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SER Performance Analysis of Generalized κ− µ
and η − µ Fading Channels

Jingjing Guo, Di Zhang, Li You, Xuewan Zhang, and Shahid Mumtaz

Abstract—System performance analysis is a vital issue in the
fifth generation (5G) and beyond wireless communications, which
is widely adopted for the design and estimation of wireless
communication systems before deployments. To this end, the
versatile system performance expressions that can be used under
various conditions are of significant importance. This paper
investigates the symbol error rate (SER) performance over the
generalized κ − µ and η − µ fading channels, whereby the
SER expressions in this case are versatile and can characterize
the performance under various wireless channel models. To
address the computational complexity associated with high-
order trigonometric integration, we present the closed-form SER
expressions with arbitrary small errors. Monte Carlo-based sim-
ulations demonstrate the validity of our derivation and analysis.
Simulation results also show that: 1) the closed-form solutions
we derived for SER yield minimal errors upon variations in the
truncation factor T and are computationally more efficient, in
which T can be set to a minimal value to attain precise outcomes
or be optimally chosen contingent on the channel parameters; 2)
elevating the values of parameters κ, µ and η results in decreased
SER, with µ exerting a more significant impact than κ and η; and
3) our approximate expressions have superior accuracy compared
to the previous estimated expressions.
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I. INTRODUCTION

A. Background

THE fifth generation (5G) aims to provide higher data rates
and lower latency performances than previous genera-

tions of wireless communications, enabling new use cases such
as virtual reality, autonomous driving, remote e-health, and
more [1]–[4]. In 5G wireless communications, performance
analysis is a vital aspect of system design [5]. Especially with
closed-form performance expressions such as symbol error rate
(SER) and signal-to-interference-plus-noise ratio (SINR), one
can estimate the wireless communication system performance
before actually deploying it.

In wireless communication systems, multipath propagation,
fading and shadowing effects exist, which greatly affect the
system performance. Besides, SER and SINR are widely used
for the system performance analysis [6], [7]. In literature,
while analyzing the system performance, generalized channel
models are used to describe different propagation phenom-
ena, such as multipath, shadowing, and large and small-
scale fading [8]–[11]. In these generalized channel models,
the κ − µ and η − µ distributions [12], as versatile and
generalized channel models, can fit well channel modeling and
comprise many special cases of fading models like Rayleigh,
Rician (Nakagami-n), one-sided Gaussian, Hoyt (Nakagami-
q), etc. [13]–[15]. In addition, the κ−µ channel is well-suited
for modeling line-of-sight (LOS) components, and the η − µ
channel is characterized by clusters that lack any dominant or
LOS components. Accordingly, they can be used to represent
various communication scenarios such as micro/macro cellu-
lar, hybrid satellite and terrestrial communications [16]–[18].
Therefore, one can obtain some versatile system performance
expressions that can be applied in various wireless communi-
cation environments based on the generalized channels, which
motives us to develop this work.

B. Related Works and Motivation

In system performance analysis, it is generally hard to
obtain a closed-form SER or bit error rate (BER) performance
expression due to the involved transcendental functions such
as exponential integral functions [19]. In order to tackle this
issue, moment generating function (MGF) is introduced, which
concerns the Marcum Q-function with the closed-loop integral.
For instance, the average bit error probability (ABEP) of the
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L-branch selection combining (SC) receiver was derived with
the help of the MGF function under the disturbance of κ− µ
distribution [20]. The authors in [21] proposed an MGF-based
method for BER and SER in the generalized-K fading channels
model. [22] presented the closed-form expression for the
average BER for the unmanned aerial vehicles (UAV)-assisted
dual-hop free-space optical (FSO) system under the Gamma-
Gamma atmospheric turbulence model. In [23], considering
a mixed asymmetric dual-hop radio frequency (RF) / FSO
transmission system subject to the generalized κ − µ and
M-distribution, the average BER expression was provided by
utilizing cumulative distribution function (CDF) in terms of
the Meijer’s G function.

In [24], by employing the contour integral of the Marcum-
Q function and the MGF for signal-to-noise ratio (SNR),
the authors calculated the detection probability of a maxi-
mum ratio combining (MRC) combined energy detector over
Nakagami-m fading channels. The authors in [25] developed
the MGF expression for the probability density function (PDF)
characterizing α−µ channel model, with the aim of evaluating
the BER performance. However, the MGF-based approach is
constrained by the system and channel parameters that are
usually assumed to be integers, which has narrow application
scopes [26]–[28]. Subsequently, [26] introduced a new method
for closed-form and asymptotic approaches for SER of M -
ary quadrature amplitude modulation (M -QAM) signal in
Fluctuating Beckman fading channel model, in which they
represented the MGF by a factorized power type.

In our previous studies, SER performance of the sparse
vector coding-based non-orthogonal multiple access (SVC-
NOMA) system was addressed with different modulation
schemes over Rayleigh channels [29]. Similarly, the authors
in [30] analyzed the SER performance of the space-time
network coding (STNC) with the help of a unified MGF
method. Additionally, the study in [31] provided analytical
SER expressions based on the M -ary dual-ring star-shaped
QAM modulation, which were then applied to derive SER
expressions for frequency non-selective slow fading channels.
The authors in [32] derived the closed-form expression for
SER in a hybrid satellite-terrestrial relay network (HSTRN)
over a shadowed-Rician (SR) distribution. This was achieved
using the MGF method combined with Taylor series and
binomial expansions. Nevertheless, the SER analysis therein
only considers some ideal and special cases. Furthermore, [33]
has derived the exact SER expressions of spatial modulation
multiple input multiple output (SM MIMO) system over η−µ
channel, but these expressions involve complex Hypergeo-
metric functions, which are hard to tackle. In [34], the SER
expressions over κ−µ and η−µ channels were obtained, but
with lower accuracy.

One can know from the literature that most existing studies
investigate the SER performance under some ideal or special
channels. Although the closed-form SER expressions in κ−µ
or η − µ fading models are investigated, yet the solutions are
mostly with lower accuracies. In order to remedy this, we
investigate the SER over the generalized κ−µ and η−µ fading
channels, and aim to give more precise system performance
expressions in this article. We can gain insights into its

capabilities in characterizing various channel fading models
by the obtained SER of such generalized channels [35]–[37].
To this end, we introduce some special conditions in line with
prior studies in [38]–[40]. Additionally, the authors in [41],
[42] solved the computational complicated issue of exponential
integral functions by truncating the infinite series, which is also
incorporated here. In the end, when solving definite integrals
that contain higher-order trigonometric integrals, we attempt
to approximate the integral value using numerical integration
based on interpolation [43].

C. Contributions and Organization

The main contributions of this work can be summarized as
follows:

• We present simplified closed-form expressions for SER
over κ− µ and η − µ channels, which exhibit arbitrarily
small errors upon varying the truncation factor T . Be-
sides, our derived approximate SER expressions are with
low computational complexity. Furthermore, leveraging
our SER analysis in the generalized fading channels, we
have demonstrated its applicability in evaluating the SER
performance for some classical fading channels.

• Numerical results indicate that: 1) The optimal selection
of T is affected by the parameters of channel fading, but a
smaller T usually suffices to achieve precise outcomes. 2)
SER performance improves with the increasing values of
κ, µ and η. Besides, µ has a more pronounced effect than
κ and η. 3) Our approximate SER expressions have su-
perior accuracy compared with the previous expressions.

The rest of this paper is organized as follows: Section II
presents the relevant preamble to facilitate understanding of
the subsequent sections. In Section III, we provide closed-
form SER expressions for various modulation schemes under
generalized fading channels. Based on the generalized SER
analysis, we derive the closed-form SER expressions in some
classical fading channels. Additionally, we discuss the com-
parisons with the previous approaches. Next, Section IV shows
the numerical analysis of the theoretical values and simulation
results. Finally, this paper is concluded by Section V.

II. PRELIMINARIES

According to [6] and [30], the achievable SER is expressed
as P = E[P (err|γ)] =

∫∞
0

P (err|γ)f(γ)dγ, in which E(·)
is the expectation operation, γ denotes the instantaneous SNR
and P (err|γ) represents the conditional SER depending on
the modulation scheme. In practical applications, M -ary phase
shift keying (M -PSK) and M -QAM are two widely used
modulation schemes, we hereby consider the calculation of
SER under these two modulations. The conditional SERs for
M -PSK and M -QAM modulations are as follows:

P psk(err|γ) = 1

π

∫ (M−1)π/M

0

exp(− gpγ

sin2 θ
)dθ, (1)
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PQAM (err|γ) = 4

(
1− 1√

M

)
Q(
√
2gqγ)

− 4

(
1− 1√

M

)2

Q2(
√
2gqγ)

=
4

π

(
1− 1√

M

)∫ π
2

0

exp(− gqγ

sin2 θ
)dθ

− 4

π

(
1− 1√

M

)2 ∫ π
4

0

exp(− gqγ

sin2 θ
)dθ,

(2)
where M denotes the modulation order, gp = sin2(π/M),
gq = 3

2(M−1) and Q(·) indicates the Gaussian Q-function.

III. SER ANALYSIS FOR GENERALIZED FADING
SCENARIOS

A. SER Performance Analysis in κ− µ Fading Scenario

The κ− µ model is a generalized fading model commonly
used in the design, analysis and simulation of wireless commu-
nication systems to understand the effect of channel fading on
signal propagation and link performance. It contains several
special channel models, such as Rician (µ = 1, κ = K),
Nakagami-m (µ = m,κ → 0), Rayleigh (µ = 1, κ → 0)
and one-sided Gaussian (µ = 0.5, κ → 0). The parameter κ
expresses the ratio of the main component power to the total
power of the scattered waves, and the parameter µ indicates
the number of multipath clusters [44], [45]. In other words, the
parameter κ expresses the severity of the fading, with a smaller
value of κ indicating more severe fading and a larger value
of κ indicating less severe fading. The parameter µ signifies
fading diversity. A smaller value of µ corresponds to greater
diversity, leading to reduced fading correlation in the channel.
Conversely, a larger value of µ results in increased fading
correlation [46]. In this case, PDF of γ can be represented as

f(γ) =
µ(1 + κ)

µ+1
2

κ
µ−1
2 exp(µκ)

γ
µ−1
2

γ̄
µ+1
2

exp

(
−µ(1 + κ)γ

γ̄

)

× Iµ−1

(
2µ

√
κ(1 + κ)γ

γ̄

)
,

(3)

in which γ̄ = E(γ), Iv(z) denotes the modified Bessel
function [47]. Considering t as the adjustment factor, we can
rewrite the Bessel function as

Iµ−1

(
2µ

√
κ(1 + κ)γ

γ̄

)

=

(
µ

√
κ(1 + κ)γ

γ̄

)µ−1

×
∞∑
t=0

(
µ2 κ(1+κ)γ

γ̄

)t
t!Γ(µ+ t)

,

(4)

where Γ(·) means the Gamma Function, i.e., Γ(z) = (z− 1)!.

Lemma 1: In line with the equation P = E[P (err|γ)] =∫∞
0

P (err|γ)f(γ)dγ, the exact SER expressions for M -PSK
and M -QAM modulations over κ− µ channel are given by

Pκ−µ
psk =

µµ(1 + κ)µ

πeµκγ̄µ

∫ M−1
M π

0

∞∑
t=0

(
µ2 κ(1+κ)

γ̄

)t
t!
(

µ(1+κ)
γ̄ +

gp
sin2 θ

)µ+t dθ,

(5)

Pκ−µ
QAM =

4µµ(1 + κ)µ

πeµκγ̄µ

(
1− 1√

M

)

∫ π

2

0

∞∑
t=0

(
µ2 κ(1+κ)

γ̄

)t
t!
(

µ(1+κ)
γ̄ +

gq
sin2 θ

)µ+t dθ


− 4µµ(1 + κ)µ

πeµκγ̄µ

(
1− 1√

M

)2


∫ π

4

0

∞∑
t=0

(
µ2 κ(1+κ)

γ̄

)t
t!
(

µ(1+κ)
γ̄ +

gq
sin2 θ

)µ+t dθ

 .

(6)

Proof: See Appendix A.
One can find that the expression is hard to tackle here

due to the involved infinite factorial and generalized integral
expressions. We thus introduce an approximation with a negli-
gible error margin to address this issue, utilizing the truncation
operation in subsequent steps to simplify the calculation.

Specifically, according to Lemma 1, these two expressions
have the same infinite term, which is

∞∑
t=0

(
µ2 κ(1+κ)

γ̄

)t
t!
(

µ(1+κ)
γ̄ + g

sin2 θ

)µ+t , (7)

where g ∈ {gp, gq} is the modulation dependent parameter.
We find that the infinite term (7) has an approximate upper
bound. In this case, it is possible to express the SER using
an approximation that significantly reduces the computational
complexity.

Lemma 2: The Pκ−µ
psk can be approximately expressed by

truncating the infinite series to the first T terms, which gives

Pκ−µ
psk ≈µµ(1 + κ)µ

πeµκγ̄µ

∫ M−1
M π

0

T∑
t=0

(
µ2 κ(1+κ)

γ̄

)t
t!
(

µ(1+κ)
γ̄ +

gp
sin2 θ

)µ+t dθ.

(8)
Here the truncation error is

µµ(1 + κ)µ

πeµκγ̄µ

∫ M−1
M π

0

∞∑
t=T+1

(
µ2 κ(1+κ)

γ̄

)t
t!
(

µ(1+κ)
γ̄ +

gp
sin2 θ

)µ+t dθ. (9)

Proof: See Appendix B.
Based on the insights from Lemma 2, it is observed that

the infinite series presented in (5) converges within a limited
number of terms. Thus it is better to write in terms of T
rather than infinity for ease of presentation. Correspondingly,
the Pκ−µ

QAM in (6) can also be estimated while truncating the
infinite series to its first T elements.
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Fig. 1. The relative error δ of SER under the influence of T in different SNR
cases (µ = 1, κ = 2).

In addition, it is noticed that the integral of the above
integrable functions cannot be expressed by elementary func-
tions, we thus use the numerical integration method to further
approximate the expression of the (8). Here, the Lagrange
interpolation scheme is adopted [43], and the detailed analysis
is provided in the subsequent lemma.

Lemma 3: The closed-form expressions of SERs for M -
PSK and M -QAM modulations over κ − µ channel are
separately given by

Pκ−µ
psk ≈ A0

T∑
t=0

N∑
i=1

at(M − 1)π

t!MN

1(
b+

gp
sin2 θi

)µ+t , (10)

where A0, a and b are defined as A0 = µµ(1+κ)µ

πeµκγ̄µ ,

a = µ2κ(1+κ)
γ̄ , b = µ(1+κ)

γ̄ . And θi = iM−1
MN π (i ∈ [1, N ])

is represented by 0 < θ1 < θ2· · · < θN = M−1
M π.

Pκ−µ
QAM

≈ 4A0

(
1− 1√

M

) T∑
t=0

N∑
q=1

atπ

t!2N

1(
b+

gq
sin2 θq

)µ+t

− 4A0

(
1− 1√

M

)2 T∑
t=0

N∑
q′=1

atπ

t!4N

1(
b+

gq
sin2 θq′

)µ+t ,

(11)
in which θq = q 2π

N , θq′ = q′ 4πN , q ∈ [1, N ] and q′ ∈ [1, N ].
Proof: See Appendix C.
To verify the validity of Lemma 3, we compare these

derivations with the exact expressions in [48] and the Monte
Carlo (MC) simulation values, and give their relative errors δ
in different SNR cases. As shown in Fig. 1, it is noticed that the
relative error δ is affected by the truncation parameter T . The
truncation T has a great effect on the approximation of SER in
low SNR region, when the SNR is higher, this effect becomes
weaker. When T is greater than a certain value, the relative
error δ tends to be 0, which also verifies the correctness of

Lemma 3. Besides, the convergence speed of the relative error
δ in the high SNR channel state (SNR = 8) is faster than that
in the low SNR channel state (SNR = 0). Our derivation has
demonstrated superior performance in terms of accuracy and
computational efficiency, making it a more reliable choice for
estimating SER under various conditions.

However, when κ → 0, these two expressions do not
hold. In what follows, we investigate the SER expressions for
this special case. With the estimated expression Iv−1(z) ≈
(z/2)v−1

Γ(v) from [11], (3) will be

f(γ) ≈ µµ(1 + κ)µ

(µ− 1)! exp(µκ)

γµ−1

γ̄µ
exp

(
−µ(1 + κ)γ

γ̄

)
.

(12)
When κ → 0, the above formula can be derived as

fκ→0(γ) =
µµ

γ̄µ(µ− 1)!
γµ−1e−

µ
γ̄ γ . (13)

Therefore, the SER Pκ→0
psk in the case κ → 0 can be given as

Pκ→0
psk =

1

π

µµ

γ̄µ(µ− 1)!

∫ M−1
M π

0

∫ ∞

0

γµ−1e−(
µ
γ̄ +

gp

sin2 θ
)γdγdθ.

(14)
Further, according to the relation Z =

∫∞
0

γae−bγdγ = a!
ba · 1b

obtained in Appendix A, Pκ→0
psk is further derived as

Pκ→0
psk =

1

π

µµ

γ̄µ

∫ M−1
M π

0

1

(µγ̄ +
gp

sin2 θ
)µ

dθ. (15)

Combined with the numerical integration method in Appendix
C, we can obtain

Pκ→0
psk ≈ µµ

πγ̄µ

N∑
i=1

(M − 1)π

MN

(
µ
γ̄ +

sin2( π
M )

sin2 θi

)µ . (16)

Following the same principle, the SER expressions for QAM
modulation when κ → 0 can also be given as

Pκ→0
QAM

≈ 4µµ

π

(
1− 1√

M

) N∑
q=1

π

2Nγ̄µ
(

µ
γ̄ + 3

2(M−1) sin2 θq

)µ
− 4µµ

π

(
1− 1√

M

)2 N∑
q′=1

π

4Nγ̄µ
(

µ
γ̄ + 3

2(M−1) sin2 θq′

)µ .
(17)

Remark 1: (i) To further generalize the SER expressions, in
addition to (10) and (11), a special case for κ → 0 is addition-
ally considered, and the corresponding channel is Nakagami-
m channel. (ii) For the expressions (10) and (11), we have
verified that the approximate SER tends to be stable when the
truncation factor T is greater than or equals to a certain value.
Following comprehensive experimental validation, we select
T = 4 and N = 1000 as the parameters for estimating the
SER. This choice balances computational efficiency with high
approximation accuracy.
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Fig. 2. The relative error δ of SER under the influence of T in different SNR
cases (η = 2, µ = 1.5).

B. SER Performance Analysis in η − µ Fading Scenario

The η−µ channel model is also a generalized fading model
that combines the effects of multipath propagation, interfer-
ence and shadowing, including Hoyt (µ = 0.5) and Nakagami-
m ( η → ±1) and other special cases. The parameter η
denotes the shape of the channel fading distribution, and the
parameter µ represents the number of multipath clusters or
the severity of the fading. It is therefore particularly suitable
for characterizing scenarios where both multipath propagation
and interference effects are present, such as urban or indoor
environments [11], [49]. We have the PDF of γ in η − µ
channel as

f(γ)

=
2
√
πµµ+ 1

2h′µ

Γ(µ)H ′µ− 1
2

γµ− 1
2

γ̄µ+ 1
2

exp

(
−2µγh′

γ̄

)
Iµ− 1

2

(
2µH ′γ

γ̄

)
,

(18)
in which H ′ and h′ are defined as the functions of η. The cor-
responding PDF in (18) has two formats under the influence of
parameters h′ and H ′, that is, h′ = 2+η−1+η

4 and H ′ = η−1−η
4

for format 1, whereas, h′ = 1
1−η2 and H ′ = η

1−η2 for format
2. Since the conversion between the two formats is given by
a simple bilinear transformation, only format 1 is considered
here. By means of the definition of Iv(z) in [47], Iµ− 1

2
( 2µH

′γ
γ̄ )

can be expressed as follows:

Iµ− 1
2

(
2µH ′γ

γ̄

)
=

(
µH ′γ

γ̄

)µ− 1
2

∞∑
t=0

(
µH′γ

γ̄

)2t
t!Γ(µ+ t+ 1

2 )
. (19)

With the same analysis process under the κ − µ channel, we
can directly deduce the closed form of SER under the η − µ
channel, which is given in the following Lemma.

Lemma 4: The achievable SER expressions for M -PSK and
M -QAM over η−µ channel are represented by (20) and (21),

where (21) is given at the bottom of next page.

Pη−µ
psk

≈ A0

T∑
t=0

N∑
i=1

(M − 1)πa2t(2µ− 1 + 2t)!

MNt!(µ+ t− 1
2 )!
(
b+

gp
sin2θi

)2µ+2t ,
(20)

where A0, a and b are defined as A0 = 2
√
πµ2µ(2+η−1+η)µ

πγ̄2µ(µ−1)!4µ ,

a = µ(η−1−η)
4γ̄ , b = 2µ(2+η−1+η)

4γ̄ . θi = iM−1
MN π (i ∈ [1, N ]) is

represented by 0 < θ1 < θ2· · · < θN = M−1
M π. And in (21),

we have θq = q 2π
N , θq′ = q′ 4πN , q ∈ [1, N ] and q′ ∈ [1, N ].

Proof: See Appendix D.
Although the expressions in Lemma 4 already cover most

of the channel cases, they are still unsuitable when η → 1. We
thus provide separate SER expressions for this special case.
By virtue of the approximate expression Iv−1(z) ≈ (z/2)v−1

Γ(v) ,
we can rewrite (18) as

f(γ)

=
2
√
πµµ+ 1

2h′µ

Γ(µ)H ′µ− 1
2 (µ− 1

2 )!

γµ− 1
2

γ̄µ+ 1
2

exp

(
−2µγh′

γ̄

)(
µH ′γ

γ̄

)µ− 1
2

,

(22)
when η → 1, h′ = 1, the above expression is

f(γ) =
2
√
πµ2µ

(µ− 1)!(µ− 1
2 )!

γ2µ−1

γ̄2µ
exp

(
−2µγ

γ̄

)
. (23)

With the same analysis as in Appendix A, the SER expression
when η → 1 can be obtained as

Pη→1
psk =

2
√
πµ2µ

π(µ− 1)!(µ− 1
2 )!γ̄

2µ

∫ M−1
M π

0

∫ ∞

0

γ2µ−1e−(
2µ
γ̄ +

gp

sin2 θ
)γdγdθ.

(24)
Besides, we know Z =

∫∞
0

γae−bγdγ = a!
ba+1 , we further

obtain

Pη→1
psk =

2
√
πµ2µ

π(µ− 1)!(µ− 1
2 )!γ̄

2µ

∫ M−1
M π

0

(2µ− 1)!(
2µ
γ̄ +

gp
sin2 θ

)2µ dθ. (25)

By utilizing the numerical integration method mentioned in
Appendix C, the closed-form solution of SER in this case is
denoted as

Pη→1
psk ≈A0

N∑
i=1

(M − 1)π

MNγ̄2µ

1(
2µ
γ̄ +

sin2( π
M )

sin2 θi

)2µ , (26)

where A0 = 2
√
πµ2µ(2µ−1)!

π(µ−1)!(µ− 1
2 )!

.
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Following the same principle, the SER expressions for the
QAM modulation when η → 1 will be

Pη→1
QAM

≈ 4A0

(
1− 1√

M

) N∑
q=1

π

2Nγ̄2µ
(

2µ
γ̄ + 3

2(M−1) sin2 θq

)2µ
− 4A0

(
1− 1√

M

)2 N∑
q′=1

π

4Nγ̄2µ
(

2µ
γ̄ + 3

2(M−1) sin2 θq′

)2µ .
(27)

While combining the above two cases, the SER expressions
in (20), (21), (26) and (27) cover all special cases when η → 1
and η ̸= 1.

Remark 2: (i) In (26) and (27), when η → 1, µ = m
2 ,

the fading channel degrades to be a Nakagami-m one. (ii)
The Hoyt fading channel corresponds to the special case for
η = v2 and µ = 0.5, where v is the Hoyt fading parameter. The
SER expressions under the Hoyt channel are derived directly
according to (20) and (21), which indicates the versatility of
the formulas we derived. (iii) The correctness of the derived
closed-form SER expressions in η − µ channel by comparing
the relative error δ between our derived expressions and the
exact expressions is verified in Fig. 2.

C. Special Cases

1) Rician channel: The distinctiveness of the Rician model
is encapsulated by its K-factor, which is defined as the ratio of
the power of the LOS component to the average power of the
scattered components. It quantifies the dominance of the LOS
signal over the multipath components. Using the values κ = K
and µ = 1 in (10) and (11), the closed-form expressions of
SERs for M -PSK and M -QAM modulations over the Rician
channel are separately given by (28) and (29), where (29) is
given at the bottom of next page. The consistency of these
results with those reported in [34] and [48] substantiates their
validity.

PRician
psk ≈

1 +K

πeK γ̄

T∑
t=0

N∑
i=1

Kt(1 +K)t(M − 1)π

t!γ̄tMN

1(
1+K
γ̄ +

gp
sin2 θi

)1+t ,

(28)

2) Rayleigh channel: The Rayleigh channel model is em-
ployed to characterize environments where the received signal

is primarily shaped by multiple scattered multipath compo-
nents, notably lacking a dominant LOS component. Substi-
tuting µ = 1 into the above (15), we can obtain the closed-
form SER expression for the PSK modulation in the Rayleigh
channel as follows:

PRayleigh
psk =

M − 1

M

− 1

π

√
gpγ̄

1 + gpγ̄
arctan

(√
1 + gpγ̄

gpγ̄
tan

(
M − 1

M
π

))
.

(30)
Similarly, the closed-form SER expression for the QAM

modulation in the Rayleigh channel is given as

PRayleigh
QAM =

(
1− 1√

M

)(
2− 2

√
gqγ̄

1 + gqγ̄

)
−

(
1− 1√

M

)2
(
1− 4

π

√
gqγ̄

1 + gqγ̄
arctan

(√
1 + gqγ̄

gqγ̄

))
.

(31)
The SER expressions in Rayleigh fading can be also repre-
sented by substituting µ = 0.5 into (26) and (27). The ex-
pressions delineated in (30) and (31) corroborate the findings
presented in [29] and [34]. We augment this by providing the
respective closed-form solutions.

3) One-sided Gaussian channel: The one-sided Gaussian
channel refers to a model where the noise introduced in
the signal transmission is solely from a singular direction
or aspect, typically characterized by a Gaussian distribution
limited to non-negative values. Substituting µ = 0.5 into (16)
and (17), we can obtain the closed-form SER expressions in
the one-sided Gaussian channel as follows:

Pone−Gaussian
psk ≈ 1√

2πγ̄
1
2

N∑
i=1

(M − 1)π

MN

√(
1
2γ̄ +

gp
sin2 θi

) , (32)

Pone−Gaussion
QAM

≈ 2
√
2

π

(
1− 1√

M

) N∑
q=1

π

2Nγ̄
1
2

√(
1
2γ̄ + 3

2(M−1) sin2 θq

)
− 2

√
2

π

(
1− 1√

M

)2 N∑
q′=1

π

4Nγ̄
1
2

√(
1
2γ̄ + 3

2(M−1) sin2 θq′

) .
(33)

4) Hoyt channel: The Hoyt channel is modeled as a special
case of η − µ fading channels. Substituting µ = 0.5 into (20)

Pη−µ
QAM ≈ 4A0

(
1− 1√

M

) T∑
t=0

N∑
q=1

πa2t(2µ− 1 + 2t)!

2Nt!(µ+ t− 1
2 )!
(
b+

gq
sin2 θq

)2µ+2t

− 4A0

(
1− 1√

M

)2 T∑
t=0

N∑
q′=1

πa2t(2µ− 1 + 2t)!

4Nt!(µ+ t− 1
2 )!
(
b+

gq
sin2 θq′

)2µ+2t .

(21)



GUO et al.: SER PERFORMANCE ANALYSIS OF GENERALIZED κ − µ AND ... 199

and (21), we can obtain the closed-form SER expressions in
the Hoyt channel as

PHoyt
psk ≈ A0

T∑
t=0

N∑
i=1

(M − 1)πa2t(2t)!

MNt!t!
(
b+

gp
sin2θi

)1+2t , (34)

PHoyt
QAM ≈ 4A0

(
1− 1√

M

) T∑
t=0

N∑
q=1

πa2t(2t)!

2Nt!t!
(
b+

gq
sin2 θq

)1+2t

− 4A0

(
1− 1√

M

)2 T∑
t=0

N∑
q′=1

πa2t(2t)!

4Nt!t!
(
b+

gq
sin2 θq′

)1+2t ,

(35)

where A0 = (2+η−1+η)
1
2

2πγ̄ , a = (η−1−η)
8γ̄ and b = (2+η−1+η)

4γ̄ .
The merit of analyzing the SER expressions over the gener-

alized κ−µ and η−µ channels is that we can directly obtain
the system SER expressions under other common channels by
substituting special conditions.

D. Discussion with Other Methods

We found that some literature estimated the error rate
through the MGF-based approach [21], [25], [32], [34], and
the closed-form expressions of MGF under κ − µ and η − µ
channels are obtained as follows:

MGFκ−µ(s) =

(
µ(1 + κ)

µ(1 + κ) + sγ̄

)µ

e
µ2κ(1+κ)
µ(1+κ)+sγ̄

−µκ, (36)

MGFη−µ(s)=

(
4µ2h′

(2 (h′−H ′)µ+ sγ̄) (2(h′+H ′)µ+ sγ̄)

)µ

,

(37)
where s is a modulation parameter depending on the modula-
tion scheme.

Based on the MGF expression, [34] gave the approximate
SER expressions as

PBPSK
s ≈ 1

12
MGF (1) +

1

4
MGF

(
4

3

)
, (38)

where PBPSK
s and PM−QAM

s correspond to SER for bi-
nary phase shift keying (BPSK) and M -QAM modulations,
respectively. Additionally, in [32], they provided the average
SER expression for the M -PSK modulation as

PM−PSK
s ≈

3∑
z=1

jzMGF (kz), (40)

in which j1 = M−1
2M − 1

6 , j2 = 1
4 , j3 = M−1

2M − 1
4 and k1 = gp,

k2 =
4gp
3 , k3 =

gp

sin2(M−1
M π)

.

The SER expressions are expressed by MGF (·) functions
in (38)-(40), in which (39) is given at the bottom of page 10,
and we represent SER in terms of the integral relationship
between the density function and Q-function in this paper. As
shown in Figs. 3–5, we compare our theoretical analyzes with
those estimated by the previous methods in [34] and [32]. One
can see that our derivation has a very close approximation to
the exact SER expression. Fig. 3 compares our derivations
with those in [34] under BPSK modulation, showing that both
estimates closely align with the exact values. Fig. 4 shows the
comparison under M -QAM modulation, and it can be seen
that the approximate error in [34] increases with higher-order
QAM modulation, while our approximate theoretical values
still maintain good consistency with the exact value, which
verifies the effectiveness of our derivations. Fig. 5 presents
the comparison between our expressions and the expressions
derived in [32] under M -PSK modulation, demonstrating close
estimations and further validating the accuracy and higher
precision of our derivations.

IV. NUMERICAL RESULTS AND DISCUSSIONS

Simulations are conducted to validate the analytical deriva-
tions presented in this section. Our analysis of SER perfor-
mance primarily focuses on two modulation schemes, namely
BPSK and 16-QAM. This is because BPSK is one of the
most common low-order modulation techniques, whereas 16-
QAM is a high-speed digital modulation technique often
used in modern communication systems. Furthermore, in MC
simulations, 106 random samples are generated from the κ−µ
or η−µ distributions by adopting the method described in [34],
and the relevant channel coefficients are simulated according
to their physical models represented in [50].

To verify the accuracy of our derivation, the theoretical
approximations (App) are compared with MC simulations. The
MC results are plotted as black square markers in Figs. 6-
10. Overall, our estimated values show good agreement with
the MC simulations. Although some values are not perfectly
consistent in the low SNR region, the difference is negligible,
and this difference can be reduced by increasing the value
of the truncation point T . In the high SNR region, the two
curves are more closely, thus corroborating the precision of
our derivation.

Fig. 6 shows the SER performance with a varying parameter
κ in (10). As we observe, the SER performance improves with
increasing κ for both modulation schemes. This improvement
is due to higher κ values accompanied by a stronger LOS
component and less severe fading. Fig. 7 shows the SER versus
SNR plot over the κ − µ fading channel with the varying

PRician
QAM ≈ 4(1 +K)

πeK γ̄

(
1− 1√

M

) T∑
t=0

N∑
q=1

Kt(1 +K)tπ

t!γ̄t2N

1(
1+K
γ̄ +

gq
sin2 θq

)1+t

− 4(1 +K)

πeK γ̄

(
1− 1√

M

)2 T∑
t=0

N∑
q′=1

Kt(1 +K)tπ

t!γ̄t4N

1(
1+K
γ̄ +

gq
sin2 θq′

)1+t .

(29)
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Fig. 3. Comparison of SERs for different estimation methods under BPSK
modulation.
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Fig. 4. Comparison of SERs for different estimation methods under M -QAM
modulation.

number of clusters µ in (11). We observe that as µ increases,
the SER decreases. Especially, as depicted in Figs. 6 and 7,
when SNR is low, the corresponding SER values for different
µ values are quite similar. In high SNR regime, the SER
differences for different values of µ are obvious. Moreover,
we also see that the App and MC curves keep consistency
even if κ and µ change. With identical parameter settings, the
SER performance of BPSK modulation consistently outper-
forms that of higher-order QAM modulation like 16-QAM,
expectedly considering the effect of the modulation order on
the SER performance.

Figs. 8 and 9 are the SER performance results in (20) and
(21) for different parameters η and µ, over η−µ fading chan-
nels. As shown here, when η and µ increase, SER continuously
decreases, and the difference between the curves for different
parameter values becomes wider with the increase of SNR. In
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Fig. 5. Comparison of SERs for different estimation methods under M -PSK
modulation.
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Fig. 6. Comparison of SERs with varying κ values in κ−µ fading channel.

addition, through the above four simulation figures, we can
also see that the parameter µ exerts a pronounced influence
on the SER metric, underscoring the considerable impact of
the multipath factor in the fading channel. Furthermore, we
can also observe the influence of fading parameters on the
SER accuracy in the low SNR region. The SER corresponding
to larger fading parameters is not perfectly aligned with the
MC results, which is due to the fading parameters affecting
the choice of the optimal truncation parameter T . When the
SNR is low, larger fading parameters typically require a larger
truncation parameter T to ensure a more accurate SER.

With the generalized expressions we derived, it is easy
to obtain the simulation results for SER in several common
channels, such as Rician, Nakagami-m and Hoyt, as shown
in Fig. 10. One can observe that the blue line and the green
line coincide because they correspond to the same Rayleigh
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Fig. 7. Comparison of SERs with varying µ values in κ−µ fading channel.
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channel. It is also worth discovering that the theoretical SER
curves and the ones obtained by MC simulation are closely
matched, which demonstrates the validity of our analysis.

V. CONCLUSION

In this article, we have derived the simplified closed-form
expressions for SER with arbitrary small errors over the
generalized κ − µ and η − µ fading channels. From our
analysis, we obtain a conclusion that the dependent truncation
parameter T is influenced by the fading channel parameters. In
the low SNR region, larger fading parameters require a larger
T ; conversely, a smaller T is sufficient to deal with smaller
channel parameters. Besides, we have demonstrated that the
obtained SER expressions are versatile and can characterize
SER expressions under different wireless environments. Our
analysis was validated by numerical simulations, revealing the
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Fig. 9. Comparison of SERs with varying µ values in η−µ fading channel.
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accuracy and validity of our derivations. In particular, our
derived expressions exhibit higher accuracy compared to the
previous methods. Simulation results also demonstrated that
the SER performance over κ − µ and η − µ fading channels
can be enhanced by increasing values of parameters κ, η and
µ, with µ having a more pronounced effect than κ and η.

APPENDIX A
PROOF OF LEMMA 1

According to the original interpretation of SER that ap-
peared in the literature [6], the SER expression under PSK
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modulation is analyzed as follows,

Pκ−µ
psk = E[P psk(err|γ)] =

∫ ∞

0

P psk(err|γ)f(γ)dγ

=

∫ ∞

0

1

π

∫ M−1
M π

0

e−
gpγ

sin2 θ dθf(γ)dγ

=
1

π

∫ M−1
M π

0

∫ ∞

0

e−
gpγ

sin2 θ dθf(γ)dγ

=
1

π

µµ(1 + κ)µ

eµκγ̄µ

∫ M−1
M π

0

∞∑
t=0

(
µ2 κ(1+κ)

γ̄

)t
t!Γ(µ+ t)

×
∫ ∞

0

γµ−1+te−(
µ(1+κ)

γ̄ +
gp

sin2 θ
)γdγdθ.

(41)

Since the part involving t is separate from the inte-
gral regarding γ, we will simplify the integral regard-
ing γ first. Extract the integral involving γ as Zp =∫∞
0

γµ−1+te−(
µ(1+κ)

γ̄ +
gp

sin2 θ
)γdγ, and let a = µ − 1 + t,

b = µ(1+κ)
γ̄ +

gp
sin2 θ

, we further simplify Zp =
∫∞
0

γae−bγdγ
as

Zp =

∫ ∞

0

γae−bγdγ = γa

(
−1

b

)
e−bγ |∞0

+
a

b
γa−1

(
−1

b

)
e−bγ |∞0

+
a(a− 1)

b2
γa−2

(
−1

b

)
e−bγ |∞0

+
a(a− 1)(a− 2)

b3
γa−3

(
−1

b

)
e−bγ |∞0 ......

+
a(a− 1)(a− 2)...× 2

ba−1
γ

(
−1

b

)
e−bγ |∞0 +

a!

ba
· 1
b

=
(µ+ t− 1)!(

µ(1+κ)
γ̄ +

gp
sin2 θ

)µ+t .

(42)
By plugging Zp into (42), we obtain the new expression as

Pκ−µ
psk =

µµ(1 + κ)µ

πeµκγ̄µ

∫ M−1
M π

0

∞∑
t=0

(
µ2 κ(1+κ)

γ̄

)t
t!
(

µ(1+κ)
γ̄ +

gp
sin2 θ

)µ+t dθ.

(43)

With an analysis similar to the above, the SER expression

under QAM modulation is given as

Pκ−µ
QAM

=
4

π

(
1− 1√

M

)
µµ(1 + κ)µ

eµκγ̄µ

∫ π
2

0

∞∑
t=0

(
µ2 κ(1+κ)

γ̄

)t
Zq

t!Γ(µ+ t)
dθ

− 4

π

(
1− 1√

M

)2
µµ(1 + κ)µ

eµκγ̄µ

∫ π
4

0

∞∑
t=0

(
µ2 κ(1+κ)

γ̄

)t
Zq

t!Γ(µ+ t)
dθ

=
4µµ(1 + κ)µ

πeµκγ̄µ

(
1− 1√

M

)

∫ π

2

0

∞∑
t=0

(
µ2 κ(1+κ)

γ̄

)t
t!
(

µ(1+κ)
γ̄ +

gq
sin2 θ

)µ+t dθ


− 4µµ(1 + κ)µ

πeµκγ̄µ

(
1− 1√

M

)2


∫ π

4

0

∞∑
t=0

(
µ2 κ(1+κ)

γ̄

)t
t!
(

µ(1+κ)
γ̄ +

gq
sin2 θ

)µ+t dθ

 ,

(44)
where Zq = (µ+t−1)!

(µ(1+κ)
γ̄ +

gq

sin2 θ
)
µ+t .

APPENDIX B
PROOF OF LEMMA 2

Proof : The remainder after truncating the first T elements
of the sum in (5) is expressed as

µµ(1 + κ)µ

πeµκγ̄µ

∫ M−1
M π

0

∞∑
t=T+1

(
µ2 κ(1+κ)

γ̄

)t
t!
(

µ(1+κ)
γ̄ +

gp
sin2 θ

)µ+t dθ. (45)

Obviously, the main cause of the approximation error is the
infinite series expression involving t. In this case, by putting
the integral and the coefficient part aside, we just focus on the
following expression

∞∑
t=T+1

(
µ2 κ(1+κ)

γ̄

)t
t!
(

µ(1+κ)
γ̄ +

gp
sin2 θ

)µ+t<

∞∑
t=T+1

(
µ2 κ(1+κ)

γ̄

)t
t!
(

µ(1+κ)
γ̄ +

gp
sin2 θ

)t
× (t+ 1)(t+ 2)

2
(

µ(1+κ)
γ̄ +

gp
sin2 θ

)µ .
(46)

Since µ, κ and s are constants, 1

(µ(1+κ)
γ̄ +

gp

sin2 θ
)
µ is also a

constant. Let V =
(µ2 κ(1+κ)

γ̄ )
(µ(1+κ)

γ̄ +
gp

sin2 θ
)

, we obtain a new function

f(t) as

PM−QAM
s ≈ 4(

√
M − 1)√
M

{
1

12
MGF

(
3 log2(M)

2(M − 1)

)
+

1

4
MGF

(
2 log2(M)

(M − 1)

)}
−

(√
M − 1√
M

)2{
1

36
MGF

(
3 log2(M)

(M − 1)

)
+

1

4
MGF

(
4 log2(M)

(M − 1)

)
+

1

6
MGF

(
7 log2(M)

2(M − 1)

)}
,

(39)
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f(t) =
V t

t!

(t+ 1)(t+ 2)

2
. (47)

There exists t′ such that the above function f(t′) converges
to 0 after t′. Moreover, it is observed that f(x) can rapidly
converge to 0 after x′ by an example of f(100) = 1.358 ×
10−172.

Moreover, assuming that at t = T where f(t) nears zero, T
denotes the optimal value that satisfies the condition in (8). An
ϵ threshold, for example, ϵ = 10−4, can be set to assert that
f(t) < ϵ for t ≥ T , thereby enabling the precise determination
of the optimal T in relation to channel fading parameters.
Given that V depends on κ and µ, changes in these parameters
correspondingly influence V . A substantial value of V implies
that V t predominates in f(t) until t increases to a point where
t! becomes significant. Conversely, a smaller V results in a
slower ascent of V t, with t! rapidly becoming the dominant
factor in the reduction of f(t). Therefore, larger values of
κ and µ, which lead to an increase in V , may necessitate
a higher T to ensure f(t = T ) is sufficiently minimal. In
contrast, reduced κ and µ values, leading to a decreased V ,
allow for a lower T , thereby expediting the reduction of f(t).

Therefore, the approximate SER expressions for M -PSK
and M -QAM modulations over κ−µ channel are obtained as

Pκ−µ
psk ≈ µµ(1 + κ)µ

πeµκγ̄µ

∫ M−1
M π

0

T∑
t=0

(
µ2 κ(1+κ)

γ̄

)t
t!
(

µ(1+κ)
γ̄ +

gp
sin2 θ

)µ+t dθ,

(48)

Pκ−µ
QAM ≈ 4µµ(1 + κ)µ

πeµκγ̄µ

(
1− 1√

M

)

∫ π

2

0

T∑
t=0

(
µ2 κ(1+κ)

γ̄

)t
t!
(

µ(1+κ)
γ̄ +

gq
sin2 θ

)µ+t dθ


− 4µµ(1 + κ)µ

πeµκγ̄µ

(
1− 1√

M

)2


∫ π

4

0

T∑
t=0

(
µ2 κ(1+κ)

γ̄

)t
t!
(

µ(1+κ)
γ̄ +

gq
sin2 θ

)µ+t dθ

 .

(49)

APPENDIX C
PROOF OF LEMMA 3

Proof : Let A0 = µµ(1+κ)µ

πeµκγ̄µ , a = µ2κ(1+κ)
γ̄ and b = µ(1+κ)

γ̄ ,
we can rewrite (8) as

Pκ−µ
psk ≈ A0

∫ M−1
M π

0

T∑
t=0

at

t!
(
b+

gp
sin2 θ

)µ+t dθ

≈ A0

∫ M−1
M π

0

f(θ)dθ.

(50)

Assuming f(θ) =
∑T

t=0
at

t!(b+ gp

sin2 θ
)
µ+t , we find that f(θ) is

bounded on the interval [0, M−1
M π]. To achieve the closed-

form SER expression, numerical integration methods can be
adopted. However, we find that under M -QAM modulation,

the SER results estimated by methods such as numerical
integration using rectangular, trapezoidal, and composite trape-
zoidal approaches have poor accuracy at low SNR. The
exception to this is the interpolation numerical integration
method. This disparity can be attributed to the SER expression
under M -QAM modulation involving two integral operations,
leading to error amplification. Therefore, we adopt Lagrangian
interpolation-type numerical integration to obtain the closed
form of (8) and (9) here [43]. In the interval [0, M−1

M π], insert
arbitrarily a number of points 0 = θ0 < θ1 < θ2 < · · · < θi <
· · · < θN−1 < θN = M−1

M π and divide the interval [0, M−1
M π]

into N small intervals [θ0, θ1], [θ1, θ2], · · ·, [θN−1, θN ], the
length of each interval is ∆θ = M−1

MN π, θi = iM−1
MN π.

According to the principle of Lagrangian interpolation-type
numerical integration [43], when N is large enough, Pκ−µ

psk

satisfies

Pκ−µ
psk ≈ A0

T∑
t=0

N∑
i=1

at(M − 1)π

t!MN

1(
b+

gp
sin2 θi

)µ+t . (51)

Following the same principle, the SER expressions Pκ−µ
QAM for

the QAM modulation in this case can also be obtained as

Pκ−µ
QAM

≈ 4A0

(
1− 1√

M

) T∑
t=0

N∑
q=1

atπ

t!2N

1(
b+

gq
sin2 θq

)µ+t

− 4A0

(
1− 1√

M

)2 T∑
t=0

N∑
q′=1

atπ

t!4N

1(
b+

gq
sin2 θq′

)µ+t ,

(52)

in which θq = q 2π
N , θq′ = q′ 4πN , q ∈ [1, N ] and q′ ∈ [1, N ].

APPENDIX D
PROOF OF LEMMA 4

Proof : Based on the same analysis as in Appendix A, in
η − µ channel, the SER expression is computed as

Pη−µ
psk =

2
√
πµ2µh′µ

πγ̄2µ(µ− 1)!

∫ M−1
M π

0

∞∑
t=0

(
µH′

γ̄

)2t
t!(µ+ t− 1

2 )!
×∫ ∞

0

γ2µ+2t−1e−( 2µh′
γ̄ +

gp

sin2 θ
)dγdθ.

(53)

After substituting Z =
∫∞
0

γ2µ+2t−1e−( 2µh′
γ̄ +

gp

sin2 θ
)dγ =

(2µ−1+2t)!(
2µh′

γ̄ +
gp

sin2 θ

)2µ+2t into the above expression, we further get

Pη−µ
psk ≈A0

∫ M−1
M π

0

∞∑
t=0

(2µ− 1 + 2t)!(
b+

gp
sin2 θ

)2µ+2t

a2t

t!(µ+ t− 1
2 )!

dθ.

(54)
By the truncating operator, we further obtain the approximate
expression

Pη−µ
psk ≈A0

∫ M−1
M π

0

T∑
t=0

(2µ− 1 + 2t)!(
b+

gp
sin2 θ

)2µ+2t

a2t

t!(µ+ t− 1
2 )!

dθ,

(55)
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where A0 = 2
√
πµ2µ(2+η−1+η)µ

πγ̄2µ(µ−1)!4µ , a = µ(η−1−η)
4γ̄ and b =

2µ(2+η−1+η)
4γ̄ . Especially, the analysis similar to that in Ap-

pendix B finds that fading channels with larger values of η and
µ demand a greater T to satisfy higher accuracy requirements
for SER. Similar to Appendix C, the closed-form expression
in this case is obtained by the numerical integration as

Pη−µ
psk

≈ A0

T∑
t=0

N∑
i=1

(M − 1)πa2t(2µ− 1 + 2t)!

MNt!(µ+ t− 1
2 )!
(
b+

gp
sin2θi

)2µ+2t ,
(56)

where θi = iM−1
MN π (i ∈ [1, N ]) is represented by 0 < θ1 <

θ2· · · < θN = M−1
M π.

By the same principle, we can obtain the closed-form SER
expression Pη−µ

QAM under QAM modulation over the η − µ
channel, and see the text for the specific formula.
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