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Abstract—Magnetic tensor gradiometers are based on multiple sensors arranged in a unified coordinate system. Current
calibration methods focus on each gradient tensor component separately, rather than the entire tensor system, so the
advantages of tensor measurement are not completely realized. In this letter, the nonorthogonal error, misalignment error,
scale-factor error, and zero offset in a magnetic tensor gradiometer with multiple elements are modeled. Optimal correction
parameters are obtained by using two independent rotation invariants of the magnetic gradient tensor.

Index Terms—Magnetic instruments, calibrations, magnetic tensor gradiometers.

I. INTRODUCTION

Magnetic tensor gradiometers measure the gradients of three or-
thogonal magnetic field components [Pedersen 1990]. They are used
in scientific research and production, especially in the Earth’s mag-
netic field, where the magnetic gradient tensor is derived from the
vector field. Magnetic tensor gradiometers have been used in many
applications, such as buried object detection [Pei 2010], magnetic
dipole localization [Nara 2006], remote determination of magnetic
properties [Clark 1998], monitoring the Kilauea volcano [Bracken
1998], study of global magnetic models [Schiffler 2014a], detection
of magnetic nanoparticles [Elrefai 2015], characterization of magnetic
disturbances [Griffin 2012], and evaluation of magnetically shielded
rooms [Voigt 2015].

There are three types of magnetic gradient tensors according to
different measurement principles, namely, first-order Taylor series ex-
pansion [Schmidt 2004, Stolz 2006, Sui 2014], rotating modulation
[Tilbrook 2009], and string vibration [Sunderland 2009]. No matter
what measurement principle it takes, the calibration of a magnetic
tensor gradiometer is indispensable. Because of the ubiquity of the
Earth’s magnetic field, it is natural to use it to obtain the calibration
parameters. If a so-called gradiometer imbalance exists, the output
of the tensor gradiometer in a uniform field should be a function of
the Earth’s magnetic field [Schiffler 2014b]. Therefore, if the gradient
tensor components and the magnetic fields can be measured simulta-
neously when rotating the tensor gradiometer in a uniform field, the
calibration parameters can be obtained by using the least squares [Pang
2014, Yin 2015] or the linearly constrained least-squares-fit [Keene
2005].

There are still two problems in this method. One is that zero being
the output of a single tensor component in a uniform magnetic field
is a necessary but not a sufficient condition for the correction of the
tensor gradiometer. It cannot ensure the correctness of the construc-
tion of multiple gradient components. In particular, for those tensor
gradiometers that can measure gradients directly, this method still
remains at the correction stage of the gradient imbalance of the sen-
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sors. The other problem with this method is that the reference vector
magnetometer also requires precise calibration due to the scale-factor,
nonorthogonal, misalignment, zero-offset errors [Schiffler 2014]. Typ-
ical vector magnetometer calibration methods require an accurate
magnitude of reference of the magnetic field [Merayo 2000, Gemoz-
Egziabher 2006]. Not only is the correction procedure complicated, but
the performance of the tensor gradiometer is restricted by the auxiliary
magnetometers.

The complete calibration of the magnetic tensor gradiometer ac-
tually consists of two levels. The first one is the calibration of each
gradient tensor component. The second one is the calibration of the
construction of multiple gradient components. It is difficult to uni-
formly express the error mechanisms of gradient components obtained
by different measurement principles, but the errors are similar when
constructing the tensor gradiometer. Therefore, the work in this let-
ter focuses on the second level. First, the models are built for the
nonorthogonal error, misalignment, scale-factor error, and zero offset
in the construction of a magnetic tensor gradiometer by composing
multiple elemental gradiometers. Then, the optimal correction param-
eters are obtained by using the two independent rotation invariants of
the magnetic gradient tensor.

II. ERROR MODEL OF TENSOR GRADIOMETER

Let B be the magnetic induction vector with three components
Bx , By , and Bz . The magnetic gradient tensor G is comprised of the
gradients of the three field components. Potential field theory stipulates
that the gradient tensor is symmetric and traceless, so G only has five
independent components [Pedersen 1990] and can be expressed by

G =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

∂ Bx

∂x

∂ Bx

∂y

∂ Bx

∂z

∂ By

∂x

∂ By

∂y

∂ By

∂z

∂ Bz

∂x

∂ Bz

∂y

∂ Bz

∂z

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣

Gxx Gxy Gxz

Gxy G yy G yz

Gxz G yz −Gxx − G yy

⎤
⎥⎥⎥⎦ .

(1)
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Fig. 1. Two-dimensional schematic of the installed elemental gra-
diometer with the nonorthogonal angle γ between the x′ ′-axis and the
y′-axis, and the other nonorthogonal angle θ between the sense direc-
tion of X′ ′ and Y′, apart from the misalignment angle α and β in the
baseline and the sense direction. The dotted and solid arrows indicate
the sense directions and the baseline directions of the gradiometers,
respectively.

A. Misalignment and Nonorthogonal Error in Two-
Dimensional Space

There are misalignments and nonorthogonal errors in the manufac-
turing and installation process. Fig. 1 shows two installed elemental
gradiometers with the misalignment angles α and β in the baseline and
sense direction, respectively. The sense direction of Y′ is equivalent to
the sense direction of Y being rotated twice with respect to angles α

and β.
As well as the misalignment angles, the installed elemental gra-

diometer with the nonorthogonal angle γ between the x′ ′-axis and
the y′-axis and the other nonorthogonal angle θ between the sense
direction of X′ ′ and Y′ is also shown in Fig. 1. The actual gradient of
gxx is the change of the magnetic field component X′ ′ in the x′ ′-axis
direction.

The desired tensor in the two-dimensional (2-D) space is

G =
⎡
⎣

Gxx Gxy

G yx G yy

⎤
⎦ . (2)

Therefore, if the actual measured gradient component G yy has er-
rors, as shown in Fig. 1, that is the sense direction of Y′ is equivalent to
the sense direction of Y being rotated twice with angles α and β, and
the baseline direction has been rotated with angle α. Misalignments
can be treated as the rotational transformations of coordinates which
are similarly given in Pedersen [1990].

Besides the misalignment in the measured G yy , the measured gra-
dient component Gxx has the nonorthogonal angle γ in the baseline.
The sense direction has been rotated with angle γ because of the
nonorthogonal error in the baseline. In addition, there exists another
nonorthogonal angle θ between the sense directions of X ′′ and Y ′.
Assume that Rxx is the measured Gxx , which can be calculated using

(3), and Nx11 in N x is Rxx :

Nx =
[

Nx11 Nx12

Nx21 Nx22

]
=
[

cθ sθ

0 1

]

×
[

cγ sγ

−sγ cγ

][
cβ sβ

−sβ cβ

][
cα sα

−sα cα

]

×
[

Gxx Gxy

G yx G yy

][
cα sα

−sα cα

]T[
cγ sγ

0 1

]T

(3)

where s∗ and c∗ denote sine and cosine function.
The other error models of the tensor gradiometer in the 2-D space

can also be defined in an analogous manner.

B. Misalignment and Nonorthogonal Error in Three-
Dimensional Space

We take tensor components Gxx and G yy as examples to derive the
error models in three-dimensional (3-D) space.

1) If there are three misalignment angles α1, β1, and γ1 in the
baseline directions, the elemental gradiometers can be treated
as being rotated about three axes and the transformation matrix
is expressed by M. If there are three misalignment angles α2,
β2, and γ2 in the sense directions, the transformation matrix is
defined by L likewise.

2) If there are three nonorthogonal angles α3, β3, and γ3 in the
baseline directions, the new axes are x ′, y′, and z. That is, the
actual z-axis and the ideal z-axis are coaxial and the y′oz plane
and the yoz plane are coplanar; δ3 is the angle between the y’-
axis and y-axis; p is the projection from the x’-axis onto the xoy
plane and α3 is the angle between the x’-axis and p; β3 is the
angle between the x-axis and p, so the nonorthogonal matrix is
defined by W 3. The sense directions are also affected by the
nonorthogonal errors of the baseline simultaneously. The sense
direction of X ′ is equivalent to the sense direction of X being
rotated twice with angles β3 and α3 about the z-axis and the
y-axis, respectively, and the transformation matrix is defined
by W 2. The sense direction of Y’ is equivalent to the sense
direction of Y being rotated with angle δ3 about the x-axis and
the transformation matrix is defined by W 5.

3) If there are three nonorthogonal angles α4, β4, and γ4 in the
sense directions, the nonorthogonal matrix and transformation
matrix can be derived in an analogous manner and expressed by
W 1 and W 4.

Assume that Rxx and Ryy are the measured Gxx and G yy , which can
be calculated via (4) and (5). Nx11 and Ny22 in N x and N y are Rxx

and Ryy , respectively.

Nx =

⎡
⎢⎢⎣

Nx11 Nx12 Nx13

Nx21 Nx22 Nx23

Nx31 Nx32 Nx33

⎤
⎥⎥⎦ = W1 LW2 MG MTW T

3 (4)

Ny =

⎡
⎢⎢⎣

Ny11 Ny12 Ny13

Ny21 Ny22 Ny23

Ny31 Ny32 Ny33

⎤
⎥⎥⎦ = W4 LW5 MG MTW T

3 (5)
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where

M =

⎡
⎢⎢⎣

cβ1 cα1 sα1 cβ1 −sβ1

sγ1 sβ1 cα1 − cγ1 sα1 sγ1 sβ1 sα1 − cγ1 cα1 sγ1 cβ1

cγ1 sβ1 cα1 + sγ1 sα1 cγ1 sβ1 sα1 − sγ1 cα1 cγ1 cβ1

⎤
⎥⎥⎦ ,

L =

⎡
⎢⎢⎣

cβ2 cα2 sα2 cβ2 −sβ2

sγ2 sβ2 cα2 − cγ2 sα2 sγ2 sβ2 sα2 − cγ2 cα2 sγ2 cβ2

cγ2 sβ2 cα2 + sγ2 sα2 cγ2 sβ2 sα2 − sγ2 cα2 cγ2 cβ2

⎤
⎥⎥⎦ ,

W1 =

⎡
⎢⎣

cβ4 cα4 sβ4 cα4 sα4

0 1 0
0 0 1

⎤
⎥⎦ , W2 =

⎡
⎢⎣

cβ3 cα3 cα3 sβ3 −sα3

0 1 0
0 0 1

⎤
⎥⎦ ,

W3 =

⎡
⎢⎣

cβ3 cα3 sβ3 cα3 sα3

0 cδ3 sδ3

0 0 1

⎤
⎥⎦ , W4 =

⎡
⎢⎣

1 0 0
0 cδ4 sδ4

0 0 1

⎤
⎥⎦

W5 =

⎡
⎢⎣

1 0 0
0 cδ3 sδ3

0 0 1

⎤
⎥⎦ .

Therefore, the measured component Rμυ (μ, υ = x, y, and z) only
contains the misalignment and nonorthogonal error, which can be
expressed by

Rμυ =
∑

i, j=x,y,z

pi j Gi j . (6)

C. Error Model of the Magnetic Tensor Gradiometer

The actual measured tensor component Tμυ also has the scale-factor
error c, and zero offset o, and is expressed by

Tμυ = cμυ Nμυ + oμυ. (7)

Therefore, the error model of five independent tensor components
can be expressed by

T = K Ĝ + O (8)

where Ĝ = (Gxx , Gxy, Gxz, G yy, G yz)T .

The correction model of the tensor component can be rewritten as

Ĝ = K −1T − K −1 O = H T + D. (9)

There are 30 coefficients, including 25 in H , denoted as hi j , and
five in D denoted as di j .

III. CALIBRATION METHOD OF THE TENSOR
GRADIOMETER

An invariant is a constant by a particular transformation of coordi-
nates. There are two nonzero invariants given by Pedersen:

I1 = − 1

2

∑
μ,υ=x,y,z

G2
μυ (10)

I2 = |G| . (11)

A. Using the Invariant I1

The first step is using invariant I1, that is, (12) can be obtained by
substituting Gμυ in (10) by the five independent tensor measurements

Tμυ in (9).

F(x1, x2, . . . , x20) = x1T 2
xx + x2T 2

xy + x3T 2
xz + x4T 2

yy + x5T 2
yz

+ 2x6Txx Txy + . . . + 2x20Tyz = 1 (12)

where x1 − x15 are quadratic polynomials of hi j , and x16 − x20 are the
combinations of polynomials of hi j and di j .

When the magnetic tensor gradiometer is rotated around its center,
it can measure n sets of tensors with errors. According to the invariant
property x1 − x20 should keep Fi (i = 1 . . . n) constant. Accordingly,
we design the function J in (13) and calculate the optimal x1 − x20

using the least squares method:

J (x1, x2, x3, . . . , x20) = min

(
n∑

i=1

[Fi (x1, x2, x3, . . . , x20) − 1]2

)
.

(13)
The combination of (9), (10), and (12) can be expressed as

(T − O)T A(T − O) = 1 (14)

where

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x1 x6 x7 x8 x9

x6 x2 x10 x11 x12

x7 x10 x3 x13 x14

x8 x11 x13 x4 x15

x9 x12 x14 x15 x5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, O = −A−1

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x16

x17

x18

x19

x20

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

So the zero offset O can be obtained by coefficients x1 − x20 . After
removing the zero offset, (9) and (12) can be expressed as

{
T ′ = T − O = K Ĝ
Ĝ = H T ′ (15)

F(y1, y2, . . . , y15) = y1T ′2
xx + y2T ′2

xy + y3T ′2
xz

+ y4T ′2
yy + y5T ′2

yz + · · · + 2y15T ′
yy T ′

yz = I1. (16)

Likewise, y1 − y15 are quadratic polynomials of hi j and can be
calculated by the least squares method.

We take the example of the coefficient y1:

y1 = 2h2
11 + 2h11h31 + h2

21 + h2
31 + 2h2

41 + 2h2
51. (17)

Accordingly, 15 equations denoted as E1 can be obtained. Since
the number of equations is less than the number of unknowns, the
invariant I2 needs to be used.

B. Using the Invariant I2

By expanding (11), we obtain a cubic polynomial of Gμυ

I2 = − G2
xx G yy + Gxx G2

xy − Gxx G2
yy − Gxx G2

yz

+ G2
xy G yy + 2Gxy Gxz G yz − G2

xz G yy . (18)

Equation (19) can be obtained by substituting Ĝ in (18) by the T ′

in (15):

N (z1, z2, . . . , z35) = z1T ′3
xx + z2T ′2

xx T ′
xy + z3T ′

xx T ′2
xz + z4T ′2

xx T ′
yy

+ z5T ′
xx T 2′

yz + z6T ′
xx T ′

xy T ′
xz + · · · + z35T ′3

yz = I2 (19)
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TABLE 1. Error coefficients in simulation.

Scale-factor error Uniform distribution with amplitude of 0.01

Nonorthogonal errors Uniform distribution with amplitude of 1°

Misalignments Uniform distribution with amplitude of 3°

Zero offsets Uniform distribution with amplitude of 15 nT/m

Magnetic gradient noise Uniform distribution with amplitude of 0.1 nT/m

Fig. 2. RMSE between the desired and the uncorrected Gxy (red plus
sign markers) and the corrected Gxy (blue cross markers) in the 1000
simulations.

where z1 − z35 are cubic polynomials of hi j and can be calculated by
the least-squares method likewise.

Accordingly, 35 equations denoted as E2 can be obtained. That
is, we have 50 equations and 25 unknowns and can get the numeri-
cal solution with MATLAB. Eventually, the calibrated tensor can be
obtained through (9).

IV. SIMULATION EXPERIMENTS

A. Performance Assessment

There are five installed gradiometers measuring five independent
components Gxx , Gxy, Gxz, G yy , and G yz in simulation experiments.
The procedure of simulation is as follows.

1) The true value of the magnetic gradient tensor formed by the
magnetic dipole, whose magnetic moment vector is (250 000,
250 000, −353 553.39) A · m2 is calculated through the equation
in Sui [2015].

2) The measured magnetic gradient tensors are calculated by the
true value, error coefficients, and random rotation angles. Error
coefficients are shown in Table 1.

3) The calibration coefficients are obtained by the proposed
method and applied to correct the measured magnetic gradi-
ent tensors.

The simulation is repeated 1000 times and all coefficients are gener-
ated according to Table 1. The root mean square error (RMSE) is used
to evaluate the error between the desired and the uncorrected Gxy , and
the corrected Gxy , respectively. The results of a pair of RMSEs in each
simulation are shown in Fig. 2. The average RMSE is reduced from
7.50 to 0.13 nT/m after correction. The results of other components
are similar to Gxy and shown in Table 2. The improvement ratios range
from 38.58 to 60.83.

B. Simulation of a Survey Line

The magnetic dipole is used as the target at a depth of 5 m under
the ground. A 100 m survey line containing 500 observation points is

TABLE 2. Average RMSEs of five tensor components in the 1000
simulations.

Gxx Gxy Gxz G yy G yz

Before correction (nT/m) 7.30 7.50 7.50 7.33 7.54

After correction (nT/m) 0.12 0.13 0.18 0.19 0.15

Improvement ratio 60.83 57.70 41.67 38.58 50.27

Fig. 3. The desired (red line with circle markers), corrected (blue line
with point markers), and uncorrected CT (black line with cross markers)
in the survey line.

TABLE 3. RMSEs of five tensor components in one simulation.

Gxx Gxy Gxz G yy G yz

Before correction (nT/m) 5.00 3.92 9.77 6.98 8.99

After correction (nT/m) 0.08 0.13 0.25 0.14 0.09

Improvement ratio 62.50 30.15 39.08 49.86 99.89

designed right above the target at a height of 10 m. Fig. 3 shows the
result of the comparison among the desired, corrected, and uncorrected
tensor magnitudes, CT , on the survey line. The RMSE is reduced from
17.73 to 0.11 nT/m after the correction. The results of five components
are similar to CT and shown in Table 3. The improvement ratios range
from 30.15 to 99.89.

V. CONCLUSION

The calibration method for the magnetic tensor gradiometer is one of
the most decisive factors for its application. In this letter, a calibration
method has been proposed using two tensor invariants as constraints,
which is similar to the scalar calibration of vector magnetometers. The
derived calibration parameters ensure the best overall performance.
Starting from specific sensors, the method can be generalized to error
models for other magnetic tensor gradiometers.
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