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Nonlinearity Cancellation in Fiber Optic Links Based
on Frequency Referenced Carriers
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Abstract—We study the limitations and their origins in the non-
linear effects mitigation in fiber-optic communication systems.
The carrier frequencies uncertainty and their stochastic varia-
tions are identified as the major impeding factor for successful
inter-channel nonlinear impairments management. Furthermore,
the results clearly point out to the significant benefits of employing
fully frequency referenced carriers in transmission, with frequency
combs representing an immediately available solution. Finally,
frequency referenced transmitters and/or receivers are shown as
critical for availing longer reach at high spectral efficiencies in
transmission.

Index Terms—Equalization, fiber optic communications,
nonlinear fiber optics.

I. INTRODUCTION

NONLINEAR impairments represent both the main imped-
iment to achieving the full capacity of fiber optic trans-

mission systems [1]–[8], as well as a prime subject of scientific
interest [9]. Indeed, except Raman [10], [11] and parametric am-
plifications [12], [13] as well as the passing interest in solitonic
systems [14]–[16], nonlinear effects have always represented an
obstacle to signal integrity retention in fiber optic communica-
tion [17], as well as in other areas relying on (propagation in)
optical fibers for, e.g., sensing [18], and/or microwave photonics
[19]. This trend has been continued even in the highly sophis-
ticated coherent transmission systems that depend heavily on
digital signal processing (DSP) [20]–[31].

The approaches to nonlinearity mitigation for transmission
systems have been many—ranging from power level optimiza-
tion [22] to transmission dispersion map engineering [32]–[43],
to name a few. Recently, the ascendance of computational power
and technological ability for real-time processing have availed a
new class of mitigation approaches for nonlinear impairments in
transmission: the digital back-propagation (BP) has been intro-
duced for nonlinearity cancellation in transmission [44]–[73].
This approach aims to achieve mitigation of the nonlinear im-
pairments by resorting to a numerical computation, in effect
attempting to invert the nonlinear effects aggregated in propa-
gation. The BP has, however, had a limited success in practice
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so far. In brief, the obstacle to fully equalizing nonlinear impair-
ment is two-fold. On the one hand, the capability to mitigate the
nonlinear response is bounded by the acceptable computational
complexity, which still mandates rather modest amounts of mit-
igation in practice. More importantly, however, the mitigation
has been, most often, implemented (or investigated) for per-
channel basis in transmission systems [44]–[73]. Consequently,
as implemented, the BP has been limited to mitigating the non-
linear effects due to single-channel propagation, encompassing
self-phase modulation, which only represents a minor part of
the overall nonlinear impairment [17].

Generally speaking, the described state of affairs is at the least
surprising, considering that the nonlinear impairment (as far as
the signal–signal interaction, rather than signal-noise mixing is
concerned) is a deterministic effect, and thus, should be effec-
tively mitigated, if not fully cancellable. Nevertheless, there has
neither been a demonstration, nor a successful theoretical analy-
sis of the limited success in effective mitigation of the nonlinear
Kerr impairment in transmission to date.

Assuming a different perspective, the application of optical
combs to optical communications has become of age only re-
cently. Among the numerous implementations only the paramet-
ric combs have been demonstrated as capable of cost-effective
and quality-wise satisfaction of the industry standards in trans-
mission [74]. In effect, only the wide-band parametric combs
[75]–[81] have been demonstrated as capable of flexibly cover-
ing the contiguous conventional (C-) and long (L-) transmission
bands with linewidth matching those of the commercial oscilla-
tors, at a fraction of power dissipation of the latter [74].

In this contribution, we single out and demonstrate that the
main limitation to nonlinearity cancellability, in effect, lays in
the carrier frequency uncertainty, as well as in its stochastic
variation. We furthermore show that transmission based on fre-
quency mutually locked sources, of which the optical combs
represent an immediately available implementation, allows for
a complete cancellation of Kerr-based impairments in transmis-
sion, with the ultimate transmission reach being limited only by
the stochastic effects.

II. THEORETICAL PRELIMINARIES

The field propagation in optical fibers is governed by the
nonlinear Schrödinger equation [82], taking into account only
the instantaneous electronic part of the nonlinear response:
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with A representing the field complex envelope, βi’s, the Tay-
lor expansion coefficients of the mode propagation constant,
capturing the dispersive waveguide properties, α, the fiber at-
tenuation and γ the fiber nonlinear coefficient. As inferred by
the most often employed numerical method for solving the prop-
agation evolution (i.e., the split step method [82]), the terms in
Eq. (1) are often separated into the nonlinear operator/effects
responsible for the nonlinear interactions (i.e., the first term on
the right-hand side of Eq. (1)), as well as the Linear operator,
encompassing the remaining terms in Eq. (1).

In this contribution, we focus on the theoretical reversibility
of nonlinear effects, and thus, consider only a single polariza-
tion case of propagation, as implied by Eq. (1), in the absence
of the stochastic effect of polarization mode dispersion. In prin-
ciple, the nonlinear dynamics of Eq. (1) is well behaved and
integrable [83]–[85], in that it yields a stable (although perhaps
difficultly obtained in a closed form [82]) solution for a given
input condition [84] and at power levels of interest in trans-
mission systems. A corollary to the previous statement is that
the nonlinear effects in propagation, at least those pertinent to
the Kerr response of silica fibers, were proven to be reversible
[86]. In sharp contrast, however, attempts to rid the transmis-
sion of the deleterious nonlinear impairment have been limited,
in simulations and in practice alike [44]–[73], [87]–[89]. The
inability to equalize the nonlinear impairment has led to the def-
inition of the power-dependent bound to the capacity in optical
communications [1]–[4], [6]–[9]. The main motivation for this
contribution is to investigate this apparent discrepancy with the
independently established theoretical reversible property of the
Kerr interactions in a deterministic, time invariant transmission
channel.

The input condition to the propagation equation (1), con-
sisting of the information streams on M wavelength division
multiplexed (WDM) channels can be represented as follows:

Atot(z = 0; t) = e−iωc t ·
M∑

m=1
e−i[(ωm +δωm (t))t+δφm (t)]·

·
∑

k

Amk p (t − kT ).
(2)

In Eq. (2), ωc denotes the central frequency of the optical
field, ωm is the expected value of the carrier frequency offset
of the channel m (in the set of M channels considered) rela-
tive to the central frequency, and p(t) is the information wave-
forms’ generating pulse shape (assumed to be shared by all
the channels in the system, which in no way limits the conclu-
sions of the ensuing study). Furthermore, it is assumed that the
pulse shape is free of intersymbol interference throughout. The
Amk (in Eq. (2)) are the transmitted symbols realizations taken
from a given alphabet set {Am}. In particular, δω and δϕ in
Eq. (2) represent stochastic variations of the information car-
riers’ (angular) frequency and phase, respectively. The finite
stochastic variations of the two quantities aforementioned have
always been present in optical communication systems and stem
from the system design based on discrete, and independent (of-
ten referred to as free-running) laser oscillators. Two aspects of
the initial condition (2) are of particular importance in our con-
sideration. First, unlike for the linear operator (i.e., for the linear

part of Eq. (1)), it is easy to demonstrate that the Fourier basis is
not the proper eigenbasis for the propagation equation (1) [90].
In the last statement, the notion of eigenfunction is assumed
as that input function that can pass through a (dynamical) sys-
tem unperturbed, except for a possible scaling by a (complex)
factor. Unlike the classical NLS equation (i.e., Eq. (1) without
loss and β3 terms), having the eigenfunctions in the form of
solitons [82], [90], the presence of loss and higher order disper-
sion has made the pursuit of eigenfunctions of Eq. (1) futile, so
far [84]. More importantly, a simple substitution of a solution
in the form A(z = 0, t) = a · exp(−i ωct) does not result in a
common, separable exp(−i ωct) term, typical of the eigenfunc-
tion factorization [91]. As a consequence, perturbations in fre-
quency of the input condition (2), and in particular with respect
to the nonlinear operator, can excite much more considerable
perturbation of the output (i.e., the solution), after propagation
through a transmission link. In simple terms, even miniscule
(e.g., 0.1%) variations of the information carriers’ frequency
offsets with respect to the channel separation may have signifi-
cant impact on the system output, due to the nonlinear interaction
described by Eq. (1).

As a second important consideration with regards to the
Eq. (2), it is not only that the exact positions of the laser fre-
quencies are not known precisely, worse yet, they are in prac-
tice randomly varying. With respect to the latter observation,
it is self-evident that the introduction of the time-varying ini-
tial condition (2) in conjunction with the propagation equation
(1), shall jointly lead to a stochastically varying output. Fur-
thermore, owing to the fact that carrier frequency displacement
is not a perturbation of an eigen quantity, its consequence on
the output variation can be of a much more considerable im-
pact than intuitively expected. Consequently, even though the
information-bearing waveforms’ propagation obeys strictly de-
terministic laws, the uncertainty of the underlying carrier(s) (or
the WDM channels) location and their phases lead to a stochas-
tic variation of the output, rendering the nonlinear crosstalk
appearing as a non-stationary stochastic effect, not amenable to
successful equalization. This stochastic evolution, even in the
case of strictly constant fiber properties results primarily from
two effects: 1) mutual channels’ walk-off, and 2) the induced
variation of the input power profile. The perturbation of the
walk off is a consequence of the frequency dependence of the
index of refraction. As a qualitative example, note that a dis-
placement of a carrier frequency by 160 MHz will cause an
unaccounted for walk-off of the channel by half a symbol slot
in a 25 GBaud system over 1000 km, and will lead to significant
errors (and thus, penalties) in the cancellation of the distributed
nonlinear interactions. The effect of the power profile variation
caused by the carrier frequency offset is often overlooked and
requires some illustrative examples. Fig. 1 shows an excerpt of
the power profile variation caused by changing the carrier fre-
quency position by a mere 50 MHz of the middle channel only,
among 15 channels—with the remaining 14 channels maintain-
ing their fixed equidistant positions. As seen in Fig. 1, even
as small a deviation as 50 MHz of the carrier frequency of a
single channel with respect to its assumed (i.e., ITU-grid) posi-
tion, causes substantial differences in the overall field complex
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Fig. 1. The effect of a 50 MHz dispacement of the central channel in a 15-
channel-count WDM system on the overall power profile at the transmiting
end.

amplitude power profile. It ought to be understood that this
variation of the input condition will cause a variation in the en-
suing power-profile-driven nonlinear interaction in propagation
(and ultimately at the output), to an extent commensurate with
the level/accumulation of the nonlinear interaction. The exact
quantification of this degradation will be examined in the next
section. Notably, the effect of the frequency displacement (or
variation) ought to be greater for systems with a higher impact
of nonlinearity, thus those with higher signal powers, and/or at
longer propagation distances.

In consequence to the aforementioned analysis, in the absence
of stochastic effects such as the polarization mode dispersion,
the Kerr effect-imposed impairments are fully reversible, on the
account of the absolute knowledge of the carriers’ frequencies
and phases of the WDM channels. As a means of corrobo-
rating the aforementioned statement (i.e., confronted with the
unattainable closed-form solution), we provide a reversal of the
nonlinear propagation by back propagation—namely simulat-
ing the evolved nonlinear effects’ outcome in a link with the
inverse signed physical properties/constants (i.e., loss—if ex-
pressed in units of decibel per unit length, dispersion terms and
fiber nonlinearity). As far as the BP, it can be performed either
on the received signal (i.e., taking the form of equalization),
or at the transmitter by pre-distorting the information bearing
waveforms so as to attain the cancellation of the nonlinear ef-
fects at the receiver. While traditionally executed at the receiver
end, BP through pre-distortion theoretically represents a bet-
ter proposition: the transmitter-end implementation is devoid
of amplified spontaneous emission (ASE) noise in the virtual
(i.e., computational) part of the link. This property is recog-
nized as beneficial with respect to the alternative receiver-end
BP, since in the latter, the two-fold propagation of the noise-
polluted signal (i.e., once in the physical link, followed by its
simulated propagation in the nonlinear equalizer/solver) can
lead to a deterioration in performance (e.g., by noise amplifi-
cation, as in any non-unitary transfer function equalizer [92]).
Additionally, in order to achieve complete reversal of the non-
linear interactions, the optical field ought to be presented to the
nonlinear solver/equalizer in entirety. This has never been per-
formed in the receiver-end BP in practice, since only part of the

field corresponding to the WDM channels is ever detected at
the receiver end. Consequently, the four-photon mixing prod-
ucts that had leaked out of the transmitted band are omitted
in traditional BP mitigation, thereby preventing a full realiza-
tion of the impairment reversal. For the considerations of noise
corruption and field representation, all simulations in this study
were performed assuming pre-compensation, with a generalized
block diagram shown in Fig. 2. In essence, the “pre-distortion”
block acquires the information frames to be imprinted onto the
WDM channels and pre-computes the joint BP pattern that is
subsequently distributed and modulated onto optical carriers.
Concentrating on the simulations for the moment, it is well
known that the accuracy of a symmetric split step [82] simula-
tion is proportional to the cube of the step size. Therefore, ability
of reaching the reversal of the nonlinear interactions may de-
mand vanishingly small step-size even in the absence of noise,
since the accumulation of stochastic numerical errors prevents
the full reversibility akin to the noise accumulation in prop-
agation. The requirement for a high numerical accuracy was
corroborated in an accurate split-step method-based long-haul
propagation simulation of 15 WDM channels on a strictly fixed
frequency grid. The simulation (parameters shown in Table I,
with the exception of amplifier noise figure) was implemented as
a symmetric split step with a maximal allowed phase change per
step of 5 × 10−4 degrees in a developed graphic-processing-unit
(GPU)-assisted solver. The results of the noiseless simulation
are shown in Fig. 3.

As seen in Fig. 3, the transmission (in the absence of noise)
of up to 10 000 km yielded no variation in performance, thus
indeed demonstrating a full reversal of nonlinear effects. Al-
though all the simulations in this paper have been performed
for QAM modulation format, the approach is of general ap-
plicability and can be employed with arbitrary signals, includ-
ing orthogonal frequency division multiplex (OFDM), or even
analog signals. Considering the associated computational com-
plexity, the results shown in Fig. 3 have little practical value
at this moment. Nevertheless, they do establish the possibil-
ity of full cancellation of the deterministic (i.e., signal–signal)
interactions in propagation. All results presented in this pa-
per were quantified by the worst case Q factor estimated as
the minimal Euclidean distance between the nearest constella-
tion points’ separation, divided by the corresponding variance
[92]. The observed enhanced performance of the channels to-
ward the edges in Fig. 3 is a consequence of the pulse shape
used in the simulations. Specifically, each of the WDM chan-
nels in this simulation were shaped by a regular fourth-order
Bessel filter, resulting in a finite spectral overlap between the
neighboring channels (i.e., a finite linear crosstalk) and the ob-
served 3 dB superior performance of the channels 1 and 15 is
a consequence of those channels having only a single (linearly)
interfering neighbor, rather than two interferers, pertinent to the
rest of the “inner” channels in the system. In contrast to the
results shown in Fig. 3, corresponding to the perfect knowl-
edge of the channels carrier frequencies, in the next section,
we quantify the penalty associated by the relative frequency
offsets of the information carriers, commonly present in the
existing systems.



ALIC et al.: NONLINEARITY CANCELLATION IN FIBER OPTIC LINKS BASED ON FREQUENCY REFERENCED CARRIERS 2693

Fig. 2. A nonlinearity cancellating system schematic: The information-bearing waveforms imprinted onto the WDM channels are pre-computed in a pre-
distortion profile calculator, taking into account the information to be transmitted on all channels simultaneously, as well as the physical system characteristics.
The pre-distortion calculation is performed for a link having the inverse signed physical characteristics, as well as the mirror image of the propagation power
profile of the physical link.

TABLE I
SIMULATION PARAMETERS

Parameter Value

Dispersion 16 ps/nm·km
Dispersion Slope (S) 0.06 ps/nm2·km
Nonlinear Index (n2 ) 2.6×10-20m2/W
Effective are A e f f 80 μm2

Loss (α ) 0.2 dB/km
Amplifier span 100 km
Amplifier noise figure 4 dB

Fig. 3. Full reversibility of 15-channel 25 GBaud 16 QAM propagation with
a 2 dBm lauch power per channel per span for distances up to 10 000 km with
100 km amplifier spans in a noiseless simulation of a fully frequency fixed grid.

III. THE EFFECT OF THE CARRIER FREQUENCY DISPLACEMENT

This section investigates the effect of carrier frequency wan-
der and its implication on the nonlinear impairments’ mitiga-
tion. The implemented simulation engine consisted of two parts,
the pre-distortion calculator (i.e., the virtual link), and a phys-
ical link simulator. In the first engine, the randomly seeded
PRBS data (with different initial condition per channel) were
first mapped to 16 QAM symbols with Gray mapping, and sub-
sequently, imprinted onto the corresponding carriers (i.e., laser
oscillators) by means of band limited Mach–Zehnder (MZI)
modulators, including pre-distortion of the waveforms ensuring
the optimized constellation generation. The propagation was
simulated in a NLS solver (with a symmetric power evolution
to that of the physical link and with the opposite sign physi-
cal constants to that of the physical link). The output electric

field of the pre-distortion engine was first wavelength demulti-
plexed, and then, homodyne received The thus-obtained analog
I and Q electrical components for each channel were conveyed
to a set of transmitters (of the physical link) in each of which
the electrical signals are pre-distorted in order to achieve the
1-to-1 mapping of the received fields (in the virtual link) and
those that would be propagated in the physical link. The pre-
distorted I and Q components are imprinted to the physical link
carriers having a 10 kHz linewidth by means of fourth order
Bessel function 25 GHz MZI’s. Upon propagation through the
physical link part (modeled by the standard NLS solver), the
channels are de-multiplexed, coherently detected (in a bank of
band-limited coherent receivers) by randomly seeded 10 kHz
local oscillators, and after the standard train of DSP procedures
(carrier phase recovery, timing recovery—note that the disper-
sion is already compensated for by means of pre-distortion), the
constellations were extracted for performance estimation.

Fig. 4 shows the Q factor estimated over 212 symbols in
a 15-count 50 GHz-spaced WDM system carrying 25-GBaud
16 QAM data shaped by raised cosine filters [92] with a 10%
roll-off factor. The channels were set to propagate at various
powers per channel at launch (i.e., 0, 3, and 6 dBm) over a
distance of 1000 km, consisting of 10 spans of standard single
mode fibers with inline erbium-doped fiber amplifiers character-
ized by a noise figure of 4 dB fully compensating the fiber loss
in each span. In order to determine the efficacy of the nonlinear
effect compensation, all the simulations, henceforth, have been
performed with an allowed phase change of 0.01 degrees per
nonlinear step. For a reference, in Table II shown are the results
of an uncompensated system, system with “per-channel BP,”
as well as the joint multi-channel BP in the case of frequency-
referenced carriers. The last column in Table II is demonstrative
of a significant performance improvement provided by the joint
multichannel BP.

For the sake of maintaining tractability of the system behavior,
only the carrier frequency of the central channel was displaced
by a shift ranging from 50 to 500 MHz (i.e., from 0.1% to 1% of
the standard ITU standard grid separation). Meanwhile, the pre-
distortion calculation was performed for a perfectly equidistant
grid, as is done in standard practice. As implied by the results
shown in Fig. 4, a displacement of as little as 50 MHz yields
a prominent penalty for high average powers (i.e., 6 dBm)—a
2-dB Q-degradation is observed and is clearly related to the di-
minished ability of reversing the nonlinear effects. With a further
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Fig. 4. The effect of the middle channel (only) frequency displacement in a 15-count WDM system with 100 km amplifier spans (with a fixed 4 dB noise figure
amplifiers) at the 1000 km propagation distance. In each figure part, the performance for three different lauch powers per channel per span are shown: 0 dBm in
blue, 3 dBm in green, and 6 dBm in red. For each of the powers, dashed line shows performance on an unperturbed – stricly periodic 50 GHz frequency grid, with
solid lines showing the performance affected by the frequency offset. Stars at the 0 Channel number abscissa denote the ideal linear propagation performance–in
the absence of nonlinear effects, for each of the average launch powers per span considered.

TABLE II
A15 CHANNEL 1000 KM 16 QAM PERFORMANCE OVERVIEW FOR THE CASES:

(I) NO NONLINEARITY CANCELLATION; (II) PER-CHANNEL BP; (III) JOINT

MULTI-CHANNEL BP

No compensation Per Channel BP Multi-channel BP
Power [dBm] Q [dB] Q [dB] Q [dB]

0 4.9 8.2 11
3 n/a 4.2 13
6 n/a n/a 14

offset increase, a 100 MHz frequency displacement induces an
additional 1-dB penalty for 6 dBm launch power, while having
virtually no effect on the two lower launch powers per chan-
nel considered. Yet a further increase in the carrier frequency
deviation incurs observable penalties even for low launch pow-
ers. In particular, while the 200 MHz offset incurs a significant
7 dB penalty (for the central channel) at a high 6 dBm power,
even a moderate power level (3 dBm) exhibits an obvious depar-
ture from the ideal performance. More prominently, the carrier

frequency excursion by 500 MHz (i.e. 1% of the ITU chan-
nel spacing) causes a complete dissipation of information and
irreversible penalties for the high (6 dBm) power levels. Mean-
while, 4.5 and 2 dB penalties are incurred for the launch powers
of 3 and 0 dBm per span for the latter frequency displacement,
respectively. The result shown in Fig. 4 bears another important
characteristic. The nonlinear impairment in fiber optic trans-
mission bears a notion of mixing [17], [82], [86] (as a conse-
quence of the χ(3) nature of the silica response). Qualitatively
speaking, the propagating WDM channels walk off through one
another (at a rate defined by their frequency separation and the
group velocity dispersion of the fiber), which induce a mutual
phase modulation and mix their pertinent information content.
The nonlinear equalization by means of the underlying interac-
tion reversal attempts to inverse this power flow. However, the
displacement of the (central) channel(s) from its assumed loca-
tion perturbs the launch waveform and its subsequent evolution
due to the associated deviation of the channel’s walk-off rate,
thus resulting in an incomplete reversal of the mixing products
to their original source(s) (i.e., channel(s)). As seen in parts
of Fig. 4(a)–(c), this information transfer for moderate power
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levels and frequency displacements is contained to the nearest
neighbors. Indeed, not only does the physically displaced chan-
nel suffer from a performance degradation, but the perturbation
of the field evolution causes incomplete nonlinear crosstalk re-
versal. The latter leaves a part of the distortion residual in the
neighbors, and in turn, affects their performance.

With a further displacement increase, the described trend is
only exacerbated, ultimately leading to a complete loss of infor-
mation in the central (i.e., displaced) channel. As implied by the
results in Fig. 4(d), the described catastrophic path significantly
affects the nearest neighbors and proliferates to the further sur-
rounding channels. Overall, the observed catastrophic loss of
information in the central channel [see Fig. 4(d)] affects the per-
formance of as many as six surrounding channels (i.e., three on
each side of the central channel). From a different perspective,
the results shown in Fig. 4 attest to the locality of the nonlin-
ear interaction. In effect, for the SMF physical properties (most
notably its dispersion), the nonlinear interaction is contained to
seven nearest neighbors, with a major part of the interaction
being contained to a total of five nearest neighbors.

In Fig. 4, also shown is the performance of the ideal linear
propagation (i.e., in the absence of nonlinear effects), denoted
by stars at the zeroth channel abscissa. As can be seen, unlike the
noiseless propagation shown in Fig. 3 where full reversal of non-
linear interactions is achieved, results in Fig. 4 clearly exhibit a
residual penalty in the presence of noise, which grows with the
average launch power per span. The observed residual penalty
is a consequence of the nonlinear phase noise [54], [93], which
represents the ultimate bound on the achievable performance,
as well as the capacity. Furthermore, due to the walk-off pro-
portionality to the product of the frequency displacement and
the propagation length, penalties comparable to those shown
in Fig. 4 shall be incurred for even smaller frequency offsets,
at longer propagation distances, inversely proportional to the
frequency offset.

On the other hand, in the absence of nonlinearity (i.e., strictly
linear systems, similarly to the radio communications, or a low-
power operated fiber optic transmission link), the carrier and
phase wander correspond to the perturbations of the underlying
harmonic eigenfunctions that, at the output, are manifested as
simple time shifts, or rotations of the electro-magnetic field.
The system dynamics of this kind resembles plain unitary trans-
formations, thus lending themselves to simple (lumped) cor-
rections that are trivially realized through DSP in practice. In
sharp contrast, longitudinally distributed and power-dependent
nature of Kerr interaction implies that the absence of the absolute
frequency reference will yield intractable (irreversible) mixing
products at the transmission system receiving end. Fig. 4 also
points to the fundamental inability of the BP to tackle multi-
channel nonlinear cross talk in transmission systems without
an accurate knowledge of the absolute position and the relative
separation of the channels’ carrier frequencies, let alone their
stochastic wander. It is also important to emphasize that in prac-
tice, currently employed lasers can easily wander by as much as
several gigahertz from their nominal position [94], with an av-
erage near-term stability of 300 MHz [95], making the findings
of this study all the more relevant to the practical systems.

Opposed to the scenario considered in the preceding set
of simulations, we consider propagation based on frequency-
referenced carriers. These carriers can, for instance, be realized
by frequency combs serving as a bank of information carriers.
While frequency combs are not free from frequency fluctua-
tions in general, owing to the fact that these coherent multi-
wavelength emitters are driven by a single master oscillator
[75], [77], [79], all of the constituent lines in the comb cas-
cade experience highly correlated, joint frequency offsets [75].
The latter form of joint channel displacement in no way alters
the launch power profile (consider Eq. (2) and Fig. 1), thus
leaving the displacement-caused walk-off perturbation the only
remnant cause of incomplete restoration of the nonlinear inter-
action. Indeed, the joint displacement of the channels maintains
the walk-off rate, to the extent allowable by the magnitude of
the second-order (β2) and higher order dispersion terms [82].

The results of the effect of this joint frequency wander are
shown in Fig. 5. Unlike the scenario pursued in generating the
result in Fig. 4, where only the central channel position was
shifted, in this set of simulations, all channels were displaced
by an equal frequency shift varying from −10 to 10 GHz with
respective to their nominal ITU positions. Comparing the results
in Fig. 5 to those from Fig. 4, the allowed carrier frequency un-
certainty is increased by more than an order of magnitude for
a fiber with a finite dispersion (and dispersion slope)—a car-
rier frequency deviation by as much as 5 GHz (i.e., 10% of
the ITU grid) at the distance of 2000 km still allows a com-
plete reversibility of the nonlinear impairment with practically
vanishingly small penalty, as compared to the fully linear case
of propagation. We do note that the power levels considered
in the simulations may appear too high from the perspective
of the existing systems. However, the elevation of the launch
power is absolutely necessary for increasing both the reach and
the capacity (in the information-theoretic sense [9], [96]) in
the transmission systems. The joint channel BP approach, as
implemented in this study, clearly enables both of those objec-
tives. Thus, from a perspective of utilizing frequency-referenced
sources in transmission, the benefits from employing frequency
combs is two-fold: First, they provide the all-important ref-
erenced frequency grid for transmission systems, which the
presented results have established as the pivotal factor for
the successful nonlinearity mitigation. Second, in the case of
the frequency wander—to which even the combs are suscepti-
ble, these frequency-referenced carriers ensure a synchronous
joint displacement of the carriers, thus significantly mollifying
the effect of carrier frequencies separation variation (i.e., breath-
ing). Note that comb sources other than parametrically generated
can be used for the purpose of frequency referenced carriers
(i.e., mode-locked lasers, modulator combs), however, due to
the associated inherent short-comings, none of the alternative
sources is capable of providing both a wide spectral coverage
(corresponding to at least the whole C-band), high OSNR/high
power per line, as equalized a spectral response over the emis-
sion spectrum, as well as the flexible ITU-compliant frequency
pitch, as those demonstrated by the parametric combs [75]–[81].
Finally, it must be equally emphasized that the comb sources’
master oscillators are more than an order of magnitude more
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Fig. 5. The effect of a synchronous frequency offset. Performance with nonlinearity cancellation for fully frequency referenced systems with a given identical
frequency offset from the assumed frequency positions in back propagation with solid lines showing performance at 1000 km and dotted lines at 2000 km for
(a) 3 dBm average launch power per span, and (b) 6 dBm average power per span.

stable than the common commercial wavelength sources [74].
Consequently, comb sources provide better than 20 MHz-stable
frequency grid [80], which further reinforces the employment
of these emitters as the optimal solution for information carri-
ers in high capacity transmission systems capable of reaching
otherwise unattainable information capacities in transmission.

As a concluding remark to this section, we note that the re-
sults presented attest to a theoretical ability of the full reversal
of signal–signal nonlinear interactions in a deterministic and
stationary transmission fiber optic transmission system. Based
on the findings, one can conclude that the reach and capaci-
ties in transmission are determined only by the loss [97], noise
accumulation, and the associated nonlinear phase noise [93] de-
velopment. Additionally, the ultimate propagation limits are set
by the stochastic polarization mode dispersion and the polar-
ization dependent loss in transmission, the effect of which will
be presented elsewhere. Finally, we have opted not to present
results on the effect of phase decorrelation among carriers on
nonlinearity compensation in this contribution. On the one hand,
the effect of the phase wander on the nonlinear compensation
is much smaller with respect to that of the frequency displace-
ment. More importantly, the phase wander is a stochastic effect
with a significantly broader scope and diversity of realizations
that requires a focused in-depth study and is, thus, best left for
a dedicated contribution.

IV. CONCLUSION

We have established the carriers’ frequency uncertainty and
their stochastic wander as the fundamental culprits for the irre-
versibility of nonlinear effects in propagation in fiber optic com-
munication systems. In particular, the presented results clearly
demonstrate that even minor departures of the information car-
riers from their nominal location on the frequency grid render
the reversal of the nonlinear interaction impossible, with de-
partures of 500 MHz affecting even the launch power levels of
0 dBm at propagation distances of only 1000 km. The aforemen-
tioned results strongly imply benefits of frequency-referenced
systems, prominently relying on optical frequency combs, as a
practical means to breaking through the currently established
nonlinear bounds of capacity in transmission. While the pre-

sented results have been obtained in idealized conditions, they
nevertheless bear significant implications and provide substan-
tial margins for practical implementation, and thus, pave a way
to systems with extended reach and/or with high spectral effi-
ciencies greatly unimpeded by nonlinear effects in propagation.
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