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Abstract—We study the modulation response of a reflective semi-
conductor optical amplifier (RSOA) operated by directly modulat-
ing its injection current. We derive an analytic expression for the
3 dB modulation bandwidth, and characterize its dependence on
the main RSOA parameters. Our study is based on a reduced model
for the nonlinear RSOA response.

Index Terms—Nonlinear optics, optical communications, pulse
propagation models, reflective semiconductor optical amplifiers.

I. INTRODUCTION

AN important requirement for the implementation of
WDM-based next-generation optical access networks is

the availability of efficient, colorless optical network units [1].
Reflective semiconductor optical amplifiers (RSOAs) are con-
sidered excellent candidates to fulfil this requirement, as they
can be seeded from remote nodes, providing significant amplifi-
cation over the entire C-band. As well known, the performance
of RSOAs that are operated by directly modulating the injec-
tion current depends primarily on their modulation bandwidth,
a limiting factor which is typically imputed to the long carrier
lifetime [2], [3]. The experimental characterization of this criti-
cal parameter was performed in several works [3]–[7], showing
that the bandwidth has a non trivial dependence on the RSOA
structural parameters. On the other hand, the dependence on
the operational parameters is much better understood, being es-
sentially dominated by an increase of the bandwidth with the
injection current and the optical power. In order to give explana-
tions to the experimental results, a number of models have been
proposed [3], [6], [8], [9]. In those models several phenomena
occurring in the semiconductor can be taken into account in
great detail: various carrier-hole recombination effects, nonlin-
ear gain saturation, the spatial dependence of the parameters
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etc. However, the equations governing such detailed models can
only be solved through time consuming numerical integrations,
an approach that does not enable to rapidly grasp an insight into
the dependence of the RSOA response on its parameters. The-
oretical studies of RSOAs’ modulation bandwidth—equivalent
to the work of Mork et al. in the context of single-pass SOAs
[10]—seem to be absent in the literature.

In this paper we study the modulation response of a RSOA.
By targeting applications related to optical access networks, we
consider a scheme where the RSOA is seeded by an optical CW
field, and the data are encoded in the RSOA optical output power
by modulating the injection current. We present an analytic char-
acterization of the RSOA output, and derive an expression for
the 3 dB modulation bandwidth. Our analysis allows to effec-
tively characterize the dependence of the modulation bandwidth
on the main RSOA parameters and to gain insight on this de-
pendence. Eventually, we compare the dynamics of SOAs in
single-pass and reflective configurations and show that a RSOA
is equivalent to a longer SOA featuring a reduced saturation
energy. The present study is based on a simplified model for the
nonlinear dynamics of RSOAs, recently introduced by Antonelli
and Mecozzi [11], here extended so as to account for the RSOA
internal loss and partial mirror reflectivity.

II. REDUCED MODEL FOR THE RSOA NONLINEAR DYNAMICS

Lightwave propagation in a RSOA is described by a set of
two coupled equations for the electric field dynamics and one
equation for the gain dynamics,
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Here we denote by Ẽ+(z, t) and Ẽ−(z, t) the complex envelopes
of the forward and backward propagating fields, respectively.
The parameter vg is the group velocity in the semiconductor
material, α is the linewidth enhancement factor and αi is the
RSOA internal loss coefficient. By g(z, t) we denote the gain
coefficient, related to the carrier density N by

g = Γa(N − N0), (4)

where a is the differential gain, Γ is the confinement factor
and N0 the carrier density required for transparency. The linear
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dependence of the gain coefficient on carrier density is rather
accurate for bulk materials, which we assume in this work [12].
Quantum well-based RSOAs are better characterized by a log-
arithmic gain function, which however is incompatible with the
formulation of a reduced model, and hence requires a fully nu-
merical approach [9]. The parameter g0 is the small-signal gain
coefficient, related to the other RSOA parameters through

g0 = ΓaτR(N0)
(

I

I0
− 1

)
, (5)

where R(N) is the carrier decay rate, and τ = (dR/dN
|N =N0 )

−1 is the carrier lifetime. By I0 = qeV R(N0) we de-
note the transparency injection current, where qe is the electron
charge, V is the active volume and I is the actual injection cur-
rent. We note that the definitions of g0 , τ , and I0 introduced
above are based on the linearization of the carrier decay rate
function R(N) around the transparency carrier density N0 , ac-
cording to R(N) � R(N0) + (dR/dN |N =N0 )(N − N0). The
quantity ε is the nonlinear gain suppression parameter, and fi-
nally Esat is the RSOA saturation energy that is related to the
other RSOA parameters through Esat = �ω0A/(Γa), where A
is the area of the semiconductor active region and ω0 is the
lightwave angular frequency [13].

Note that Eqs. (1)–(3) do not account explicitly for the inter-
ference between the counterpropagating fields Ẽ+ and Ẽ−. In
fact, due to the fast carrier diffusion, the effective contribution of
the cavity standing wave to the gain saturation can be assumed
to be included in the nonlinear gain suppression parameter [14].

The integration of Eqs. (1)–(3) is customarily pursued through
a numerical approach, owing to the absence of known analytic
solutions. However, in the case of a SOA, the space-time model
reduces rigourously to a one-dimensional model when the non-
linear gain saturation and the SOA internal loss can be neglected
(ε = 0, αi = 0) [13].

Recently, this simplification has been extended to the study
of the perfect reflective configuration, where the reduced model
describing the nonlinear dynamics in a lossless RSOA consists
of a delayed differential equation (DDE), which simplifies to
an ordinary differential equation (ODE) when the effect of the
propagation delay in the RSOA can be ignored [11]. In a recent
publication [15], the ODE reduced model has been further im-
proved to account for the RSOA internal loss. In the appendix
of this paper we show how the DDE model can also be extended
to include internal losses and partial mirror reflectivity.

Note that throughout this work we will still neglect nonlinear
gain suppression and set ε = 0. In fact, in the regime of low-
to-moderate saturation that we consider in the present study,
this simplifying assumption is valid if the signal bandwidth is
below a critical value of the order of fcr = vga/ε [16]. For
typical SOA parameters [9] fcr exceeds 100 GHz, that is a
value significantly larger than the typical RSOA modulation
bandwidth (a few Gigahertz). We verified that, for a range of
parameter values significantly broader than that considered in
this work, the numerical solutions of the space-time model do
not change significantly when the nonlinear gain suppression is
included. Let us remark that, though the reduced model could
be extended so as to include nonlinear gain suppression in the

regime of low-to-moderate RSOA saturation by following the
procedure presented in [16], the only approach to study the
regime of strong saturation is the numerical one [9].

The derivation of the simplified DDE and ODE models for
αi �= 0 and for partial mirror reflectivity is somewhat involved
and is presented in the appendix. The result is that the complex
envelope of the electric field at the RSOA output, Eout(t), can be
expressed in terms of the input electric field Ein(t) as follows:

Eout(t) =
√

R exp
{

1 − iα

2
[h(t − tg ) + h(t − 2tg )]

− αiL}Ein(t − 2tg ), (6)

where R is the power reflection coefficient of the RSOA rear
facet and h(t) is the integrated gain function (see Eqs. 39 and
40) which is obtained by solving the following DDE:

dh(t)
dt

= −h(t) − g0L

τ
+

− 1
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− αiL] |Ein (t − tg )|2
}

, (7)

with initial condition h(t) = g0L for t ≤ 0, and where tg =
L/vg is the one-way group delay, with L denoting the semicon-
ductor length. In order to simplify the equations, in what follows
the functional dependence on time of the integrated gain is in-
dicated explicitly only if the integrated gain is evaluated at a
delayed time. The result of [15] is recovered by setting tg = 0
in Eq. (7), which gives the simpler ODE model,

dh

dt
= −h − g0L

τ
− 1

Esat

h

h − αiL
[exp (h − αiL) − 1]

[1 + R exp (h − αiL)] |Ein(t)|2 . (8)

Note that the lossless case, with total reflection at rear facet,
which is described by Eqs. (15) and (16) of [11], is recovered
by setting αi = 0 and R = 1 in Eq. (8).

III. SMALL-SIGNAL ANALYSIS

We study the output power of a directly modulated RSOA
when a CW optical field is injected from the front facet. The
modulation of the injection current I produces a modulation of
the small-signal gain coefficient g0 owing to Eq. (5). We express
the modulated current as

I(t) = I + ΔI exp (−iΩt) + ΔI∗ exp (iΩt) , (9)

where I is the average injection current and ΔI is the com-
plex envelope of the small modulation. The corresponding gain
modulation can be expressed similarly,

g0(t) = g0 + Δg exp (−iΩt) + Δg∗ exp (iΩt) , (10)

with g0 = ΓaN0(I/I0 − 1) and Δg = ΓaN0ΔI/I0 . The re-
sulting modulation of the electric field can be described in terms
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of a small modulation of the integrated gain h(t), which we ex-
press as

h(t) = h0 + Δh exp (−iΩt) + Δh∗ exp (iΩt) . (11)

Denoting by Pin the optical power of the CW field injected in the
RSOA, Eqs. (6) and (11) yield the output power in the following
form:

Pout(t) = PinR exp [2h0 − 2αiL + K cos (Ωt − Φ)] , (12)

where

K = 2 |Δh [1 + exp (iΩtg )]| (13)

Φ = Phase {Δh exp (iΩtg ) [1 + exp (iΩtg )]} . (14)

By using the Jacobi–Anger expansion [17] in the form exp
[K cos(φ)] =

∑+∞
n=−∞ In (K) exp(inφ), where by In we de-

note the modified Bessel function of the first kind of order n
[17], Eq. (12) can be readily expressed as the Fourier series

Pout(t) =
+∞∑

n=−∞
Pn exp (−inΩt) , (15)

with coefficients

Pn = PinR exp (2h0 − 2αiL) In (K) exp (inΦ) . (16)

A. Determination of h0 and Δh

We now proceed to the calculation of h0 and Δh. To this aim
we substitute Eqs. (10) and (11) into Eq. (7) for the DDE model,
and into Eq. (8) for the ODE model, also setting |Ein (t)|2 = Pin .
After expanding the right-hand sides of the two equations to
first order with respect to Δh, as appropriate in the context of
a perturbative analysis, we then equate separately the constant
terms and the terms that are proportional to exp {± iΩt}. As a
result of this procedure the average integrated gain h0 is found
to be the solution of the same transcendental equation for both
reduced models,

h0 − g0L

τ
= − Pin

Esat

h0

h0 − αiL
[exp (h0 − αiL) − 1]

[1 + R exp (h0 − αiL)] . (17)

Note that actually h0 solution of Eq. (17) describes the static
gain for a DC RSOA injection. The complex envelope of the
integrated gain modulation Δh is obtained in the form

Δh =
L

D(Ω)
Δg, (18)

where the expression of D(Ω) depends on which reduced model
is considered. For the DDE model one obtains

D(Ω)= 1 − iΩτ +

+
τPin

Esat

h0

h0 − αiL
exp (h0 − αiL) {1 − R exp (iΩtg ) +
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Note that the last term of D(Ω) in Eq. (19) is absent when
the RSOA internal losses are negligible. The expression that is
derived for the ODE model is

D(Ω) = 1 − iΩτ +
τPin

Esat

h0

h0 − αiL
exp (h0 − αiL)

{1 − R + 2R exp(h0 − αiL)} +

−τPin

Esat

αiL

(h0 − αiL)2 [exp(h0 − αiL) − 1]

[1 + R exp(h0 − αiL)] (20)

and it can also be obtained from Eq. (19) by setting tg = 0, i.e.,
by neglecting the signal propagation delay in the RSOA.

B. The Transparent Waveguide

The condition of transparency is characterized by the value
of the integrated gain coefficient h0 = αiL, which is a singu-
lar value of Eqs. (7) and (8). This case, yet of little practical
relevance, is hence to be addressed separately. By defining the
perturbation of h(t) as δh(t) = h(t) − h0 , the analysis can be
performed as illustrated for the case h0 �= αiL provided that the
following expansion is used in Eqs. (7) and (8):

exp (h − αiL) − 1
h − αiL

� 1 +
δh

2
. (21)

As a result, one obtains the following expression for the average
value of the small signal gain coefficient:

ḡ0 = αi

[
1 +

τPin

2Esat
(1 + R)

]
, (22)

which, when used along with Eq. (5), gives the value of the aver-
age injection current that is required in this case. The expression
of D(Ω) for the DDE model reduces to

D(Ω) = 1 − iΩτ + (1 + R)
Pinτ

Esat{
1 +

αiL

2

[
1 +

2R

1 + R
exp(iΩtg )

]}
. (23)

The expression of D(Ω) for the ODE model is obtained by
setting tg = 0 in Eq. (23):

D(Ω) = 1 − iΩτ + (1 + R)
Pinτ

Esat

[
1 + αiL

1 + 3R
2(1 + R)

]
. (24)

C. The Lossless Case

A case of particular interest is the lossless case, where the
modulation coefficients can be conveniently expressed in an
analytic, closed form. In fact, by setting αi = 0 and R = 1, Eq.
(17) reduces to

h0 − g0L

τ
= − Pin

Esat
[exp (2h0) − 1] , (25)

which can be solved exactly in terms of the Lambert-W function
W [18]. It is worth to remark that this function has come into
view to provide analytic solutions in the study of the nonlinear
regimes of other optical amplifiers, like Raman and Brillouin
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Fig. 1. The static gain G = exp(2h0 ) as a function of the RSOA injection
current. Markers show the experimental data from [6]: empty markers Γ = 0.2,
filled markers Γ = 0.8, circles L = 0.5 mm, triangles L = 0.7 mm. The curves
show the theoretical gain evaluated by using the expression for h0 in Eq. (26):
dashed curves for Γ = 0.2 (blue L = 0.5 mm; black L = 0.7 mm); solid curves
for Γ = 0.8 (blue L = 0.5 mm; black L = 0.7 mm).

fiber amplifiers [19], [20], and might be applied also to the non-
linear regime of Erbium doped fiber amplifiers [21]. Eventually
h0 reads

h0 = g0L +
τPin

Esat
− 1

2
W

[
2τPin

Esat
exp

(
2g0L +

2τPin

Esat

)]
.

(26)
The expression of D(Ω) is then obtained by substituting

Eq. (26) in Eqs. (19) and (20) for the DDE model and the
ODE model, respectively, with αi = 0 and R = 1. For the ODE
model, D(Ω) assumes a particularly simple form:

D(Ω)=1 − iΩτ + W

[
2τPin

Esat
exp

(
2g0L +

2τPin

Esat

)]
. (27)

Note that the RSOA static (ΔI = 0) gain G is related to h0
by G = Pout/Pin = exp(2h0). In Fig. 1 we fit the functional
dependence of the static gain on the injection current of the
experimental data of Ref. [6] (markers) using Eq. (26) for h0 .
The fitting has been realized by setting the parameters Γ and L to
the values reported in [6], and by choosing the other parameters
so as to fit the data. Herein after the decay rate is assumed to
be given by the linear law R(N) = N/τ . Note that this choice,
while simplifying the determination of analytic and numerical
results, does not affect to any extent the validity of Eqs. (17),
(19), and (20), which remain valid under different choices of
R(N). In Fig. 1 the dashed curves are the theoretical results
for the RSOA with Γ = 0.2, the blue curve for L = 0.5 mm,
and the black curve for L = 0.7 mm. The other parameters are:
a = 8 × 10−20 m2 , N0 � 8 × 1023 m−3 , τ = 300 ps, Esat �
1 pJ, A = 1.17 × 10−13 m2 and input power P0 � −11 dBm
(blue curve) and P0 � −8 dBm (black curve). The solid curves
are the theoretical results for the RSOA with Γ = 0.8, the blue
curve for L = 0.5 mm, and the red curve for L = 0.7 mm.
The other parameters are: a = 5 × 10−20 m2 , N0 � 2.5 × 1023

m−3 , τ = 150 ps, Esat � 0.64 pJ, A � 2 × 10−13 m2 and input
power P0 � −1.5 dBm (blue curve) and P0 � −1 dBm (red
curve).

TABLE I
RSOA PARAMETERS

Description Value

Active region cross-section area A 350 μm× nm
Differential gain a 3 × 10−2 0 m2

Group velocity vg 8.33 × 107 m/s
Carrier lifetime τ 100 ps
Optical confinement factor Γ 0.3
Linewidth enhancement factor α 5

Fig. 2. Amplitudes of the first and second harmonics of the output field (|P1 |
and |P2 |, respectively) versus modulation frequency Ω/2π for a RSOA length
of L = 0.5 mm. In the top panel the internal loss was set to αi = 1 mm−1 ,
in the bottom panel to αi = 0. The blue markers show the results obtained by
solving the space-time equations (1)–(3); the dashed curves show the result of
the DDE model; the dash-dotted curves show the result of the ODE model.

IV. VALIDATION OF THE ANALYSIS

In this section we first validate the analysis presented in Sec-
tion III against numerical results obtained with the space-time
model. To this aim Eqs. (1)–(3) were integrated with the method
introduced in [22]. The RSOA parameter values used in the
simulations are given in Table I (they are consistent with those
used in [10]), whereas the optical carrier wavelength is set to
1550 nm.

In Figs. 2 and 3 we plot the amplitudes of the first and second
harmonic of the output field intensity, |P1 | and |P2 |, respectively,
as a function of the modulation frequency Ω/2π for an input
optical power of Pin = −10 dBm. The blue markers show the
results obtained by solving the space-time equations (1)–(3);
the dashed curves show the result of the DDE model; the dash-
dotted curves show the result of the ODE model. The RSOA
length was set to L = 0.5 mm in Fig. 2 and to L = 1 mm in
Fig. 3. In this example we assumed a perfectly reflective rear
facet (R = 1), whereas the internal loss coefficient was set to
αi = 1 mm−1 in the top panels of both figures, and to αi = 0
in the bottom panels. Finally, the average injection current was
set to I = 1.2 I0 , and the modulation amplitude to ΔI = miI0 ,
with a modulation depth mi = 0.1. The agreement between both
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Fig. 3. Same as in Fig. 2 for a longer RSOA, L = 1 mm.

Fig. 4. Amplitudes of the first harmonic |P1 | (top panel) and second harmonic
|P2 | (bottom panel) of the RSOA output optical power, versus modulation depth.
The five curves, from top to bottom, were obtained using the DDE model for
the frequency values Ω/2π = [1, 5, 10, 15, 20]GHz. The markers refer to the
space-time equations (1)–(3). The RSOA internal loss was set to αi = 1 mm−1 ,
whereas the other parameters were set to the same values as in Fig. 2.

reduced models and the space-time model in the low-frequency
range is evident. At higher frequencies the DDE model is clearly
more accurate.

In Fig. 4 we test the validity of the analysis with respect to
the modulation depth. In the top and bottom panels we plot the
values of |P1 | and |P2 |, respectively, versus mi . The five curves,
from top to bottom, were obtained using the DDE model for the
frequency values Ω/2π = [1, 5, 10, 15, 20] GHz (we omitted to
plot the curves obtained for the ODE model, as they overlap
with those obtained for the DDE model). The markers refer to
the solutions of the space-time equations (1)–(3). The RSOA
internal loss was set in this case to αi = 1 mm−1 , whereas the
other parameters were set to the same values as in Fig. 2. The
plot shows that the reduced model is always very accurate for

Fig. 5. Amplitude of the first harmonic |P1 (Ω)| normalized to |P1 (0)| of
the RSOA output optical power, versus the modulation frequency Ω/2π . The
four curves, from bottom to top, were obtained using the DDE model for the
input current values I = [0.5, 1.5, 1.75, 2] I0 . The RSOA internal loss was set
to αi = 1 mm−1 , whereas the other parameters were set to the same values as
in Fig. 2. The horizontal dashed curve shows the 3 dB reduction level.

values of mi as large as about 0.1. For larger values it becomes
less accurate at low frequencies.

Finally, we present in Fig. 5 the power of the first harmonic
|P1(Ω)| normalized to |P1(0)| as a function of the modula-
tion frequency. The four curves were obtained using the DDE
model and correspond to as many different values of the injec-
tion current, ranging from half to twice the transparency current
value. The qualitative agreement of the modulation response
with the experimental and numerical results observed for differ-
ent devices [3], [4], [6], [7] is evident, and the 3 dB bandwidth
increase with the injection current is captured.

V. MODULATION BANDWIDTH

In this section we derive an expression for the RSOA modu-
lation bandwidth, which we define as the frequency at which the
amplitude of the first harmonic |P1 | of the output optical power
is reduced by 3 dB with respect to the value that it approaches
in the limit of vanishingly small modulation frequencies. We
denote the corresponding angular frequency by Ω3dB . In the
analysis we assume the ODE model. This choice is based on
the remark that, as observable in Figs. 2 and 3, the ODE model
matches very well both the DDE and space-time models for fre-
quencies up to a few tens of GHz—values that certainly exceeds
the sought bandwidth.

By observing Eq. (16) it can be noted that the only fre-
quency dependent term in the formula for |P1 | is K, the ar-
gument of the Bessel function. For the ODE model, i.e., Eq.
(13) with tg = 0, K = 4|Δh(Ω)|. Hence, the condition ful-
filled by the angular frequency Ω3dB is simply defined by the
equation I1 [4|Δh(Ω3dB)|] = I1 [4|Δh(0)|]/2, where the term
on the right hand side of the equality can be evaluated ex-
plicitly from the derived formulas. We verified that in a very
broad range of RSOA parameters the Bessel function I1(x)
(x = 4|Δh(Ω3dB)|) is very well approximated by its power ex-
pansion truncated at the third order. Using this expansion leaves
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Fig. 6. Calculated 3 dB bandwidth versus carrier lifetime in a lossless
RSOA (αi = 0, R = 1), for three values of the average injection current
I = [230, 290, 350]mA. Thick curves are the plot of Eq. (30), and thin curves
show the corresponding limits for small current modulation given by Eq. (31),
that in the lossless case coincides with (32). The small and the big markers show
the numerical solutions of the ODE and space-time models, respectively.

us with the resolution of the following polynomial equation

x3 + px + q = 0, (28)

where p = 8 and q = −8I1(4|Δh(0)|)/Γ(2) (where here Γ is
the Gamma function), whose solution is given by Cardano’s
formula:

x = (−q/2 +
√

q2/4 + p3/27)(1/3)

+ (−q/2 −
√

q2/4 + p3/27)(1/3) . (29)

The 3 dB angular frequency is finally obtained,

Ω3dB =
1
τ

√
16L2

x2 |Δg|2 − D2
r , (30)

where Dr is the frequency independent real part of D(Ω) given
by Eq. (20) for the general case and by Eq. (27) for the lossless
case. Finally, by expanding all quantities to first order with
respect to |ΔI|, Eq. (30) reduces to the simpler expression

Ω3dB =
√

3
Dr

τ
, (31)

which is independent from the modulation parameters.
In Figs. 6 and 7 the 3 dB bandwidth is presented as a function

of the carrier lifetime τ , for three values of the average injection
current I = [230, 290, 350] mA. Thick curves are the plot of
Eq. (30), whereas thin curves show the corresponding limits
for small current modulation given by Eq. (31). Fig. 6 refers
to the lossless case (αi = 0 and R = 1), whereas in Fig. 7 the
RSOA internal loss was set to αi = 1 mm−1 and the reflection
coefficient to R = 0.3. In both figures the RSOA length was set
to L = 0.5 mm, and the modulation depth to mi = ΔI/I0 =
0.1, whereas the other parameters were: Pin = 1 dBm; Esat =
5 pJ, a = 3 · 10−20 m2 , Γ = 0.3, N0 = 1.1 · 1024 m−3 . The

Fig. 7. Same as in Fig. 6, for a RSOA with an internal loss coefficient of
αi = 1 mm−1 and a reflection coefficient at the rear facet of R = 0.3.

small and the big markers represent the numerical solutions of
the ODE and of the space-time models, respectively. For the
space-time model the 3 dB bandwidth was evaluated as the
bandwidth at which the modulation amplitude |P1 | drops to
one half of the modulation amplitude evaluated at 100 MHz, a
value below which the RSOA modulation response is practically
flat, as shown in Fig. 5 (strictly speaking, this implies that the
actual 3 dB bandwidth ranges between the analytic curves and
the markers). The results obtained by numerically solving the
ODE model and the space-time model are practically identical,
which confirms the great accuracy of the reduced model. The
agreement with the 3 dB bandwidth values given by Eq. (30)—
considering the large modulation depth that was assumed—is
also very good, with relative errors peaking at about 20%. The
simpler formula of Eq. (31) is, as expected, less accurate, but
preserves the correct dependence of the modulation bandwidth
on the main RSOA parameters.

A. The Lossless Case

When setting αi = 0 and R = 1, Eq. (31) can be expressed
as follows, in terms of the Lambert’s W function

Ω3dB =
√

3
τ

{
1 + W

[
2τPin

Esat
exp

(
2ḡ0L +

2τPin

Esat

)]}
.

(32)
The results obtained for the lossless case (that include those
presented in [23]) are shown in Fig. 6. Equation (32) shows that
when τ is sufficiently small the contribution of the W func-
tion is negligible (Lambert’s W (x) function is a monotonically
increasing function of x, for x > 0, with W (0) = 0) and the
bandwidth scales approximatively as 1/τ . However, when τ is
large, the W function also increases and becomes dominant, due
to the term 2τPin/Esat which represents the nonlinear RSOA
saturation. From the physical viewpoint, this transition is a con-
sequence of the fact that the carrier recombination induced by
the nonlinear gain dynamics occurs at a faster rate when the
RSOA is operated at relatively larger values of the bias current
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as compared to the transparency current I0 (which scales as
1/τ ). The fact that a large τ would yield a large bandwidth
is somehow counterintuitive, as typically it is assumed exactly
the opposite, namely a large τ is considered to be a bandwidth
limiting factor [2], [3]. As for the dependence of the simple
3 dB bandwidth formula on the increase of the operational pa-
rameters (i.e., the input optical power and bias current) we note
that Eq. (32) yields the same qualitative growth found both in
experimental [6] and numerical results [9] in the regime where
the nonlinear gain saturation has not been reached.

B. The Transparent Waveguide

For the transparent waveguide Eq. (31) can be expressed as

Ω3dB =
√

3
τ

{
1 + (1 + R)

Pinτ

Esat

[
1 + αiL

1 + 3R

2(1 + R)

]}
,

(33)
as follows from using Eq. (24).

C. Comparison With the Modulation Response of a SOA in the
Single-Pass Configuration

A natural question which arises when characterizing the mod-
ulation response of a RSOA is if there is any relation with the
modulation response of single-pass devices. On this regard, we
first note that the integrated gain of the reduced model of a
SOA is the solution of Eq. (8) with R = 0. However, Eq. (8) for
R = 1 can be recasted in the following form:

dh′

dt
= −h′ − g02L

τ
− 1

Esat/2

h′

h′ − αi2L
[exp (h′ − αi2L) − 1] |Ein(t)|2 , (34)

where h′ = 2h can be interpreted as the integrated gain of a
single-pass SOA of length 2L and saturation energy Esat/2.
This result suggests an interesting, non trivial property: the
response of a perfectly reflective RSOA (R = 1) is identical
(within the ODE model) to that of a single-pass SOA with double
length, halved saturation energy and identical small-signal gain
coefficient g0 . For instance in the case of bulk structures,
this equivalence applies to a RSOA and a SOA of double
length and halved cross section area (this leaves the trans-
parency current, and hence the small-signal gain coefficient,
unchanged).

We stress that the equivalence discussed above applies to
SOAs with different geometrical characteristics. The compar-
ison between the modulation bandwidths of a SOA operated
in the single-pass and reflective configurations is addressed in
Fig. 8. The thick and thin solid curves show the 3 dB bandwidth
of a RSOA as given by Eq. (31) for decreasing values of the rear
facet reflectivity R. The single-pass configuration, as pointed
out in the beginning of this section, is described by the same
equation in the limit R = 0, and is represented by the dashed
curve. In the numerical example we set the average injection
current to I = 290 mA, and the internal loss coefficient to
αi = 1 mm−1 . The figure shows that double-pass operation
provides a larger modulation bandwidth than single-pass oper-

Fig. 8. The solid curves show the 3dB bandwidth given by Eq. (31) for a RSOA
with internal loss coefficient αi = 1mm−1 , average injection current I = 290
mA, for several (displayed) values of the reflection coefficient R. The dashed
curve shows the 3 dB bandwidth of a SOA with the same parameters operated
in the single-pass configuration. The dotted curve is obtained by doubling the
length of the single-pass SOA as well as the average injection current.

ation. We note that values of the 3 dB bandwidth corresponding
to partial reflection at the RSOA rear facet (0 < R < 1) can
also be achieved with a longer SOA, provided that the injection
current is increased accordingly. As an example, the dotted
curve in the figure shows the 3 dB-bandwidth of a SOA char-
acterized by the same parameter values assumed for the RSOA,
except for its length, which is set to twice the length of the
RSOA and the bias current, which is doubled accordingly, so as
to maintain the same injection current density or, equivalently,
the same value of the ratio Ī/I0 , which characterizes the SOA
working point.

VI. CONCLUSION

The modulation response of a RSOA operated by modulating
its injection current is studied by means of a previously
published reduced model for the nonlinear response of RSOAs.
In this paper we extended the reduced model so as to account
for the RSOA internal loss and the partial mirror reflectivity
and demonstrated the accuracy of the extended model over a
very large frequency range. From the reduced model we derived
an analytic expression of the corresponding 3 dB modulation
bandwidth. The obtained expression greatly facilitates the study
of the dependence of the modulation bandwidth on the RSOA
parameters. One counter-intuitive dependence that we found is
that an increase in bandwidth can be observed by increasing
the carrier lifetime in the nonlinear saturation regime. Finally,
we used the extended model to compare the modulation
bandwidths of a SOA operated in the single-pass and reflective
configurations.

APPENDIX

INTRODUCING LOSS IN THE REDUCED MODEL

We define two delayed time reference frames, one mov-
ing at the group velocity of the forward propagating field
t+ = t − z/vg , and another moving at the group velocity of
the backward propagating field t− = t − (2L − z)/vg . In these
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reference frames Eqs. (1) and (2) become:

∂E+

∂z
= −αi

2
E+ +

1 − iα

2
g+E+ (35)

∂E−
∂z

= +
αi

2
E− − 1 − iα

2
g−E−, (36)

where E+ and g+ are explicit functions of z and t+ , whereas
E− and g− are explicit functions of z and t−, through the rela-
tions E+(z, t+) = Ẽ+(z, t+ + z/vg ), E−(z, t−) = Ẽ−[z, t− +
(2L − z)/vg ], g+(z, t+) = g(z, t+ + z/vg ), and g−(z, t−) =
g[z, t− + (2L − z)/vg ]. Equations (35) and (36) have analytic
solutions:

E+(L, t+)= exp
{

1 − iα

2
h+(t+) − αiL

2

}
E+(0, t+) (37)

E−(0, t−)= exp
{

1 − iα

2
h−(t−) − αiL

2

}
E−(L, t−), (38)

where we defined two auxiliary (real valued) functions

h+(z, t+) =
∫ z

0
g+(z, t+)dz (39)

h−(z, t−) =
∫ L

z

g−(z, t−)dz, (40)

and where, for the sake of brevity, we defined h+(t+) ≡
h+(L, t+) and h−(t+) ≡ h−(0, t−). At the RSOA rear facet
t+ = t−, and hence the boundary condition Ẽ−(L, t) =√

RẼ+(L, t) remains formally unchanged when expressed in
the delayed time references, namely E−(L, t) =

√
RE+(L, t).

By making use of this condition, Eqs. (37)–(39) yield the fol-
lowing input-output relation for the electric field

E−(0, t−) =
√

R exp
{

1 − iα

2
[h+(t−) + h−(t−)] − αiL

}

E+(0, t−). (41)

Following the procedure of [11], we proceed to derive an evo-
lution equation for h+ . To this aim we first differentiate h+ ,

dh+

dt+
=

∫ L

0

∂g+(z, t+)
∂t+

dz; (42)

then, we substitute the right-hand side of Eq. (3) into the above
integral, where all quantities are made explicit functions of z
and t+ . This gives for h+ the equation

dh+

dt+
= −h+ − g0L

τ
− 1

Esat

∫ L

0
g+(z, t+)|E+(z, t+)|2dz

− 1
Esat

∫ L

0
g−[z, t+ − 2(L − z)/vg ]

|E−[z, t+ − 2(L − z)/vg ]|2dz. (43)

The evaluation of the second integral requires an approximation,
as it cannot be reduced to any closed-form expression of h+ and
h−. As already discussed in [11], for round-trip times smaller
than the signal duration, a good approximation is obtained by

replacing the z-dependent delay 2(L − z)/vg with its average
value tg = L/vg . Within this approximation the equation for
h+ simplifies to

dh+

dt+
= −h+ − g0L

τ
− 1

Esat

∫ L

0
g+(z, t+)|E+(z, t+)|2dz

− 1
Esat

∫ L

0
g−(z, t+ − tg )|E−(z, t+ − tg )|2dz, (44)

and, after replacing the two integrands with the expressions
obtained from Eqs. (35) and (36), to

dh+

dt+
= −h+ − g0L

τ
− 1

Esat

[
|E+(L, t+)|2 − |E+(0, t+)|2

]

+
1

Esat

[
|E−(L, t+ − tg )|2 − |E−(0, t+ − tg )|2

]

− αi

Esat

∫ L

0
|E+(z, t+)|2dz

− αi

Esat

∫ L

0
|E−(z, t+ − tg )|2dz. (45)

We then use Eqs. (37) and (38), as well as the boundary condition
E+(L, t) = E−(L, t), to obtain

dh+

dt+
= −h+ − g0L

τ
− 1

Esat
[exp(h+ − αiL)−1] |E+(0, t+)|2

− R

Esat
{exp[h−(t − tg ) − αiL] − 1} exp[h+(t − tg )

− αiL]|E+(0, t+ − tg )|2 −
αi

Esat

∫ L

0
|E+(z, t+)|2dz

− αi

Esat

∫ L

0
|E−(z, t+ − tg )|2dz. (46)

We now derive a relation between h− and h+ by noting that
g−(z, t) = g+[z, t + 2(L − z)/vg ) and hence

h−(t−) =
∫ L

0
g+[z, t− + 2(L − z)/vg ]dz. (47)

Like in the derivation of Eq. (44), we approximate 2(L − z)/vg ,
i.e., the second term in the argument of g+ , by its average value
tg , to obtain

h−(t−) � h+(t− + tg ). (48)

We note that using this relation in Eq. (41), and returning to the
absolute time reference at z = 0, gives the input-output relation
in the form

Ẽ−(0, t− + 2tg )=
√

R exp
{

1 − iα

2
[h+(t− + 2tg )

+ h+(t− + tg )] − αiL} Ẽ+(0, t−), (49)

which can be seen to be equivalent to Eq. (6) after defining
t = t− + 2tg , Ein(t) = Ẽ+(0, t), and Eout(t) = Ẽ−(0, t), and
by replacing h+ with h for simplifying the notation.
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Fig. 9. Output power (left) and chirp (right) for the tenth pulse of an input
pulse train with 1 GHz repetition rate. Solid curves show the numerical solution
of the space-time model, Eqs. (1)–(3); dashed curves show the solution of the
DDE reduced model; dash-dotted curves show the solution of the ODE reduced
model. The thin dotted curve in the left panel shows the input pulse power.
The RSOA internal loss coefficient was set to αi = 1 mm−1 and the power
reflection coefficient at the rear facet to R = 0.5. The other parameters used in
this example are given in the main text.

Substituting this relation in Eq. (46) yields

dh+

dt+
= −h+ − g0L

τ
− 1

Esat
[exp(h+ − αiL)

− 1]
{
|E+(0, t+)|2 + R exp[h+(t − tg )

− αiL]|E+(0, t+−tg )|2
}
− αi

Esat

∫ L

0
|E+(z, t+)|2dz

− αi

Esat

∫ L

0
|E−(z, t+ − tg )|2dz. (50)

We are left with the evaluation of the two integrals in Eq. (50). To
this aim we approximate the integrated gain functions h+(z, t+)
and h−(z, t−) to first order in z around z = 0 and z = L, re-
spectively,

h+(z, t+) =
∫ z

0
g+(z′, t+)dz′ � z g+ (0, t+) , (51)

h−(z, t−) =
∫ L

z

g−(z′, t−)dz′ � (L − z) g− (L, t−) . (52)

With this approximation, the first integrand can be expressed as

|E+(z, t)|2 = exp {[g+(0, t) − αi ]z} |E+(0, t)|2 (53)

and so
∫ L

0
|E+(z, t)|2dz=L

exp {h+ − αiL} − 1
h+ − αiL

|E+(0, t)|2 . (54)

Similarly, the second integrand can be expressed as

|E−(z, t)|2 = exp {[g−(L, t) − αi ](L − z)} |E−(L, t)|2 (55)

and so
∫ L

0
|E−(z, t)|2dz=L

exp {h− − αiL} − 1
h− − αiL

|E−(L, t)|2 . (56)

Eventually Eq. (7) is obtained by using Eqs. (54) and (56) in Eq.
(50), as well as Eq. (48) and the relation |E−(L, t+ − tg )|2 =
R|E+(0, t+ − tg )|2 exp [h+(t+ − tg ) − αiL] which follows
from the boundary conditions and from Eq. (37).

To demonstrate the accuracy of the model which includes
losses, we simulated the amplification of a 1 GHz-periodic pulse
train consisting of unchirped input pulses with a second order
super-Gaussian intensity profile. In Fig. 9 we plot by solid curves
the output power (left panel) and chirp (right panel) obtained

by numerically integrating Eqs. (1)–(3) with the method intro-
duced in [22]. The RSOA parameters were set as follows: L = 1
mm, g0 = 3000 m−1 , Esat = 5 pJ, αi = 1 mm−1 , R = 0.5. The
input pulse energy was set to Esat/10. Dashed curves show the
solutions of the DDE reduced model; dash-dotted curves are
the solutions of the ODE reduced model. The thin dotted curves
show the input pulse intensity. The excellent agreement between
the results obtained using the space-time model and those ob-
tained by using the reduced models is evident.
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