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Abstract—This paper presents an optical sampler based on the
combination of a mode-locked laser and external acousto-optic
delay modulator, and demonstrates its use in a non-uniformly sub-
sampled photonic link. Delay modulation of the laser’s uniformly
spaced pulse sequence produces a non-uniformly spaced optical
pulse train, which subsequently sub-samples the microwave in-
put of the photonic link. Using this non-uniform sub-sampler, mi-
crowave frequencies spanning a range exceeding 200 Nyquist zones
are aliased to a single zone, with modulation sidebands added that
uniquely identify the input frequency. This enables wideband spec-
tral folding and frequency disambiguation, using a single sampler
that is based on a high-stability pulsed laser.

Index Terms—Frequency conversion, frequency estimation, mi-
crowave photonics, optoelectronic and photonic sensors, sampling
methods, signal detection, spectroscopy.

I. INTRODUCTION

THE scaling of analog-to-digital conversion techniques to
wide frequency bandwidths (e.g., greater than 10 GHz) is

complicated by the limited bandwidth of high-resolution elec-
tronic digitizers. Serial processing [1], which monitors regions
of the spectrum sequentially in time using only a single digitizer,
is unable to provide real-time monitoring of the processed band-
width. Parallel processing [2], which separates the frequency
spectrum into discrete channels, requires a large number of
digitizers as the processed bandwidth increases. An alternative
approach, capable of providing extremely wide instantaneous
bandwidth using only a single digitizer, is to pre-process the
wideband input prior to digitization via a sub-Nyquist sam-
pling, or sub-sampling [3]–[5]. By sampling at a frequency fs

that is less than the Nyquist rate [6], input frequencies alias to
a narrower intermediate frequency (IF) range, which has band-
width equal to half the sampling frequency. This spectral folding
process is depicted in Fig. 1. By proper choice of the sampling
frequency, a wideband input can be converted to a narrowband
output, and subsequently processed by few as a single electronic
digitizer.
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Fig. 1. Relationship between sub-sampler input frequency fin and output fre-
quency fou t (a), and spectral folding principle, in which input signals alias to an
intermediate frequency (IF) band upon sub-sampling. Nyquist zones are labeled
as indicated. Pin and Pou t represent input and output power, respectively.

Fig. 2. Schematic diagram of a sub-sampled photonic link. Input frequencies
fin alias to output frequencies fou t .

Photonic links are particularly well suited to sub-sampling
wideband signals, due to their low dispersion [7], [8], low
frequency dependent loss [7], [8], and the availability of wide-
bandwidth optical pulse sources. Sub-sampled photonic links
have been realized in various forms [9]–[18], which generally
include a pulsed optical source (i.e., optical sampler), electro-
optic (EO) modulator, and photodiode, as shown in Fig. 2. In
operation, a wideband signal input to the EO modulator is sub-
sampled by the pulsed optical source, and the resulting nar-
rowband IF signal is detected and output by the photodiode.
A low-pass filter placed after the link can be used to suppress
output frequencies greater than fs /2, if necessary. Figures of
merit for sub-sampled photonic links, including link gain, noise

U.S. Government work not protected by U.S. copyright.

https://orcid.org/0000-0003-3672-7482
https://orcid.org/0000-0003-2651-6139
mailto:ross.schermer@nrl.navy.mil
mailto:jason.mckinney@nrl.navy.mil


SCHERMER AND MCKINNEY: NON-UNIFORM SUB-NYQUIST OPTICAL SAMPLING BY ACOUSTO-OPTIC DELAY MODULATION 5059

figure, and output intercept points, have been demonstrated ex-
perimentally and theoretically [11], [12], [14].

For sub-sampling to be most useful, it is necessary to over-
come the frequency ambiguity introduced by aliasing. Since
sub-sampling causes multiple input frequencies to alias to the
same output frequency, the input frequency (and thus the input
spectrum) cannot be reconstructed by frequency measurement
alone. For this reason, frequency disambiguation techniques
have been developed, which typically involve the use of mul-
tiple samplers [18]–[22] (e.g., periodic samplers interleaved in
time or operating at different frequencies), or a single sampler
operating at a non-uniform sampling rate [17], [23], [24]. The
non-uniform sampling approach requires only a single sampler,
which from the optical perspective offers potential advantages
in terms of size, weight, power and cost. However, a complica-
tion of non-uniform optical sub-sampling is that high-stability,
pulsed laser sources inherently pulse at a uniform rate. Non-
uniform sampling via pulsed laser therefore requires the modi-
fication of inter-pulse timing, in order to produce a sequence of
non-uniformly spaced optical pulses.

This paper presents a non-uniform optical sampler that is
based on the combination of a high-stability pulsed laser and an
external acousto-optic delay modulator (AODM), and demon-
strates its use in a non-uniformly sub-sampled photonic link.
Section II introduces the non-uniform sampler, and Section III
follows with measurements of sub-sampled link throughput.
The latter includes a discussion of indicators present in the link
output used to disambiguate the input frequency. Section IV
discusses limits of frequency disambiguation using these indi-
cators, and compares measurements with theory to demonstrate
frequency disambiguation over a range exceeding 200 Nyquist
zones. Section V discusses results in terms of sampling rates
that are better matched to high-resolution digitizers. Section VI
discusses frequency disambiguation of more complex signals,
and Section VII concludes with a summary of results.

II. NON-UNIFORM OPTICAL SAMPLER

The importance of the optical source to performance of a
sub-sampled photonic link is illustrated in Fig. 3, which plots
the normalized link gain of photonic links employing different
optical sources. Other than the optical source, the composition
of conventional and sub-sampled links denoted by the same link
number (i.e., link 1 or link 2) was identical. Links 1 and 2 had
photodiode bandwidths 32 GHz and 47 GHz, respectively. For
sub-sampled links, gain denotes RF-to-IF conversion gain (i.e.,
ratio of IF signal power to RF input power), measured at output
frequencies falling within the IF range 0−fs/2. In the case of
an electro-optic (EO) frequency comb source (6 ps pulse width,
225 GHz rms bandwidth, 5 GHz repetition frequency) which
was capable of non-uniform sampling, the frequency response
was significantly degraded compared to the conventional phonic
link employing a continuous-wave (CW) laser [17]. However,
with a mode-locked laser source (0.3 ps pulse width, 1.573 THz
bandwidth, 50.477 MHz repetition frequency) the frequency
response was nearly identical to that of the conventional link.
This is because the Fourier transform of the source intensity (i.e.,

Fig. 3. Frequency response of photonic links employing different optical
sources. Other than the optical source, composition of conventional link 1 and
sub-sampled link 1 was identical. The same was true of conventional link 2 and
sub-sampled link 2. With the EO comb source, sub-sampled link bandwidth was
substantially degraded compared to the corresponding conventional link with
CW laser source. In contrast, with the MLL source, sub-sampled link frequency
response closely resembled that of the corresponding conventional link.

its spectral field autocorrelation) weights the frequency response
of a sub-sampled photonic link [17], [18] (as discussed in detail
in the Appendix). In the case of the electro-optically generated
frequency comb, the Fourier transform of the source intensity
rolled off with frequency due to non-ideal pulse compression
[17], giving rise to the modulation response in Fig. 3. In contrast,
with the MLL the Fourier transform of the source intensity was
sufficiently flat to process signals exceeding 40 GHz without
degradation. The MLL, however, was not able to pulse at a
non-uniform rate.

A schematic diagram of the non-uniform optical sampler pre-
sented in this work is displayed in Fig. 4(a), outlined in red.
The sampler consists of a passively mode-locked laser and an
external acousto-optic delay modulator. Although AODM op-
eration is described elsewhere [25], a schematic diagram
of the device is provided for reference in Fig. 4(b). In operation,
the uniformly spaced pulse output of the MLL passes through
the AODM, and the transit time (i.e., delay) of the AODM is
modulated in order to produce a non-uniformly spaced pulse
sequence.

The non-uniform sampler was realized using a MLL with
1554 nm center wavelength, 50.477 MHz pulse repetition fre-
quency, and 1.573 THz (FWHM) optical bandwidth. As pulses
from the laser passed through the AODM, the diffraction grat-
ing of the AODM acted as a spatial filter, reducing the optical
bandwidth of the sampler to 145 GHz (measured with an optical
spectrum analyzer). This bandwidth was sufficient to enable sub-
sampling over a frequency range limited by other components of
the photonic link, as discussed in Section III. However, spectral
filtering by the AODM also added approximately 10 dB of op-
tical loss, which in principle could have been avoided by using
either a lower-bandwidth laser or a higher-bandwidth AODM.
The time-average power output of the non-uniform sampler was
90 μW.
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Fig. 4. Sub-sampled photonic link, with non-uniform optical sampler formed
by combination of a pulsed laser and AODM (a), and schematic diagram of
the AODM (b). Uniformly spaced laser pulses at repetition frequency fS are
converted to a non-uniformly-spaced optical pulse sequence by the AODM.
Acousto-optic beam scanning in the AODM produces the necessary delay mod-
ulation. Pulses from the non-uniform sampler are passed through the EO mod-
ulator, sample its microwave input, and are detected by the photodiode.

Non-uniform sampling was accomplished by modulating the
delay of the AODM according to the expression

Δτ = τ01sin (2πfM 1t) + τ02saw (fM 2t) (1)

where t represents time, τ01 and τ02 are the delay modulation
(DM) amplitudes at modulation frequencies fM 1 and fM 2 , re-
spectively, and

saw (x) = x − floor

(
x +

1
2

)
(2)

is the sawtooth waveform. Delay was controlled using an arbi-
trary waveform generator, which applied a frequency-modulated
(FM) voltage signal to the acousto-optic cell of the AODM. The
conversion efficiency of the AODM (control frequency to time
delay) was 394 fs/MHz. Thus, 8 MHz frequency deviation FM
control signals used in this work implied delay modulation with
3.15 ps amplitude. This amplitude corresponded to 1.59 × 10−4

the repetition period of the MLL. DM therefore represented only
a small perturbation of the sampling rate.

III. NON-UNIFORMLY SUB-SAMPLED PHOTONIC LINK

The non-uniform sampler described in Section II served as
optical source for the sub-sampled photonic link depicted in
Fig. 4(a). The photonic link employed an EO Mach-Zehnder in-
tensity modulator and PIN photodiode with 35 GHz and 47 GHz
bandwidths, respectively. Voltage signals input to the EO modu-
lator were optically sub-sampled, transmitted through 2 meters
of single-mode optical fiber, and converted to voltage outputs
by the photodiode. The time-average photocurrent was 15 μA,
which was less than typical for photonic link [8], but mini-

Fig. 5. Nyquist zone as a function of input frequency, at various uniform
sampling frequencies. The blue curve corresponds to the 50.477 MHz laser
repetition frequency used in this work. Red and green curves correspond to
repetition frequencies better matched to high-resolution electronic digitizers.

mized the potential influence of photodiode nonlinearity in the
measurements.

The mapping of input frequency fin to output frequency fout

due to aliasing is described in the case of uniform sampling by
the expression

fout =
∣∣∣∣fin − Mfs

2

∣∣∣∣ (3)

where

M = 2·floor

(
N

2

)
. (4)

Here N represents the Nyquist zone associated with the input
frequency, which is the integer that minimizes fout in (3). This
convention for Nyquist zone numbering, although consistent
with many sources including ADC manufacturers [26]–[30], is
not universal. In particular, it differs from some conventions used
to describe sub-sampled photonic links [11], [12], [17], [18].

Since non-uniform sampling in this work amounted to modu-
lation of the MLL pulse spacing, (3) and its associated Nyquist
zone definitions remain valid with the caveat that fout represents
the output carrier frequency. The uniform sampling frequency
fs corresponds to the repetition frequency of the laser. Fig. 5
plots Nyquist zone N versus input frequency for three laser rep-
etition frequencies, including the 50.477 MHz laser repetition
frequency used in this work. The other two are discussed in
Section V.

Each discrete input frequency between 0–40 GHz predicted
by (3) to produce the same 6.25 MHz output was launched se-
quentially into the sub-sampled photonic link using an analog
signal generator, while the link output was monitored using an
electrical spectrum analyzer (ESA). The measured relationship
between input and output frequency is plotted in Fig. 6. Each
discrete input frequency aliased to the same output frequency,
confirming that the selected inputs were ambiguous with respect
to sub-sampling. The output frequency 6.25 MHz lied approx-
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Fig. 6. Measured sub-sampled photonic link output frequency, for discrete
input frequencies corresponding to the same 6.25 MHz output frequency in (3).
Plotted points correspond to inputs within each of Nyquist zones 1–1584.

Fig. 7. Sub-sampled link output power spectrum, measured with inter-sample
spacing modulated by a 10 kHz sinusoidal waveform. The input frequency was
10.10165 GHz, which aliased to a 6.25 MHz output carrier shown. Non-uniform
sampling added modulation sidebands offset from the carrier by the 10 kHz
modulation frequency. The sideband-to-carrier power ratio (SCR), shown, var-
ied with the Nyquist zone pair.

imately halfway between the extremes (center and edge) of the
IF band.

Although each selected input frequency aliased to the same
output frequency, non-uniform sampling added modulation
sidebands to the IF signal. The measured IF spectrum in
Fig. 7 corresponds to sinusoidal delay modulation at 10 kHz
(τ01 = 3.15 ps, τ02 = 0, fM 1 = 10 kHz). With sinusoidal
DM, the upper and lower modulation sidebands, offset from
the carrier by +fM 1 and −fM 1 , respectively, had equal power.
More importantly, the sideband-to-carrier power ratio (SCR) de-
picted in Fig. 7 varied with Nyquist zone, scaling approximately
as [floor(N/2)]2 . The measured SCR therefore represents a
coarse indicator of the Nyquist zone, able to distinguish pairs of
Nyquist zones, but not Nyquist zone parity. This coarse indica-
tor is analogous to that demonstrated previously by non-uniform
sampling using an EO comb source [17].

Fig. 8. Sub-sampled link output power spectrum, measured with inter-sample
spacing modulated by a 12.5 kHz sawtooth waveform. The input frequency
was 10.10165 GHz, which aliased to the 6.25 MHz output carrier shown.
Non-uniform sampling added modulation sidebands offset from the carrier by
the 12.5 kHz modulation frequency. The upper-to-lower sideband power ratio
(ULR), shown, varied with Nyquist zone parity.

Non-uniform sampling with a sawtooth delay waveform pro-
duced a different result. The measured IF spectrum in Fig. 8
corresponds to sawtooth delay modulation at 12.5 kHz (τ02 =
3.15 ps, τ01 = 0, fM 2 = 12.5 kHz). With sawtooth DM, the
upper and lower modulation sidebands, offset from the carrier
by +fM 2 and −fM 2 , respectively, had unequal power. More
importantly, the upper sideband-to-lower sideband power ratio
(ULR) depicted in Fig. 8 varied with Nyquist zone parity (i.e.,
whether N was even or odd). The measured ULR therefore rep-
resents a fine indicator of the Nyquist zone, able to distinguish
zone parity.

Together, the fine and coarse frequency indicators (SCR and
ULR) provide sufficient information to disambiguate the input
frequency of the sub-sampled photonic link. For this reason,
sinusoidal and sawtooth DM waveforms were simultaneously
applied to the AODM (τ01 = τ02 = 3.15 ps, fM 1 = 10 kHz,
fM 2 = 12.5 kHz), resulting in the IF spectrum in Fig. 9. The
SCR was measured at 10 kHz offset from the carrier, and the
ULR at 12.5 kHz offset, as shown. Fig. 10 and Fig. 11 plot
measured SCR and ULR for each discrete input frequency from
0–40 GHz that aliased to the same 6.25 MHz output. These fig-
ures are similar to those reported by the authors in [31], with the
exception that the dynamic range in Fig. 10 has been improved
by approximately 10 dB. In Fig. 10, the SCR varies discretely
with incremental steps of two Nyquist zones. In Fig. 11, the
ULR depends strongly on Nyquist zone parity, with ULRs of
adjacent Nyquist zones approximately the inverse of each other.
Both trends are demonstrated over more than 2.5 decades in
frequency.

The solid line in Fig. 10 represents a least squares fit of the
measured SCR to the theoretical expression [25]

SCR(C L) =
[
J1 (2πfinτ01)
J0 (2πfinτ01)

]2

(5)
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Fig. 9. Sub-sampled link output power spectrum, measured with inter-sample
spacing rate modulated by 10 kHz sinusoidal and 12.5 kHz sawtooth waveforms.
The input frequency was 10.10165 GHz. Sidebands offset 10 kHz from the
6.25 MHz output carrier correspond to sinusoidal modulation, and have equal
magnitude. Sidebands offset 12.5 kHz from the carrier correspond to sawtooth
modulation, and have different magnitude. Other sidebands are the result of
harmonic and intermodulation distortions. SCR and ULR varied with Nyquist
zone pair and Nyquist zone parity, respectively.

Fig. 10. Measured SCR (blue points), and least squares fit of data to (5) (red
curve). The measured SCR tracks (5) in discrete increments of two Nyquist
zones. Measured SCR is thus a coarse indicator of Nyquist zone and input
frequency.

corresponding to the SCR of a conventional photonic link ex-
periencing sinusoidal delay modulation. In (5), τ01 represents
the DM amplitude, and Jm is a Bessel function of order m. The
least squares fit of measured SCR to (5) yielded a best fit delay
amplitude of 2.72 ps. This was 14% lower than predicted in
Section II from the (frequency-to-delay) conversion efficiency
of the AODM, and likely due to the variations in the device’s
acoustic frequency response.

Although a theoretical treatment of the ULR is beyond the
scope of this paper, the unequal sidebands in Fig. 8 can be
regarded as the combination of dual sideband (DSB) and single-
sideband (SSB) modulation. SSB modulation can involve the
phased superposition of two (or more) fields, modulated by
signals that are 90° out of phase with respect to one another
[32]. Propagation through the AODM entails two acousto-optic

Fig. 11. Measured ULR corresponding to odd Nyquist zones (blue points)
and even Nyquist zones (red points). The ULR is greater than 0 dB for odd
zones, and less than 0 dB for even zones. Measured ULR is thus a fine indicator
of Nyquist zone and input frequency.

Fig. 12. Measured SCR for input frequencies spanning two adjacent Nyquist
zones (zones 100 and 101). SCR did not vary significantly with input frequency
within each Nyquist zone.

(AO) beam deflections, one on each pass though the AO cell.
It is possible that latency between these two AO interactions
contributed to the partial SSB modulation depicted in Fig. 8.

Fig. 12 plots measured SCR for input frequencies spanning
the 100th and 101st Nyquist zone, which illustrates that the SCR
was independent of input frequency within each Nyquist zone.
The measured ULR was also independent of input frequency
within each zone.

The measured frequency response of the non-uniformly sub-
sampled photonic link is shown in Fig. 13, which plots nor-
malized RF to IF conversion gain (measured at the IF carrier
frequency) as a function of input frequency. For comparison,
Fig. 13 also plots the link gain measured with delay modulation
amplitude reduced to zero (i.e., uniform sub-sampling). This
indicates that strong delay modulation caused the link gain to
decrease, an effect attributable to the generation of delay mod-
ulation sidebands. Fig. 13 also plots the gain measured for a
conventional link with CW laser source (but otherwise identical
components). This indicates that for weak delay modulation,
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Fig. 13. Measured link gain of the non-uniformly sub-sampled photonic link
with pulsed source composed of a MLL and AODM (blue curve). Normalized
to its peak value. For comparison, link gain is also plotted for a uniformly
sub-sampled photonic link with pulsed source composed of the same MLL and
AODM, but without delay modulation applied (red curve). This indicates that
strong delay modulation caused link gain to decrease, an effect attributable to
the generation of delay modulation sidebands. The gain of a conventional link
with CW laser source (but otherwise identical components) is also plotted (green
curve). This indicates that the frequency response of the sub-sampled link with
MLL and AODM closely approximated that of the conventional link, in the limit
of weak delay modulation.

the frequency response of the sub-sampled link with MLL and
AODM approximated that of the conventional link.

IV. FREQUENCY DISAMBIGUATION

The input frequency indicators discussed in Section III (SCR
and ULR) rely on measurements of spectral amplitude, and
as such, measurement errors affect the ability to discriminate
Nyquist zones using the SCR and ULR.

In the case of coarse frequency disambiguation, the theoreti-
cal SCR for all input frequencies associated with Nyquist zone
N is given by

SCR =
[
J1 (Mπfsτ01)
J0 (Mπfsτ01)

]2

. (6)

This follows from application of (5) to delay modulation of
a pulsed laser frequency spectrum (a pulsed laser resembles a
CW laser modulated at integer multiples of the laser repletion
frequency). For small arguments, the Bessel functions in (6) can
be approximated [33] to yield

SCR ∼= (Mπfsτ01/2)2 . (7)

The relative difference between SCRs of adjacent Nyquist zone
pairs, SCR(N) and SCR(N ± 2), can thus be written as

|SCR (N ± 2) − SCR (N)|
SCR (N)

∼= 4
M

(
1 ± 1

M

)
(N ± 1 > 2) .

(8)
In order to discriminate Nyquist zone N from all other Nyquist
zone pairs, the relative error of an SCR measurement must
be less than half the smaller of |[SCR(N ± 2)/SCR(N)] − 1|.
The SCR relative error limit εSC R(max) , beyond which coarse

Fig. 14. SCR error limit, beyond which coarse frequency disambiguation fails.
From (9). Error tolerance decreases as Nyquist zone increases.

Fig. 15. SCR error (black points), measured at laser repetition frequency
50.477 MHz, and SCR error limits (solid curves) at sampling frequencies
50.477 MHz, 1 GHz and 4 GHz. SCR error is low enough to disambiguate
input frequencies 0.25–5.274 GHz at the sampling frequency 50.477 MHz. This
corresponds to Nyquist zones 2-209. With increasing sampling frequency, the
error limit shifts to higher input frequency.

frequency disambiguation fails, is thus given by

εSC R(max)
∼=

{
3
2 (1 < N ≤ 3)

2
M

(
1 − 1

M

)
(3 < N)

. (9)

Fig. 14 plots the SCR relative error limit as a function of Nyquist
zone. Error is expressed on a decibel scale via [34]

εdB = 10 log10 (1 + ε) . (10)

It is apparent from Fig. 14 that the tolerance for SCR error
becomes more stringent as the Nyquist zone increases.

Fig. 15 plots the relative SCR measurement error εSC R as
a function of input frequency. This was calculated by compar-
ing measured and theoretical SCR values, SCRmeas and SCR,
respectively, using the expression

εSC R =
|SCRmeas − SCR|

SCR
. (11)
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For comparison, the SCR error limit εSC R(max) is also plotted
in Fig. 15. The SCR measurements were sufficiently accurate to
allow coarse frequency disambiguation over the input frequency
range 0.025–5.274 GHz, corresponding to Nyquist zones 2–209.

For fine frequency disambiguation, it is necessary to deter-
mine whether the ULR associated with Nyquist zone N (ULRN )
is greater than or less than one. The ULR relative error limit
εU LR(max) , beyond which fine frequency disambiguation fails,
is therefore given by

εU LR(max) =
|ULR − 1|

ULR
. (12)

It is readily apparent from Fig. 11 that the error in all ULR
measurements was low enough to enable fine frequency dis-
ambiguation over the range 0.025–40 GHz, corresponding to
Nyquist zones 2–1584. As both coarse and fine frequency dis-
ambiguation were demonstrated across Nyquist zones 2–209,
input frequencies in the range 0.050–5.274 GHz can be regarded
as fully disambiguated.

The SCR measurement error in Fig. 15 followed a linear trend
at low input frequency, giving way to a more scattered distri-
bution at high frequency. Low frequency error was dominated
by amplitude modulation (AM) within the AODM, which re-
sulted in AM sidebands of the order −70 dBc. At lower input
frequency, for which the DM sidebands were relatively weak,
AM had a greater influence on the measured SCR and was
thus a larger source of relative error. At higher input frequency,
the SCR error was more widely scattered. Although this was
clearly due to fluctuations in the measured SCR, the source
these fluctuations, and methods to minimize them, have not
been systematically tested.

V. DISAMBIGUATION AT HIGHER REPETITION FREQUENCIES

The laser repetition frequency used in this work was dictated
by laser availability rather than choice. The 50.477 MHz rep-
etition frequency allowed SCR and ULR to be characterized
over the wide range of 1584 Nyquist zones from 0–40 GHz,
producing clear, quasi-continuous frequency dependencies as
shown in Figs. 10 and 11. However, the resulting 25.239 MHz
IF bandwidth is substantially lower than bandwidths of many
high-resolution digitizers [35]–[38]. In order to provide a better
match to high-resolution electronic digitizers with bandwidths
of the order 1–4 GHz, uniform sampling frequencies of the or-
der 1–4 GHz would be more appropriate (allowing for some
oversampling by the digitizer). For this reason, Figs. 5 and
15 plot Nyquist zone and SCR error limit, respectively, at the
uniform sampling frequencies 1 GHz and 4 GHz. Increasing the
sampling rate causes both curves to shift proportionally with
respect to the input frequency.

The theoretical SCR, on the other hand, varies with input
frequency according to

SCR =
[
J1 (2πfinτ01)
J0 (2πfinτ01)

]2

(fout = 0) . (13)

This follows from combination of Eqs. (3), (4) and (6).
Equation (13) implies that the theoretical SCR follows the same

trend, depicted in red in Fig. 10, regardless of sampling fre-
quency. The SCR error at higher sampling frequencies therefore
depends on how well measured SCR matches this particular
trend.

Although prediction of SCR error at higher laser repetition
frequencies was not attempted, it is clear from Fig. 15 that if
measured SCR error was similar to that shown (i.e., if error
was independent of the laser), then higher repetition frequency
would enable frequency disambiguation over a wider frequency
range. The measured error plotted in Fig. 15 is below the dis-
ambiguation limit for laser repetition frequencies 1 GHz and
4 GHz, across the entire tested input range 0–40 GHz.

VI. EXTENSION TO FINITE BANDWIDTH SIGNALS

Having demonstrated frequency disambiguation for
monochromatic input signals, the next step is to consider more
complex inputs. Although a detailed discussion is beyond the
scope of this paper, insight can be provided by limiting the
consideration to signals confined to a single Nyquist zone. With
this restriction, the sinusoidal DM embodied by (6) amounts to
sinusoidal phase modulation (ΦM) with the amplitude

ϕ0 = Mπfsτ0 . (14)

Coarse frequency disambiguation therefore involves determina-
tion of the phase modulation amplitude in (14). Methods for
characterizing ΦM are well-established [39]–[43], and applica-
ble to the modulation of complex carrier signals [44].

In the simple case of a signal with bandwidth sufficiently less
than the modulation frequency fM , SCR can be measured di-
rectly from the frequency spectrum, as in Section III. This moti-
vates the use of high modulation frequency. The high-frequency
limits of AO delay modulation, however, have not been fully ex-
plored. For wider bandwidth signals, combination of modulated
and unmodulated signals (e.g., differential or interferometric
measurement) may be more appropriate. For example, subtrac-
tion of modulated and unmodulated signals (i.e., carrier suppres-
sion) could allow the strength of the modulation sidebands to be
measured, even for wide bandwidth signals. Comparison with
the (independently measured) carrier would then yield the SCR.
Regardless of the method, the agreement between measured and
theoretical SCRs in Sections III and IV supports the validity of
(14), over more than 2.5 decades in frequency. Implementation
with specific systems, and performance under various scenarios,
remain topics for future work.

VII. CONCLUSION

This paper introduces a method for externally modulating the
inter-pulse timing of a pulsed laser, thereby producing a non-
uniform optical sampler. Acousto-optic delay modulation pro-
vided continuous, picosecond-scale delay control. When used
as the optical source for a sub-sampled photonic link, the non-
uniform sampler allowed input frequencies spanning more than
200 Nyquist zones to be aliased to the width of a single Nyquist
zone and uniquely identified. This approach enables wideband
spectral folding and frequency disambiguation, using a single
sampler that is based on a high-stability pulsed laser.
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APPENDIX

The time-dependent optical intensity PP D (t) incident on
the photodiode in Fig. 2 depends on the optical intensity of
pulsed source PS (t) and the transmissivity of the EO modulator
TEOM (t), according to the relation

PP D (t) = PS (t) TEOM (t) . (15)

The Fourier transform of this expression with respect to time t
is given by

P̃P D (f) = P̃S (f) ⊗ T̃EOM (f) (16)

where � represents a convolution with respect to frequency f,
and TEOM (f), PS (f) and PP D (f) represent Fourier transforms
of the modulator transmissivity, source intensity and intensity
at the photodiode, respectively. Neglecting photodiode distor-
tions (i.e., in the low-power limit), the Fourier transform of the
detected photocurrent can be written concisely as

ĨP D (f) =
[
P̃S (f) ⊗ T̃EOM (f)

]
�̃P D (f) (17)

where �P D (f) represents the photodiode responsivity. From
(17) it is clear that the Fourier transform of the source intensity
weights the frequency response of the sub-sampled photonic
link. In particular, the bandwidth of the source intensity impacts
the range of input frequencies that will alias to the first Nyquist
zone.

It should be noted that the Fourier transform of intensity
equals the frequency-domain autocorrelation of the field (by
the Wiener-Khinchin theorem). It differs from the power spec-
tral density, which is the squared magnitude of the field in the
frequency-domain.
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