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On the Theory and Errata to “Data Transfer From
RZ-OOK to RZ-BPSK by Polarization-Insensitive

XPM in a Passive Birefringent Nonlinear
AlGaAs Waveguide”

W. Astar, Brice M. Cannon, Tanvir Mahmood, Paveen Apiratikul, G. A. Porkolab, C. J. K. Richardson, and Gary
M. Carter, Life Fellow, IEEE, Fellow, OSA

Abstract—The dependence of the nonlinear coefficients on the
transverse profiles of the pump and the probe fields, which is
especially important for a highly anisotropic device such as the
Al0 .18 Ga0 .82 As waveguide, was not explicitly stated in our pa-
per “Data transfer from RZ-OOK to RZ-BPSK by polarization-
insensitive XPM in a passive birefringent nonlinear AlGaAs
waveguide.” The four-wave mixing efficiency was also incorrectly
presented to depend on the square of the device physical length.
Lastly, the influence of the fiber-waveguide coupling coefficient was
neglected with insufficient justification, leading to an inaccurate
general expression for the detected voltage.

Index Terms—Birefringence, cross-phase modulation, inte-
grated optics, nonlinear optical signal processing, nonlinear
waveguides.

I. INTRODUCTION

THE propagation of either the pump (μ = 1) or the probe
(μ = 2) field envelopes A in the z-direction, in a nonlinear,

birefringent waveguide can be described by a pair of coupled
nonlinear Schrodinger equations (NLSE) [1], [2], as shown in
(1). The implied dependence of an envelope in (1) is (z, t), which
has been suppressed for compactness. The co-ordinate axes are
assumed to be coincident with the birefringence axes of the
waveguide, since the birefringence axes are fixed over the entire
length of the device [3]. The x- and y-coordinates are, respec-
tively, taken to be parallel and perpendicular to the substrate of
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Fig. 1. Cross-section of the Al0 .18 Ga0 .82 As waveguide, and calculated op-
tical mode profile, showing power dB-contours. Fig. 1(a) in [9] erroneously
showed the waveguide ridge width as “0.6–2.5 μm.” At the pump wavelength
(1559 nm), the refractive index of the 0.8-μm-thick guiding layer is 3.27, while
that (nclad ) of the cladding is 3.02 [8].

the waveguide. The x-component of the NLSE (1) corresponds
to the quasi-TE (QTE) mode, while the y-component, to the
quasi-TM (QTM) mode. Since the Al0.18Ga0.82As waveguide
(see Fig. 1) refractive index contrast Δn/nclad≈ 0.08, both the
QTE and the QTM modes will be hybrid, each with six spatial
field profiles in total, three components in each of the elec-
tric and the magnetic fields. The eigenvalues of the QTE and
QTM modes are respectively given by βx and βy and along
with the spatial profiles of the modes, are all found at a spe-
cific frequency ωμ by the full-vector finite-difference method
(FV-FDM) [4]. Based on FV-FDM simulations for the wave-
guide, it was found that the x-component was dominant for
the QTE-mode, whereas the y- component was dominant for
QTM-mode, both shown in Fig. 2. The constant coefficient
E in (1) as shown at the bottom of the next page, is known
to be 1/3 for a linearly birefringent fiber [2]. For a birefrin-
gent Al0.18Ga0.82As waveguide at half-the-bandgap grown on a
[0 0 1]-oriented GaAs substrate, the constant E was found to be
approximately 1/2 [5], [6]. It was also found that the Kerr-index
was different for the two polarizations in the neighborhood of
1550 nm, by at least 5% [6], [7]. In general, the nonlinear co-
efficients (γ) for SPM and XPM can be estimated from the
Al0.18Ga0.82As Kerr-index data [6], linear index data [8] for the
FV-FDM [4], and using the theory from [2]:
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Fig. 2. Some of the transverse field components of the QTE- and QTM-
modes for the pump (1559 nm) obtained using linear index data [8] along with
FV-FDM [4], and superimposed on the cross-section of the waveguide (Fig. 1):
(a) Mxx in equation (2), (b) My y in equation (2). These are the respective
dominant components of the QTE- and QTM-modes, based on simulations.
The spatial field components of the probe (1547 nm) are similar, since the
wavelengths of the pump and the probe differed by <1%. All dimensions are in
μm.

γμζση =
ωμn2σ (ωμ)

c

×
∫∫

|Mσσ (x, y, ωμ)|2 |Mηη (x, y, ωζ )|2 dS
(∫∫

|Mσσ (x, y, ωμ)|2 dS
)(∫∫

|Mηη (x, y, ωζ )|2 dS
)

=
ωμn2σ (ωμ)
cAeff σ (ωμ)

δζμ δησ ;

ζ ∈ {μ, ν}; σ, η ∈ {x, y}; μ, ν ∈ {1, 2} (2)

and the kernel reduces to 1/Aeff σ (where Aeff σ is the effective
area for the σ-polarization mode) only when η = σ for SPM
(ζ = μ), otherwise it is termed the shape factor. In (2), c is
the speed of light in vacuum. Mσσ (x, y, ωμ ) is the dominant
component of the electric field of the σ-polarization mode, at
the μ-th frequency ωμ . dS is the differential transverse area
element, and the region of integration is the cross-section of the
waveguide. The Kerr-index (n2σ ) is shown to be dependent on
whether the mode is QTE (σ = x) or QTM (σ = y), and this

TABLE I
NONLINEAR (XPM) COEFFICIENTS FOR THE PROBE

(THE KERR-INDICES WERE OBTAINED FROM [6])

dependence is reflected in the subscript σ. The influence of the
spatial profiles, and the polarization-dependence of the Kerr-
index (n2σ ) on the nonlinear coefficient (2) was erroneously
neglected in our original paper [9]. In general, the nonlinear
coefficient (2) depends on whether the nonlinearity is due to co-
polarized (η = σ) or cross-polarized (η �= σ) SPM (ζ = μ); or
due to co-polarized (η = σ), or cross-polarized (η �= σ) XPM
(ζ �= μ). The various XPM coefficients for the probe are found
in Table I, and are more accurate than those in [9, Table I], since
they account for the polarization dependence of the Kerr index.
The last three terms in each axial equation in (1) are interpreted
to represent birefringence-dependent, degenerate and partially
degenerate FWM, and not XPM. The XPM and FWM terms in
the NLSE both have a cubic dependence on the pump and the
probe fields. The distinction between XPM and FWM is based
on the convention that the field components are automatically
phase-matched for XPM, which is not the case for FWM [2].
The first term thus expresses fully degenerate, intra-channel
FWM. The other two terms represent partially degenerate, inter-
channel FWM. The constants F can also be device-dependent,
just as the XPM constants E as previously noted, is different for
fibers and semiconductor waveguides. The FWM terms will also
have shape factors [10], described in general in (3) as shown at
the bottom of the next page, which were also overlooked in our
original paper [9]. It was found in [9] that the contribution due
to FWM may be significantly mitigated by choosing [2], [11]

LΔβ > Kπ or L > KLc |K >> 1 . (4)

In the original paper [9], we discussed the elimination of
the FWM terms in (1), by considering FWM efficiency (a
non-dimensional quantity) for a general FWM phase term
exp(±izΔβ), with its dependence on the phase-mismatch Δβ

∂Aμ x

∂z
+ β1μ x

∂Aμ x

∂t
+

iβ2μx

2
∂A2

μ x

∂t2
− β3μx

6
∂A3

μ x

∂t3
= −αμ x

2
Aμ x +

(
iγμμxx |Aμ x |2 + 2iEγμμxy |Aμ y |2

)
Aμ x

+ 2
(
iγμνxx |Aν x |2 + iEγμνxy |Aν y |2

)
Aμ x + iF1xκμyyxA2

μ yA∗
μ x exp (2izΔβμ) + iF2xκνyyxAμ yAν yA∗

ν x

× exp [iz (Δβ1 + Δβ2)] + iF2xκνyxyAμ yAν xA∗
ν y exp [iz (Δβ1 − Δβ2)]

∂Aμ y

∂z
+ β1μ y

∂Aμ y

∂t
+

iβ2μy

2
∂A2

μ y

∂t2
− β3μy

6
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μ y

∂t3
= −αμ y

2
Aμ y +

(
iγμμyy |Aμ y |2 + 2iEγμμyx |Aμ x |2

)
Aμ y

+ 2
(
iγμνyy |Aν y |2 + iEγμνyx |Aν x |2

)
Aμ y + iF1yκμxxyA2

μ xA∗
μ y exp (−2izΔβμ) + iF2yκνxxyAμ xAν xA∗

ν y

× exp [−iz (Δβ1 + Δβ2)] + iF2y κνxyxAμ xAν yA∗
ν x exp [−iz (Δβ1 − Δβ2)]

ν = 3 − μ ; ν, μ ∈ {1, 2} (1)
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[11] and in the absence of propagation loss, stated here as

sinc2 (LΔβ/2) (5)

while [9] incorrectly included a multiplicative factor of L2 ,
where L is the physical length of the waveguide. It was also
found that the efficiency vanishes whenever the following dis-
crete condition is met:

LΔβ = 2mπ or L = 2mLc

∣
∣m ∈ Z+ . (6)

The minimum requirement occurs for m = 1. Although the
discrete condition can guarantee a local minimum, complete ex-
tinction of the efficiency (5) is not possible when the propaga-
tion loss is significant [9], which was the case for the waveguide,
and which was indeed reflected in our experimental results (see
Fig. 4 in [9]). Upon elimination of the FWM F-terms, the NLSE
(1) may then be solved in the non-dispersive XPM regime for
a birefringent device as before (see eq. (17) in [9]), with the
following solutions in the reference frame of the QTE-mode, as
(7) shown at the bottom of the page, where the nonlinear co-
efficients (γ) are more accurately given by (2). Having solved
for the field envelopes Aσ (L,T), the QTE-mode (σ = x) and
QTM-mode (σ = y) can each be subsequently described by the

electromagnetic (EM-) field (Eσ , Hσ ) at the output of the device
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eσ (r, ω, T ) =
z∑

ξ=x

ξ Aσ (L, T )Mσξ (r, ω) eiωT −iβσ (ω )L

= Aσ (L, T )Eσ (r, ω)

Hσ (r, ω, T ) =
z∑

ξ=x

ξ Aσ (L, T )Nσξ (r, ω) eiωT −iβσ (ω )L

= Aσ (L, T )Hσ (r, ω)

.

(8)
The subscript μ which was associated with the signal fre-

quency in (7), was suppressed in (8) to simplify the notation.
The frequency (ω) dependence reflects the presence of two sig-
nals (the pump and the probe) in the waveguide. While the field
components M and N , as well as the eigenvalues βσ are all first
found by FV-FDM [4], the field envelopes Aσ are then subse-
quently found from the vector non-linear Schrodinger equation
(NLSE) as explained previously. The dependence of the profiles
and the eigenvalues on the signal frequency is due to material
and waveguide dispersion. For a z-invariant waveguide, the spa-
tial dependence of the field components M and N is reduced to
that on the transverse coordinates, rT or (x, y) [12].

II. DETECTION OF THE DBPSK SIGNAL

In the original paper [9], the RZ-BPSK probe is detected as a
DBPSK signal. The DBPSK receiver consists of an asymmetric
Mach–Zehnder interferometer (AMZI), whose two outputs are

κζηερ =
ωμn2σ (ωμ)

c

∫∫
M ∗

σσ (x, y, ωμ)Mηη (x, y, ωμ)Mεε(x, y, ωζ )M ∗
ρρ(x, y, ωζ )dS

(∫∫
|Mσσ (x, y, ωμ)|2 dS

∫∫
|Mηη (x, y, ωμ)|2 dS

∫∫
|Mεε(x, y, ωζ )|2 dS

∫∫
|Mρρ(x, y, ωζ )|2dS

)1/2 ;

σ, η, ε, ρ ∈ {x, y}, ζ ∈ {μ, ν} (3)

Aμ x(L, T ) = Aμ x(0, T )

· eiφμ x e−αμ x L/2 exp

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

iγμμxxPμ x(0, T )Lμ eff x + 2iEγμμxy

∫ L

0
Pμ y

(

0, T + ξ
Δτ

L

)

e−αμ y ξ dξ

+2iγμνxx

∫ L

0
Pν x

(

0, T + ξ
ΔT1

LW

)

e−αν x ξ dξ

+2iEγμνxy

∫ L

0
Pν y

(

0, T + ξ

(
ΔT1

LW
+

Δτ

L

))

e−αν y ξ dξ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Aμ y (L, T ) = Aμ y (0, T + Δτ)

· eiφμ y e−αμ y L/2 exp

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

iγμμyyPμ y (0, T + Δτ)Lμ eff y + 2iEγμμyx

∫ L

0
Pμ x

(

0, T + Δτ − ξ
Δτ

L

)

e−αμ x ξ dξ

+2iγμνyy

∫ L

0
Pν y

(

0, T + Δτ + ξ
ΔT1

LW

)

e−αν y ξ dξ

+2iEγμνyx

∫ L

0
Pν x

(

0, T + Δτ + ξ

(
ΔT1

LW
− Δτ

L

))

e−αν x ξ dξ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

T = t − β1μ xL; ν = 3 − μ ; ν, μ ∈ {1, 2} (7)
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each directed to a photodetector in a balanced photodetector
(BPD) module. The voltage due to the BPD was expressed as
(see eq. (20) in ref. [9])

V (τm ) ∝ �e [A2(L, τm ) • A∗
2(L, τm−1)]

A2(L, τr ) = xA2x(L, τr ) + yA2y (L, τr )

τr = T − r/Rs ; r ∈ {m − 1,m} (9)

where Rs is the system symbol-rate. This was based solely on
the field envelopes of the QTE- and QTM-modes (7), and may
be true for a nearly isotropic nonlinear fiber spliced to standard
(SMF-28) single-mode fiber. However, for a device such as the
Al0.18Ga0.82As waveguide, the above expression may have to
incorporate the effects of the anisotropy, which would manifest
in the spatial profiles of the QTE- and QTM-modes. The more
accurate expression may be derived from the divergence theorem

V (τm ) ∝ R�e
∫∫
© [ρΣ(ω)hΣ ⊗ EΣ × H∗

Σ

−ρΔ(ω)hΔ ⊗ EΔ × H∗
Δ] • dS (10)

where dS = zdxdy, R is the BPD RF resistance, h the detector
impulse response, ρ the responsivity of a detector in the BPD at
the probe optical frequency ω, and

UΣ = U(r, τm ) + eiφU(r, τm−1)

UΔ = U(r, τm ) − eiφU(r, τm−1) (11)

where U is either E or H. The integrand in (10) expresses the
differential output Poynting vector of the BPD, whose inputs are,
respectively, the outputs of the constructive (Σ) and destructive
(Δ) ports of the AMZI. In (11), the AMZI bias is expressed by φ.
The EM-field of the probe in the fiber is represented collectively
by E and H. Under the assumptions that the differences between
the two detectors in the BPD are practically negligible, and
the probe power is bit-invariant, substitution of (11) into the
integrand of (10) yields,

EΣ × H∗
Σ − EΔ × H∗

Δ

= 2
1∑

n=0

E(r, τm+n−1) × H∗(r, τm−n )ei(1−2n)φ (12)

so finally,

V (τm ) ∝

R · ρ(ω) · h(τm ) ⊗�e
1∑

n=0

∫∫
© E(r, τm+n−1)

× H∗(r, τm−n )ei(1−2n)φ • dS (13)

The semiconductor waveguide [9] presents several difficul-
ties. The waveguide is geometrically anisotropic, although the
material itself is considered isotropic. The material is also prac-
tically loss-less, because the bandgap energy of the core layer
was designed to be larger than twice the photon energy of the
signal. The residual losses αμσ in (7) are mostly ascribed to
waveguide side-wall roughness that results in scattering over
the course of propagation. For the waveguide, the phase-index

birefringence B is ≈10−2 , much larger than that for a bire-
fringent nonlinear fiber (≈10−5) such as the photonic crystal
fiber (PCF) [13]. Coupling to standard fiber from the waveguide
is also indirect, across a free-space gap. The coupling problem
most accurately should also consider the reflection and radiation
modes at the waveguide-air junction [14], [15]. At the waveguide
output facet, the QTE and QTM modes experience diffraction
over the gap between the waveguide and the output fiber [16].
In this case, vector-diffraction theory should be used [17]–[19],
due to the polarized nature of the light emitted by the wave-
guide. Further, the length scales of the device geometries, and
the close proximity of the waveguide relative to the output fiber
are all of the order of the wavelength λ≈ 1.55 μm. In particular,
the waveguide cross-section is only 1.2 μm × 1.7 μm, while
the fiber-waveguide free-space gap is <10 λ, which renders the
simpler Fresnel (scalar) diffraction theory inaccurate [17]. For
these reasons, the fields computed in (8) are instead launched
by the waveguide into the gap using the Stratton–Chu vector
diffraction theory [19], [20]. Reflections at the waveguide-air
boundary can be neglected for a waveguide facet treated with an
anti-reflection (AR) coating. For a homogeneous source-free re-
gion, the EM-field of a waveguide mode at an observation plane
located at a distance |r − r′| from the waveguide, for either the
pump (ω = ω1) or the probe (ω = ω2) is given by

E(r) = − 1
iωε0

∮

C ′
∇′G(r, r′)H(r′) • dl′

−
∫

S ′

⎡

⎢
⎣

iωμ0 (n × H(r′)) G(r, r′)

− (n × E(r′)) ×∇′G(r, r′)

− (n • E(r′))∇′G(r, r′)

⎤

⎥
⎦ dS ′

H(r) =
1

iωμ0

∮

C ′
∇′G(r, r′)E(r′) • dl′

+
∫

S ′

⎡

⎢
⎣

iωε0 (n × E(r′)) G(r, r′)

+ (n × H(r′)) ×∇′G(r, r′)

+ (n • H(r′))∇′G(r, r′)

⎤

⎥
⎦ dS ′ (14)

where n is the unit-normal to the surface S enclosing the point
r in the observation plane. The aforementioned integral expres-
sion may be considered as a transformation from the r′-plane
(the output plane of the waveguide) to the r-plane (the input
plane of the fiber), which is where the closed surface S′ ter-
minates. Equation (14) will be referred to as the Stratton–Chu
transform (SCT). The EM-field (E, H)(r′) is that at the output
plane of the waveguide, given by (8). The area integral is carried
out over the effective exit aperture of the waveguide, while the
line integral is carried out over the boundary of that aperture.
The line-integrals are employed to resolve the singularity of the
free-space Green’s function G,

G(r, r′) =
exp (ik |r − r′|)

4π |r − r′| (15)

where k is the wave number. Both the Green’s function and its
gradient are discontinuous at r = r′, which is the physical loca-
tion of the source [21]. Moreover, since the coupling geometry is
dimensionally similar to the wavelength, the contribution due to
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the line-integrals may not be negligible [21]. According to Tai,
however [22], Meixner’s edge condition [23] renders the line
integrals in (14) inconsequential for most physically realizable
geometries.

The EM-field impinging on the detector is the field (E, H)
propagating in the fiber, which may be expressed in terms of
the diffracted field (14) incident at the input coupling plane of
the fiber. To arrive at an analytical result that demonstrates the
dependence of the detected voltage on the spatial profiles of the
modes, evaluation of the SCT (14) would be required. However,
an approximate approach to the solution may be found that con-
siders the waveguide to be butt-coupled to the fiber, which also
allows the solution to be adaptable to a birefringent fiber spliced
to a standard fiber, such as the PCF [13]. This approximation
affects the coupling coefficients, which will differ from those for
the case accounting for free-space diffraction through the SCT
(14). The EM-field of a σ-polarization mode in the waveguide
is expressed as (Eσ , Hσ ), and is given and explained by (8). Un-
like a highly birefringent waveguide whose principle axes are
fixed along its length, the standard fiber is considered to consist
of numerous sections of birefringent fibers (each with its own
principle axes) oriented randomly relative to each other [3]. The
fiber EM-field (E, H) is fully known a priori, and consists of a
superposition of the well-known HE11x and HE11y modes [16].
At the waveguide-fiber junction at z = L, the following bound-
ary conditions apply

z ×

⎡

⎢
⎢
⎢
⎣

y∑

σ=x

(
cσ + Γσ e2iβσ L

)
Eσ (r)

+
∫∫ (

c(ρ) + Γ(ρ)e2iβn (ρ)L
)
E(ρ, r) (dρ)2

⎤

⎥
⎥
⎥
⎦

= z ×
[

y∑

σ=x

TσEf σ (r) +
∫∫

T(ρ)Ef (ρ, r) (dρ)2

]

;

⎡

⎢
⎢
⎢
⎣

y∑

σ=x

(
cσ − Γσ e2iβσ L

)
Hσ (r)

+
∫∫ (

c(ρ) − Γ(ρ)e2iβn (ρ)L
)
H(ρ, r) (dρ)2

⎤

⎥
⎥
⎥
⎦
×z

=

[
y∑

σ=x

TσHf σ (r) +
∫∫

T(ρ)Hf (ρ, r) (dρ)2

]

× z

(ρ) = (ρx, ρy ) ; (dρ)2 = dρxdρy · (16)

The aforementioned equation includes reflection and radia-
tion modes [14], [15], [24], [25]. In the LHS of (16), The EM-
field (Eσ , Hσ ) in the waveguide is explicitly expressed as an
expansion of the QTE(σ = x)- and QTM(σ = y)-modes, with
coefficients given by cσ . The QTE and QTM guided modes are
accompanied by radiation modes, which are represented by a
double-integration over the continuous variables ρx and ρy . A
portion of the EM-field (Eσ , Hσ ) is reflected at the junction,
and is expressed by the reflection coefficient Γσ for the discrete
modes, and by Γ(ρ) for the radiation modes. For the RHS of
(16), the power coupled from the waveguide to the fiber excites

the EM-field (E, H) through the transmission coefficient Tσ ,
which consists of the guided HE11σ -modes (σ = x, y), along
with the radiation modes through the transmission coefficient
T(ρ). The EM-field of the guided modes in the fiber is described
by (Ef σ , Hf σ ), such that (Ef x , Hf x ) refers to the EM-field of
the HE11x -mode, while (Ef y , Hf y ) refers to the EM-field of
the HE11y -mode. Due to the circular symmetry of the fiber, its
EM-field would be expressed in cylindrical coordinates, but this
is not explicitly shown in the RHS of (16). To arrive at an analyt-
ical result, several simplifying assumption can be made. It will
be assumed that most of the power is carried by guided modes
in both the waveguide and the fiber. Reflection modes will be
considered to be relatively negligible, since the waveguide facet
is considered to be treated with an AR-coating to optimize trans-
mission to the fiber, which is a realistic assumption. The output
fiber facet is considered likewise. It will also be assumed that
the HE11x and the HE11y modes are excited equally on average
so that Tx = Ty = T. Under these assumptions, equation (16)
simplifies to

{
z × (CxEx + CyEy ) = z × E

(CxHx + CyHy ) × z = H × z
(17)

where the EM-field of the fiber is given by the two HE11σ modes

U =
y∑

σ=x

Uf σ (r);U ∈ {E,H}. (18)

The field dependence on (r, ω, τm ) has been suppressed for
compactness. The new coupling coefficient Cσ is expressed in
terms of the original coupling coefficient cσ in (16), as cσ /T. To
resolve the coupling coefficients Cσ , the orthogonality relation
for modes is invoked. For a junction between two dissimilar,
but loss-less waveguides r and s, and for non-degenerate, +z-
propagating modes σ and η [24]–[28],

〈
Erσ ,H∗

sη

〉
+

〈
E∗

sη ,Hrσ

〉
= 4Pσ · δsr δησ

+ ω
1 − δsr

βrσ − βsη

∫∫
(εr − εs)E∗

sη • Erσ

+ (μr − μs)H∗
sη • Hrσ dS

σ, η ∈ {x, y} (19)

which represents a measurable, physical power Pσ (Watts), in
the same waveguide (s = r), and for the same mode (η = σ).
For dissimilar modes (η �= σ) in the same waveguide (s = r),
the equation resolves to zero. For modes in different waveguides
(s �= r), only the second term on the RHS of (19) survives.
In general, ε the permittivity and μ the permeability (both of
which are considered isotropic) are functions of the transverse
coordinates and may not be factored outside the surface inte-
gral. Equation (19) represents a power-orthogonality relation.
Another orthogonality relation for modes which will be useful
later is obtainable by considering one of the modes in (19) to
be backward-propagating, which reverses the signs of its lon-
gitudinal electric field component, its transverse magnetic field
component, and that of its propagation constant. The resultant
equation is similar in form to (19), and when subtracted from
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(19) yields [24], [25]

〈
Erσ , H∗

sη

〉
= Sσ · δsr δησ + ω

δsr − 1
β2

rσ − β2
sη

∫∫

×
(

(εr − εs)
(
βrσE∗

sη t • Erσt +βsηE∗
sηz • Erσz

)

+ (μr − μs)
(
βsηH∗

sη t • Hrσt +βrσH∗
sηz • Hrσz

)

)

dS

(20)

where Sσ is the complex power, while physically measurable
power Pσ is obtainable by taking the real-part of (20). The sub-
script t denotes a transverse component, while the subscript z, a
longitudinal component. In both (19) and (20), the Kronecker-
δ factor is always evaluated before its coefficient to determine
the applicability of each of the two RHS terms. When the ab-
sorption loss is non-negligible (as for Si nanowires/waveguides
[29], [30]), similar orthogonality relations apply that involve no
complex-conjugated quantities unlike (19) and (20) [24], [25].
In that case, the relations no longer represent physically measur-
able powers like (19) and (20). For both orthogonality relations
(19), (20) and later parts of this report, the inner product is used,

〈
Uσ ,V∗

η

〉
=

∫∫
Uσ × V∗

η • dS; dS = zdxdy· (21)

Although not explicitly stated, since the differential area is in
the transverse plane, it should be clear that only the transverse
components of the EM-field may participate in a cross-product,
otherwise the inner product vanishes. By contrast, all six com-
ponents of the EM-field (8) are generally required for the second
terms on the RHS of (19) and (20). Based on (8), (20), and (21),
the complex instantaneous power Sσ can be expressed as

Sσ = |Aσ (L, τm )|2 Iσ (22)

where the spatial integral

Iσ =
∫∫

Mσx(r, ω)N ∗
σy (r, ω) − Mσy (r, ω)N ∗

σx(r, ω)dS

σ ∈ {x, y} · (23)

Now taking the post-cross-product with H∗
y of the electric

field of (17) E in the fiber, and the pre-cross-product with E∗
y of

the magnetic field of (17) H, adding the resultant equations and
integrating over the entire xy-coordinate (transverse) space

Cx

(〈
Ex ,H∗

y

〉
+

〈
E∗

y ,Hx

〉)
+ Cy

(〈
Ey ,H∗

y

〉
+

〈
E∗

y ,Hy

〉)

=
〈
E,H∗

y

〉
+

〈
E∗

y ,H
〉
· (24)

Due to the orthogonality relation (19), the first term on the
RHS vanishes, since its inner products involve fields of different
polarization modes in the same waveguide. Consequently, the
coupling coefficient for the QTM-mode is given by

Cy =

〈
E,H∗

y

〉
+

〈
E∗

y ,H
〉

4Py
· (25)

In the numerator of (25), each inner product actually consists
of two inner products, due to the fact that the EM-field (E, H)
of the fiber is described by a superposition of the HE11x and
HE11y modes. The numerator is given by only the second term
in the RHS of (19). The coupling coefficient for the QTE-mode
is found from the post-cross-product with H∗

x of the electric
field (17) E in the fiber, and from the pre-cross-product with
E∗

x of the magnetic field (17) H in the fiber, and adding and
integrating over the entire xy-coordinate space as for the QTM-
mode. However, the solution is also obtainable from Cy simply
by interchanging y and x, and the waveguide QTM-field with
the waveguide QTE-field:

Cx =
〈E,H∗

x〉 + 〈E∗
x ,H〉

4Px
· (26)

It is observed that coupling coefficient (25), (26) Cσ is de-
termined by the entire EM-field (E, H) in the output fiber, as
well as the entire EM-field (Eσ , Hσ ) (8) for a σ-polarization
mode output by the waveguide. Equations (25) and (26) are also
obtainable using only (20), but the coupling coefficients would
have then required some algebraic simplification to reduce them
to (25) and (26).

After substituting the EM-field (E, H) of the fiber into (13)
for the DBPSK voltage, with the AMZI bias set to π,

V (τm ) ∝ R · ρ(ω) · h(τm )

⊗�e
1∑

n=0

〈E(r, τm+n−1),H∗(r, τm−n )〉. (27)

Since the EM-field of the fiber is expressible in terms of
the Al0.18Ga0.82As waveguide modes according to (17), the
DBPSK voltage may be re-expressed explicitly in terms of those
modes:

V (τm ) ∝ R · ρ(ω) · h(τm )

⊗
1∑

n=0

�e

⎡

⎢
⎢
⎢
⎢
⎣

|Cx |2 〈Ex(r, τm+n−1),H∗
x(r, τm−n )〉

+ |Cy |2
〈
Ey (r, τm+n−1),H∗

y (r, τm−n )
〉

+CxC∗
y

〈
Ex(r, τm+n−1),H∗

y (r, τm−n )
〉

+C∗
xCy 〈Ey (r, τm+n−1),H∗

x(r, τm−n )〉

⎤

⎥
⎥
⎥
⎥
⎦

.

(28)

Now the orthogonality relation (20) instead of (19) is invoked
to eliminate the third and fourth terms, since the fields are sep-
arable in time and space according to (8),

V (τm ) ∝ R · ρ(ω) · h(τm )

⊗
1∑

n=0

�e

[ |Cx |2 〈Ex(r, τm+n−1),H∗
x(r, τm−n )〉

+ |Cy |2
〈
Ey (r, τm+n−1),H∗

y (r, τm−n )
〉

]

(29)

The remaining inner products are each recognized as pulse-
power (19) upon the application of the real-operator. When the
material absorption is non-negligible, the cross-terms in (28)
survive in general, due to the fact that different orthogonality
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relations from (19) and (20) apply [24], [25], [28]. After substi-
tuting the expressions for the fields from (8),

V (τm ) ∝ Ix |Cx |2 · h(τm ) ⊗ pxx(τm ) cos (Δϕxx(τm ))

+ Iy |Cy |2 · h(τm ) ⊗ pyy (τm ) cos (Δϕyy (τm ))

(30)

where Ix and Iy are given in (23), and

pσσ (τm ) = R · ρ(ω) · |Aσ (L, τm−1)A∗
σ (L, τm )|

Δϕσσ (τm ) = ϕσ (τm−1) − ϕσ (τm )

σ ∈ {x, y} (31)

and the units of the received pulse pσσ is Volts. The probe
phase ϕ are found from the exp-factors in the solution of the
NLSE (7). For a weakly birefringent device such as the PCF
(B ≈ 10−5) [13], it is arguable that the coupling coefficients
(25), (26) are nearly identical due to the similarities of the eigen-
values of the QTE- and QTM-modes,

Cx ≈ Cy (32)

while a similar argument would also hold for the spatial integrals
Ix and Iy (23). This approximation reduces the DBPSK volt-
age (30), to (22) in [9], within a convolution with the detector
impulse response h:

V (τm ) ∝ h(τm )

⊗
( |Ax(L, τm−1)A∗

x(L, τm )| cos (Δϕxx(τm ))

+
∣
∣Ay (L, τm−1)A∗

y (L, τm )
∣
∣ cos (Δϕyy (τm ))

)

(33)

but this simplification may be unjustifiable for a highly birefrin-
gent, anisotropic waveguide such as the Al0.18Ga0.82As wave-
guide considered in [9] or a Si nanowire [29], [30], when B is
a factor of ≈103–104 larger than that of the PCF, and it may be
more accurate to use (30) instead. The anisotropy of the coupling
coefficients for the Al0.18Ga0.82As waveguide is investigated in
the following discussion.

In the waveguide, the phase of a probe pulse acquires the
power profile of the RZ-OOK pump during the occurrence of a
ONE, in accord with (7). The FWHM of the pump was estimated
to be larger than the FWHM of the probe by a factor of >5, so
the XPM-induced phase was practically flat over the duration of
a probe pulse. The FWHM of the probe pulse was incorrectly
stated as 2 ps in [9, Table II], while the actual FWHM was
2.3 ps. As previously noted [9], in a standard receiver before
the clock/data recovery module, the FWHM pulse-width of the
probe is broadened to the impulse response FWHM of the re-
ceiver opto-electronics which can be greater than 1/3Rs GHz−1

(Baud-rate Rs in GB), and more than a factor of 10 larger
than the DGD (0.9 ps) of the waveguide in the C-band [9].
Consequently, DGD effects can be considered negligible. The
walk-off length was also found to be much larger than the phys-
ical length using the FV-FDM [4], and its effect is thus also
negligible. Moreover, the SPM-induced phase shifts in (7) are
bit-independent, regardless of probe polarization. Consequently,
the differential phase reduces to that for XPM, after differential

detection. These simplifying assumptions reduce the integrals
to effective lengths in (7), the solution of the NLSE.

At the m-th sampling instant, the corrected detected DBPSK
voltage acquires the following form (see Eq. (24) in [9]), after
a normalization by the bit-invariant pulse power,

V (τm , θ1) ∝

10−P DL/10 · J · cos2 θ2 cos ((2γ21xxP01Leff x) Δψx

+
(
γ21xy P01Leff y

)
Δψy

)

+ sin2 θ2 cos
((

γ21yxP01Leff x

)
Δψx +

(
2γ21yy P01Leff y

)
Δψy

)

(34)

where

J =
Ix · |Cx |2

Iy · |Cy |2
(35)

is the coupling coefficient ratio, and

Δψσ = am · cos2
(
θ1(τm ) − π

2
δσy

)

− am−1 · cos2
(
θ1(τm−1) −

π

2
δσy

)

σ ∈ {x, y}; am ∈ {0, 1}∀m. (36)

The nonlinear coefficients are found from Table I. The cor-
rection in (34) relative to (24) in the original paper [9] includes
contributions due to the coupling coefficients (25), (26), and
the overlap integrals Ix and Iy given by (23). These integrals
for the Al0.18Ga0.82As waveguide have been computed using
FV-FDM [4], and were found to differ by ≈ 3.5%.

The following analysis assumes that the pump peak power
is sufficient to generate a π phase-shift for a RZ-OOK pump
launched along the lower loss y-axis of the waveguide. For the
Al0.18Ga0.82As waveguide, this axis is the [0 0 1] crystallo-
graphic direction, which corresponds to the QTM-mode. Thus

[(an − an−1) · 2γ1yyP01Leffy ] = π. (37)

This also assumes a ONE-ZERO or a ZERO-ONE transition
(which is the most frequent pattern [31]) in the RZ-OOK pump.
The polarization dependent loss (PDL) was measured to be
0.75 dB [9]. To estimate the launch angle θ2 of the probe that
corresponds to the minimum voltage fluctuation in (34) or equiv-
alently, polarization-insensitive XPM in the waveguide, the
launch angle θ1 of the pump (which was polarization-scrambled
in the experiment [9]) is swept over 0◦–90◦ while the ratio J
(35) is held fixed. The result is summarized in Fig. 3, which
shows that for the experimentally measured probe launch angle
of 40◦, the ratio J is approximately 1.1. After disregarding in
(35) the (Ix /Iy ) ratio that was estimated to be ≈1.035 based
on FV-FDM [4], J is reduced to 1.063, which is still practi-
cally ≈1.1. The behavior of the detected voltage for J = 1.1
is shown in Fig. 4, and demonstrates that the minimum fluc-
tuation is indeed attained at ≈40◦. In [9], the waveguide PDL
was measured using the Fabry–Perot method [32] prior to the
application of the AR coating, and found to be ≈0.75 dB. The
method is considered to be independent of coupling efficiency,
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Fig. 3. Coupling coefficient ratio (J ) versus the probe launch angle (θ2 ), as
the pump launch angle (θ1 ) is swept over 0◦–90◦.

Fig. 4. Detector voltage [equation (34)] versus probe launch angle (θ2 ), while
the pump launch angle (θ1 ) is varied over 0◦–90◦, and the coupling coefficient
ratio J is fixed at 1.1. The minimum fluctuation is seen to occur at θ2 ≈40◦.

for a waveguide with well-cleaved facets. Subsequently, cou-
pling to the AR-coated waveguide was achieved using lensed
fibers, which had negligible PDL (0.1 dB maximum). In that
experiment, it was possible to adjust the state of polarization of
the light coupled to the waveguide using a mechanical polariza-
tion controller, which yielded a maximum power variation of
≈0.75 dB at the output lensed fiber. This experiment suggested
that the coupling efficiencies of the QTE- and QTM-modes to
the fiber were quite similar within experimental error, and this
observation also accounts for diffraction [according to (14)]
over the air-gap between the waveguide facets and the lensed
fibers. The small discrepancy (≈3%) between the theoretical
coupling coefficients Cx and Cy is then attributed to diffrac-
tion, and residual junction reflection and radiation modes, all of
which are neglected in the theoretical treatment.

III. CONCLUSION

In our original paper [9], besides the errors in the nonlinear
coefficients in Section III, eq. (22) for the detected DBPSK volt-
age was found to be accurate only for a birefringent fiber such
as the PCF [13]; but may be different in general for the case
of a relatively higher-birefringence waveguide such as another
AlGaAs waveguide [33], or a Si nanowire [29], [30]. These er-
rors affect all equations beyond (22) in [9]. In the absence of
diffraction, theory indicates that the measured probe launch an-
gle of ≈40◦ that was required for polarization-insensitive XPM

occurs for a waveguide-fiber coupling efficiency ratio |Cx /Cy |2
of ≈1.1, for the QTE-mode relative to the QTM-mode. This
demonstrated good agreement with the experimentally observed
ratio of≈1, and validated the theoretical approach. Therefore for
the AlGaAs waveguide of [9], its design ultimately ensured that
the power coupled to the output lensed fiber was independent of
polarization.
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