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Generalized Area Spectral Efficiency of Wireless
Ad-hoc Networks over Rayleigh Fading

Jun Zhu, Lei Zhang, Hong-Chuan Yang, and Mazen O. Hasna

Abstract: Generalized area spectral efficiency (GASE) was intro-
duced as a metric to quantify the spectral utilization efficiency of
wireless transmissions. Unlike other performance metrics, GASE
takes into account the spatial property of wireless transmissions.
In this paper, we extend the research on GASE from link level
to network level. In particular, we consider a wireless ad-hoc net-
work with Poisson distributed nodes. We take into account the co-
channel interference and derive the generic closed-form moment
generating function (MGF) expression of aggregate interference
in such network. With the interference statistics, we calculate the
ergodic capacity, affected area, and GASE of the network over
Rayleigh fading channels. Furthermore, we analyze the effect of
carrier sense multiple access with collision avoidance (CSMA/CA)
mechanism on the GASE performance of such network. Finally,
we propose a new cognitive paradigm that allows the secondary
transmitters that are located outside the primary affected area to
transmit. With this paradigm, we can achieve high ergodic capacity
while effectively utilizing the space-spectrum resource of primary
network. Besides, through mathematical analysis and numerical
examples, we show that GASE provides a new perspective on trans-
mission power selection and secondary network optimization.

Index Terms: Aggregate interference, ergodic capacity, Poisson
point process, Rayleigh fading.

I. INTRODUCTION

WITH the development of wireless communication tech-
nology, a variety of wireless network models are emerg-

ing, such as ad hoc network, wireless censor network, cognitive
network, and etc. Those networks are usually confined in a spe-
cific geometrical area with dense node distribution. Nodes in
the network share the same spectrum bandwidth without central-
ized coordination, and thus generate interference on each other.
Therefore, spatial property and node intensity are essential to
the system performance. However, most conventional perfor-
mance metric for wireless networks focus on the quantification
of either spectrum utilization efficiency or link reliability. Sel-
dom do they consider the spatial property of wireless transmis-
sion. In [1], generalized area spectral efficiency (GASE) was
proposed to evaluate the spectral efficiency as well as spatial
utilization efficiency of arbitrary wireless transmissions. GASE
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is defined as the ratio of overall effective ergodic capacity of
the transmission link over its affected area, where a significant
amount of transmission power is observed and parallel transmis-
sions over the same frequency will suffer high interference level.
In previous work [1], GASE performance analysis was carried
out on link-level transmission scenarios, such as dual-hop re-
lay transmission, three-node cooperative relay transmission and
underlay cognitive radio transmission. These works focused on
the transmission power optimization from individual node per-
spective. In this paper, we extend the analysis to network-level
scenario. In particular, we take into account mutual co-channel
interference among the nodes that are randomly distributed in
the network. We also consider the impact of node intensity as
well as node coordination schemes on the system GASE perfor-
mance.

In wireless networks, a collection of nodes share the same
spectrum bandwidth to increase the system spectrum utilization
efficiency. From conventional point of view, the side effect of
this approach is severe co-channel interference, which may de-
teriorate the system performance. Therefore, knowledge of in-
terference statistics is essential to the performance analysis of
wireless networks. In particular, the statistics of co-channel in-
terference in wireless networks are affected by the following
essential physical parameters, namely: (1) Spatial distribution
of interferers; (2) propagation characteristic of the medium, in-
cluding path loss, shadowing and fading; (3) spatial region over
which the interferers are distributed. Specifically, if no knowl-
edge regarding node locations is available a priori, a typical as-
sumption is that the nodes are distributed according to a homo-
geneous Poisson point process [2], [3]. Intensive research has
been carried out on the application of Poisson point process to
wireless networks, including network connectivity and cover-
age [4]–[7], packet throughput [8], error probability and link
capacity in the presence of interferers in a Poisson field [11],
[12], [32], [33]. If we further assume individual interference
power follows a distance-dependent decaying power law, then
the aggregate interference at the receiver can be modeled as
shot noise [13] associated with a particular Poisson point pro-
cess. In [11], it showed that the shot noise interference from
a homogeneous Poisson field of interferers distributed over the
entire space can be modeled using the symmetric α-stable distri-
bution [14]. Following this work, α-stable distribution has been
extensively applied to characterizing the interference in wireless
networks [15]–[19]. The interference statistics are given by their
MGF function. However, due to the complexities of these MGF
functions, no closed-form PDF/CDF expression was given ex-
cept for several special cases, limiting the usage of the interfer-
ence statistics in the derivation. In this paper, we further develop
these results and apply them into the GASE analysis. Specifi-
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cally, we derive the generic closed-form expression of the inter-
ference statistics in Poisson distributed network over Rayleigh
fading channels. These expressions can be readily applied into
the calculation of ergodic capacity and affected area of such net-
works. Through mathematical analysis and numerical examples,
we analyze the effect of node intensity and transmission power
on the ergodic capacity, affected area and GASE of wireless net-
works.

We also consider the impact of node coordination on system
GASE performance. First, we consider a more practical wireless
network in which carrier sense multiple access with collision
avoidance (CSMA/CA) mechanism is employed. In CSMA/CA
network, two close nodes are prohibited to transmit simultane-
ously, and thus ensures a minimum distance between each active
transmitter. In this scenario, we introduce Matèrn point pro-
cess [20], [21] to model the spatial distribution of transmitter-
receiver pairs in CSMA/CA networks. Matèrn point process is
established from its underlying Poisson point process by de-
pendent thinning operations, where it retains certain points of
a Poisson point process in such a way that no pairs of points are
at distance less than a threshold. The statistics we derived in
Poisson field is still valid by imposing a guard zone around the
transmitter. However, special treatment should be exercised on
the calculation of the affected area. Through numerical exam-
ples, we compare the performance, in terms of ergodic capacity,
affected area and GASE, of wireless networks with and without
implementing CSMA/CA mechanism.

Finally, we analyze GASE of two-tier cognitive networks.
Cognitive radio is used as a promising technology to improve the
spectrum utilization by letting the unlicensed (secondary) user
share a frequency bandwidth with the licensed (primary) owner
under the condition that no harmful interference is caused to the
licensee [22]–[24]. Typically, there are three main cognitive ra-
dio paradigms [25]: Interweave, overlay and underlay. With in-
terweave paradigm, cognitive users opportunistically exploit the
primary radio spectrum only when primary users are detected to
be idle [24]. In overlay paradigm, cognitive users help maintain
and/or improve primary users’ communication while utilizing
some spectrum resources for their own communication needs
[26]. The underlay paradigm allows cognitive users share the
frequency bandwidth of primary users only if the resultant in-
terference power level at the primary receiver is below a given
threshold [27], [28]. These paradigms either explore the time-
spectrum hole or use sophisticated techniques to protect the pri-
mary network.

In this paper, we propose a new paradigm from the space-
spectrum perspective. In particular, primary network is first es-
tablished and defines its primary affected area. Secondary nodes
can transmit only when they are outside the primary affected
area. This mechanism allows the secondary network fully ex-
plore the space-spectrum holes in the primary network, but
it also increases the interference level of the entire network.
Through numerical examples, we show the effect of secondary
cognitive users on the total ergodic capacity, affected area,
whereas we use GASE metric to measure the tradeoff between
the former and the latter. Part of the contributions have been re-
ported in [29], which considered ergodic capacity (not GASE)
for a single transmitter-receiver pair.

The main contribution of this work can be summarized as fol-
lows:
• We further develop the aggregate interference statistics in

Poisson distributed network over Rayleigh fading channels.
Specifically, we derive the generic closed-form MGF ex-
pression of aggregate interference. This result is generic and
can be applied both in finite and infinite region.

• We readily apply the closed-from moment generating func-
tion (MGF) expression of aggregate interference in the cal-
culation of the ergodic capacity, affected area and GASE of
wireless ad hoc network. Besides, we analyze the effect of
transmitter coordination on the network performance. We
first use Matèrn point process to model the distribution of
active transmitters in CSMA/CA network. We find that in
sparse network, non CSMA/CA network achieves better er-
godic capacity. However, in dense network, CSMA/CA net-
work can ameliorate the increase of aggregate interference
level and achieve the same amount of ergodic capacity with
fewer transmitters than non CSMA/CA network. We also an-
alyze the common transmission power on the performance
of wireless ad hoc network and provide a new perspective
on the transmission power optimization.

• We propose a new cognitive radio paradigm to explore
space-spectrum resource of wireless network. This paradigm
allows the secondary transmitters that are located outside the
primary affected area to transmit. We analyze the effect of
this paradigm in terms of ergodic capacity, affected area and
GASE of two-tier cognitive network. We find that although
it deteriorates GASE performance of two-tier cognitive net-
work, secondary transmitters are able to increase ergodic ca-
pacity as well as exploit space-spectrum resource of wireless
network. However, numerical examples show that the net-
work performance is sensitive to the number of secondary
transmitters and their transmission power. Moreover, GASE
offers a new perspective on transmitter intensity selection
and transmission power optimization.

The remainder of this paper is organized as follows: Sec-
tion II presents system model and aggregate interference statis-
tics. Section III carries out the analysis on GASE of wireless ad
hoc networks with and without implementation of CSMA/CA
mechanism. Section IV analyzes GASE of two-tier networks,
namely heterogeneous and underlay cognitive network and
demonstrates the effect of secondary network on the ergodic ca-
pacity and GASE. Section V concludes the work.

II. SYSTEM MODEL AND INTERFERENCE STATISTICS

A. System Model

We consider a wireless network in two-dimensional homoge-
neous space R2. The transmitters in the network are distributed
according to Poisson point process Π = {ri} of intensity λ (in
the unit of nodes/Km2), where ri’s are the random distances be-
tween the transmitters and the origin of the space. 1 We assume
all the transmitters are equipped with omni-directional antennas
and share the same frequency bandwidth without coordination

1The model considered here is more general than Possion bipolar model [42],
in which the distance between transmitter and receiver is fixed.
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and restriction. Each transmitter communicates with one and
only one receiver. We also assume that each transmitter always
has packets to send whenever it gets scheduled. This is applica-
ble in fully saturated network, and the GASE of such network
serves as the worst-case lower bound. The case of non-saturated
network [30]–[34] will be considered in the future work. For
each transmitter-receiver pair, the distance between transmitter
and receiver d is uniformly distributed in the region (dl, dh),
whose PDF is given by

f(d) =
2(d− dl)
(dh − dl)2

, dl < d < dh. (1)

The transmitted signal will experience path loss and multipath
fading effect. For the sake of clarity, we ignore the shadowing
effect. Specifically, the received signal power Pr at distance d
from a transmitter is given by

Pr =
Pt · z

(d/dref)η
, (2)

where Pt is the common transmission power of the transmitters,
η is the path loss exponent, z is an independent random variable
(RV) that models the multipath fading effect, and dref is the ref-
erence distance. Without loss of generality, we set dref = 1 m.
The term 1/dη indicates the path loss model follows a decaying
power law with the distance between transmitter and receiver.
For the Rayleigh fading channel model under consideration, z is
an exponential RV with unit mean, i.e., z ∼ E(∞).

B. Interference Statistics

With homogeneous assumption, the interference statistics at
the reference node R0 located at the origin of R2 represents the
statistics of the entire R2. As such, the interference analysis in
the following sections is generic and applicable to any points
in R2. The aggregate interference experienced by the origin is
given, under the assumption of non-coherent addition of inter-
ference power, by

I =
∑
i∈Π

γi · zi, (3)

where γi = Pt/r
η
i and zi is the fading power gain for the ith

transmitter. Note that the individual interference signal power
is assumed to follow the decaying power loss law. In addition,
the random locations of the transmitting nodes are distributed in
R2 according to Poisson point process Π = {ri} of intensity λ.
Therefore, the aggregate interference power I can be modeled
as shot noise [13]. It follows that the MGF2 of the aggregate
interference power I from the area of rl ≤ ri ≤ rh is given by
[8]

ΦI(s) = exp

{
− πλΨI(s)

}
, (4)

2The moment generating function is defined as ΦI(s) = E[e−sI ].

where ΨI(s) is given by

ΨI(s) = r2
h EZ

[
1− e−γhzs

]
+(Pts)

2
η EZ

[
z

2
η Γ
(
1− 2

η
, γhzs

)]
︸ ︷︷ ︸

Ψh(s)

−
{
r2
l EZ

[
1− e−γlzs

]
+ (Pts)

2
η EZ

[
z

2
η Γ
(
1− 2

η
, γlzs

)]}
︸ ︷︷ ︸

Ψl(s)

,

(5)

where Γ(α, x) =
∫∞
x
e−ttα−1 dt is the incomplete gamma

function defined in [38, 8.350]. Over Rayleigh fading channels,
z is an exponential RV with unit mean. It can be shown that

Ez
[
1− e−γhzs

]
=

γhs

1 + γhs
. (6)

Applying [38, 6.455.1], we can further show that

Ez

[
z

2
η Γ

(
1− 2

η
, γhzs

)]

=

(
γhs
)1− 2

η

(1 + 2
η )(1 + γhs)

2
F

(
1, 2; 2 +

2

η
;

1

1 + γhs

)
, (7)

where F (µ1, µ2; ν; t) is the Gauss hypergeometric function de-
fined in [38, 9.111]. Substituting (6), (7) into (5) and applying
[38, 9.137.4], ΨI(s) can be simplified to

ΨI(s) =
γhr

2
hs

1 + γhs
F

(
1, 1; 1 +

2

η
;

1

1 + γhs

)
− γlr

2
l s

1 + γls
F

(
1, 1; 1 +

2

η
;

1

1 + γls

)
. (8)

Finally, after substituting (8) into (4), we can obtain the MGF of
the aggregate interference power I over Rayleigh fading chan-
nels, as

ΦI(s) = exp

{
− πλ

[
γhr

2
hs

1 + γhs
F
(
1, 1; 1 +

2

η
;

1

1 + γhs

)
− γlr

2
l s

1 + γls
F
(
1, 1; 1 +

2

η
;

1

1 + γls

)]}
. (9)

From (5), we can also derive MGF of the aggregate interference
for several special cases as follows.

B.1 Infinite Space

When rh → ∞, the transmitters are distributed in an infi-
nite space. It can be shown that Ψ∞h (s) = k(sPt)

2/η , where
k = (2π/η)/sin(2π/η). MGF of the aggregate interference in
infinite area is given by

Φ∞(s)

= exp

{
− πλ

[
k(sPt)

2
η − γlr

2
l s

1 + γls
F
(
1, 1; 1 +

2

η
;

1

1 + γls

)]}
.

(10)
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B.2 Continuous Space

When rl = 0, the space is continuous without singular point
at the origin. It can be obtained that Ψ0

l (s) = 0, and MGF of
aggregate interference in continuous area is given by

Φ0(s) = exp

{
− πλ γhr

2
hs

1 + γhs
F
(
1, 1; 1 +

2

η
;

1

1 + γhs

)}
.

(11)

B.3 Continuous Infinite Space

For nodes distributed in continuous infinite space, its aggre-
gate interference MGF function is given by

Φ(0,∞)(s) = exp
{
− πλk(sPt)

2
η

}
. (12)

The PDF of the aggregate interference I , fI(x), can be de-
rived by applying the inverse Laplace transform on ΦI(s), i.e.,
fI(x) = L−1

{
ΦI(s)

}
. Due to the complexity of ΦI(s), no

generic closed-form expression is known for fI(x). However,
for special case (rl = 0, rh → ∞, η = 4), its PDF can be
derived from (12), and is given by

fI(x) =
λ

4

(
πPt
x

) 3
2

exp

{
−Ptπ

4λ2

16x

}
, (13)

which is equivalent to [8, eq. 11]. Correspondingly, its CDF
expression, FI(x), is given by

FI(x) = erfc

(√
Ptλπ

2

4
√
x

)
. (14)

Note that although the aforementioned analytical results are
general enough to apply to both finite and infinite region, we
limit ourselves to the case with rl = 0, rh =∞ in the rest of the
paper, which is considered to be the most realistic scenario.

III. GASE ANALYSIS FOR WIRELESS AD HOC
NETWORKS

GASE is defined as the ratio of overall effective ergodic ca-
pacity of the transmission link over the affected area, where a
significant amount of transmission power is observed and paral-
lel transmissions over the same frequency will suffer high inter-
ference level. In this paper, we extend this definition from link-
level to network-level analysis. Specifically, we analyze GASE
performance of wireless ad hoc network in Poisson field over
Rayleigh fading channels. We first derive the total ergodic ca-
pacity and affected area of wireless ad hoc network by apply-
ing the statistics of aggregate interference obtained in the above
section. Then GASE of such network is given by the ergodic ca-
pacity over the affected area. This network-level GASE analy-
sis not only considers the transmission power of individual node
in the network, but also the node intensity and co-channel in-
terference among them. Furthermore, we analyze the impact of
node coordination on system GASE performance. In particu-
lar, we employ CSMA/CA mechanism in wireless ad hoc net-
work. Through numerical examples, we compare the system
performance of wireless network with and without CSMA/CA
in terms of ergodic capacity, affected area and GASE.

A. Ergodic Capacity Analysis

Ergodic capacity is an appropriate measure if delays can be
afforded and coding over many indecent channel realizations
(i.e., over many coherence blocks) is possible. The total ergodic
capacity of wireless network is given by

Ctotal =

λΩ∑
i=1

Ci(di), (15)

where λ is the intensity of the transmitters (in the unit of
nodes/Km2), Ω is the total area of R2, di ∈ [dl, dh] is the dis-
tance between the ith transmitter-receiver pair, and Ci(di) is the
ergodic capacity of individual transmitter-receiver pair. It fol-
lows that the ergodic capacity Ci(di) can be calculated by av-
eraging the instantaneous capacity, C = log2(1 + Γi), over the
distribution of the received signal-to-interference-plus-noise ra-
tio (SINR), Γi, as

Ci(di) =

∫ ∞
0

log2(1 + Γi) dFΓi
(γ), (16)

where Γi = Pi
I+N , Pi is the received signal power, I is the aggre-

gate interference power, and N is the noise power, FΓi
(γ) is the

CDF of Γi. Over Rayleigh fading channels, the received signal
power Pi follows exponential distribution with average received
signal power determined by the path loss, i.e., Pi ∼ E(dηi /Pt).
It can be shown that the CDF of the SINR at the receiver is given
by

FΓi
(γ) = P

{
Pi

I + N
< γ

}
= 1− exp

(
−Nd

η
i

Pt
γ

)
ΦI

(
dηi
Pt
γ

)
,

(17)

where ΦI(·) is the MGF of the aggregate interference power
given by (9). Substitute (17) into (16) and make some manip-
ulations, the ergodic capacity of individual transmitter-receiver
pair can be written as

Ci(di) =
1

ln 2

∫ ∞
0

e−
Nd

η
i

Pt
γ

1 + γ
ΦI

(
dηi
Pt
γ

)
dγ. (18)

When λΩ is sufficiently large, Ctotal can be approximately cal-
culated as

Ctotal = λΩ

∫ dh

dl

C(d)f(d) dd, (19)

where f(d) is the PDF of the distance d between a pair of
transmitter-receiver given by (1). Substitute (1) and (18) into
(19), we can arrive at

Ctotal = κ

∫ dh

dl

∫ ∞
0

λe−
Ndη

Pt
γΦI

(
dη

Pt
γ

)
d− dl
1 + γ

dγ dd, (20)

where κ = 2Ω
ln 2·(dh−dl)2 . For continuous infinite space, substi-

tuting (12) into (20), we can arrive at

C(0,∞) = κ

∫ dh

dl

∫ ∞
0

λ exp(−πλkd2γ
2
η )︸ ︷︷ ︸

FI

× exp(−Ndηγ/Pt)︸ ︷︷ ︸
FN

(d− dl) / (1 + γ) dγ dd, (21)
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where FN = exp(−Ndηγ/Pt) presents the effect of trans-
mission and noise power on ergodic capacity, and FI =

exp(−πλkd2γ
2
η ) presents the effect of aggregate interference

on ergodic capacity. Note that when N/Pt → 0, FN → 1.

B. GASE Result

The affected area is defined as the area where the aggregate
interference power is greater than a threshold value Ith. Math-
ematically speaking, the affected area can be calculated by the
following area integral

Aaff =

∮
R2

Pr[I > Ith]dS, (22)

where S is the area integral variable. As we assume the interfer-
ence statistics is identical on the homogeneous Euclidean plane
R2, the affected area can be written as

Aaff =

(
1− FI(Ith)

)
Ω, (23)

where FI(Ith) is the CDF of the aggregate interference. Finally,
with (19) and (23), the overall GASE is given by

ηGASE =
Ctotal

Aaff
=
λ
∫ dh
dl
C(d)f(d) dd

1− FI(Ith)
. (24)

C. Effect of CSMA/CA

The above section considered the transmitters in wireless ad
hoc networks distributed according to Poisson point process,
which implies that the transmitters’ locations are independent
with each other. However, this strong assumption is not valid
in most practical wireless ad hoc network. Medium access con-
trol (MAC) protocol ensures that two close transmitters cannot
transmit simultaneously by implementing the CSMA/CA mech-
anism. Before establishing a successful connection with the tar-
get receiver, the transmitter broadcasts a request-to-send (RTS)
signal with power PRTS. Other transmitters that receive the RTS
signaling will postpone their transmission. If only considering
the path loss effect, the transmitter defines a guard zone with ra-
dius RRTS, proportional to PRTS. As such, the distance between
two active transmitters should be larger than RRTS. Poisson
point process does not take this constraint into account and leads
to inaccuracy in the distribution of active transmitters in wireless
ad hoc network that implements CSMA/CA mechanism. Alter-
natively, we introduce Matèrn point process [20], [21] to model
the spatial distribution of active transmitters in CSMA/CA net-
work.

Matèrn point process can be obtained by thinning an underly-
ing Poisson point process. Specifically, we consider a collection
of potential transmitters {Xi}i=1,···,K independently and uni-
formly distributed in R2, where K is an RV describing the total
potential transmitters in R2 and follows a discrete Poisson Law.
The K potential transmitters constitute the underlying Poisson
point process Π0 with intensity λ0. To build Matèrn point pro-
cess Θ(K), the transmitters X1 is first selected into the active
transmitters setX . At the ith step, the transmittersXi is selected
into X if and only if none of the previous i− 1 transmitters lies
in a circle centered at Xi with radius RRTS. The procedure stops

when all the K transmitters have been considered. As such, the
transmitters {Xj}j=1,···,N(K) constitute a Matèrn point process
Θ(K), where N(K) is a RV describing the number of active
transmitters selected into Θ(K) from the totalK potential trans-
mitters in Π0. Without considering the boundary effect, the ac-
tive transmitter intensity of Matèrn point process λm can be cal-
culated as

λm =
1− e−λπR2

RTS

πR2
RTS

. (25)

We can follow the same procedure as previous sections to de-
termine the statistics of aggregate interference as well as the er-
godic capacity by substituting λ with λm.

The affected area of wireless ad hoc network that implements
CSMA/CA mechanism is given by

ACSMA/CA =
⋃
Xi∈Θ

BXi +

∮
R2\

⋃
Xi∈Θ BXi

Pr{I > Ith}dS. (26)

The first part,
⋃
Xi∈Θ BXi , represents the union area of circles

BXi ’s centered at the active transmitting nodes, Xi’s, with ra-
dius RRTS. According to [21], it equals to

⋃
Xi∈Θ

BXi = (1− e−λπR
2
RTS)Ω− Ω

πR2
RTS

∫ 2RRTS

RRTS

ν(Bo ∩ By)

(
1− e−λν(Bo∪By)

ν(Bo ∪ By)
− e−λπR

2
RTS − e−λν(Bo∩By)

ν(Bo ∪ By)− πR2
RTS

)
2πydy

+K(λ,RRTS), (27)

where{
ν(Bo ∩ By) = 2R2

RTS cos−1( y
2RRTS

)− 1
2y
√

4R2
RTS − y2,

ν(Bo ∪ By) = 2πR2
RTS − ν(Bo ∩ By),

(28)

and K(λ,RRTS) is negligible for numerical evaluation [21,
Proposition 2].

The second part represents the area outside
⋃
Xi∈Θ BXi and

the aggregate interference power of which is greater than Ith.
Under homogeneous assumption, it can be written as∮

R2\
⋃
Xi∈Θ BXi

Pr{I > Ith}dS =

(
Ω−

⋃
Xi∈Θ

BXi

)(
1− FI(Ith)

)
.

(29)
Substituting (29) into (26), we can arrive at the affected area of
CSMA/CA network, as

ACSMA/CA =
⋃
Xi∈Θ

BXi · FI(Ith) +

(
1− FI(Ith)

)
Ω. (30)

Finally, GASE of the wireless network with CSMA/CA is
given by

ηGASE =
λmΩC⋃

Xi∈Θ BXi · FI(Ith) +

(
1− FI(Ith)

)
Ω

. (31)
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Fig. 1. Pt = 10 dBm, η = 4, Ith = −20 dBm, RRTS = 40 m, Ω = 1 Km2,
dl = 1 m, dh = 20 m, rl = 0, rh =∞: (a) Ergodic capacity, (b) affected
area, and (c) GASE.

D. Numerical Examples

We consider a wireless ad hoc network in continuous infinite
area of Ω = 1000× 1000 m2. The average number of transmit-
ters is given by λΩ. The receivers are assumed to be uniformly
distributed in a annulus of radius dl = 1 m and dh = 20 m

centered at the transmitter. As each transmitter communicates
with only one receiver, there are totally λΩ transmitter-receiver
pairs for concurrent communications. The simulation results are
shown as discrete dots, which match well with the analytical re-
sults. In Fig. 1, we plot the ergodic capacity, affected ratio as
well as GASE of wireless ad hoc network as function of the
Poisson point process intensity λ.

Fig. 1(a) shows that there exists a maximal value of ergodic
capacity with respect to the intensity λ, which implies the er-
godic capacity does not always increase with λ. As λ increases,
the average number of transmitters increases correspondingly.
The increasing number of transmitters has two effect on the net-
work. For one thing, it increases the level of network aggregate
interference. For another thing, more transmitter-receiver pair
means more capacity is taken into account of the total ergodic
capacity of wireless ad hoc network. In sparse network, i.e., λ is
small, the benefit on capacity incurred by increasing λ is more
significant than the negative effect incurred by the increasing
interference level. Therefore, the ergodic capacity is an increas-
ing function of λ in sparse network. On the contrary, in dense
network, the interference effect dominates and thus the ergodic
capacity decreases with respect to λ. Fig. 1(a) also shows that
for small value of λ, the ergodic capacity in CSMA/CA net-
work is smaller than that in non CSMA/CA network, which im-
plies that prohibiting close transmitters from simultaneous trans-
mitting decreases the overall system ergodic capacity. How-
ever, when λ goes large, without CSMA/CA mechanism, the
ergodic capacity decreases dramatically after achieving a max-
imal value, while the network with CSMA/CA mechanism de-
creases slightly. This is due to in non CSMA/CA network, the
transmitters can be added into the network without restriction. In
dense network, too many transmitters will greatly increase the
interference level and thus decrease the total ergodic capacity of
the network. However, CSMA/CA mechanism prevents exces-
sive transmitters to be activated in dense network. Therefore,
when the network is saturated, no more transmitters are allowed
to transmit and thus the ergodic capacity only slightly decreases
after achieving the maximal value. This phenomenon implies
that CSMA/CA mechanism effectively ameliorates the increase
of aggregate interference level in dense network. Note that in
CSMA/CA network, we use Matèrn point process to model the
distribution of active transmitters. As Matèrn point process is a
thinning progress of the Poisson point process, the active trans-
mitters in CSMA/CA network is no greater than its underly-
ing non CSMA/CA network. This means in dense wireless ad
hoc network, CSMA/CA network requires fewer transmitters to
achieve the same amount of ergodic capacity of non CSMA/CA
network.

Fig. 1(b) shows that the affected area is an increasing func-
tion of λ. Meanwhile, the affected area of CSMA/CA network
increases slower than that of non CSMA/CA network. This is
due to for the same value of λ, CSMA/CA network has fewer ac-
tive transmitters than that of non CSMA/CA network. Finally,
Fig. 1(c) shows that in sparse network, non CSMA/CA network
enjoys better GASE performance than that of non CSMA/CA
network. However, as the number of simultaneous transmitters
increases, the latter network outperforms the former one. Mean-
while, GASE of CSMA/CA and non CSMA/CA network are
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Fig. 2. η = 4, N = −40 dBm, Ith = −20 dBm, RRTS = 40 m, Ω = 1 Km2,
dl = 1 m, dh = 20 m, rl = 0, rh = ∞, λp = 200 nodes/Km2: (a)
Ergodic capacity, (b) affected area, and (c) GASE.

both monotonically decreasing function of λ. This is due to
GASE not only considers the negative effect of co-channel in-
terference incurred by simultaneous transmission, but also takes
into account the spatial effect of wireless transmission in terms
of affected area.

In Fig. 2, we analyze the effect of common transmis-
sion power Pt on network performance. From (21), we can
see that if Pt � N , i.e., the common transmission power
is sufficiently larger than the noise power N , then FN =

lim
N/Pt→0

exp(−Ndηγ/Pt) → 1. Under this circumstance, the

network ergodic capacity is function of transmitter intensity λ
and path loss exponent η, irrelevant to individual transmission
power Pt, which means even we continue increase Pt, we can-
not achieve higher network ergodic capacity. This observation
can be justified by Fig. 2(a). It shows that the ergodic capac-
ity of wireless ad hoc network is an increasing function of Pt.
However, if Pt � N , the ergodic capacity converges to a con-
stant value, which equals to the value calculated from (21) with
FN = 1.

The affected area of CSMA/CA network is calculated by
(23), as Aaff = (1− FI(Ith)) · Ω. For the special case η = 4,

FI(Ith) = erfc
(
λπ2

4

√
Pt
Ith

)
, which is function of transmitter in-

tensity λ, common transmission power Pt and aggregate inter-
ference threshold Ith. If Pt � Ith, FI(Ith) = 1, then the affected
area Aaff = Ω, which means all R2 is affected. Fig. 2(b) justifies
this observation. With Figs. 2(a) and 2(b), we conclude that too
large Pt saturates the network distribution area without help in
increasing the system ergodic capacity. On the other hand, too
small Pt leads to small ergodic capacity and insufficient utiliza-
tion of the network space-spectrum resource.

Fig. 2(c) shows an maximal GASE value with respect to
common transmission power Pt. The maximal value exists be-
cause ergodic capacity increases faster than affected area when
transmit power is small (less than 10 dBm). By considering er-
godic capacity and affected area together, GASE measures the
relationship between Pt, N , and Ith with one generic perfor-
mance metric, and provides a new perspective on the transmis-
sion power optimization.

IV. GASE ANALYSIS FOR TWO-TIER COGNITIVE
NETWORK

In previous section, we investigated the GASE performance
of wireless ad hoc networks with and without implementing
CSMA/CA mechanism. From the analysis and numerical ex-
amples, we found that as the number of transmitter increases,
ergodic capacity does not necessarily increase correspondingly,
but the affected area does. Besides, the overall GASE perfor-
mance of wireless ad hoc network is a decreasing function of
transmitter intensity λ. From this perspective, we cannot fully
utilize the space-spectrum resource and achieve high ergodic ca-
pacity at the same time. In this section, we utilize secondary
cognitive networks to exploit the space-spectrum potential of
CSMA/CA network. We also examine the impact of secondary
cognitive network on overall system GASE.

We consider a two-tier cognitive network distributed in con-
tinuous infinite space R2. In particular, the primary network is
the CSMA/CA network described in Section III.C. The trans-
mitter intensity in primary network is λp, and the common trans-
mission power is Pp. These primary transmitters define the pri-
mary affected area Ap, which is given by (30). The MGF of
aggregate interference generated by primary network is given
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by
Φp(s) = exp

{
−πλpk(sPp)

2
η

}
. (32)

The secondary network is distributed in R2 according to Pois-
son point process Πps with λps, independent from the primary
network. However, only those secondary transmitters that locate
outside the primary affected area Ap can transmit with power Ps.
The active secondary transmitters constitute a new Poisson point
process with intensity λs = (1 − Ap/Ω)λps. The MGF of ag-
gregate interference generated by active secondary transmitters
is given by

Φs(s) = exp
{
−πλsk(sPs)

2
η

}
. (33)

The total interference of the two-tier cognitive network Ic is
summation of the interference generated by both primary and
secondary network, i.e., Ic = Ip + Is. As we assume that pri-
mary and secondary network are independently distributed, the
MGF of total interference of two-tier cognitive network is given
by

Φc(s) = Φp(s) · Φs(s). (34)

Substitute (32) and (33) into (34), we can arrive at

Φc(s) = exp

{
−πk

(
λpP

2
η
p + λsP

2
η
s

)
s

2
η

}
. (35)

The total ergodic capacity of two-tier cognitive network is given
by

Cc = κ

∫ dh

dl

∫ ∞
0

{
λpe
−NdηPp γ · Φc

(
dη

Pp
γ

)
+ λse

−NdηPs γ · Φc
(
dη

Ps
γ

)}
d− dl
1 + γ

dγ dd. (36)

The affected area of two-tier cognitive network is given by

Acog =
⋃
Xi∈Θ

BXi · FIc(Ith) +

(
1− FIc(Ith)

)
Ω. (37)

In Fig. 3, we plot the ergodic capacity and affected ratio of
cognitive and heterogeneous network as function of the sec-
ondary intensity λs. As comparison, we also include these val-
ues in primary network without secondary network. Fig. 3(a)
shows that adding secondary nodes into the existing primary
network degrades the ergodic capacity of the primary network.
This degradation in heterogeneous network is more severe than
that in cognitive network. However, the secondary network can
significantly improve the ergodic capacity of wireless network.
With small number of secondary user, heterogeneous network
shows slightly better ergodic capacity than cognitive network.
While excessive secondary users not only deteriorate the er-
godic capacity of primary network but also that of the total net-
work, especially in heterogeneous network. This is due to in
heterogeneous network, excessive secondary users significantly
increase the aggregate interference level and thus degrade the
system performance. In underlay cognitive network, the pri-
mary network is protected by imposing a maximal tolerable in-
terference power on the primary users, which prohibits exces-
sive simultaneous transmitting secondary nodes. Under this cir-
cumstance, when the number of secondary transmitter reaches
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Fig. 3. Pt = 10 dBm, Ps = 5 dBm, η = 4, Ith = −40 dBm, ρ = 20
m, Ω = 1 Km2, rl = 0, rh = ∞, λp = 1000 nodes/Km2, dl = 5 m,
dh = 20 m: (a) Ergodic capacity and (b) affected area.

a certain value, even we continue adding secondary nodes into
the network, most of them have little opportunity to be selected
active. As such, the ergodic capacity of cognitive network con-
verges to a constant value. Fig. 3(b) shows that the area in het-
erogeneous network is affected heavily than than in cognitive
network. Meanwhile, the former increases fast than the latter
with respect to the secondary intensity λs.

In Fig. 4, we plot the ergodic capacity, affected ratio as well
as GASE as function of the secondary transmission power Ps
over the noise power N . For practical reason, we assume Ps is
not large than Pt. Fig. 4(a) shows that the ergodic capacity of
cognitive and heterogeneous network are all monotonically in-
creasing function ofPs in the region under consideration. Mean-
while, increasing Ps also degrades the ergodic capacity of the
primary network. In Fig. 4(b), the affected ratios of cognitive
and heterogeneous network dramatically increase with respect
to Ps. In Fig. 4(c), the GASE curves present a minimal value as
we increase the value of Ps The minimal value exists because
ergodic capacity increases slower than affected area when sec-
ondary transmission power is not large enough. Note that for
the Ps region under consideration, both the cognitive and het-
erogeneous network show worse GASE performance than the
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Fig. 4. Pt = 10 dBm, η = 4, Ith = −40 dBm, ρ = 20 m, Ω = 1 Km2,
λp = 200 nodes/Km2, rl = 0, rh = ∞, λs = 1000 nodes/Km2,
dl = 5 m, dh = 20 m: (a) Ergodic capacity, (b) affected area, and (c)
GASE.

primary network without secondary users.

V. CONCLUSION

In this paper, we analyzed GASE of wireless network in Pois-
son field over Rayleigh fading channels. We derived the generic
closed-form MGF expression of aggregate interference of the
wireless network. We then applied the statistics into the calcula-
tion of ergodic capacity, affected area and GASE of wireless ad
hoc network in Poisson field over Rayleigh fading channels. We
also analyzed the effect of CSMA/CA mechanism on network
performance. Through mathematical analysis and numerical ex-
amples, we found that in sparse scenario, non CSMA/CA net-
work shows better performance than CSMA/CA network; how-
ever, in dense scenario, CSMA/CA network can ameliorate the
increase of aggregate interference, and achieve same amount of
ergodic capacity with fewer transmitters. Finally, we proposed a
new cognitive paradigm, which allows the secondary transmit-
ters that are located outside the primary affected area to trans-
mit. Numerical examples show that the number of secondary
transmitters and their transmission power are essential to the
network performance in terms of ergodic capacity and affected
area. Meanwhile, we found that GASE provides a new perspec-
tive on transmission power selection and secondary network op-
timization.

REFERENCES
[1] L. Zhang, H.-C. Yang, and M. O. Hasna, “Generalized area spectral effi-

ciency: An effective performance metric for green wireless communica-
tions,” IEEE Trans. Commun., vol. 62, no. 2, pp. 747–757, Feb. 2014.

[2] D. Stoyan, W. S. Kendall, and J. Mecke, Stochastic geometry and its ap-
plications, John Wiley & Sons, 1995.

[3] J. F. C. Kingman, Poisson processes, Oxford, U.K.: Oxford Univ. Press,
1993.

[4] E. Salbaroli and A. Zanella, “Interference analysis in a poisson field of
nodes of finite area,” IEEE Trans. Veh. Technol., vol. 58, no. 4, pp. 1776–
1783, May 2009.

[5] E. Salbaroli and A. Zanella, “A connectivity model for the analysis of a
wireless ad hoc network in a circular area,” in Proc. IEEE ICC, June 2007.

[6] T. Q. S. Quek, M. Z. Win, and D. Dardari, “Energy efficiency of dense
wireless sensor networks: to cooperate or not to cooperate,” in Proc. IEEE
ICC, June 2006.

[7] J. Venkataraman, M. Haenggi, and O. Collins, “Shot noise models for the
dual problems of cooperative coverage and outage in random networks,”
in Proc. Allerton, Sept. 2006.

[8] J. Venkataraman, M. Haenggi, and O. Collins, “Shot noise models for out-
age and throughput analyses in wireless ad hoc networks,” in Proc. IEEE
MILCOM, Oct. 2006.

[9] M. D. Renzo, C. Merola, A. Guidotti, F. Santucci, and G. E. Corazza, “Er-
ror performance of multi-antenna receivers in a Poisson field of interferers:
A stochastic geometry approach,” IEEE Trans. Commun., vol. 61, no. 5,
pp. 2025–2047, May 2013.

[10] M. D. Renzo and W. Lu, “The equivalent-in-distribution (EiD)-based ap-
proach: On the analysis of cellular networks using stochastic geometry,”
IEEE Commun. Lett., vol. 18, no. 5, pp. 761–764, May 2014.

[11] E. S. Sousa, “Performance of a spread spectrum packet radio network link
in a Poisson field of interferers,” IEEE Trans. Inf. Theory, vol. 38, no. 6,
pp. 1743–1754, Nov. 1992.

[12] S. Govindasamy, F. Antic, D. W. Bliss, and D. H. Staelin, “The perfor-
mance of linear multiple-antenna receivers with interferers distributed on
a plane,” in Proc. IEEE SPAWC, June 2005.

[13] S. B. Lowen, and M. C. Teich, “Power-law shot noise,” IEEE Trans. Inf.
Theory, vol. 36, no. 6, pp. 1302–1318, Nov. 1990.

[14] W. Feller, “An introduction to probability theory and its applications”,
vol. 2, New York: Wiley, 1973.

[15] K. Gulati, B. L. Evans, J. G. Andrews, and K. R. Tinsley, “Statistics of co-
channel interference in a field of poisson and poisson-poisson clustered
interferers,” IEEE Trans. Signal Process., vol. 58, no. 12, pp. 6207–6222,
Dec. 2010.

[16] M. Z. Win, P. C. Pinto, and L. A. Shepp, “A mathematical theory of



302 JOURNAL OF COMMUNICATIONS AND NETWORKS, VOL. 22, NO. 4, AUGUST 2020

network interference and its applications,” Proc. IEEE, vol. 97, no. 2,
pp. 205–230, Feb. 2009.

[17] J. Wang, E. E. Kuruoglu, and T. Zhou, “Alpha-stable channel capacity,”
IEEE Commun. Lett., vol. 15, no. 10, pp. 1107–1109, Oct. 2011.

[18] X. Ge, K. Huang, C. X. Wang, X. Hong, and X. Yang, “Capacity analysis
of a multi-cell multi-antenna cooperative cellular network with co-channel
interference,” IEEE Trans. Wireless Commun., vol. 10, no. 10, pp. 3298–
3309, Oct. 2011.

[19] X. Yang, and A. P. Petropulu, “Co-channel interference modeling and anal-
ysis in a Poisson field of interferers in wireless communications,” IEEE
Trans. Signal Process., vol. 51, no. 1, pp. 64–76, Jan. 2003.

[20] B. Matern, “Meddelanden fran statens,” Skogsforskningsinstitut 49, 2:1–
144, 1960.

[21] A. Busson, G. Chelius, and J. M. Gorce, “Interference modeling in CSMA
multi-hop wireless networks,” Tech. Rep., 2009.

[22] FCC spectrum policy task force (Nov. 2002) “Spectrum policy task force
report,” Tech. Rep. 02-135.

[23] T. A. Weiss and F. K. Jondral, “Spectrum pooling: An innovative strategy
for the enhancement of spectrum efficiency,” IEEE Commun. Mag., vol.
42, no. 3, pp. S8–14, Mar. 2004.

[24] J. Mitola, “Cognitive radio: An integrated agent architecture for software
defined radio,” Ph.D. dissertation, KTH, Stockholm, Sweden, Dec. 2000.

[25] A. Goldsmith, S. A. Jafar, I. Maric, and S. Srinivasa, “Breaking spec-
trum gridlock with cognitive radios: An information theoretic perspec-
tive,” Proc. IEEE, vol. 97, no. 5, pp. 894–914, May 2009.

[26] N. Devroye, P. Mitran, and V. Tarokh, “Achievable rates in cognitive radio
channels,” IEEE Trans. Inf. Theory, vol. 52, no. 5, pp. 1813–1827, May
2006.

[27] S. Haykin, “Cognitive radio: Brain-empowered wireless communica-
tions,” IEEE J. Sel. Areas Commun., vol. 23, no. 2, pp. 201–220, Feb.
2005.

[28] M. Gastpar, “On capacity under receive and spatial spectrum-sharing con-
straints,” IEEE Trans. Inf. Theory, vol. 53, no. 2, pp. 471–487, Feb. 2007.

[29] L. Zhang, H.-C. Yang, and M. O. Hasna, “On ergodic capacity of wireless
transmission subject to poisson distributed interferers over Rayleigh fading
channels,” in Proc. IEEE VTC Spring, June 2013.

[30] Y. Zhong, X. Ge, H. Yang, T. Han, and Q. Li, “Traffic matching in 5G
ultra-dense networks,” IEEE Commun. Mag., vol. 56, no. 8, Aug. 2018.

[31] Y. Zhong, T. Q. S. Quek, X. Ge, “Heterogeneous cellular networks with
spatio-temporal traffic: Delay analysis and scheduling,” IEEE J. Sel. Areas
Commun., vol. 35, no. 6, June 2017.

[32] H. H. Yang and T. Q. S. Quek, “The meta distribution of SINR for small
cell networks with temporal traffic,” in Proc. IEEE ICC, May 2019.

[33] H. H. Yang and T. Q. S. Quek, “Spatiotemporal analysis for SINR cov-
erage in small cell networks,” IEEE Trans. Commun., vol. 67, no. 8, pp.
5520–5531, May 2019.

[34] H. H. Yang, A. Arafa, T. Q. S. Quek, and H. V. Poor, “Locally adaptive
scheduling policy for optimizing information freshness in wireless net-
works,” in Proc. IEEE GLOBECOM, Dec. 2019.

[35] Steven P. Weber, X. Yang, J. G. Andrews, and G. de Veciana, “Transmis-
sion capacity of wireless ad hoc networks with outage constraints,” IEEE
Trans. Inf. Theory, vol. 51, no. 12, pp. 4091–4102, Dec. 2005.

[36] C. Yin, L. Gao, T. Liu, and S. Cui, “Transmission capacities for overlaid
wireless ad hoc networks with outage constraints,” IEEE ICC, June 2009.

[37] C. Yin, C. Chen, T. Liu, and S. Cui, “Generalized results of transmission
capacities for overlaid wireless networks,” in Proc. IEEE ISIT, pp. 1774–
1778, June 2009.

[38] I. S. Gradshteyn, and I. M. Ryzhik, Table of Integrals, Series and Products.
7th ed., San Diego: CA, Academic Press, 2007.

[39] M. Aljuaid, and H. Yanikomeroglu, “Investigating the gaussian conver-
gence of the distribution of the aggregate interference power in large wire-
less networks,” IEEE Trans. Veh. Technol., vol. 59, no. 9, pp. 4418–4424,
Nov. 2010.

[40] M. Haenggi, “Mean interference in hard-core wireless networks,” IEEE
Commun. Lett., vol. 15, no. 8, pp. 792-794, Aug. 2011.

[41] E. S. Sousa, “Optimum transmission range in a direct-sequence spread-
spectrum multihop packet radio network,” IEEE J. Sel. Areas Commun.,
vol. 8, no. 5, pp. 762–771, 1990.

[42] M. Haenggi, “The meta distribution of the SIR in Poisson bipolar and
cellular networks,” IEEE Trans. Wireless Commun., vol. 15, no. 4, Apr.
2016.

Jun Zhu was born in Nanjing, China. He received his
B.Sc. degree in Information Engineering from South-
east University, Nanjing, China, in 2008, M.A.Sc. de-
gree in Electrical Engineering from University of Vic-
toria, Victoria, Canada, in 2011, and Ph.D. degree in
Electrical Engineering from The University of British
Columbia, Vancouver, Canada, in 2016, all with high
distinctions. He was a Visiting Researcher at Institute
for Digital Communications (IDC) at the Friedrich
Alexander University (FAU), Erlangen, Germany, dur-
ing summer 2014 and spring 2015. He worked as a

Postdoctoral Research Fellow at the University of British Columbia, Vancouver,
Canada in 2016. His research interests include MIMO-OFDM wireless systems,
massive MIMO, energy-efficient (green) communications, and physical layer se-
curity. He has served on the technical program committees of many international
conferences including IEEE Globecom, IEEE PacRim, and IEEE WCSP. Cur-
rently, he works as a senior system engineer at Qualcomm, San Diego, USA. His
main focus is on 5G wireless system design. He also serves as adjunct professor
at University of Victoria, Victoria, Canada.

Lei Zhang received his B.S. degree in Telecommuni-
cation Engineering from Shandong University, Shan-
dong, China in 2005, and his M.S. degree in Commu-
nication and Information System from Nanjing Uni-
versity of Posts and Telecommunications, Nanjing,
China in 2008. He is now a Research Assistant and
Ph.D. candidate of the Department of Electrical and
Computer Engineering at the University of Victoria,
B.C., Canada. From 2008 to 2009, He was a Project
Manager at China Telecom Co. Ltd, Suzhou, China.
His research interest focuses on energy and spectrum

efficient wireless system design. Mr. Zhang was a recipient of the University
of Victoria Fellowship, and IEEE Pacific Rim Wu-Sheng Lu Graduate Scholar-
ship.

Hong-Chuan Yang received his Ph.D. degree in Elec-
trical Engineering from the University of Minnesota,
Minneapolis, USA, in 2003. Since then, He has been
with the Department of Electrical and Computer En-
gineering at the University of Victoria, Victoria, B.C.,
Canada, where he is now a Professor. From 1995 to
1998, He was a Research Associate at the Science and
Technology Information Center (STIC) of Ministry of
Posts & Telecomm. (MPT), Beijing, China. His cur-
rent research focuses on the design and analysis of
wireless transmission technologies for advanced In-

ternet of Things. He has published over 200 referred journal and conference
papers. He is the author of Introduction of Digital Wireless Communications by
IET press and the co-author of Advanced Wireless Transmission Technologies
by Cambridge University Press.

Mazen O. Hasna received the B.S. degree from Qatar
University, Doha, Qatar, in 1994; the M.S. degree
from the University of Southern California, Los An-
geles, CA, USA, in 1998; and the Ph.D. degree From
the University of Minnesota Twin Cities, Minneapo-
lis, MN, USA, in 2003, all in Electrical Engineering.
In 2003, he joined the Department of Electrical En-
gineering, Qatar University, where he is currently a
Professor. His research interests include the general
area of digital communication theory and its applica-
tion to the performance evaluation of wireless com-

munication systems over fading channels. His current specific research interests
include cooperative communications, UAV based networks, physical layer secu-
rity, and FSO/RF hybrid networks.


