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Mirror-Less Unidirectional Radiation in an
Asymmetric Single Resonator

Joohyung Song, Hyungjun Heo

Abstract—We propose a novel approach to realize unidirectional
radiation in an asymmetric single resonator without using an
external mirror, which is based on mutual coupling between two
degenerate resonant modes through the background scattering of
the asymmetric resonator. In the proposed approach, only one of the
resonant modes experiences optical gain and the other works just
as an internal reflector. So, our approach is conceptually to mimic a
one-port system by introducing the internal reflector in a two-port
system. Due to this intuitive and simple operation concept, the de-
sign of such devices is straightforward. We described the operation
principle by using the temporal coupled-mode theory, from which
a practical design method was derived. An example device of the
proposed approach was designed based on guided-mode resonances
in a slab waveguide grating and its performance was analyzed with
the finite-difference time-domain simulation. A ratio of 4.6 x 10*
between the upward and the downward radiations was numerically
demonstrated.

Index Terms—Guided-mode resonance, surface emitting lasers,
unidirectional radiation, zero-contrast gratings.

I. INTRODUCTION

N AN asymmetric single-mode resonator of two-port (two
Iexternal decay paths) such as a one- or two-dimensional
photonic crystal slab, the ratio between two decay rates cannot
exceed (14-r)/(1-r), where r is the reflection of the background
scattering [1]. This implies that the asymmetric decay rate ratio
can be infinite only when r = 1. However, the background
scattering with » = 1 is not physically feasible, so that the
single-mode resonator cannot have an infinite asymmetric decay
rate ratio. Therefore, when a light source such as a laser or a light
emitting diode (LED) is implemented based on the two-port
single-mode resonator, unidirectional emission is fundamen-
tally impossible without using an external mirror. Obviously,
the usage of the external mirror such as a distributed Bragg
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reflector (DBR) or a metal reflector in the light source has many
drawbacks. The DBR requires a sophisticated epitaxial growth
process, and moreover, a high performance DBR is available
only in a certain material system, i.e., GaAs/Al,Ga;_xAs. This
limits the range of the emission wavelength of such a light source
based on a monolithically grown wafer or requires a compli-
cated fabrication process such as wafer bonding to implement a
freely chosen emission wavelength [2], [3]. In order to employ
the metal reflector, an additional substrate removal or thinning
process is needed.

Recently, H. Zhou et al. has shown that mirror-less single-
sided radiation is achievable in a one-dimensional photonic
crystal slab of broken C*; symmetry, in which the broken
C*; symmetry makes two opposite-direction propagating modes
with nonzero in-plane momentum (EH # 0) distinguishable and
the interaction between the two degenerate resonant modes
enables to overcome the limit of the single-mode resonator
[4]. Since their structure works for oblique incoming/outgoing
waves, it was treated as a four-port system. Moreover, since
the C°y symmetry of the structure is broken, its design and
fabrication process will be rather complicated.

In this work, a novel approach to implement unidirectional
radiation from a single resonator without an external mirror
is proposed, which is based on mutual coupling between two
degenerate resonant modes through the background scattering
of the asymmetric resonator. In the proposed approach, only
one of the resonant modes is responsible for emission, and the
other works just as an internal mirror in conjunction with the
background scattering. So, conceptually, the proposed approach
can be understood as mimicking one-port resonant system due
to the internal mirror function. In our previous work, we have
shown that a flat-top broadband reflector can be realized by com-
bining a single guided-mode resonance (GMR) and Fabry-Perot
(F-P) like background scattering in a slab waveguide grating,
and 100% reflection occurs when the GMR coincides with the
resonance of the F-P like background scattering (r = 0 or
t = 1) [5]. If another resonant mode of the same resonance fre-
quency with an optical gain is introduced in this 100% reflector
structure, we may get unidirectional emission due to the internal
reflection function. This is the basic concept of our approach,
which is quite simple and intuitive. However, the interaction
among two resonant modes and the background scattering is
not fully considered in this apparently oversimplified approach.
So, in Section II, the operation principle and design requirement
of our unidirectional emitter is theoretically described with the
temporal coupled-mode theory (TCMT) [6], proving that our
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Fig. 1. (a) Designed unidirectional surface emitting laser based on ZCG. A
ZCG of nzcg = 3.45 is placed above the substrate of nsy,, = 1.6. A thin layer
of gain medium is embedded in the ZCG. k| is lattice wavevector in the first
Brillouin zone. In this work, the guided-mode resonance occurring at kj = 0
is considered. (b) Schematic of a two-port system composed of an asymmetric
single resonator with two resonant modes and a wave propagation channel with
partial reflections.

simple and intuitive approach really works. In Section III, the
theory is confirmed by an example design of a unidirectional
surface emitter composed of a vertically asymmetric slab wave-
guide grating, dubbed as a zero-contrast grating (ZCG) [7],
supporting two GMR modes. In our proposed approach, no
specific structural symmetry is required, and thus, the designed
device structure is easy to fabricate, requiring only a single
etching process. Another distinguishing factor of our approach
is that the direction of emission is normal to the slab. The perfor-
mance of the designed device is analyzed with the commercial
finite-difference time-domain (FDTD) simulation (Lumerical).

II. THEORETICAL DESCRIPTION OF THE UNIDIRECTIONAL
EMITTER

Fig. 1(a) shows the unidirectional emitter structure considered
in this work, which consists of a ZCG stacked on a low-index
substrate. Since we consider the laterally symmetric ZCG, the
incident wave in the vertical direction excites two identical leaky
modes propagating in the laterally opposite directions and forms
a standing wave. So, we can treat the ZCG as an asymmetric
two-port resonant system as shown in Fig. 1(b) [7], [8]. In other
works, we consider GMR modes with k; = 0 in this work.
The waveguide-like structure in Fig. 1(b) represents the wave
propagation channel through which the resonant modes and the
external ports are coupled. The partial reflections at the top and
the bottom interfaces of the ZCG are modeled as the cavity in
the channel, which results in the background scattering.

Now, we formulate the TCMT to deal with an asymmetric
optical resonator of two resonant modes (aj,as) coupled to
two external ports (U- and B-port) as shown in Fig. 1(b). The
dynamic equation of amplitudes (a1, as) of two resonant modes
can be described as [6]

44 = (jQy — T+ G) A+KT<SU+),
SB+

where A = (al) , Qo= (wl 0> ,
as 0 wo
D= ( 7 H2 G = Yg 0 K = KUt Koz )
21 Y2 00 RB1 KB2

ey
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Ais a2 x 1 vector of the resonant mode amplitudes, where
a; is normalized such that |a,|* represents the energy stored in
i-th mode. €2 is a diagonal matrix, where w; is a real value
and represents the resonant frequency of the i-th mode. sy4 and
sy—(sp4+ and sp_) are the amplitudes of incoming and outgoing
waves at U-port (B-port), which are normalized such that |s|?
represents the power carried by the wave. I" describes the decay
and mutual coupling property of the resonant modes. -; is the
decay coefficient of the i-th mode. 1112 is the mutual coupling
coefficient from a9 to aq and vice versa for 9. In a single res-
onator system, the resonant modes are orthogonal, so that there
is no direct mutual coupling between the modes. However, due
to the partial reflectivity in the channel, the resonant modes are
indirectly coupled though the channel, whichis described by 14
If we consider the coupling behavior between the resonant mode
and the propagating waves inside the channel cavity formed by
the partial reflectivity assuming no incoming waves, it is shown
that the mutual coefficients are the same i.e., 12 = o1 = L,
which is derived in Appendix. In Appendix, it is also shown that
the decay rates (1 and ~2) and the mutual coupling coefficient
(p) are complex values in general. This implies that the mutual
coupling through the partial reflectivity in the channel can also
result in the resonant frequency change in each mode, that is,
an effective resonance frequency becomes (w; + j %) G
represents an optical gain, and it is assumed that only mode
1 (ay) is excited with a gain rate (v,) of a real value. K is the
coupling coefficient matrix between resonant modes and input
(su+, sB+) where kp,(p: U,B, g: 1, 2) indicates the coupling
coefficient of p-port and g-th mode.

Considering the background scattering due to the partial
reflectivity in the channel coupled to the external ports, the
outgoing waves are related to the incoming waves and the mode
amplitudes as

+ DA.

. T t 9
where €' =i [ ") 2 4 =1, D =(dU1 dm)
Jtr dpi1 dp2

2)

C is the background scattering matrix with a reflection coeffi-
cient r and a transmission coefficient ¢. 6 is the phase retardation
between U- and B-ports. D is the coupling coefficient matrix
between resonant modes and output waves (sy—, sp—) Where
dpq (p: U, B, ¢: 1, 2) indicates the coupling coefficient of p-port
and ¢-th mode.

The system described by (1) and (2) should satisfy the energy
conservation and time-reversal symmetry when there is no gain
(G = 0) [6]. From the energy conservation, D and I are related
as

D'D =Tt 4+ 1. 3)

From the time reversal symmetry, we can derive the relations
between x, D and C' as

-D, “4)
K = D. ©)
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The relations among the coupling and the decay coefficients
are associated with the background scattering characteristics
through (3) and (4). In this work, » = 0 is assumed. The
condition of » = 0 or t = 1 (the resonance of the F-P
like background scattering) is also required in the approach
suggested by H. Zhou et al. [4]. Note thatr = 0 does not mean
1 = 0. The existence of the partial reflectivity in the channel
results in a non-zero mutual coupling coefficient as discussed in
Appendix, and » = 0 occurs when § = m (mis an integer.)
[4], [5]. Whenr = 0is assumed, from (4) and (5), the coupling
coefficients of each mode into the respective ports are related as

dpy = (0-%) . UL (6a)
dps = (075) gy, (6b)
Substituting (6) into (3), we obtain
i = P = 2E (7a)
dval? = dpal* = 2522, (7b)
dy1 - djjg +dp1 - dps = p+ p* (7¢)

(7a) and (7b) imply that when » = 0, each resonant mode
emits the same amount of energy into the respective ports, and
the magnitude of the coupling coefficient of each mode is the
same as the real part of the decay rate. By dividing (6a) by (6b),
the phases of the coupling coefficients are related as

©B1 — ¢2 = — (Yu1 — Yu2), ¥

where pp12 and @y are the phases of dpi,2, and dy 2,
respectively.

A. Conditions for the Unidirectional Emission

In order to find the lasing conditions, we solved (1) in a steady
state assuming no incoming waves ( Sy+ = sp4+ = 0). In the
steady-state, (1) becomes

J(wo —wi) = (vg —m) [ A
. =0, O
( 7 J(wo —w1) +72 ®
where w,, is alasing frequency. (9) can have a non-trivial solution
only when

det ](wo_wl)'i'('yl_’yg) . H - 0.
I J (Wo — w2) + 72
(10)

When lasing occurs, from (9), the amplitudes of the modes

are related as
n

_———a
J(wo —w2) + 72

Substitution of (11) into (2) with ( sy = sp4+ = 0) gives us
the normalized outgoing wave amplitude at the respective port:

az = — 1 (1D

_ -d
at U—port, Su- dyi — _M—UZ, (12a)
ay J (wo —w2) + 72
_ -d
at B—port, 5B _ dp1 — _'U—BQ. (12b)
ay J (Wo — w2) + 72
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So, the unidirectional emission condition is achieved by
making either of (12a) or (12b) equal to zero. For physically
meaningful unidirectional emitter implementation, only one of
(12a) and (12b) should be zero, avoiding the case that makes
(12a) and (12b) zero simultaneously. For instance, to achieve
unidirectional emission into U-port, following conditions should
be satisfied:

p - duz
T ) T 7 o
and
Ay — —Fd2 (13b)
J(Wo —wa) + 72
Substitution of (13b) into (13a) gives us
dy1 — w £ 0. (14)
B2

Now, (14) can be further simplified with the assumption of
r = 0. Using (6), (14) is turned into

ellpui—pu2) _ i(pB1—¢B2) £ 0. (15)
From (8), one can see that (15) is equivalent to
o1 — B2 # 0. (16)

As a result, the conditions for the unidirectional emission
into U-port can be summarized as (13b) and (16) with r = 0.
By the way, these conditions are not enough to specify all the
coefficients, which implies that we still have degrees of freedom
in choosing those coefficients to implement the unidirectional
emission. So, we also have a degree of freedom to choose the
lasing frequency satisfying (10). It is a reasonable to assume that
lasing occurs at the adjusted (or effective) resonance frequency
of mode 1 (w, = wy + j%ﬁ). This assumption is used in the
following discussion and will be justified later.

B. Conditions for the Passive Virtual One-Port System

The condition for the unidirectional emission derived in the
previous section is rather abstract at this moment. To obtain
physical meaning of the condition and to get the idea how to
implement it, in this section, we consider the passive asymmetric
two-port system mimicking a one-port system. We are going to
derive the condition to obtain perfect reflection with single-sided
illumination in the same optical system of no optical gain in
conjunction with the condition for the unidirectional laser, show-
ing that these conditions can be simultaneously satisfied. This
implies that the asymmetric two-mode resonator based perfect
reflector will also work as the unidirectional laser when a proper
optical gain is introduced to one of the resonant modes.

The whole system is the same as the one considered in the
previous section except that there is no optical gain. We consider
single-sided illumination from U-port (sy+ # 0, spy = 0).
At the steady state, from (1), the mode amplitudes (a; and as)
are related to sy at an operating frequency of w as follows:

—p - dya + (§ (W —w2) +72) - duy

“= ((j (@—w1)+7)-(@—ws)+72) —m) U
(17a)
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—p-dpr + (J (w—wi) +7) - due

= ((jw—wl)m)-<j<w—m>+w>—u2> U
(17b)

From (2), the outgoing wave at B-port is given by

sp- = jt-e?’ syp +dpi-ar +dpa - as. (18)

Substituting (17a) and (17b) into (18), we obtain a transmis-
sion coefficient as (19) shown at the bottom of this page.

The perfect reflection (zero transmission, 7' = ;}L = 0)
at the chosen lasing frequency of the unidirectional emitter (

wo = wy + j51) requires

20
5 5 (20)
where (13b), (7), (8) and the assumptionof r = 0 (+» ¢t = 1)
are used. From (20), using (7c) and (8), we obtain

— \/71—;7T . 72_;75 . eI (eB1—9PB2) 1)

Substituting (21), which is the condition to mimic one-port
system at the chosen lasing frequency, and (6) into (13b), which
is the unidirectional emission condition, we obtain

Y1

Wo = w1 + .’72_72.

5 T

This implies that the effective resonance frequencies of mode
1 and 2 should be the same, that is, two resonant modes should be
degenerate with the mode coupling effect due to the background
scattering, i.e., the partial reflectivity in the propagation channel,
considered. So, if the two-port asymmetric optical resonator of
two resonant modes is designed to satisfy (16), (21), (22), and
r = 0, it works as the perfect reflector at the lasing frequency
when there is no optical gain, and also works as the unidirectional
emitter when a proper optical gain is introduced to one of the
resonant modes.

By the way, the phase of the mutual coefficient in (22) is
not specified yet, which can be found by considering the proper
optical gain for lasing operation. The proper value of gain needed
for lasing is determined by (10) and (22), which results in

(22)

+ * + *
(71271 79) . (72272> =p?. (23)
Substituting (21) into (23), we obtain
'Yg _ ’Yl ;’7; . (1 o ejz(@317@32)> . (24)

The requirement that the gain (v,) should be a positive real
value, which results in
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Note that (25) does not conflict with (16). (26) implies that
mode 2 combined with the background scattering due to the
partial reflection in the channel only works as a perfect reflector
for the unidirectional emitter. More importantly, substitution
(25) into (21) gives us

it et
uzij\/ 21_ 22.

Therefore, the final design conditions are summarized as (22),
(25), (27), and r = 0, which provide a virtual (mimicking)
one-port resonator system for both the passive and the active
(lasing) operations.

27

III. DESIGN OF UNIDIRECTIONAL EMITTER

Based on the theoretical analysis described in the previous
Section II, we designed a unidirectional emitter that mimics one-
portresonant system. Fig. 1(a) shows the designed unidirectional
emitter which consists of a ZCG (nzcg = 3.45) stacked on a
substrate (ng,p = 1.6). In numerical analysis, for simplicity, it
is assumed that the thin layer of gain medium embedded in the
ZCG has the same refractive index as the ZCG. A fill factor
(FF) is defined as wqrat/a. In this work, transverse electric (TE)
polarized wave (Hy, Hy, E, # 0) is considered.

The ZCG, which is a vertically asymmetric resonator, can
have numerous GMR modes mainly depending on the slab
thickness (dgjap) [7], and the partial reflectivity at two surfaces of
ZCG brings about the F-P like background scattering. As derived
in the previous section, to design a virtual one-port resonant
system of two resonant modes, we should optimize the structural
parameters to obtain two degenerate GMR modes having a
proper interacting (coupling) strength due to the background
scattering. In addition, the background scattering itself should
satisfy the resonant condition (r = Oort¢ = 1) at the resonant
frequency of those two modes. Since each phenomenological
parameter in the TCMT model is affected by all the structural
parameters, the design condition derived from the TCMT in
Section II does not provide us with the optimal structural pa-
rameters directly. However, the TCMT model provides us a hint
about how to design the real device, as well as guarantees the
feasibility of the unidirectional emission. In the design of the
structure, we first designed a broadband reflector of ~100% peak
reflectivity based on the interaction between a relatively low
quality factor (~10) GMR mode and the background scattering,
where ~100% peak reflectivity verifies the coincidence of the
resonance frequencies of the low quality factor GMR mode and
the background scattering [5]. Then, the structure is further
optimized to make the resonant frequency of another GMR
mode of a relatively high quality factor (> ~1000) coincide

71'
¢B1— Y2 = * 3 (25)  with the peak reflectivity frequency of the broadband reflector.
. In the second optimization process, when the interaction strength
Yo =" +7- (26)  petween those two GMR is balanced with the geometric mean
SR— o, —H-dp1idus+ (J(w—w2)+v2) dp1-dur —p-dur -dpr + (j(w—wi) +71) ~duz - dpe
T =— = jt-e”" + - - B} :
SL+ Jw=—w)+m) (w—w2)+72)—n

19)
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Fig.2. (a)Reflection map as a function of slab thickness for optimal structure

without gain. Inset: the normalized electric field at different reflection peak
points for dsjap = 320 nm, 336 nm and 360 nm. (b) Reflection spectrum for the
optimal slab thickness of dsjap, = 336 nm.

of their decay rates (see (27)), the degeneracy of those two
GMR gives us a Gaussian-like symmetric reflection spectrum.
Otherwise, the resulting reflection spectrum shows the Fano
resonance shape.

Fig. 2(a) show the reflectivity map as a function of dgj,}, with
other structural parameters fixed to the optimal values of our
design for & = 934.9 nm; period @ = 570 nm, dg,at = 203 nm,
FF = 0.353. In the calculation of the reflection spectrum, the
rigorous coupled wave analysis (RCWA) [10] was used. One can
see that two reflection peak branches intersect near the slab thick-
ness of dgj,1, = 336 nm, where a symmetric broadband reflection
spectrum with a peak reflectivity of ~100% is achieved as shown
in Fig, 2(b). The branch of a broad bandwidth originates from a
low quality factor GMR combined with the F-P like background
scattering [5]. The electric field (|E,|) profiles at the reflection
peak points for two different slab thicknesses of dgja, = 320
nm and 360 nm are plotted in the insets of Fig. 2(a), which
verifies that the broadband reflection branch originates from the
same single GMR of the first diffraction order. Whereas, for
ds1an, = 336 nm, which is of the optimal design, the electric field
profile at the reflection peak shows mainly the high quality factor
GMR mode shape. In this case, although the normally incident
wave excites those two GMR modes simultaneously, the energy
portion stored in the high quality factor GMR mode is way much
larger due to the huge difference in the quality factor between
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Fig. 3. (a) Photonic band structure (TE polarization) of the designed unidi-
rectional laser calculated with the FDTD simulation. (b) Averaged radiation
spectrum calculated for k| = 0. In the insets, mode profiles ([E,]) of two GMR
modes involved in the unidirectional lasing operation are plotted; the low quality
factor mode profiles at f = 0.6042 c/a and 0.6175 c/a, and the high quality factor
mode profile at f = 0.6095 c/a.

those two GMR modes, and thus, the normalized field profile is
dominantly represented by the high quality factor mode. From
the field profile, one can also note that the high quality factor
GMR mode stems from the second-order diffraction and its field
is strongly confined in the slab region. So, if the thin gain medium
layer is deliberately placed at the zero field (nodal) plane of the
low quality factor GMR mode, only the high quality factor GMR
mode experiences the optical gain, and the low quality factor
mode combined with the background scattering will serve as the
reflector as the TCMT described, which was confirmed clearly
in (26).

The performance of the designed unidirectional laser was
analyzed with the FDTD simulation. First, we calculated the
photonic band structure of the designed device with FDTD sim-
ulation to confirm the GMR modes involved in the unidirectional
laser operation, which is plotted in Fig. 3(a). In the photonic
band structure calculation, many broadband dipole sources of
TE polarization located off the symmetry lines in the ZCG
were used to excite all the resonant modes, and the spectra
were calculated for various k|| values with the Bloch boundary
condition applied in the horizontal direction and the absorbing
(perfectly matched layer) boundary condition applied in the
vertical direction [11]. In the spectrum calculation for each kj
value, the spectra calculated from the fields at various locations
in the ZCG, away from the sources, were averaged to eliminate
the dependency on the field monitoring position. The calculation
time was set just long enough to obtain stabilized spectra. If the
calculation time is too long, the spectral component of the low
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different slab thicknesses ds1abp= (a) 320 nm, (b) 336 nm(optimal), and (c) 360
nm. The inset in (b) shows the plot of Re[E,]. .

quality factor mode disappears. In the frequency range of our
interest, three resonant mode branches are observed; the high
and the low quality factor GMR modes as observed in Fig. 2(a)
and a bound state in the continuum which disappears for kj =0
and thus, is not involved in the radiation into the normal direction
of our designed laser. Fig. 3(b) shows the calculated spectrum
for kj = 0 and the insets show the electric field (|E,|) profiles
near the resonance frequency (f = 0.6095 c/a corresponding to
A = 934.9 nm), which are the same as the RCWA calculation
shown in Fig. 2(a) and confirms the degeneracy of the two GMR
modes.

In order to confirm the unidirectional laser performance of our
optimal design, the broadband dipole sources of TE polarization
were located at the center of the thin gain medium layer, the
middle of the slab, and the optical powers (Poynting vectors)
radiating in the upward and the downward were calculated at
the locations near the upper and the lower absorbing boundaries,
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which are plotted in Fig. 4. In all the FDTD calculation, a
non-uniform mesh was used, and the minimum grid size was
Ao/55, where A, is the center wavelength of the source, i.e.,
Lo = 935 nm. The dipole source occupies a single grid. For the
optimal design (dgjap, = 336 nm, Fig. 4(b)), the ratio between the
upward and the downward radiation is ~4.6 x 10* at the resonant
frequency. The inset shows the field distribution at the resonant
frequency, confirming the almost unidirectional radiation into
the upward direction, where the real part of E, is plotted to
show the wave propagation clearly. For comparison, the cases
of dgjap = 320 nm and dg,, = 360 nm of slab thickness, in
which the degeneracy between the high and the low quality
factor GMR modes is broken as seen in Fig. 2(a), are also plotted
in Fig 4(a) and (c), respectively. One can see that the ratios
between the upward and the downward radiation at the lasing
frequency, which is the resonance frequency of the high quality
factor GMR mode, are less than 10, and the peak ratios occur at
the resonance frequencies of the low quality factor GMR mode.
So, this is another evidence that the low quality factor GMR
mode functions as an internal reflector in our designed device.

IV. CONCLUSION

In conclusion, we proposed a novel approach to implement
a mirror-less unidirectional surface emitting laser based on an
intuitive and simple concept of mimicking one-port system with
a single asymmetric resonator of two degenerate modes. In the
proposed approach, one of the resonant modes combined with
the background scattering serves as an internal reflector, and
the other one serves as a lasing mode. The operating principle
of the proposed unidirectional laser has been analyzed with the
TCMT, which reveals that a passive structure designed to have
100% reflection at the resonant frequency with a proper coupling
strength between two degenerate modes through the background
scattering works as the unidirectional laser with introduction of
proper optical gain. An example device has been designed based
on two GMR modes in a ZCG. The design approach has been
confirmed by the RCWA calculation, and the performance of the
designed device has been analyzed with the FDTD simulation,
demonstrating the ratio of 4.6 x 10* between the upward and
the downward radiations.

Although we focused on the unidirectional radiation appli-
cation of the proposed scheme in this work, from a viewpoint
of the time-reversal symmetry, it can also be applied for per-
fect absorption under single-sided illumination. Therefore, we
believe that our proposed scheme paves a new pathway toward
the control of the directionality of a single resonator for various
useful device application.

APPENDIX

Indirect coupling between two resonant modes induced by
partial reflection in a two-port asymmetric optical resonator
Fig. 5 shows the schematic of two-port asymmetric optical
resonator of two resonant modes for the mutual coupling coef-
ficient calculation considering the partial reflection in the wave
propagation channel, which is basically the same as Fig. 1(b).
Now, we focus on the interaction between the resonant modes
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Fig. 5. Schematic of two-port asymmetric optical resonator of two resonant
modes for mutual coupling coefficient calculation considering partial reflection
in the wave propagation channel.

and the internal waves propagating in the channel cavity formed
by two partial reflections (r(7, r ), assuming no incoming waves
into the cavity. Two resonant modes (a1, as) decays into the
channel cavity with decay rates of X and =, respectively,
and are excited by internal waves propagating toward the res-
onator (st T st ) with the corresponding coupling coefficients
(Klr1s Ky K'g1s Kgo ). The rate equations are given by

day ) 1 / i / i
o \Jwr T - T | a1+ Kyy - Syg T KpL Sy

(Ala)

da . 1 i i
cTt2 - (JM - 7’2) Gy + Kyg  Syy + Kpy - Spys (AlD)

Note thatin (A-1), two resonant modes do not interact directly,
and they interact with each other via the internal waves. The
internal waves propagation toward the ports (sj;_, sjz_) are
related with the internal waves propagating toward the resonator
(sp4» sp4) and the resonant mode amplitudes as follows:

-39 (A2a)

i ) / U
SU7=€ 'SB++dU1'a1+dU2'a2,

s =e % sl +dp a1+ dp,y - as, (A2b)
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where dp,; is the coupling coefficient of i-th mode into the
internal wave propagating toward P-port(P: U,B). Note that the
coupling coefficients in (A-1) and (A-2) are different from those
in Section II, and this is why the different notation is used here.
The internal wave propagating toward the resonator are also
related to the internal waves propagating toward the port via the
partial reflections (ry7, 7p) at the respective ports, which are
given by

U —port : S{H =ry -S{F, (A3a)
B —port : sjg+ =rp -sh . (A3b)

Combining (A-2) and (A-3), we obtain
sy =ru (e s, +dyy a1 +dpyyad),  (Ada)
sy =rp (e s, +dp a1 +dpy-az).  (Adb)

From (A-4), the internal waves propagation toward the res-
onator (s, , sz, ) can expressed in terms of the mode ampli-
tudes (a1, as) as follows:

1

i _ ! —j0 !
Spa. = - ry-rp-dg;-e 7 +ry - d
Ut =1 1y rp-e929 [( Bl Ul)

x a1+ (ry-rp - dpy - e’ +ru - dyy) - as]
(A5a)
i 1

_ ! —j60 U
SpL = - ry-rg-dy el +rp -
Bt 71 _yyrpg-ei20 [( U1 Bl)

x a1+ (rvrpdyy e +rp - dpy) - as] .
(A5b)

By substituting (A-5) into (A-1), we obtain

da ) 1
7; = <JW1 T + A1+ 79) a1 + pi2 - az (Aba)
da ) 1
2 (]wl - —+ Kz) a2 + fi21 + a1 (A6b)
dt T2
where
. 1
LI Sy rp e 9%
X (TU~d/51 +rB -df;l +2ry -rp 'd/Ul 'd/Bl '67j9>>
(A6¢)
o 1
2T 1 vy -rg-ed20
x (ry dgy+rp - diy+2ry g - dyy - dgy - e7?),
(A6d)
and
B B 1
Hi2 = H21 = l—ry-rg-e 920
X (TU 1 - (dyy - dpy + dyy - dpy) - e’
+ry - dlUl : dlUQ +rp- dlBl . d/BQ) : (Abe)

In driving (A6c)—(A6e), the relations of K7y » = d;; 5 and
’4’31’2 = dlBl,? are also used.
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As seen in (A6e), the mutual coupling coefficients are the
same. A1 and X9 are the coefficients representing the resonance
frequency and decay rate adjustment due to the channel cavity.
Note that ;4 = p12 = p21, A1 and Ay are complex in general,
and the decay rate in (1) can be related to A; as ; = % — Aj.

From these results, we can reformulate (1) with €2,,, and I',,,
defined as

S R
" 0 wo + jL;% ,
Y1+71 M
= {2 .. (A7)
H 2

The imaginary part of the complex decay rate shifts the
resonant frequency (w;) to the effective resonance frequency
(wi + ]%) The real part of the complex decay rate represents
the modal energy decay as seen in (7a) and (7b).
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