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Abstract—Stability of skyrmion magnetization configuration in a circular magnetic nanodot with an uniaxial anisotropy
perpendicular to the dot plane is calculated. It is shown that the skyrmion state can have magnetic energy lower than the
vortex and perpendicular single domain state in a finite range of magnetic anisotropy fields at room temperature even in
the case of absence of the Dzyaloshinskii–Moriya exchange interaction and external magnetic field.

Index Terms—Nanomagnetics, magnetic anisotropy, nanodot, skyrmion, vortex.

I. INTRODUCTION

It is well known that in small ferromagnetic particles with sizes
smaller than the exchange length (∼10 nm), the exchange en-
ergy dominates, which results in almost homogeneous magneti-
zation configurations (single-domain states). Increasing the par-
ticle sizes the magnetostatic and anisotropy energies play more
essential role and lead to stabilization of inhomogeneous mag-
netization configurations (domain structures) [Hubert 1998]. In
the case of soft magnetic materials, the simplest example is a
magnetic vortex [Metlov 2002, Scholz 2003], which was exten-
sively investigated during the past 15 years. Other magnetiza-
tion configurations such as skyrmion-like bubble domains can
be stabilized in magnetic films [Thiele 1970] and magnetic dots
[Moutafis 2006, 2007] if a perpendicular magnetic anisotropy
and/or perpendicular magnetic field are present.

Magnetic skyrmions have recently attracted much attention of
researchers due to their small sizes about of 1–10 nm assuming
applications to ultrahigh density magnetic recording and easy
manipulation using spin-polarized currents [Fert 2013, Sampaio
2013]. The skyrmions were observed in noncentrosymmetric
weak ferromagnets with B20 structure such as MnSi, FeCoSi,
etc., and insulating weak ferromagnets Cu2OSeO3 [Fert 2013].
It was established and widely accepted that the Dzyaloshinskii–
Moriya (DM) exchange interaction plays a decisive role in the
stabilization of such skyrmions [Rössler 2006, Rohart 2013,
Sampaio 2013, Du 2013]. However, these materials have low
Curie temperatures, well below room temperature, and need an
external magnetic field to stabilize the skyrmions that is inconve-
nient for their applications in spintronic devices. Therefore, the
question arises whether the skyrmion state can be stabilized in
strong ferromagnets like Fe, Co, and Ni without the presence of
the DM interaction and bias magnetic field at room temperature.
Stabilization of the skyrmion state in magnetic dots, stripes, and
other patterned nanostructures is of special interest.

It was shown by Thiele [1970] that the bubble skyrmion
state without DM interaction in infinite films with perpendic-
ular anisotropy can be stabilized by nonzero perpendicular
magnetic field. Following the work by Skyrme [1962], it was
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shown [Abanov 1998, Kirakosyan 2006] that skyrmions in thin
magnetic films can be stabilized by introducing a high-order
isotropic exchange interaction proportional to

(∇2M
)2

that is
beyond the traditional micromagnetic approach, where only the
dominating terms (∇Mα)2 (M (r) is the sample magnetization,
α = x, y, z) are accounted for. Then, Ezawa [2010] found using
a trial function that a single skyrmion state (bubble skyrmion with
a large radius of about 1 μm) can be stabilized in a magnetic
film with perpendicular anisotropy by a magnetic field. There
is no quantitative difference between magnetization configura-
tions of the large-radius bubble skyrmions and small-radius DM
or exchange skyrmions. Both of them are stable in some part
of parameter space and bear a topological charge. That is, the
DM interaction is not mandatory to stabilize skyrmions, but it is
required to select particular skyrmion chirality [Kiselev 2011].

Recently, Kiselev [2011] calculated the stability of small-
radius skyrmion in an infinite film as a function of DM inter-
action strength and perpendicular magnetic field. Meanwhile, it
was calculated that the skyrmions can be stabilized in ultrathin
Co (0.4 nm) layers in contact with metals having strong spin-
orbit coupling like Pt if the interfacial DM interaction is strong
enough [Sampaio 2013, Rohart 2013]. If the DM interaction is
absent, Johnson [2012] showed that skyrmion in finite isotropic
ferromagnetic particles can be stabilized by a bias field. Sun
[2013] simulated artificial stable skyrmions in patterned layered
magnetic films composed of vortex state dots and a sublayer
with perpendicular anisotropy. The idea by Sun et al. then was
experimentally proved by Li [2014].

In this letter, we demonstrate that the skyrmions can be stabi-
lized in a nanodot by perpendicular anisotropy in absence of the
external magnetic field and DM interaction. Such skyrmions can
be considered as specific bubble domains adopted for finite in-
plane dot sizes. We distinguish the bubble-skyrmions stabilized
in dots from common bubble domains in magnetic films having
perpendicular anisotropy [Hubert 1998] because there are nei-
ther well-defined domains nor domain walls in dots; magnetic
nonuniformity occupies all the dot volume. The common bubble
domain radius is essentially larger than the domain wall width.
In the case of small dot radius, there is no difference between
the bubble-skyrmions and DM skyrmions.
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We consider a cylindrical dot with radius R and thickness L.
We assume that L is about of the material exchange length,
several tens of nanometers (10–50 nm). That allows neglecting
the magnetization dependence on the thickness coordinate z
and averaging relevant physical quantities over z. We assume
existence of a uniaxial magnetic anisotropy with the easy axis
directed along z and consider a competition of the magnetic
energies of three distinct magnetization states: perpendicular
single domain (SD), vortex (V), and skyrmion (Sk). Then, we de-
termine the critical values of the anisotropy fields and dot sizes
for transitions between the SD, V, and Sk states by comparing
the energies of these stable (metastable) states and choosing
a state with the minimal energy.

II. THEORETICAL MODEL

A. Magnetic Energy Contributions

Inhomogeneous magnetization configurations are described
by the magnetization vector field m (r) = M (r) /Ms . We intro-
duce the magnetic energy density w (m) = A (∂m/∂xα)2 + wm +
wa , where wm = −Msm · Hm/2 is the magnetostatic energy den-
sity, wa = −K (m · n)2 is the uniaxial anisotropy energy density,
A is the exchange stiffness, Ms is the saturation magnetization,
Hm [m (r)] is the nonlocal magnetostatic field, and xα = x, y, z.
The total dimensionless magnetic energy is a functional of the
magnetization configuration m(r)

E [m (r)] = 1

M2
s V

∫

V
d3rw (m (r)) (1)

where integration is conducted over the dot volume V = π R2 L.
The equilibrium magnetization configurations are obtained

from the integro-differential Euler–Lagrange equations

δw

δm
= ∂w

∂m
− ∂

∂xα

∂w

∂ (∂m/∂xα)
= 0. (2)

We use the cylindrical coordinates r (ρ, ϕ, z) and parame-
terize the magnetization components via the spherical angles
�, 	 of m as mρ + imϕ = sin � exp (i (	 − ϕ)), mz = cos �. To
minimize the bulk and side surface magnetostatic energy of
the curling-like V, Sk magnetization configurations with a chi-
rality C = ±1, we use the equation 	 (ϕ) = ϕ + Cπ/2 corre-
sponding to ∇ · m = 0, and mρ = 0. The V and Sk energy does
not depend on C in absence of the DM interaction. We also
assume that the function � = � (ρ) is axially symmetric. Us-
ing these assumptions, we can essentially simplify the mag-
netostatic term Hα

m (r) = Ms

∫
d3r′
αβ (r, r′) mβ (r′) in (2), where


αβ (r, r′) = −∂2/∂xα∂x ′
β |r − r′|−1 is the magnetostatic kernel.

Accounting the magnetostatic energy for infinite films by Kise-
lev [2011] following the bubble-domain theory [Tu 1971] as-
sumes using some identities which are not applicable for a
dot of finite radius and more rigorous approach is needed.
There is only one nonzero component of 
αβ (r, r′) averaged
over z, z′, Gzz (ρ, ρ ′) = L−1

∫
dzdz′
zz (r, r′), corresponding to

the magnetic energy of the dot face (z = 0,L) magnetic charges

m · n = mz . The magnetostatic field in the form

hm (ρ) = H z
m (ρ) /Ms =

∫
dρ ′ρ ′gzz

(
ρ, ρ ′)mz

(
ρ ′)

gzz

(
ρ, ρ ′) = − (4π/L)

∫ ∞

0
dk

(
1 − e−kL

)
J0 (kρ) J0

(
kρ ′)

leads to the magnetostatic energy (r = ρ/R, β = L/R)

Em [m] = 4π

β

∫ ∞

0
dx

[
1 − e−βx

]
I 2 (x) , I (x)

=
∫ 1

0
drr J0 (xr ) mz (r ) . (3)

The anisotropy energy is Ea = ha

∫
drr sin2�, where ha =

2K/M2
s is the reduced anisotropy field (K > 0 is the anisotropy

constant) and Q = ha/4π is a quality factor. The exchange en-
ergy Eex is accounted in the standard form. The total magnetic
energy is E = Eex + Ea + Em :

E [� (r )] =
∫ 1

0
drr

{(
Le

R

)2
[(

d�

dr

)2

+ sin2 �

r 2

]

+ ha sin2 �

}

+Em [� (r )]

where Le = √
2A/Ms is the exchange length.

B. Equilibrium Magnetization Direction

Using (2), we can write the equation for the equilibrium mag-
netization angle � (ρ) in the form

L2
e∇2� (ρ) = 1

2

(
ha + L2

e/ρ
2
)

sin 2� (ρ) + hm (ρ) sin � (ρ) .

(4)
The nonlinear integro-differential equation (4) is complicated

and can be solved only numerically. Instead of its numerical
solution, we use the method of a reasonable trial function to di-
rectly minimize the total energy E[�]. Several trial functions for
the angle � (r ) were used so far: cos � (r ) = sin (kr ) /kr [Gus-
lienko 2004], cos � (r ) = 1/ cosh (kr ) [Moutafis 2006], cos � (r ) =
1 − 2 exp

(−k2r 2
)
[Finazzi 2013], � (r ) = kr [Beg 2013]. The

total energy was minimized with respect to parameter k, which
has sense of an inverse skyrmion radius. We use the skyrmion
ansatz

cos � (r ) = (
c2 − r 2

)
/
(
c2 + r 2

)
(5)

for r ≤ 1 within the dot, where c = Rc/R is the reduced skyrmion
radius defined by the equation mz (c) = 0. This ansatz is a so-
lution of the nonlinear sigma model [Abanov 1998]. The en-
ergy E (c) is calculated explicitly as a function of the Sk ra-
dius, and the dot magnetic (Le, ha) and geometrical parameters
(L , R). The perpendicular SD state (� = 0) energy corresponds
to 1/c → 0, and the vortex (half-skyrmion) energy is calculated
using the ansatz by Usov [1993]. We use the exchange length
value Le = 18 nm.

C. Skyrmion Topological Charge

The skyrmion topological charge S in thin films S =
(1/4π)

∫
d2ρm · (∂m/∂x × ∂m/∂y) is proportional to degree of
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Fig. 1. Magnetic energies of the vortex (V), skyrmion (Sk) and single
domain (SD) magnetization states versus anisotropy field. R = 100 nm,
β = L/R = 0.3. Arrows show the critical fields of skyrmion stability.

Fig. 2. Equilibrium skyrmion radius in units of the dot radius R. The dot
parameters: R = 100 nm, β = 0.1 (red dot line), R = 250 nm, β = 0.1
(solid line), and R = 100 nm, β = 0.3 (blue dashed line). The critical
fields are shown by arrows. Inset: profile of the magnetization com-
ponent mz for ha = 9.0 (1), ha = 10.0 (2), ha = 10.5 (3), R = 100 nm,
β = 0.3.

mapping of x Oy plane to the surface of unit sphere m2 = 1 de-
fined by the function m(x,y). In the case of magnetic skyrmion
trapped to a circular dot we get using (5), the topological charge
S = (mz (0) − mz (R)) /2 = 1/

(
1 + c2

)
. As shown below, c2 << 1

for a stable skyrmion; therefore, the skyrmion charge is S ≈ 1.
The charge determines gyrotropic dynamics (gyrovector) of the
magnetic skyrmions.

III. CALCULATION OF SKYRMION STABILITY

Any magnetization configuration can be characterized as
stable state (the ground state or global energy minimum),
metastable state (local energy minimum), or unstable state
in some parameter space. There are several stable and
metastable magnetization states in a circular magnetic nanodot
as a function of the dot parameters Le, ha , R and β = L/R.

Fig. 3. Skyrmion stability area hc1 < ha < hc2 versus dot aspect ratio
β = L/R for different dot radii, R = 250 nm (solid lines), R = 100 nm
(dashed lines) (a), and versus dot radius for the dot thickness L = 10
nm (b). The anisotropy field hc marks the border of metastability of the
perpendicular SD state. The stable state is listed first.

A. Comparison of Skyrmion Energy With Energies of
Other Magnetization Configurations

The Sk state energy is lower than the V energy for the
anisotropy field ha > hc1 and lower than the perpendicular SD
state energy if ha < hc2 (see Fig. 1). That is, the skyrmion state
is stable in the anisotropy field region hc1 < ha < hc2.

B. Equilibrium Skyrmion Radius

The equilibrium Sk radius c (ha, β, R) is determined from
the equation ∂ E/∂c = 0 and shown in Fig. 2 for typical dot
parameters.

The reduced Sk equilibrium radius depends mainly on the dot
aspect ratio β and only weakly depends on R due to the small
contribution of the exchange energy at R >> Le. The Sk radius
Rc (ha) decreases with ha increasing from hc1 to hc2. It has also
physical sense beyond this range, up to borders of the skyrmion
metastability. A calculation of the skyrmion metastability region
(where Sk is a local minimum of the magnetic energy) is beyond
the scope of this paper.
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C. Stability of Skyrmion as a Function of the Dot Sizes

The critical lines of Sk stability hc1,2 (β, R) are determined as
solutions of the equations EV = ESk and ESD = ESk (see Fig. 3).

The critical field hc1 (β, R) depends mainly on the dot aspect
ratio β = L/R and can be essentially lower than 4π (hc1 ≈ 2π ,
Q ≈ 0.5) for thick dots [see Fig. 3(a)], whereas the critical field
hc2 (R, β) depends also on the dot radius, increases slowly with
R increasing, and is close to 4π . For typical Ms = 103 G, the in-
terval of the perpendicular anisotropy fields (hc1, hc2) in absolute
units varies as function of L and R from 1 to 5 kOe.

Sk state can be also stabilized for ha > 4π (Q > 1), for in-
stance, in epitaxial FePt dots with Q = 4.7 [Moutafis 2007].
However, we want to find stabilization of Sk state in circular
dots made of relatively low anisotropy materials, like hcp Co
or tetragonally distorted Ni, where Q ≈ 0.4 − 0.5 is expected
[Moutafis 2006]. Moutafis [2006] numerically calculated the
transition from V to Sk state for a fixed value of h0

a = 5.03
(Q = 0.4) as a function of β in the range 0.33–0.46 for R = 75
nm. They found the V ground state for β < 0.33 and some inter-
mediate V–Sk state at 0.33 < β < 0.46. This is in good agree-
ment with our calculations of V–Sk equilibrium line hc1 (β, R):
h0

a < hc1 (0.33, 75) = 6.13 and h0
a > hc1 (0.46, 75) = 4.98.

IV. CONCLUSION

The skyrmion is the ground state (stable state) of a circu-
lar ferromagnetic nanodot without the DM exchange interaction
and bias magnetic field for moderate perpendicular anisotropy
fields ha (Q < 1) within the range hc1 < ha < hc2 < 4π . The crit-
ical anisotropy fields of the skyrmion stability hc1,2 (β, R) are
functions of the dot thickness L and radius R. The obtained
skyrmion stability phase diagrams can serve as a benchmark
for calculations of magnetic skyrmion dynamics in restricted ge-
ometry as well as a guide to experimentalists in preparation of
samples having the magnetic skyrmion ground state.
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