-type solution. A modification of
the network nodal admittance matrix is required as the rotor
position changes.

In [16], a dimension reduction technique is applied to the
phase-domain induction machine model. The size of the equiv-
alent admittance matrix following the discretization for the
numerical solution is reduced. The electromagnetic quantities in
the difference equations are described through dynamic phasor
calculus using shift frequency analysis. Although this allows
for larger time-step sizes in representing electromechanical
transients compared with the original EMTP-type solution, the
admittance matrix is dependent on the rotor position.

In [17] and [18], EMTP-type solutions were developed to keep
the equivalent admittance matrices of the induction machine
models constant in the abc phase domain. This advantage is
combined with the capability to directly integrate with network
models in the phase domain without transformation from the
dq0 to the abc frame. The work presented here builds on these
findings, but is to focus on the multi-scale modeling.

The contributions made in this paper are twofold. At first,
a multi-scale induction machine model with a Norton constant
admittance in the phase domain is developed. The multi-scale
functionality with the shift frequency as a simulation parameter
supports the integrative simulation of electromagnetic and elec-
tromechanical transients across diverse time scales. Secondly,
thanks to the modeling in the phase domain, direct interfacing
with a multi-scale power system model in the phase domain is
enabled [7] and so complements available synchronous machine
models [19]. Furthermore, a test case involving diverse transients
is set up to demonstrate the efficiency and accuracy of the
proposed model.

In Section II, the key characteristics of analytic signals are
reviewed. The development of the multi-scale induction machine
model is elaborated upon in Section III. Section IV deals with
validation. The application of the model in multi-machine power
systems is discussed in Section V. Conclusions are drawn in
Section VI.

Fig. 1. Analytic signal processing and frequency shifting [6].

II. SHIFT FREQUENCY IN SIMULATION

All naturally generated signals are real. The left side of
Fig. 1(a) shows the Fourier spectrum of a real bandpass signal
s(t), which is concentrated around the carrier frequency fc
of either 50 Hz or 60 Hz in ac power systems. According to
Shannon’s sampling theorem, the theoretical maximum time-
step size is given by the Nyquist step size τNy = 1/(2(fc +
Δf)). As recommended in [20], the maximum time-step size
should be limited to τmax = 1/(5τNy) by considering the accu-
racy of numerical integration. So, generally (fc +Δf)τ � 1 is
necessary to accurately track the disturbed bandpass signal.

Through the application of the Hilbert transform, a quadra-
ture component H[s(t)] is created for s(t). An analytic signal
s(t) can be obtained by adding the quadrature component as
imaginary part [21]:

s(t) = s(t) + jH [s(t)] . (1)

The effect of the creation of the analytic signal from an original
bandpass signal s(t) is shown in Fig. 1(a). The Fourier spectrum
of s(t) extends to negative frequencies, this is not the case for the
corresponding analytic signal s(t). As shown in [6], the analytic
signal s(t) can be shifted by the so-called shift frequency fref
giving the frequency of the considered reference frame:

S [s(t)] = s(t)e−j2πfref t. (2)

If fref = 0 Hz is chosen, then the real part of the analytic signal
allows for tracking of natural waveforms as in EMTP-type simu-
lation. In the case of fref = 0 Hz, the carrier is present as shown
on the right side of Fig. 1(a), and the condition (fc +Δf)τ � 1
is to be respected. If the shift frequency is chosen to be equal
to the carrier frequency of the ac synchronous power system
fref = fc, then the complex envelope E [s(t)] is obtained. The
complex envelope is equivalent to a dynamic phasor where
the carrier oscillation is eliminated. Since |e−j2πfref t| = 1, the
magnitude is not changed by the shifting. The condition for the
time-step size changes from (fc +Δf)τ � 1 to (fc +Δf −
fref)τ = Δfτ � 1. Consequently, a larger time-step size can
be selected when tracking the complex envelope rather than the
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original bandpass signal. Details on the numerical integration
with analytic signals are introduced in [6].

III. MULTI-SCALE INDUCTION MACHINE MODELING

In accordance with [11], a three-phase symmetrical induction
machine is assumed with the stator and rotor windings respec-
tively being identical, sinusoidally distributed and separated
by 120◦. As in related works [13], [18], magnetic saturation
is not considered. In this section, the multi-scale modeling of
a three-phase induction machine is described. The developed
induction machine model supports the integrative simulation of
both electromagnetic and electromechanical transients. In a first
modeling step, multi-scale continuous machine equations in the
phase domain are given in Section III-A. Then, these multi-scale
machine equations in the phase domain are discretized in Section
III-B. In Section III-C, the machine equations are reformulated
in the rotor reference frame. The number of mathematical op-
erations required for the machine modeling is so reduced. In
Section III-D, the multi-scale induction machine model with a
current source behind a Norton inner constant admittance (ICA)
in the phase domain is developed, and the equivalent circuit of
the multi-scale ICA model is given. The mechanical equations
of the multi-scale ICA model are discretized in Section III-E.
Section III-F provides a description of the implementation of
the multi-scale ICA model. An extension to include saturation
as an option is discussed in Section III-G.

A. Multi-Scale Continuous Machine Equations in Phase
Domain

The phase domain voltage equations of a symmetrical induc-
tion machine may be written as follows [11]:[

vabcs(t)

vabcr(t)

]
=

d

dt

[
λabcs(t)

λabcr(t)

]
+

[
Rs 0

0 Rr

][
iabcs(t)

iabcr(t)

]
, (3)

where in the special case of a squirrel-cage rotor, vabcr(t) =
0V [22]; currents are by convention positive when flowing from
the terminals to the windings; a positive flux linkage relates to the
corresponding positive current through the right-hand-rule. For
a magnetically linear system, the flux linkages may be expressed
as:[

λabcs(t)

λabcr(t)

]
=

[
Lss Lsr(θr(t))

Lrs(θr(t)) Lrr

][
iabcs(t)

iabcr(t)

]
, (4)

with

Lsr(θr(t)) =

Lms

⎡
⎢⎢⎣

cosθr(t) cos
(
θr(t)+

2π
3

)
cos

(
θr(t)− 2π

3

)
cos

(
θr(t)− 2π

3

)
cosθr(t) cos

(
θr(t)+

2π
3

)
cos

(
θr(t) +

2π
3

)
cos

(
θr(t)− 2π

3

)
cosθr(t)

⎤
⎥⎥⎦

(5)

Lrs(θr(t)) = LT
sr(θr(t)). (6)

The stator inductance matrixLss and the rotor inductance matrix
Lrr are given in Appendix A.

The equation of motion is given by:

dωr(t)

dt
=

p

2J
(Te(t)− Tm(t)) , (7)

dθr(t)

dt
= ωr(t). (8)

The expression for the electromagnetic torque may be written
in terms of phase quantities as [11]:

Te(t) =
p

2
(iabcs(t))

T ∂

∂θr
[Lsr (θr(t))] iabcr(t). (9)

For multi-scale simulation, the machine model is to deal with in-
stantaneous and dynamic phasor signals at the network interface.
To handle such flexibility, an arbitrary reference frame for phase
quantities is defined in analogy to the arbitrary reference frame
used for dq0 quantities [11]. All time-varying quantities are
represented by analytic signals to allow for frequency shifting
as reviewed in Section II. The voltage equations (3) in the phase
domain become:[

vabcs(t)

vabcr(t)

]
=

d

dt

[
λabcs(t)

λabcr(t)

]
+

[
Rs 0

0 Rr

][
iabcs(t)

iabcr(t)

]
. (10)

Multiplying both sides of the first row of (10) by e−jωref t, appli-
cation of the product rule of differentiation, and introduction of
the notation of (2) yields:

S [vabcs(t)] =

(
jωref +

d

dt

)
S [λabcs(t)] +RsS [iabcs(t)] .

(11)

While the shift frequency is arbitrary, two settings of the shift
frequency are of particular significance, giving special cases
of an arbitrary reference frame [11]. If fref = 0 Hz, then the
representation is made in the stationary reference frame. In this
case, (11) is equivalent to the first row of (10); then taking the
real part on both sides gives the first equation of (3). Thus, the
stationary reference frame is suitable for the tracking of natural
waveforms of instantaneous signals as used in the EMTP. For
fref = fc, where fc gives the synchronous carrier frequency of
either 50 Hz or 60 Hz, the phase domain equations are repre-
sented in a synchronously rotating reference frame. The latter
is suited for the tracking of envelopes as done when processing
dynamic phasors. This is confirmed by inspection of (11). For
the stationary case where the envelopes do not change, as it is
the case for purely sinusoidal signals of not changing amplitude,
(11) relates the complex envelopes E by algebraic equations as
known from stationary phasor calculus:

E [vabcs(t)] = jωcE [λabcs(t)] +RsE [iabcs(t)] . (12)

For consistency of the overall approach, all time-varying electri-
cal quantities in flux linkage equations (4) are also represented
through analytic signals:[

λabcs(t)

λabcr(t)

]
=

[
Lss Lsr(θr(t))

Lrs(θr(t)) Lrr

][
iabcs(t)

iabcr(t)

]
. (13)
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B. Formulation of Multi-Scale Discretized Machine Equations
for Constant Inner Impedance

Application of the trapezoidal integration method to (11) gives
a difference equation:

S [vabcs(k)] + S [vabcs(k − 1)]

2

= jωref
S [λabcs(k)] + S [λabcs(k − 1)]

2

+
S [λabcs(k)]− S [λabcs(k − 1)]

τ

+Rs
S [iabcs(k)] + S [iabcs(k − 1)]

2
. (14)

Substitution of analytic signals into (14) as in [6] and rearranging
yields:

vabcs(k) = Rsiabcs(k) +

(
jωref +

2

τ

)
λabcs(k) + eabcsh(k),

(15)
with

eabcsh(k) = − ejωrefτvabcs (k − 1) +Rse
jωrefτ iabcs (k − 1)

+

(
jωref − 2

τ

)
ejωrefτλabcs (k − 1) . (16)

By substituting the stator flux linkage of (13) into (15), (15) is
rearranged as follows:

vabcs(k) = Rsiabcs(k) +

(
jωref +

2

τ

)
Lssiabcs(k)

+

(
jωref +

2

τ

)
Lsr(θr(k))iabcr(k) + eabcsh(k).

(17)
Next, the rotor voltage equation in (10) is considered. This
equation can also be discretized using the trapezoidal rule of
integration. After discretization and insertion of (13) into the dis-
cretized rotor voltage equation, the rotor currents are expressed
as follows:

iabcr(k) =

(
Rr +

2

τ
Lrr

)−1 (
− 2

τ
Lrs(θr(k))iabcs(k)

+ vabcr(k) + eabcrh(k)

)
,

(18)
with

eabcrh(k) = vabcr (k − 1)−
(
Rr − 2

τ
Lrr

)
iabcr (k − 1)

+
2

τ
Lrs (θr(k − 1)) iabcs (k − 1) . (19)

The derivation is detailed in Appendix B.
Insertion of (18) into (17) yields the Thevenin equivalent

formulation:

vabcs(k) = Reqiabcs(k) + eoc(k), (20)

with

Req=Rs+

(
jωref+

2

τ

)
Lss− 2

τ

(
jωref+

2

τ

)
Lsr(θr(k))

×
(
Rr +

2

τ
Lrr

)−1

Lrs (θr(k)) , (21)

eoc(k) =

(
jωref +

2

τ

)
Lsr (θr(k))

(
Rr +

2

τ
Lrr

)−1

× (eabcrh(k) + vabcr(k)) + eabcsh(k). (22)

The equivalent resistance matrix Req in (21) may seem to
be time-variant as the mutual inductance matrices Lsr(θr(k))
and Lrs(θr(k)) depend on the rotor position. Nonetheless, the
term Lsr(θr(k))(Rr +

2
τLrr)

−1Lrs(θr(k)) in (21) is constant
as shown in the following. The reformulation is to reveal that
Req is independent of the rotor position.

For a symmetrical machine with the assumptions made in
the beginning of this section, Rr and Lrr are constant and
symmetric matrices [11]. Therefore, the matrix (Rr +

2
τLrr)

−1

is also symmetric and constant. It can be expressed as follows:

(
Rr +

2

τ
Lrr

)−1

=

⎡
⎢⎣Ya Yb Yb

Yb Ya Yb

Yb Yb Ya

⎤
⎥⎦ . (23)

Insertion of (5), (6) and (23) into the term Lsr(θr(k))(Rr +
2
τLrr)

−1Lrs(θr(k)) gives:

Lsr(θr(k))

(
Rr +

2

τ
Lrr

)−1

Lrs(θr(k))

=
3

4
L2
ms(Ya − Yb)

⎡
⎢⎣ 2 −1−1

−1 2 −1

−1−1 2

⎤
⎥⎦ . (24)

As coefficients Ya and Yb are constant, the term
Lsr(θr(k))(Rr +

2
τLrr)

−1Lrs(θr(k)) is constant. Therefore,
the equivalent resistance matrix Req (21) is constant. The
formulation of (24) may also be found in [18].

C. Formulation of Multi-Scale Discretized Machine Equations
for Efficient Calculation of Stator Open Circuit Voltage

In Section III-B, stator open circuit voltage eoc in (22) is
expressed in terms of phase quantities. The matrices involved
are full matrices. In order to improve the model efficiency, the
stator open circuit voltage eoc is reformulated such that certain
operations are performed as dq0 quantities in the rotor reference
frame. Then, certain matrices used in the computation of eoc are
diagonal. The number of mathematical operations required for
the solution of eoc is so reduced. Such an approach has shown
to be effective in EMTP [17], [23].

In the rotor reference frame, the following holds [11]:

K(θr(k))Lsr(θr(k))K
−1(0) = Lsrdq, (25)

K(0)Lrs(θr(k))K
−1(θr(k)) = Lrsdq, (26)
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or

Lsr (θr(k)) = K−1 (θr(k))LsrdqK(0), (27)

Lrs (θr(k)) = K−1(0)LrsdqK (θr(k)) , (28)

where Lsrdq and Lrsdq are constant and given in Appendix A;
K(θr(k)) andK(0)perform transformations of stator quantities
and rotor quantities to the rotor reference frame, respectively.
The latter are given in Appendix C.

The first term on the right side of (22) is reformulated by
inserting (27) for Lsr(θr(k)):

eoc(k)− eabcsh(k)

=

(
jωref +

2

τ

)
K−1(θr(k))LsrdqK(0)

(
Rr +

2

τ
Lrr

)−1

× (eabcrh(k) + vabcr(k)) . (29)

Inserting (28) for Lrs(θr(k)) in (19), transforming phase quan-
tities iabcr(k − 1), vabcr(k − 1), vabcr(k) to idq0r(k − 1),
vdq0r(k − 1), vdq0r(k), and pre-multiplying by the identity
matrix K−1(0)K(0), the term eabcrh(k) + vabcr(k) can be
expressed as follows:

eabcrh(k) + vabcr(k)

= K−1(0)vdq0r(k − 1)

−K−1(0)K(0)

(
Rr − 2

τ
Lrr

)
K−1(0)idq0r(k − 1)

+
2

τ
K−1(0)Lrsdqidq0s(k − 1) +K−1(0)vdq0r(k).

(30)

Insertion of (30) into (29) yields:

eoc(k)− eabcsh(k) =

(
jωref +

2

τ

)
K−1(θr(k))LsrdqY rr

(
vdq0r(k − 1)−Zrridq0r(k − 1)

2

τ
Lrsdqidq0s(k − 1) + vdq0r(k)

)
,

(31)

with

Y rr = K(0)

(
Rr +

2

τ
Lrr

)−1

K−1(0), (32)

Zrr = K(0)

(
Rr − 2

τ
Lrr

)
K−1(0). (33)

The matrices Y rr and Zrr in (31) are diagonal matrices in the
rotor reference frame. Insertion of (23) and (71) into the term
Y rr (32) leads to:

Y rr = diag [Ya − Yb, Ya − Yb, Ya + 2Yb] . (34)

Inserting (71) into (33), the term Zrr can be expressed as:

Zrr = diag [Z1, Z1, Z2] , (35)

with

Z1 = Rr − 2

τ
Llr − 2

τ
Lm, (36)

Z2 = Rr − 2

τ
Llr, (37)

where Rr is the rotor resistance; Llr and Lm are given in
Appendix A.

Equation (31) may be rewritten as follows:

eoc(k) =

(
jωref +

2

τ

)
K−1(θr(k))LsrdqY rr

× (
edq0rh(k) + vdq0r(k)

)
+ eabcsh(k), (38)

with

edq0rh(k) = vdq0r(k − 1)−Zrridq0r(k − 1)

+
2

τ
Lrsdqidq0s(k − 1), (39)

and

idq0r (k − 1) = Y rr

(
− 2

τ
Lrsdqidq0s (k − 1) + vdq0r(k − 1)

+ edq0rh(k − 1)

)
. (40)

The calculation of the rotor current idq0r of (40) is detailed in
Appendix D.

A comparative inspection of (38) and (22) reveals the advan-
tage of the reformulation. Equation (22) makes use of eabcrh(k)
in (19) and iabcr(k) in (18). In analogy to that, (38) makes
use of edq0rh(k) in (39) and idq0r(k) in (40). But while (19)
and (18) are computed in the abc phase domain, (39) and (40)
are computed in the dq0 domain of the rotor reference frame.
While the matrices (Rr − 2

τLrr) and (Rr +
2
τLrr)

−1 in (19)
and (18) are full, the correspondingZrr andY rr of (39) and (40)
are diagonal matrices. As computation with the zeroes can be
omitted, a computational speed-up is obtained.

D. Formulation of Equivalent Circuit

Equation (20) gives the Thevenin equivalent circuit composed
of Req and eoc. Alternatively, (20) may be rearranged as a
Norton equivalent circuit:

iabcs(k) = Geqvabcs(k)− j(k), (41)

with

Geq =
(
Req

)−1 (42)

and

j(k) = Geqeoc(k). (43)

A multi-scale induction machine model with a controlled
current source behind a Norton inner constant admittance (ICA)
is so obtained based on (41). The equivalent circuit in Fig. 2
shows that the proposed multi-scale ICA model has a direct
interface with abc phase variables in the stationary reference
frame. Thanks to the constant Geq, changes in rotor position do
not alter the matrix describing the overall system.
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Fig. 2. Multi-scale ICA model as Norton equivalent.

Fig. 3. Algorithm of the multi-scale ICA model as Norton equivalent.

E. Formulation of Mechanical Equations

The electromagnetic torque is calculated as follows [11]:

Te(k) =
3p

4
Lm

(
Re [idr(k)] Re

[
iqs(k)

]
−Re [ids(k)] Re

[
iqr(k)

])
. (44)

The equations of motion in (7) and (8) are discretized as:

ωr(k) = ωr (k − 1) +
p

2

τ

J

× (Te(k) + Te (k − 1)− Tm(k)− Tm (k − 1)) ,
(45)

θr(k) = θr (k − 1) +
τ

2
(ωr(k) + ωr (k − 1)) . (46)

F. Implementation of Multi-Scale ICA Model

To illustrate the implementation of the multi-scale model, it
is assumed that the multi-scale model is connected to a network.
The voltages vabcs(k) are provided by the system model solver
covering the network. Fig. 3 describes the algorithm of the multi-
scale ICA model. In step 1, the multi-scale ICA model receives
its terminal voltages vabcs(k) as inputs. In step 2, the simulation
of the multi-scale ICA model is performed. The electrical and
mechanical variables of the multi-scale ICA model at time-step
k are calculated. In step 3, the rotor angle is predicted. Then,
history terms, the stator voltage source, and the Norton source

Fig. 4. Information exchange between the multi-scale ICA model as Norton
equivalent and the system model solver during time-step k.

Fig. 5. Representation of saturation characteristic.

are calculated. The prediction of the rotor angle is discussed
below. Step 4 is performed to provide information on the Norton
source j(k + 1) to the system model solver. The information
exchange between the ICA model and the system model solver
is clarified in Fig. 4. Upon completion, the algorithm of Fig. 3
starts with step 1 again.

The multi-scale ICA model performs angle prediction. In
step 3.1, the rotor angle is predicted using linear extrapolation:

θ̃r (k + 1) = θr(k) + α (θr(k)− θr (k − 1)) , (47)

with

α =
τ(k + 1)

τ(k)
, (48)

where τ(k) is the time-step size at step k, τ(k + 1) is the time-
step size at step k + 1. Such a prediction method is suitable for
the multi-scale simulation with diverse time-step sizes.

G. Inclusion of Saturation

Given the assumption of a magentically linear system for (4),
the formulations in Sections III-A to III-D do not take into
account potential effects of saturation. A saturation curve con-
sisting of unsaturated segment I and saturated segment II is
shown in Fig. 5 along with the linear air-gap line [11]. The
saturation curve relates the main flux to the magnetizing current.
The departure of the saturation curve from the air-gap line
is an indication of the degree of saturation. When saturation
effects are considered, the magnetizing inductance Lm varies
with the degree of saturation. The equivalent resistance matrix
in (21) then also varies with saturation, becoming Req(k). With
saturation, the voltage equation in (20) is as follows:

vabcs(k) = Req(k)iabcs(k) + eoc(k). (49)

The resistance matrix Req(k) can be decomposed as the sum
of a constant part Req and a saturation-segment-dependent part
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ΔReq,sat(k):

Req(k) = Req +ΔReq,sat(k), (50)

where the matrices Req(k) and Req are formed using (21)
with the saturated value of the magnetizing inductance and the
unsaturated value of the magnetizing inductance, respectively;
ΔReq,sat(k) represents the difference betweenReq(k) andReq.
In the absence of saturation, ΔReq,sat(k) = 0.

A constant equivalent resistance matrix is formed by in-
serting (50) into (49) and considering the saturation-segment-
dependent term ΔReq,sat(k)̃iabcs(k) as a voltage source with

ĩabcs(k) representing a prediction of iabcs(k). At its stator ter-
minal, the resulting machine model is then expressed as follows:

vabcs(k) = Reqiabcs(k) + eoc(k) + ΔReq,sat(k)̃iabcs(k).
(51)

The stator currents ĩabcs(k) are predicted at every time-step.
At very small time-step sizes, a linear extrapolation ĩabcs(k) =
iabcs(k − 1) + α(iabcs(k − 1)− iabcs(k − 2)) may be ap-
plied. But this linear extrapolation is not appropriate for large
time-step sizes. Instead, the phase advance ej2πfcτ of the carrier
oscillation over the time-step interval τ can be included so that
the extrapolation also applies to low-frequency electromechan-
ical transients simulated at large time-step sizes:

ĩabcs(k) =

ej2πfrefτ(k)
(
iabcs(k − 1)

+α
(
iabcs(k − 1)−ej2πfrefτ(k−1)iabcs(k−2)

))
,

(52)

where fref is being set according to the rules discussed in
Section II or in greater detail in [7]. For fref = fc, the phase
advance of the carrier oscillation is accounted for. For fref = 0
Hz, linear extrapolation is obtained as a special case.

Rearranging (51) allows to specify the Norton equivalent
equation (41) with a modified Norton source:

j(k) = Geq

(
eoc(k) + ΔReq,sat(k)̃iabcs(k)

)
. (53)

The admittance Geq is constant. This is an important property
of the induction machine model as it removes the need for
modifying the admittance matrix of the entire network at every
time-step.

The algorithm in Fig. 3 is modified to account for saturation.
The magnetizing inductance is determined based on the satura-
tion curve. The calculations in step 2 and step 3 are performed
with the determined magnetizing inductance. In step 2.1, the
stator current is calculated with (49). In step 3, the Norton source
is constructed based on (53) instead of (43).

A similar method of forming an inner constant admittance
matrix has been proven valuable in [23] for the modeling of the
synchronous machine. The variations in the admittance matrix
of the synchronous machine model [23] due to the rotor position
were eliminated.

TABLE I
SETTING OF SHIFT FREQUENCY fref AND TIME-STEP SIZE τ

IN STUDY OF DIVERSE TRANSIENTS

fc: Carrier frequency of the stationary reference frame.

IV. VALIDATION

The following analysis serves the purpose of validating the
model in terms of accuracy and evaluating its numerical effi-
ciency. Basis for the validation are the continuous-time machine
equations of Sections III-A and III-B. However, closed-form
continuous-time solutions are not available in general to serve as
a reference. After discretization, nonetheless, differences can be
expected among models even though the latter are derived from
an identical basis of continuous-time equations. The resulting
differences may be attributed to two categories. Firstly, differ-
ences can result from different interfaces between the network
model and the machine model as the interface may involve a
reference frame transform. Secondly, there are differences due
to different formulations of the component side of the discrete
machine model. When determining the reference solution for
validation, it is desirable to eliminate any such errors. Although
complete elimination is not possible, errors can be minimized
by appropriate selection of the reference model. As such, it was
decided to consider a machine model in the rotor reference frame
connected to an ideal voltage source at its stator terminal. By
representing the ideal voltage source also in the rotor reference
frame, the interface errors are avoided for the reference. For
the discretization of (10), (11), the trapezoidal method was
employed, and the reference model was implemented in Matlab.
The trapezoidal method was used for two reasons. Firstly, it is
known for its excellent accuracy in electromagnetic transients
simulation [1], [20]. Secondly, it is also used in the developed
multi-scale model. So, potential solution differences cannot
be attributed to the usage of different methods of numerical
integration.

For quantifying the accuracy of the proposed model with
respect to the reference, the 2-norm cumulative deviation of the
solution trajectory is used [24]:

ε(y) =
‖ỹ − y‖2
‖ỹ‖2 × 100%, (54)

where y is the solution trajectory obtained from the proposed
model, ỹ denotes the reference solution, and ‖ y ‖2 denotes 2-
norm of y.

The multi-scale ICA model was integrated with the simulation
method FAST [6] mentioned in Section I. Parameters of the
particular case are taken from [11] and are given in Appendix E.
The scenario of Table I covers a sequence of diverse stages. Fol-
lowing an initial stage of steady state, a three-phase-to-ground
fault happens at t = 0.5 s. Such a fault triggers electromagnetic
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Fig. 6. Multi-scale simulation results for a three-phase-to-ground fault at the
terminals of a 500-hp induction machine; left: electromagnetic torque; right:
machine angular speed.

Fig. 7. Phase a stator current ias; left: natural and envelope waveforms in
the multi-scale simulation, solid light: natural waveform, solid bold: envelope;
right: natural waveform of the reference solution.

transients. The fault is cleared at t =0.6 s, followed by a recovery
transient. After further 0.2 s at about t = 0.8 s, the electromag-
netic transients have largely damped out, it is sufficient to track
the remaining electromechanical transients. Finally, the machine
approaches quasi steady state conditions at about t = 1.1 s.
Details of how to select the shift frequencies are elaborated upon
in [7].

The induction machine model of the simulator EMTP-RV
is also included in the accuracy analysis. As opposed to the
reference model where the ideal voltage source at the stator
terminals was given in the dq0 domain of the rotor reference
frame, an ideal voltage source of EMTP is represented by phase
voltages in the stationary reference frame. When connecting
to that source, a reference frame transform is necessary as
the machine model of EMTP-RV is represented in the rotor
reference frame. In the following Section IV-A, the scenario
is studied, and the diverse transients are considered. Accuracy
and efficiency of the ICA model are investigated in Section IV-B
and Section IV-C, respectively.

A. Multi-Scale Simulation of ICA Model

Fig. 6 shows the simulation results for the electromagnetic
torque Te and the rotor angular speed ωr. It is clear that the
results obtained with the multi-scale ICA model closely match
the reference solution. Fig. 7 depicts the stator current ias and
shows how the multi-scale ICA model supports the integrative
simulation of both natural and envelope waveforms within one
study. Zoomed-in views of the stator current ias during recovery
electromagnetic transient and electromechanical transient stages
are shown in Fig. 8.

Fig. 8. Zoomed-in view of stator current ias; left: during recovery electro-
magnetic transient stage, solid light: natural waveform of the reference solution,
dashed light: natural waveform in the multi-scale simulation; right: during
electromechanical transient stage, solid light: natural waveform of the reference
solution, solid bold: envelope waveform in the multi-scale simulation, circles:
natural waveform in the multi-scale simulation.

TABLE II
SIMULATION ACCURACY OF THE MULTI-SCALE ICA MODEL

Initially, the machine is under a steady-state condition. En-
velope waveforms are represented at the beginning of the sim-
ulation. The shift frequency fref equals the carrier frequency at
60 Hz, and the time-step size τ equals 20 ms. At t1 = 0.5 s,
a three-phase-to-ground fault occurs at the machine terminals.
The fault triggers electromagnetic transients. Natural waveforms
are tracked at fref = 0 Hz and τ = 50 μs. The change from the
synchronously rotating reference frame with envelope tracking
to the stationary reference frame with the tracking of natural
waveforms is visible in Fig. 7. At t2 = 0.6 s, the fault is suc-
cessfully cleared. The electromagnetic transients still exist in
the system. The simulation parameters remain fref = 0 Hz and
τ = 50 μs. Tracking of natural waveforms in the stationary ref-
erence frame continues. At about t3 = 0.8 s, the electromagnetic
transients have strongly decayed. Remaining electromechanical
oscillations are emulated with envelope tracking at τ = 2 ms in
the synchronously rotating reference frame as shown in Fig. 7.
As steady-state conditions approach, at about t4, the time-step
size is increased to 20 ms. The envelope is tracked further to
represent the quasi steady state.

B. Accuracy of Multi-Scale ICA Model

To investigate the accuracy of the multi-scale ICA model, the
2-norm cumulative deviations of ias from the reference are sum-
marized in Table II. During fault and recovery electromagnetic
transient, τ = 50μs is used, the multi-scale ICA model provides
accurate results with deviations of 1.2333 % and 0.5245 %
deviations. As shown on the left of Fig. 8, no deviation of the
simulation results obtained by the multi-scale ICA model from
the corresponding reference solution is visible.

During stages of electromechanical transients or steady state,
much larger time-step sizes are chosen. According to (1), the
real parts of the analytic signals represent the time domain
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Fig. 9. Phase a stator current ias during recovery electromagnetic transient
using a time-step of 0.5 ms for multi-scale ICA model, multi-scale dq0 model,
and EMTP-RV.

instantaneous values. The latter are used to further investigate the
accuracies of envelope waveforms processed by the multi-scale
ICA model. The natural waveforms are shown using circles
in Fig. 8. As observed on the right of Fig. 8, the simulation
results obtained with the multi-scale ICA model closely match
the reference solutions. The deviations during these stages are
0.0339 % and 0.0503 %, respectively.

To further assess the quality, the study performed in Section
IV-A is repeated with a larger fixed time-step of 0.5 ms. For
comparison, the multi-scale dq0 induction machine model [14]
and the induction machine model of EMTP-RV are considered.
The time-step size for the multi-scale dq0 model and the model
of EMTP-RV is also set to 0.5 ms. Fig. 9(a) shows the stator
current ias during the recovery transient. To focus on details, a
zoomed-in view of ias is displayed in Fig. 9(b). It is clear that
the results obtained with the proposed multi-scale ICA model
are more accurate than those obtained with the multi-scale dq0
model and the model of EMTP-RV. The improved accuracy
can be attributed to the direct interfacing in the phase domain
using (41). Furthermore, as shown in Fig. 9(b), the multi-scale
dq0 model is more accurate than the model of EMTP-RV. For a
description of the multi-scale dq0 model, the interested reader
may consult [14].

C. Efficiency of Multi-Scale ICA Model

The computational cost of the multi-scale ICA model and
the corresponding single-scale ICA model as appropriate for
EMTP-type simulation are compared in terms of floating point
operations and trigonometric functions required for a single
time-step. In the multi-scale simulation, analytic instead of real
signals are used. The counting rules for trigonometric functions
are documented in [12]. The flop counting rules for elementary
operations are as follows [25]:
� real variable operations: consider one floating-point addi-

tion, subtraction, multiplication, or division as 1 flop;
� complex variable operations: consider complex addition or

subtraction as 2 flops, complex multiplication as 6 flops,
complex division as 11 flops;

� complex-real variable operations: consider one complex-
real addition or subtraction as 1 flop, complex-real multi-
plication or division as 2 flops.

The elementary operations flops and trigonometric functions
required for an EMTP-type model and the multi-scale ICA
model are summarized in Table III. For better comparison, the

TABLE III
ELEMENTARY OPERATIONS FLOPS AND ADDITIONAL TRIGONOMETRIC

FUNCTIONS COUNTS PER STEP OF NORTON EQUIVALENT

counts are divided among different computations affiliated with
the algorithm of Fig. 3. For the multi-scale model, two cases
are considered as described in Section III-A: one with a setting
of fref = 0 Hz and the other with a setting of fref = fc. The
counts for the multi-scale model in these two cases are treated
separately and separated by the symbol “/” in Table III. When
at fref = 0 Hz real instantaneous signals were used instead of
analytic signals, the multi-scale ICA model would work as an
EMTP-type ICA model. Hence, the counts of the EMTP-type
ICA model in Table III are obtained based on this special case
of the multi-scale ICA model. Table III shows the number of
flops for the Norton equivalent. If the Thevenin equivalent (20)
is used, then (43) is not needed and the count is reduced. This
approach was adopted in [17].

Based on (47), 4 flops are required for the prediction of rotor
angle θr(k + 1) in the multi-scale model in which multiple
time-steps are used. In contrast, the EMTP-type model at a
constant time-step only requires 2 flops for the prediction of
the rotor angle given by (76) of Appendix F. Furthermore,
as discussed in [12], the evaluation of a single trigonometric
function may cost as much as the evaluation of twenty equivalent
flops. As a consequence, 91 + 2 · 20 = 131 flops are required
for the EMTP-type ICA model, 164 + 2 · 20 = 204 flops are
required for the multi-scale model in the case of fref = 0 Hz,
248 + 2 · 20 = 288 flops are required for the multi-scale model
for fref = fc.

The EMTP-type ICA model and the multi-scale ICA model
process real signals and analytic signals, respectively. In the
simulation of electromagnetic transients, a comparative small
time-step size, e.g. 50 μs in Section IV-A, is required for the
multi-scale ICA model as well as the EMTP-type ICA model.
The processing of analytic rather than real signals leads to a
factor of (204 flops)/(131 flops) ≈ 1.56 in increased computa-
tional cost per time-step. For the electromechanical transients in
Section IV-A, a time-step of 2 ms was selected for the multi-scale
ICA model. However, the time-step for the EMTP-type ICA
model was still set to 50 μs. The multi-scale ICA model was
more efficient than the EMTP-type model because the number of
operations per time-step was reduced by the factor of (2 ms)·(131
flops)/(50μs)/(288 flops)≈18. During the period of quasi steady
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Fig. 10. One-line diagram of multi-machine power system used for test of
practical application.

state, a larger time-step of 20 ms was chosen for the multi-scale
ICA model. The computational cost of the multi-scale ICA
model was (20 ms)·(131 flops)/(50 μs)/(288 flops) ≈ 182 times
lower than that of the EMTP-type model. The EMTP-type model
still needed to track the 60-Hz sinusoidal waveforms, while the
multi-scale model followed the envelopes of the voltages and
currents.

V. PRACTICAL APPLICATION

In this section, the proposed multi-scale machine model is
applied and validated for a practical power system. The focus of
this section is on verification of the capabilities in application. In
Section V-A, the setup of the simulation is introduced. In Section
V-B, the practical multi-scale simulation run of transients is de-
scribed. An analysis of the multi-scale simulation is performed
in Section V-C.

A. Setup of Simulation

A one-line diagram of the test system is given in Fig. 10. A
distribution network which comprises 15 induction machines is
connected to the Western System Coordinated Council (WSCC)
9-bus system at bus 7. The parameters of the lines, transformers
and synchronous machines are from [26]. The modeling of line
and transformer can be found in [7]. The synchronous machine is
represented by the equivalent circuit shown in [11]. The parame-
ters of the machines are from [27], [28] and listed in Appendix E.
As part of the setup procedure, the steady-state torque-speed
characteristic curve of the newly developed induction machine
model was verified to make sure that it closely matches the ref-
erence machine data. The reference data of the 25-hp induction
machine, including torque-speed characteristics, were compiled
from the results reported in [28] and listed in Appendix E. For
the verification, shift frequency and time-step size were set to
fref = 60Hz and τ = 2ms, respectively, since those settings are
also commonly encountered in the upcoming simulation. The
results of the comparison of the torque-speed characteristics are
shown in Fig. 11. The close matching of the characteristic curves
of the reference data and of the multi-scale ICA model show
that the latter is ready for application in practical application.
The matching also further substantiates the outcomes of the
theoretical validation in Section IV.

Fig. 11. Model torque speed curve compared with reference data of 25-hp
induction machine.

Fig. 12. Phase a current of inet; left: natural and envelope waveforms in the
multi-scale simulation, solid light: natural waveform, solid bold: envelope; right:
natural waveform of the reference solution in EMTDC.

Fig. 13. Phase b current of inet; left: natural and envelope waveforms in the
multi-scale simulation, solid light: natural waveform, solid bold: envelope; right:
natural waveform of the reference solution in EMTDC.

Initially, the system is in the steady state and the machines
are operating steadily at rated load torques. Phase b is shorted to
ground at bus 6 at t = 0.2 s. The fault is cleared after five cycles.
As in Section IV-A, multi-scale simulation is also applied in this
case study. For the purpose of comparison, the test system is also
modeled in PSCAD/EMTDC [2], which is a representative of
the family of EMTP-type programs and is most widely used in
practice. A fixed time-step size of 50 μs is used for the PSCAD
simulation.

B. Run of Simulation

The currents flowing into the distribution network are shown
in Fig. 12 and Fig. 13. Zoomed-in views of phase a current inet,a
and phase b current inet,b during diverse transients stages are
shown in Figs. 14, 15, and 16. At the beginning of the simulation,
the envelope waveforms are tracked at fref = 60 Hz and τ =
20 ms. At t = 0.2 s, a single-phase-to-ground fault occurs at bus
6. The electromagnetic transients are triggered as a consequence
of the occurrence of the fault. Natural waveforms rather than
envelopes are tracked at a small time-step size of 50 μs. At about
t = 0.34 s, the electromagnetic transients have largely decayed.
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Fig. 14. Zoomed-in views of inet,a and inet,b during the period of elec-
tromagnetic transients; solid: natural waveform of the reference solution in
EMTDC, dashed: natural waveform in the multi-scale simulation; left: phase
a current inet,a; right: phase b current inet,b.

Fig. 15. Zoomed-in views of inet,a and inet,b during the period of elec-
tromechanical transients; solid light: natural waveform of the reference solution
in EMTDC, circles: natural waveform in the multi-scale simulation, solid bold:
envelope waveform in the multi-scale simulation; left: phase a current inet,a;
right: phase b current inet,b.

Fig. 16. Zoomed-in views of inet,a and inet,b during the period of quasi
steady state; solid light: natural waveform of the reference solution in EMTDC,
circles: natural waveform in the multi-scale simulation, solid bold: envelope
waveform in the multi-scale simulation; left: phase a current inet,a; right: phase
b current inet,b.

Envelope tracking resumes at fref = 60 Hz and τ = 2 ms. At
about t = 0.6 s, steady-state conditions are close with nearly
undistorted sine waveforms. The envelope is tracked further at
a large time-step size of τ = 20 ms.

C. Analysis of Simulation

The proposed multi-scale ICA model shows to accurately
simulate diverse transients including the tracking of both natural
and envelope waveforms. As observed in Figs. 14, 15, and 16,
the results obtained with the proposed model closely match
the reference solutions. No difference between the multi-scale
simulation and the corresponding PSCAD simulation is visible.
Of interest is also a comparison of the computational efficiency.
In the multi-scale simulation, the analytic signals are used,
the real signals are used for the EMTP-type implementation.

When tracking electromagnetic transients, both implementa-
tions require a comparatively small time-step size of 50 μs.
The processing of analytic rather than real signals has shown to
increase the computational cost per time-step by a factor of about
1.3, in accordance with the findings in [7]. For the period of elec-
tromechanical transients, a larger time-step size of 2 ms is used
in the multi-scale simulation. Taking into account that analytic
signals are processed, the computational speed is increased by a
factor of (2 ms)/(50 μs)/1.3 ≈ 31. When the system approaches
steady-state conditions, the time-step size is increased to 20 ms
in the multi-scale simulation. The computational speed is then
increased by a factor of (20 ms)/(50 μs)/1.3 ≈ 308.

VI. CONCLUSION

A multi-scale induction machine model with constant inner
admittance in the phase domain was developed, implemented,
and validated. The model directly integrates with simulators
describing the network in the phase domain without a reference
frame transformation. The variations in inner admittance due to
the rotor position and saturation are eliminated. There is no need
to change the network nodal admittance matrix. The variable
electric and magnetic quantities are modeled through analytic
signals that support frequency shifting of involved Fourier spec-
tra. Thus, with the shift frequency as a simulation parameter in
addition to the time-step size, diverse transients can be tracked
efficiently.

The performance has been verified through test cases initially
dominated by electromagnetic transients followed by a stage of
electromechanical transients. A very high degree of accuracy
was confirmed. Both shift frequency and time-step size were
adapted to the situation given by the prevailing transients. The
modeling methodology is also valid and applicable when it is
used at an unchanged reference frame in the phase domain. If
the selected reference frame is stationary, it is very suitable for
processing instantaneous signals just as done in EMTP. In the
synchronously rotating reference frame instead, interfacing is
most suitable with simulations processing dynamic phasors. The
main scientific contribution, however, pertains to the capability
of the ICA model to efficiently track transients across multiple
time scales.

APPENDIX

A. Coefficients of Multi-Scale ICA Model

The stator inductance matrix Lss, the rotor inductance matrix
Lrr and the mutual inductance matrix Lsr(θr) are given as
follows [11]:

Lss =

⎡
⎢⎣Lls + Lms − 1

2Lms − 1
2Lms

− 1
2Lms Lls + Lms − 1

2Lms

− 1
2Lms − 1

2Lms Lls + Lms

⎤
⎥⎦ , (55)

Lrr =

⎡
⎢⎣Llr + Lms − 1

2Lms − 1
2Lms

− 1
2Lms Llr + Lms − 1

2Lms

− 1
2Lms − 1

2Lms Llr + Lms

⎤
⎥⎦ , (56)
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For a magnetically linear system, the flux linkages in the dq0
domain of the rotor reference frame may be expressed as [11]:

λdq0s(t) = Lssdqidq0s(t) +Lsrdqidq0r(t), (57)

λdq0r(t) = Lrsdqidq0s(t) +Lrrdqidq0r(t), (58)

where the coefficient matrices Lssdq, Lsrdq, Lrsdq and Lrrdq

are constant. They are given as follows:

Lssdq = diag [Lls + Lm, Lls + Lm, Lls] , (59)

Lrrdq = diag [Llr + Lm, Llr + Lm, Llr] , (60)

Lsrdq = diag [Lm, Lm, 0] , (61)

Lrsdq = LT
srdq, (62)

with

Lm =
3

2
Lms. (63)

For the multi-scale simulation, the stator circuit and rotor
circuit flux linkage equations in the dq0 domain are represented
using analytic signals:

λdq0s(t) = Lssdqidq0s(t) +Lsrdqidq0r(t), (64)

λdq0r(t) = Lrsdqidq0s(t) +Lrrdqidq0r(t). (65)

Multiplying both sides of (64) by the inverse rotor reference
frame transformation K−1(θr(t)) of (71) yields the stator flux
linkage λabcs(t) in the phase domain:

λabcs(t) = K−1 (θr(t))Lssdqidq0s(t)

+K−1 (θr(t))Lsrdqidq0r(t). (66)

A similar expression applies to the rotor flux linkage λabcr(t) in
the phase domain:

λabcr(t) = K−1(0)Lrsdqidq0s(t) +K−1(0)Lrrdqidq0r(t).
(67)

B. Calculation of Rotor Currents in Phase Domain

The rotor current iabcr in (10) may be expressed through the
stator current iabcs and rotor voltagevabcr. The process is shown
in the following. The rotor flux linkages in (10) are discretized
using the trapezoidal rule of integration as:

λabcr(k)− λabcr(k − 1)

τ
=

vabcr(k) + vabcr(k − 1)

2

− Rriabcr(k) +Rriabcr(k − 1)

2
.

(68)

Insertion of the rotor flux linkages (13) into (68) yields:

Lrs(θr(k))iabcs(k) +Lrriabcr(k)

τ

− Lrs(θr(k − 1))iabcs(k − 1) +Lrriabcr(k − 1)

τ

=
vabcr(k) + vabcr(k − 1)

2
− Rriabcr(k) +Rriabcr(k − 1)

2
.

(69)

By rearranging (69), the rotor currents iabcr(k) may be ex-
pressed as given in (18).

C. Rotor Reference Frame Transformation

Let variablesXdq0 = (Xd Xq X0)
T be represented in a rotor

reference frame rotating at rotor speed ωr and the q-axis leading
the d-axis by 90◦. The transform of phase variables Xabc =
(Xa Xb Xc)

T to the rotor reference frame is [11]:

Xdq0 = K(θ)Xabc (70)

with

K(θ) =
2

3

⎡
⎢⎣ cosθ cos

(
θ − 2π

3

)
cos

(
θ + 2π

3

)
−sinθ −sin

(
θ − 2π

3

) −sin
(
θ + 2π

3

)
1
2

1
2

1
2

⎤
⎥⎦ ,

(71)

dθ

dt
= ωr − ωph, (72)

where ωph denotes the rotational speed of the circuits to which
the abc phase variables are affiliated. It is assumed here that d-
axis and a-axis coincide at t = 0 s. It follows that for rotating abc
variables affiliated with the rotor, K(0) is used since ωr = ωph.
For stationary abc variables affiliated with the stator, ωph = 0
and θ = θr. Equation (8) is so obtained as special case of (72).

D. Calculation of Rotor Currents in dq0 Domain

The rotor current idq0r in (39) may be expressed through the
stator current iabcs. Multiplying both sides of (18) by K(0)
leads to:

idq0r(k)=K(0)

(
Rr+

2

τ
Lrr

)−1 (
− 2

τ
Lrs(θr(k))iabcs(k)

+ vabcr(k)+eabcrh(k)

)
.

(73)

Inserting (28) and (32) into (73) gives:

idq0r(k) = − 2

τ
Y rrLrsdqidq0s(k) + Y rrvdq0r(k)

+K(0)

(
Rr +

2

τ
Lrr

)−1

eabcrh(k). (74)

Inserting (32) into (38) and comparing (29) with (38) gives:

K(0)

(
Rr +

2

τ
Lrr

)−1

eabcrh(k) = Y rredq0rh(k). (75)

By inserting (75) into (74), the rotor currents idq0r(k) may be
expressed as shown in (40).

E. Induction Machine Parameters

The parameters of the selected induction machines used in
Section IV and Section V are given in Table IV. The 250-hp and
500-hp induction machine parameters are taken from [27]. The
25-hp induction machine parameters are taken from [28].
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TABLE IV
PARAMETERS OF SELECTED INDUCTION MACHINES

F. Prediction of the Rotor Angle for the EMTP-type Model

The prediction of the rotor angle in (47) is performed for the
multi-scale simulation, where diverse time-step sizes are used.
However, the time-step size in the EMTP typically is constant.
In the EMTP, the prediction of the rotor angle becomes:

θ̃r (k + 1) = 2θr(k)− θr (k − 1) . (76)

REFERENCES

[1] H. W. Dommel, “Digital computer solution of electromagnetic transients in
single- and multiphase networks,” IEEE Trans. Power App. Syst., vol. PAS-
88, no. 4, pp. 388–399, Apr. 1969.

[2] A. M. Gole, R. Menzies, P. Turanli, and D. Woodford, “Improved interfac-
ing of electrical machine models to electromagnetic transients programs,”
IEEE Trans. Power App. Syst., vol. PAS-103, no. 9, pp. 2446–2451,
Sep. 1984.

[3] K. Strunz and E. Carlson, “Nested fast and simultaneous solution
for time-domain simulation of integrative power-electric and electronic
systems,” IEEE Trans. Power Del., vol. 22, no. 1, pp. 277–287,
Jan. 2007.

[4] A. M. Stankovic, B. C. Lesieutre, and T. Aydin, “Modeling and analysis
of single-phase induction machines with dynamic phasors,” IEEE Trans.
Power Syst., vol. 14, no. 1, pp. 9–14, Feb. 1999.
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