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Abstract—A transmission system with adjustable data rate for
single-carrier coherent optical transmission is proposed, which en-
ables high-speed transmission close to the Shannon limit. The pro-
posed system is based on probabilistically shaped 64-QAM modu-
lation formats. Adjustable shaping is combined with a fixed-QAM
modulation and a fixed forward-error correction code to realize
a system with adjustable net data rate that can operate over a
large reach range. At the transmitter, an adjustable distribution
matcher performs the shaping. At the receiver, an inverse distri-
bution matcher is used. Probabilistic shaping is implemented into
a coherent optical transmission system for 64-QAM at 32 Gbaud
to realize adjustable operation modes for net data rates ranging
from 200 to 300 Gb/s. It is experimentally demonstrated that the
optical transmission of probabilistically shaped 64-QAM signals
outperforms the transmission reach of regular 16-QAM and regu-
lar 64-QAM signals by more than 40% in the transmission reach.

Index Terms—Distribution matching, optical fiber communica-
tion, probabilistic amplitude shaping, rate-adaptation, spatially
coupled codes.

I. INTRODUCTION

TODAY’s optical long haul transmission systems are mainly
based on coherent reception technology using dual po-

larization quadrature amplitude modulation (QAM) and sup-
port data rates of 100 up to 400 Gb/s. Key design parameters
of these systems are the spectral efficiency and the maximum
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transmission reach to optimally exploit all available resources,
especially the fiber infrastructure. For example, a transceiver that
operates on a short network segment with high signal-to-noise
ratio (SNR) should achieve a high spectral efficiency to maxi-
mize the net data rate over this segment. Similarly, a transceiver
operating on a long network segment (e.g., an intercontinental
route) with low SNR should use either a lower order modula-
tion format or a forward error correction (FEC) code with high
overhead to ensure reliable transmission. For flexibility, today’s
coherent optical transceivers typically use a handful of modula-
tion modes based on standard QAM formats. For these standard
QAM formats, a gap to Shannon capacity remains which can
be expressed in terms of a penalty in SNR. The standard QAM
formats only offer a coarse granularity in spectral efficiency and
hence also a coarse granularity in the achievable transmission
reach. To overcome this lack in granularity, hybrid modulation
formats have been proposed. Here, symbols carrying different
modulation formats are combined; by the ratio of symbols carry-
ing the different modulation formats the spectral efficiency can
be adjusted in fine steps [2]. Even if the composition of hybrid
formats [3], [4] is optimized or if orthogonal frequency-division
multiplexing (OFDM) with optimized bit-loading and power-
loading per subcarrier [5] is used, the gap to Shannon capacity
cannot be reduced. Another degree in flexibility is supported by
the variability in baud rate. Varying the baud rate enables fine
variations of the bit rate, nevertheless the spectral efficiency
remains unchanged.

To overcome the gap to Shannon capacity of QAM constel-
lations, modulation formats that have a Gaussian-like shape
can be used [6]–[8]. Recently, coded iterative polar modula-
tion (IPM) [9] has been proposed for subcarrier modulation of
an OFDM system to reduce the gap to Shannon capacity [10].
Theoretical shaping gains of up to 0.9 dB in SNR have been
reported for higher order 256 point IPM for an extremely high
spectral efficiency. The SNR required by 256 point IPM only
allows for transmission over very few fiber spans of standard
single mode fiber. At lower spectral efficiencies that support
the targeted transmission distances for long haul systems, the
shaping gain of this approach is reduced to 0.27 dB, only. The
implementation of systems using IPM requires a huge effort in
digital signal processing (DSP) (e.g., iterative FEC decoding
and demodulation) and the granularity in spectral efficiency is
coarse.

0733-8724 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.

http://www.ieee.org/publications_standards/publications/rights/index.html


1600 JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 34, NO. 7, APRIL 1, 2016

Fig. 1. Graphical illustration of the four employed probability distributions for PS-64-QAM. The bars indicate the probability of each modulation symbol. From
(a) to (d), the distributions become more shaped and the entropies H(Pi ) decrease. (a) H(P1 ) = 5.73 bits, (b) H(P2 ) = 5.23 bits, (c) H(P3 ) = 4.60 bits, (d)
H(P4 ) = 4.13 bits.

Beside the characteristics of the modulation formats in the lin-
ear regime of fiber transmission, the nonlinear limitations are of
high importance. Recently an improved nonlinear tolerance for
shaped constellations has been reported [6]. The experimen-
tal investigation of nonlinear limits of shaped constellations
is still missing. Today’s transponders mostly apply pragmatic
modulation formats based on bit-interleaved coded modulation
(BICM). In a system supporting several modulation formats,
the FEC decoder in the receiver has to decode different formats,
e.g., QPSK, 16-QAM and 64-QAM. All these formats may po-
tentially require separate FEC engines for coding and decoding,
leading to an increased implementation effort.

In this paper, we propose a system that uses probabilistic
constellation shaping (PS) to close the gap to Shannon capacity.
The system design has an unprecedented flexibility in terms of
transmission rate without increasing the system and implemen-
tation complexity. We extend our first experimental investiga-
tions [1] and experimentally verify a coded modulation scheme
with rate adaptation [11] that substantially increases the trans-
mission distance and that is flexible even though it uses a fixed
FEC overhead, fixed modulation format and fixed baudrate and
bandwidth. The key step is to introduce a distribution matcher
(DM) [12] that generates a non-uniform modulation symbol se-
quence (see Fig. 1) from the data sequence. We find that the
gains predicted by theory and simulations can be achieved with
a practical, low-complexity system.

This paper is organized as follows: In Part 1, we describe
probabilistic shaping, achievable rate estimation, rate adapta-
tion, and FEC coding. In Part 2, we apply probabilistic shaping
in an optical transmission system. In back-to-back (B2B) ex-
periments and transmission experiments over a fiber loop, we
assess the shaping gain in terms of OSNR sensitivity and in
terms of maximum transmission reach. We estimate achievable
rates from the measurements, which we verify by operating
points where our FEC engine supports error-free transmission.

PART 1: PROBABILISTICALLY SHAPED CODED

MODULATION

II. PROBABILISTIC SHAPING

We use the rate adaptive coding and modulation scheme pro-
posed in [11], [13], which transmits different modulation sym-
bols with different probabilities. Fig. 2 shows the high-level
model. The key device is the DM [12], [14], which transforms
the sequence of data bits into a sequence of non-uniformly dis-
tributed (shaped) symbols. The shaped symbols are represented

Fig. 2. System model of coding and modulation.

by binary labels and encoded by a binary FEC encoder, which
is systematic to preserve the distribution of the shaped symbols.
In difference to other shaping schemes (see [11, Sec. II] and
references therein) shaping is done prior to FEC encoding. This
reverse concatenation separates shaping and FEC completely,
which results in high flexibility and low complexity. The FEC
encoder output is mapped to a sequence of QAM symbols. This
sequence is fed to the optical transmission system, which outputs
a noisy sequence of complex QAM symbols. The demodulator
uses the noisy sequence to calculate bit-wise log-likelihood ra-
tios (LLRs), which are fed to the FEC decoder. The decoded
symbols are transformed back to the data bits by an inverse
DM. We next detail the different components of the scheme.
For sake of clarity, we describe the scheme for a real bi-polar
Amplitude Shift Keying (ASK) constellation; two consecutive
ASK symbols are then mapped to the in-phase and quadrature
components, respectively, of one QAM symbol.

A. Distribution Matching

The DM transforms k uniformly distributed data bits Uk =
U1U2 . . . Uk into n amplitudes An = A1 . . . An with a desired
distribution P . The DM is invertible, i.e., the data bits Uk can be
recovered from the symbols An by applying the inverse trans-
formation. We use Constant Composition Distribution Matching
(CCDM) as proposed in [12]. The output sequences of CCDM
all have the same empirical distribution. The empirical distribu-
tion of a row vector c = c1c2 . . . cn is defined as

P̄c(a) =
na(c)

n
(1)

where na(c) = |{i : ci = a}| counts the occurrences of the
symbol a in c. Let T n

P be the set of length n vectors with
empirical distribution P , i.e.,

T n
P =

{
v ∈ An

∣∣∣ na(v)
n

= P (a) ∀a ∈ A
}

(2)
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Fig. 3. PAS for code rates (m − 1 + γ)/m. The fraction γ of the signs is used for data, which is modelled as the output of a Bernoulli-1/2 discrete memoryless
source PU . The check bits are calculated by multiplying the binary representation Uγ n β(An ) with the parity matrix P of a systematic (m − 1 + γ)n × mn
binary generator matrix [I|P ], where I is the identity matrix.

Fig. 4. The BRGC for 8-ASK. Note that the labels of the amplitudes form a
2-bit BRGC.

where A is the set of possible signal point amplitudes. CCDM
uses vectors in T n

P as codewords. There have to be at least as
many codewords in T n

P as there are input blocks, i.e., the input
length of CCDM must not exceed log2 |T n

P |. We set the input
length to k = �log2 |T n

P |� and we define the encoding function

fccdm : {0, 1}k → T n
P . (3)

The actual mapping fccdm can be implemented efficiently by
arithmetic coding [12], [14]. A similar scheme was proposed in
[15]. For large enough n, CCDM has the following properties.

1) The marginal distributions of the output amplitudes are

PAi
= P, i = 1, 2, . . . , n. (4)

2) The rate is

k

n
= H(P ) (5)

where H(P ) is the entropy of P in bits.

B. Probabilistic Amplitude Shaping (PAS)

1) Constellation Labeling: For each real dimension, we use
an 8-ASK constellation labelled by the binary reflected Gray
code (BRGC) [16], see Fig. 4. We represent the labeling by the
concatenation of the sign label β and the amplitude label β, i.e.,
for each 8-ASK signal point x, we have

label(x) = β(sign(x))β(|x|) (6)

where

β(−1) = 0, β(1) = 1, (7)

β(7) = 00, β(5) = 01, β(3) = 11, β(1) = 10. (8)

We denote the inverse functions by β−1 and β−1 , respectively.
The string b = b1b2b3 denotes the label of an 8-ASK signal
point and xb denotes the signal point with label b.

2) Encoding and Modulation: A diagram of PAS is dis-
played in Fig. 3. The n amplitudes An generated by the DM
and γn additional data bits Uγn are fed to the PAS, which
computes n signs Sn = S1 . . . Sn . The first γn signs are given
by β−1(Uγn ). The other (1 − γ)n signs are obtained by using

a rate (m − 1 + γ)/m systematic binary FEC encoder to cal-
culate (1 − γ)n check bits from the binary string Uγnβ(An ).
The (1 − γ)n check bits are transformed into signs by β−1(·).
The PAS outputs the real symbols Xi = Si · Ai , i = 1, . . . ,
n. The key feature of this encoding and modulation procedure is
that the amplitude distribution imposed by the DM is preserved
at the PAS output.

C. Bitwise Demapping

Our digital receiver consists of a bitwise demodulator and a
binary soft decoder. Suppose the PAS output X is distributed
according to P and let PB be the corresponding distribution of
the label B = B1B2B3 = label(X). For each received noisy
ASK symbol y, the binary demodulator calculates

Li = log
PBi

(0)
PBi

(1)
+ log

qi(y|0)
qi(y|1)

(9)

with

PBi
(b) =

∑
a∈{0,1}3 :ai =b

PB(a) (10)

qi(y|b) =
∑

a∈{0,1}3 :ai =b

qreal
awgn(y|xa)

PB(a)
PBi

(b)
(11)

where qreal
awgn(·|·) is the real Gaussian channel assumed by the

demapper. A bitwise demodulator followed by a binary decoder
is called bit-metric decoding (BMD) [17, Sec. II-A1], [18].

D. Complexity

The major advantage of the proposed scheme is that its com-
plexity is similar to the pragmatic BICM scheme, frequently
used in many optical communication systems. The demapper
only needs to be slightly modified taking into account the prior
probabilities of the systems (see (10) and (11)). The receiver
does not need to carry out iterations between demapper and de-
coder, which greatly simplifies the decoder implementation. The
only additional element of the transceiver chain is the distribu-
tion (de)matcher, which, however, only adds little complexity.
As discussed in [12], only a few operations (mostly compar-
isons and re-scaling) are required per symbol, thus keeping the
complexity low.

III. ACHIEVABLE RATES

In this section, we focus on rates that are achievable by our
modulation system. An overview is provided in Table I. The
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TABLE I
ACHIEVABLE RATES FROM SECTION III

Actual Channel Auxiliary
Channel

Achievable Rate Estimate

AWGN AWGN Iawgn(PX ) = I(X ; Y )
AWGN-BMD Ibmd(PX ) =∑ m

i = 1 I(Bi ; Yi ) −
[
∑ m

i = 1 H(Bi ) −H(B)]
Optical Channel AWGN Iawgn(PX ) Îawgn(PX )

AWGN-BMD Ibmd(PX ) Îbmd(PX )

capacity of the optical fiber (independent of the modulation
system) is discussed, e.g., in [19], [20]. In particular, [19] esti-
mates lower bounds on the capacity, while [20] derives an upper
bound.

We start by considering a generic channel with input Xn =
X1X2 . . . Xn and output Y n . We use QAM inputs Xi that are
independent and identically distributed according to PX and
conditioned on the input, the output has the density pY n |X n . We
denote realizations of Xn and Y n by x and y, respectively. The
mutual information of Xn and Y n is given by

I(Xn ;Y n ) = E

[
log2

pY n |X n (Y n |Xn )
pY n (Y n )

]
(12)

where E[·] denotes expectation, which is taken with respect to
the distributions of the involved random variables, for instance,
Pn

X and pY n |X n . By [21, Ch. 5], the rate

I(PX ) =
1
n
I(Xn ;Y n )

[
bits

QAM symbol

]
(13)

is achievable by using some code C with codewords Cn that
have marginal distributions PCi

= PX and a decoder that uses
the decoding rule

ĉ = argmax
c∈C

pY n |X n (y|c). (14)

Achievable means that by choosing n large enough, the proba-
bility of erroneous decoding can be made as small as desired,
as long as the transmission rate is smaller than I(PX ).

A. Mismatched Decoding

We do not know the exact channel law pY n |X n of our optical
channel, so we cannot calculate the achievable rate (13) and we
cannot implement the decoding rule (14) either. The concept of
mismatched decoding [22], [23] is a powerful tool that allows
to derive achievable rates and decoding rules in situations when
the exact channel law is not known [24]–[26]. The key insight is
to replace the exact channel law pY n |X n by an auxiliary channel
q(·|·). We consider memoryless auxiliary channels of the form

qn (y|x) :=
n∏

i=1

q(yi |xi). (15)

Define now

Iq (PX ) = E

[
1
n

n∑
i=1

log2
q(Yi |Xi)∑

x ′∈X PX (x′)q(Y |x′)

]
(16)

where the expectation is taken according to the actual distri-
butions PX n , pY n |X n and where X is the QAM constellation.
Note that by [24, Sec. VI] (see also [25, Sec. IV], [26])

Iq (PX ) ≤ I(PX ) (17)

with equality, if pY n |X n = qn , i.e., for any auxiliary channel qn ,
(16) provides a lower bound of (13), furthermore, by choosing
a reasonable auxiliary channel, the achievable rate (16) can
be made close to its upper bound (13). We cannot calculate
(16), because we do not know the exact channel law needed to
carry out the expectation. Nevertheless, we can estimate (16) by
replacing the probabilistic average by an empirical average, i.e.,
for measured sample sequences x,y, we calculate

Îq (PX ) =
1
n

n∑
i=1

log2
q(yi |xi)∑

x ′∈X PX (x′)q(yi |x′)
. (18)

B. AWGN Auxiliary Channel

Literature [27], [28] suggests that it is reasonable to model the
optical channel by a memoryless AWGN channel. To account
for this, we use as auxiliary channel the I/O relation

Yi = hXi + Zi, i = 1, 2, . . . , n (19)

where Xi is a transmitted QAM symbol, h is a scalar, and Z
is circular symmetric complex Gaussian with variance σ2 . The
auxiliary channel is

qawgn(yi |xi) = pZ (yi − hxi). (20)

We estimate the model parameters h and σ2 from our sample
sequences x,y via

ĥ =
xyH

xxH , σ̂2 =
1
n

(yyH − ĥ2xxH) (21)

where (·)H is the conjugate transpose. We denote the resulting
achievable rate and its estimate by Iawgn(PX ) and Îawgn(PX ),
respectively.

C. BMD Auxiliary Channel

The achievable rate (16) assumes symbolwise demapping,
while in our implementation, we use BMD, i.e., a bitwise
demapper followed by a binary decoder, see Section II-C. The
effect of bitwise demapping on the achievable rate can be
accounted for by using an appropriate auxiliary channel. Let
B = B1B2 . . . Bm be the bit labels of a QAM symbol, i.e., the
concatenation of the bit labels of its real and imaginary com-
ponents. An achievable rate for BMD (see [18] for a detailed
discussion) is Ibmd(PX ), where

qbmd(y|b) =
∏m

i=1 PBi
(bi)

PB(b)

m∏
i=1

qawgn,i(y|bi). (22)

The binary input auxiliary channels qawgn,i(y|bi) are calculated
by marginalization of qawgn, similar to (10) and (11). The rate
estimate Îbmd can be calculated from sample sequences by (18).

If the actual channel pY n |X n is memoryless and Gaussian,
i.e., pY n |X n = qn

awgn, by [18, Th. 2], we have Ibmd(PX ) =
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Ibmd(PX ), where

Ibmd(PX ) =
m∑

i=1

I(Bi ;Yi) −
[ m∑

i=1

H(Bi) −H(B)

︸ ︷︷ ︸
(�)

]
. (23)

If the bit-levels are independent, then (�) is zero and (23) re-
covers the rate [29, Corollary 1], [30, eq. (24)]. In particular, if
PX is equal to the uniform distribution PU , we have

Ibmd(PU ) =
m∑

i=1

I(Bi ;Yi). (24)

The right-hand side of (24) is called generalized mutual infor-
mation (GMI) in [30].

IV. RATE ADAPTATION FOR 64-QAM

Let P denote the constellation distribution after modulation
imposed by the DM, let c = 5/6 denote the code rate of the FEC
code (see Section V), and let m = 2 · 3 = 6 be the number of
bit-levels of 64-QAM. By [11, Sec. IV-D], the transmission rate
is

R = H(P ) − (1 − c) · m
[

bits
QAM symbol

]
. (25)

By (25), we can transmit at different rates R by changing the
distribution P and using the same FEC code. Following [31],
we choose P from the family of Maxwell–Boltzmann distri-
butions, see Fig. 1 for an illustration of the four distributions
P1 , P2 , P3 , P4 and the resulting probabilistically shaped PS-64-
QAM constellations that we use in our experiment. The corre-
sponding entropies H(Pi) are listed in the captions of Fig. 1.

In Fig. 5, we depict the theoretically possible shaping gains
that can be obtained by using the proposed four distributions
on 64-QAM compared to their uniform counterparts on 16-
QAM and 64-QAM. A circularly symmetric AWGN channel is
assumed. For P1 and P2 and 64-QAM uniform as a reference,
we observe a shaping gain of 0.76 and 0.84 dB, respectively.
For P3 and P4 and the 16-QAM uniform reference, the shaping
gains are 1.55 and 0.84 dB. The large gap of the third mode is
both due to the shaping as well as the beginning saturation of
the 16-QAM uniform constellation at 3.6 bpQs.

V. SPATIALLY COUPLED CODES

In principle, any FEC scheme can be used in our shaping
scheme described in Section II. We opt for spatially coupled
LDPC codes [32] because of their excellent performance. In
fact, most spatially coupled codes have the outstanding prop-
erty that their estimated decoding performance is close to the
performance of the underlying code ensemble under maximum
likelihood decoding as the block length grows, even when a
very simple, practically feasible message passing decoder is
used [33]–[35]. In this paper, we use left-terminated, weakly-
coupled codes with syndrome former memory μ = 2, which

Fig. 5. Theoretic shaping gains of probabilistically shaped input distribu-
tions (P1 , P2 , P3 , P4 ) compared to 16-QAM and 64-QAM uniform reference
constellations on a complex AWGN channel. The transmission rates Ri are
calculated by (25) using P = Pi , m = 6, and the fixed code rate c = 5/6.

have an infinitely extended parity-check matrix

H =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

H0

H1 H0

H2 H1 H0

H2 H1 H0

H2 H1
. . .

H2
. . .

. . .
. . .

. . .

. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

∞

with dim H i = msc × nsc and nsc = 6510 for the reference
codes and nsc = 7560 for the code used for shaping. The num-
ber of rows msc of the parity-check has been chosen such that
different overheads are realized. Using FPGA emulators, it has
been previously shown [36]–[39] that SC-LDPC codes exhibit
very low error floors and can achieve very low residual bit error
rates, suitable for optical communications. The use of SC-LDPC
codes hence eliminates the necessity to employ an outer cleanup
code. Furthermore, SC-LDPC codes are universal and show the
same error performance in different scenarios. At the receiver,
we employ a windowed decoder [40] of window length w = 13
which carries out I = 5 iterations per decoding step. We use a
full belief propagation decoder without any approximations to
show the potential of the codes. State-of-the-art approximations
like offset-corrected min-sum decoding have been shown to
operate within less than 0.1 dB from the performance of the full
belief propagation decoder.
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TABLE II
PARAMETERS AND PERFORMANCE OF UTILIZED SPATIALLY COUPLED CODES

Code Ref. A Ref. B Ref. C Shaping

Rate 9
1 0

8 2
1 0 5

7
1 0

5
6

OH 11.1̄% 28% 43% 20%

Fraction av, 3 4/5 0 0 5/6
Fraction av, 4 0 1 1 0
Fraction av, 6 1/5 0 0 1/6
dc, avg (asympt.) 36 18.3 13.3̄ 21
E S
N 0

thresh. (16-QAM) [dB] 12.73 10.50 — —
E S
N 0

thresh. (64-QAM) [dB] — 15.78 14.16 16.84

Iawgn thresh. (16-QAM) [bpQs] 3.71 3.29 — —
Iawgn thresh. (64-QAM) [bpQs] — 4.92 4.46 5.20
Ibmd thresh. (16-QAM) [bpQs] 3.70 3.28 — —
Ibmd thresh. (64-QAM) [bpQs] — 4.90 4.43 5.18
Pre-FEC BER (16-QAM) 0.019 0.050 — —
Pre-FEC BER (64-QAM) — 0.052 0.078 0.038
NCG (16-QAM) [dB] 11.80 13.41 — —
NCG (64-QAM) [dB] — 14.34 15.49 13.57

TABLE III
GAPS TO THEORETICAL PERFORMANCE LIMITS

OF UTILIZED SPATIALLY COUPLED CODES

Code Ref. A Ref. B Ref. C Shaping

Rate 9
1 0

8 2
1 0 5

7
1 0

5
6

OH 11.1̄% 28% 43% 20%
E S
N 0

gap, fix. Iawgn (16-QAM) [dB] 0.644 0.671 — —
E S
N 0

gap, fix. Iawgn (64-QAM) [dB] — 0.834 0.907 0.773
E S
N 0

gap, fix. Ibmd (16-QAM) [dB] 0.595 0.627 — —
E S
N 0

gap, fix. Ibmd (64-QAM) [dB] — 0.751 0.778 0.709

Iawgn gap (16-QAM) [bpQs] 0.106 0.161 — —
Iawgn gap (64-QAM) [bpQs] — 0.232 0.266 0.200
Ibmd gap (16-QAM) [bpQs] 0.099 0.151 — —
Ibmd gap (64-QAM) [bpQs] — 0.213 0.235 0.184

In this paper, we employ four different codes: one code of rate
c = 5

6 for the novel probabilistically shaped 64-QAM system
and three codes that are used with the regular constellations in
the reference transmission schemes. Some of the codes we use
are irregular codes. We classify the codes by their (asymptotic)
degree distributions where av,i denotes the fraction of variables
of degree i, i.e., the fraction of columns of H of weight i. We use
check-concentrated codes of check node degrees dc and dc + 1.
Table II lists the parameters of the codes, i.e., their design rate
c = n sc−m sc

n sc
, their variable node degree distributions av,i and the

average asymptotic check node degree dc,avg.
To find the decoding thresholds, we carried out simulations

over an AWGN channel. As we target a residual bit error rate
around 10−15 , we measure the decoding threshold at a post-
FEC BER of 10−6 and then add an SNR penalty of 0.13 dB,
which we have observed from previous FPGA-based simula-
tions for similar codes [32], [38]. We further indicate in Table II
the Iawgn thresholds, the Ibmd thresholds (as proposed in [41])
(see Section III for the definition of Iawgn, Ibmd) and the equiva-
lent pre-FEC BER thresholds for the codes and the modulation
format they are used with. We assume a Gray labeling of the con-
stellation points. For completeness, we also give the net coding
gains (NCGs) in dB taking into account uncoded transmission
using the respective modulation format.

Fig. 6. Illustration of the experimental setup.

In Table III, we show the gaps of the proposed coding schemes
to the rates Iawgn, Ibmd, which are achievable asymptotically in
the blocklength. We give on the one hand the ES/N0 gap in
decibel between the achievable rate and the decoding threshold
and, on the other hand, at the decoding threshold, the vertical
gap to the asymptotic rates Iawgn, Ibmd, expressed in bits per
QAM symbols (bpQs). For computing these gaps, we used the
same AWGN-simulation as above and added a 0.13 dB penalty
to the threshold at 10−6 BER to extrapolate to a BER of 10−15 .
We can see that all codes operate within less than 1 dB of the
theoretically achievable rates. Note that all codes have approx-
imately the same performance. In a near-term implementation
using heavily constrained decoders (in terms of hardware and
memory complexity, internal decoder dataflow, etc.), we have
to add an additional SNR penalty, which is however identical
for all codes.

PART 2: EXPERIMENTAL DEMONSTRATION

VI. EXPERIMENTAL SETUP

Optical transmission experiments have been conducted us-
ing the standard coherent transmission loop setup shown in
Fig. 6. The transmitter is based on a CMOS 88 Gsamples/s
quad-digital-to-analog converter (DAC) and a linear amplifier
driving the dual polarization IQ-modulator. The channel under
test was operated at 32 GBaud. In the transmitter (Tx) DSP,
we incorporated Nyquist filtering with 0.15 roll-off factor and
a pre-emphasis to compensate for the bandwidth limitations of
the DAC and driver amplifier. The precalculated sequences of
length 16384 are loaded into the memory of the DAC and trans-
mitted successively. Optical modulation is carried out using a
standard dual polarization IQ-modulator. A 100 kHz linewidth
external cavity laser (ECL) has been used as optical carrier. In
addition to the channel under test, we used 2 × 4 DP-QPSK load
channels operated at 32 Gbaud with 4 nm guard bands to the
center channel under test. These load channels increase the over-
all load beyond the minimum for the loop amplifiers, whereas
due to the large enough guard bands, we have still single chan-
nel conditions for the center channel. The loop setup consists
of three spans of standard single mode fiber (SMF, G.652) with
roughly 80 km length each. The signals are amplified in single
stage erbium-doped fiber amplifiers with a noise figure of 5 dB.
A dynamic gain equalizer is used to compensate for differences
in gain and attenuation in each round trip for the channel under
test and the load channels. A slow polarization scrambler has
been used to vary the alignment of the signal to the transmis-
sion fiber and hence to improve the signal statistics especially
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with respect to a minor polarization dependency of the fiber, the
optical amplifiers and the receiver. The fiber launch power has
been adjusted either in a wide range to measure the launch power
dependency and hence to find out the optimum launch power, or
we set the launch power to the optimum value yielding the opti-
mum performance at each transmission length. After a variable
number of round-trips in the loop, the signals are switched to the
receiver, where the channel under test is filtered out of the broad
spectrum. In a dual polarization 90° hybrid, the received signal
is superimposed with the local oscillator (100 kHz linewidth
ECL) and O/E converted using high-bandwidth balanced pho-
todiodes. The analog to digital conversion has been performed
by a 33 GHz bandwidth real-time oscilloscope operated at
80 Gsamples/s.

Recently [1], we applied a DSP chain with blind adaptation
for all unshaped and slightly shaped constellations, whereas for
stronger shaped formats we found that these algorithms were not
applicable without modifications. In the case of stronger shaped
constellations, the quadratic shape of the constellation vanishes
completely. Blind algorithms relying on the quadratic shape will
consequently fail. The development of algorithms exploiting the
non-quadratic constellation shape is left for future work. In [1],
we implemented a data-aided receiver and applied it for those
modes. We found that the performance of both DSPs was similar,
but if comparing different modes in detail, the application of
the same DSP is advantageous. Therefore, contrary to [1], we
use in this paper a genie-aided or data-aided DSP chain for all
modes. The genies’ knowledge of the channel is derived from
the known transmitted signal and the measured received signal.
It gives an upper bound on the performance and henceforth
enables the comparative study of transmission characteristics
of different shaping modes. The DSP chain incorporates re-
timing and re-sampling to 2 bit per symbol, compensation of
the chromatic dispersion, frequency offset compensation, phase
estimation, and channel compensation including polarization
demultiplexing. After the DSP, we carry out demodulation and
soft-decision decoding as detailed in [11].

1) Offline FEC Processing

In order to allow for a practical assessment of different FEC
configurations, it is beneficial to separate the FEC processing
from the actual transmission experiments. Because of the offline
processing, the transmitted symbols usually do not form a valid
codeword and the decoding step has to be adapted to account for
this. In the previous work of [42], Schmalen et al. assume that
symmetric decoders and linear codes are used so that the all-
zero codeword is always included in the codebook. The actual
transmit sequence can then be thought of as being generated
by modulo-2-addition of the all-zero codeword and a pseudo
random scrambling sequence that is also known at the receiver
so that the LLRs, which are used for soft decoding, can be
descrambled again. The same idea was used in [43] by adapting
the check-to-variable node message step as shown in [44] so
that arbitrary symbol sequences can be decoded. Besides, the
authors of [43] add additional interleavers before the decoder to
artificially enlarge the set of possible transmit sequences which
allows simulations to much lower BERs. Our proposed offline
FEC processing borrows the idea of interleavers, but imitates

TABLE IV
SUMMARY OF THE REFERENCE AND PROBABILISTICALLY SHAPED MODES

Net data rate (Gb/s) FEC OH Constellation

Ref1 300 28% 64-QAM
Ref2 270 43% 64-QAM
Ref3 230 11% 16-QAM
Ref4 200 28% 16-QAM

OP1 300 20% PS-64-QAM (P1 )
OP2 270 20% PS-64-QAM (P2 )
OP3 230 20% PS-64-QAM (P3 )
OP4 200 20% PS-64-QAM (P4 )

the entire PAS coding and modulation scheme by incorporating
the matcher and FEC encoding as well.

For that purpose, we transmit a number of 200000 com-
plex 64-QAM constellation points for each of the four shaped
operation modes. We regard the two-dimensional 64-QAM
constellation as the Cartesian product of two 8-ASK constel-
lations so that we store the transmitted and received symbols
as a concatenation of their independent real and imaginary
parts in the sets X i

exp and Y i
exp, i ∈ {1, 2, 3, 4} of cardinality

Nexp = 400000.
To produce a codeword c of length nsc bits, we follow the

PAS encoding procedure of Section II-B and let the matcher
produce an amplitude sequence an of the right type T n

PA i
with

n = nsc/m = 2170. Since we want to operate the PAS scheme
with a c = 5/6 code on a 8-ASK constellation with m = 3 bit
levels, an additional number of γ · n = 1260 data bits are added
to the information part of the binary representation of the am-
plitudes. After encoding, a valid codeword c is obtained and
the additional γ · n data bits along with the check bits are used
as signs for the amplitudes after remapping 0 
→ 1, 1 
→ −1.
Hence, we get the sequence xn of transmission symbols. For
each xj , j = 1, 2, . . . , n, we then randomly choose a represen-
tative xexp,j in X i

exp such that xj = xexp,j and its corresponding
receive symbol yexp,j in Y i

exp. This last step corresponds to in-
troducing interleavers to enlarge the set of transmit sequences
as mentioned before. This procedure is repeated for every trans-
mitted frame. The constructed receive sequence yn

exp is used as
an input for calculating the LLRs and the BER can be com-
puted by comparing the a posteriori LLRs after BP decoding
and hard-decision to the codeword c.

VII. B2B TRANSMISSION RESULTS

We performed experimental characterizations of four differ-
ent probabilistically shaped modes from 200 up to 300 Gb/s.
For each mode we selected a corresponding reference mode
based on non-shaped 16-QAM or 64-QAM with two different
code rates, each. The details of all modes are summarized in
Table IV.

First, we have conducted optical B2B experiments to char-
acterize the different formats including the optical path. We
received the data modulated with different formats at a vari-
able optical SNR (OSNR). The constellations were recovered
using the DSP chain as described before. Based on the noisy
constellations, we calculated the quantity Îbmd(Pi) according to
(18) and (22) and plotted it versus the measured OSNR in Fig. 7.
The horizontal dashed lines indicate the transmission rates for
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Fig. 7. Comparison of the achievable rate estimate Îbmd(P ) for shaped (P1 , P2 , P3 , P4 ) and uniform scenarios in a B2B transmission. (a) Distribution P1
(300 Gb/s), (b)Distribution P2 (270 Gb/s), (c) Distribution P3 (230 Gb/s), (d) Distribution P4 (200 Gb/s).

TABLE V
GAIN OF CORRESPONDING MODES AT TRANSMISSION RATE Ri WITHOUT

CONSIDERING THE FEC IMPLEMENTATION PENALTIES

Net data rate Corresponding Theoretical OSNR gain (dB)
(Gb/s) modes gain (dB) at Ri

300 64-QAM (28%) versus 0.76 1.01
PS-64-QAM (P1 )

270 64-QAM (43%) versus 0.84 0.87
PS-64-QAM (P2 )

230 16-QAM (11%) versus 1.55 1.48
PS-64-QAM (P3 )

200 16-QAM (28%) versus 0.84 0.59
PS-64-QAM (P4 )

the different distributions as given by (25). Their crossing points
with the achievable rate estimates determine the required the-
oretical OSNR thresholds for error free decoding without con-
sidering any implementation penalty for the FEC.

Note that the accuracy of optical B2B experiments is limited
to ±0.1 dB leading to OSNR differences of up to 0.2 dB. Still,
it is possible to observe shaping gains for the four constellations
in Fig. 7 as suggested by the theoretical AWGN investigations
of Fig. 5. The numerical values are summarized in Table V.

Next we decoded the received data at each OSNR using the
real FEC decoders and found the operating points which allow
error free transmission. These are indicated by circles in Fig. 7.
We also depict the rate-backoff [11, Sec. VIII], [45, Sec. IV-B],
which evaluates as Îbmd(Pi) − Ri in the given context. Using
this quantity allows to compare the FEC performance of the dif-
ferent operation modes and is further motivated by recent work
in [30] suggesting the use of the GMI as a post-FEC performance
indicator. We refer to [11, Sec. VIII-C] for detailed explanations
relating the backoff-criteria to the GMI. For all four distribu-
tions, we observe similar rate-backoffs of 0.24, 0.29, 0.28 and
0.29 bits/QAM symbol, which underlines the universality of the
employed spatially coupled codes.

All codes have also been operated on an AWGN channel
for reference. The results of both scenarios are summarized in
Table VI.

TABLE VI
SUMMARY OF GAPS FROM AWGN SIMULATION

AND FROM ACTUAL DECODING

Gap at FEC thresh. Gap at FEC thresh.
from AWGN sim. from B2B experiment

OSNR Ibmd(P ) OSNR Îbmd(P )
penalty penalty penalty penalty

[dB] [bpQs] [dB] [bpQs]

Ref1 1.3 0.23 0.9 0.2
Ref2 0.95 0.27 0.8 0.18
Ref3 0.7 0.11 0.6 0.1
Ref4 0.7 0.16 0.5 0.1

OP1 0.58 0.16 0.99 0.24
OP2 0.56 0.15 1.08 0.29
OP3 0.78 0.21 1.11 0.28
OP4 1.1 0.28 0.91 0.29

VIII. TRANSMISSION RESULTS

Next we investigated the nonlinear threshold for the counter-
parting modes at 200 and 300 Gb/s. The optical launch power per
fiber span determines the amplified spontaneous emission (ASE)
noise accumulation and the accumulated nonlinear distortions.
For the optimum launch power, the sum of both contributions
is minimum. We varied the launch power in a wider range to
determine the optimum for each mode. Fig. 8 shows Îawgn(Pi)
versus the launch power per span. For all experiments, a clear
optimum has been found in the range of 0.45 to 0.5 dBm launch
power. In more detail, there is a slight shift of the optimum
launch power towards lower powers at an increasing number of
loop round-trips. However, when connecting all maxima of the
MI-versus-power plots in Figs. 8(a) and (b), a unique linear re-
lation is observed, independent of being a uniformly distributed
reference or shaped mode. For some considered transmission
distances, the optimum launch power of the shaped constella-
tion is slightly higher than for the uniform constellations. We
consider the differences to be insignificant. Hence, we conclude
that beside the differences in sensitivity, the modes have the
same nonlinear limitations and there is no remarkable nonlinear
gain for any mode.
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Fig. 8. Optimal launch powers for different transmission modes. (a) R1 = 4.72 bpQs (300 Gb/s) (b) R4 = 3.125 bpQs (200 Gb/s).

Fig. 9. Experimentally measured mutual information for the regular uniform distribution and PS-64-QAM with the four shaped distributions P1 , P2 , P3
and P4 .

After determining the optimum launch power, we performed
transmission experiments with a variable number of round-trips
for all modes. The number of round-trips is plotted ver-
sus Îbmd(Pi) in Fig. 9. Again, the dashed lines indicate the
corresponding transmission rates and the circles represent the
maximum number of loops such that error free decoding is still
possible. Because of complexity reasons, data was collected for
an even number of loops only. In the light of this, the results
are consistent with those reported in Fig. 7 for the B2B exper-
iment. Using the rate-backoff criteria as before, we obtain the
backoffs 0.31, 0.27, 0.32 and 0.29 bits/QAM symbol. The con-

servative rate-backoffs for mode 1 and 3 in contrast to the B2B
experiment are because of the coarse loop granularity. This can
be seen if we interpolate and also consider an odd number of
loops. In this case, the resulting rate-backoffs of 0.17 and 0.26
bit/QAM symbol would be too small to allow for successful
decoding compared to the B2B case, where we have 0.24 and
0.28 bits/QAM symbol, respectively.

Compared to previous results [1], the received data is now
processed by a data-aided DSP as outlined in Section VI. This
improved particularly the performance of the 16-QAM reference
scheme causing the shaping gain of mode 4 to decrease from six
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to four loops. For all other modes, we observe improved gains,
compared to [1].

IX. CONCLUSION

We have proposed an optical transmission system which ap-
plies probabilistic shaping to 64-QAM constellations. By having
a Gaussian-like distribution over the input constellation, we are
able to remove the shaping gap compared to constellations with
uniform signaling. The system itself is operated at one constant
modulation format and one constant FEC. System bandwidth
and baud rate remain constant as well. The only adjustable block
in the system is an adjustable DM, which performs the shaping
of the uniform input data bits. As a result, we may adjust the
net data rate with arbitrary granularity. For comparison, we use
two standard modulation formats (16-QAM and 64-QAM), each
combined with two different FEC engines (11%, 28% OH for
16-QAM and 28% and 43% for 64-QAM—three FEC engines
in total). We demonstrated shaping gains of up to 1.4 dB OSNR
derived from B2B experiments and found that shaping had no
influence on the nonlinear threshold. We found a linear shap-
ing gain improving the system by more than 40% in maximum
transmission reach.
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