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Abstract—This article presents a statistical analysis of modal
dispersion of a 69-km-long field-deployed coupled-core four-core
fiber link. The link is characterized over a band of approximately
5 THz at 1550 nm, in terms of complex modal dispersion vec-
tor, eigenvalues of its modal dispersion matrix, and intensity im-
pulse response. Experimental statistical results are in very good
agreement with the theoretical models based on the assumption
of strong mode mixing. We also show that a careful analysis of
the modal dispersion vector enables the accurate assessment of
the skew between channels, distinguishing the contribution of the
input patch cords from that of the output ones. Notably, we show
that the Stokes-space representation of modal dispersion allows to
compensate for the delays introduced at the fiber input and output
by the optical vector network analyzer used for measurements.
In addition, we provide evidence and theoretical justification of
spectral persistence of the principal states in fibers with strong
mode mixing. That is, although the modal content and the group
delays of the principal modes change from frequency to frequency,
the sorting of the principal modes with respect to their group delays
is largely frequency independent.
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I. INTRODUCTION

THE fiber-optic communications industry is on the brink of
reaching its maximum capacity [1], leading to a press-

ing need for new and scalable technologies. One promising
solution to this problem is space division multiplexing (SDM)
transmission [2], which exploits multi-core fibers (MCFs) [3]
and multi-mode fibers (MMFs) [4]. SDM utilizes multiple-input
multiple-output (MIMO) techniques that rely on electronic digi-
tal signal processing (DSP). In order to design effective MIMO-
DSP algorithms, it is crucial to understand the statistical aspects
of signal propagation in SDM links. Modal dispersion (MD)
and mode-dependent loss (MDL) are two critical factors that
influence SDM transmission systems. Several models have been
proposed to assess their impact on system performance [5], [6].
A recent study [7] presented a unified model, which considers the
effects of both MD and MDL on the intensity impulse response
(IIR) of the system. This work focuses on scenarios commonly
found in coupled-core MCFs, where all modes undergo random
coupling during propagation [8]. By employing a Stokes-space
representation of multi-mode propagation, the model investi-
gates how MD and MDL accumulate along the link and describes
their influence on the IIR [9] of the system. The duration of the
IIR determines the memory requirements for a MIMO-SDM
receiver, and the model reveals its correlation with the root mean
square value of the group delay.

Despite their relevance, the statistical models for SDM fiber
systems have only been validated through numerical simulations
or experiments conducted on spooled fibers. Extending previ-
ously reported preliminary results [10], this article introduces a
significant contribution by presenting the first statistical analysis
of experimental data obtained from a field-deployed SDM fiber
link. Our findings demonstrate a very good agreement with
the theoretical predictions, establishing a solid basis for the
random coupling model of SDM fiber links. In particular, a major
limitation of the analysis presented in [7] was that modal disper-
sion was characterized based on the overall SDM transmission
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matrix estimated for the purpose of digital equalization, which
prevented the isolation of the contribution of the multi-core
fiber alone. The present work is in sharp contrast with this
situation, as we use direct measurements of the transfer matrix
of a field-deployed fiber obtained with an optical vector network
analyzer (OVNA). The fiber under test is part of the SDM testbed
deployed in the city of L’Aquila, in Italy [11].

II. THEORETICAL DESCRIPTION OF MODAL DISPERSION

AND SKEW

The light propagation in a fiber that supports 2N modes,
considering polarization degeneracy, is described by the field
vector �E(z, ω), which is constructed by stacking the complex
spectra of the 2N individual modes. The linear propagation
of light through the fiber can be described by the equation
�E(L, ω) = F(L, ω) �E(0, ω), where F(L, ω) is the transfer ma-
trix of the fiber link, and L denotes the length of the fiber.
To simplify the notation, we omit the dependence on L in the
following. Neglecting scalar factors common to all modes, the
frequency dependence of F is given by [7]:

∂F(ω)

∂ω
= iQ(ω)F(ω). (1)

The matrix Q, also known as the modal dispersion matrix, has
eigenvectors representing the principal modes of propagation
(PMPs), while the eigenvalues are the relative delays of propa-
gation of the PMPs [12]. In the presence of MDL, the eigenvalues
are complex-valued. Specifically, the real part of the eigenvalues
corresponds to the modal group delay (GD), while the imaginary
part quantifies the corresponding loss. The MD matrix Q can be
expressed as

Q(ω) =
�τ(ω) · �Λ

2N
, (2)

where the elements of the vector �Λ are the generalized Pauli
matricesΛn, and �τ is the complex-valued MD vector [7], whose
D = 4N2 − 1 components are given by

τn(ω) = Trace{ΛnQ(ω)}. (3)

The complex MD vector �τ extends the complex polarization-
mode dispersion (PMD) vector [13] to the multi-mode case,
taking into account the effect of both MD and MDL. In the
absence of MDL, �τ becomes a real-value vector.

A. Analysis of Deterministic Skews

Despite the interpretation of the MD vector �τ(ω) is not
straightforward, it can be shown that its elements are either
equal to differential group delays among modes, or equal to
a linear combination of these delays. In the strong coupling
regime, �τ(ω) exhibits highly random behavior with respect to
frequency, and its elements have in principle average equal to
zero [7]. Therefore, any deterministic skew present in the link
contributes to a non-zero average value of some of the MD vector
components. Noticeably, as shown below, scalar skews arising
from factors like single-mode patch-cords are represented by
the last N − 1 components of �τ . Similarly, polarization skews

originating from high birefringence elements present in the link
are represented by the first 3N components of �τ .

Scalar skews can be caused by single-mode patch-cords, such
as those of spatial multiplexers. These patch-cords are too short
to induce chromatic dispersion or PMD, therefore they are
described by the diagonal matrix

M = diag [exp (−iωt)] , with t = [t1, t1, t2, t2, . . . , tN , tN ] ,
(4)

where tn is the scalar delay induced on the nth spatial mode.
Direct calculations show that the only non-zero elements of the
MD vector �τM , associated with the matrixM, are the lastN − 1
ones, which are related to the delays ti through the linear relation
(k = 1, . . . , N − 1)

τ4N2−N+k =

√
4N

k(k + 1)
×
(

N−1∑
n=1

tn − ktN

)
, (5)

Hence, with knowledge of the last N − 1 elements of �τM , it is
possible to calculate the N delays, barring a common delay. By
arbitrarily setting t1 = 0 as a reference, the N − 1 skews with
respect to the first spatial mode can be obtained.

Polarization skews, i.e., differential delays between the po-
larization modes of a single spatial mode, are more easily
identified in the MD vector. Intra-mode polarization effects are
described by the N sub-matrices of size 2× 2 on the diagonal
of the transfer matrix M. These sub-matrices correspond to the
first N blocks of dimension 3 of the MD vector. Therefore,
these 3-dimensional blocks are proportional to the PMD vectors
associated with the corresponding spatial mode. In particular,
the PMD of the nth spatial mode Δτn is equal to the modulus
of the nth 3-dimensional block, normalized by a factor

√
N .

In a more general scenario, the skews are due to the presence
of multiplexers at both the input and output of the system setup;
therefore, the measured transfer matrix T takes the form

T = MoutF Min, (6)

where Min and Mout are block-diagonal matrices accounting
for scalar and polarization delays due to the fan-in and fan-out
optical networks, respectively, and F is the matrix of the SDM
fiber. Assuming for simplicity that there is no MDL, the MD
vector �τT associated to T can be written as [5]

�τT (ω) = �τout + eω(�τout×)�τ(ω) + eω(�τout×)
F(ω) �τin, (7)

where �τout and �τin are the MD vectors containing information
about the output and input skews, respectively, �τ is the MD
vector of the SDM fiber only, and F is the generalized Müller
matrix associated with F. The MD vectors �τin and �τout describe
deterministic scalar and polarization delays, therefore they are
constant in frequency. Differently, the MCF link operates in a
strong mode mixing regime and hence exhibits a random spectral
behavior. As a consequence, the frequency average of the second
and last terms of (7) is to a good approximation equal to zero.
A similar conclusion holds also for moderate MDL. Indeed, the
vector �τ and the matrix F have a frequency structure that is
statistically independent of �τin and �τout. While �τ characterizes
the properties of the SDM fiber, �τin and �τout describe the fan-in
and fan-out networks, respectively. As a result, with a very good
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Fig. 1. Experimental setup for swept-wavelength characterization of deployed
multi-core fiber (after [16]).

approximation we have

�τout ≈ 〈�τT (ω)〉 , (8)

where the average is perform with respect to frequency.
The measurement of the transfer matrix T allows to calculate

with a similar procedure also �τin. Owing to the reciprocity the-
orem [14], [15], the transfer matrix B(ω) describing backward
propagation is B = TT = MT

inF
TMT

out. The associated MD
vector �τB(ω) has the same structure as in (7), with the subscripts
“in” and “out” swapped. By the same arguments given above,
we therefore find �τin ≈ 〈�τB(ω)〉.

The above procedure allows to isolate the transmission matrix
of the SDM fiber from the measured matrixT. Using the derived
�τin and �τout, we construct the corresponding matrices Min and
Mout:

M∗ = exp

(
−i

�τ∗ · �Λ
2N

ω

)
, with ∗ = (in, out) (9)

Once the two skew matrices have been computed, we can
calculate the transfer matrix of the SDM fiber alone as F =
M−1

outTM−1
in . This ensures accurate characterization of the SDM

link.

III. EXPERIMENTAL SETUP

The experimental data used in this article are obtained from
a field-deployed coupled-core four-core fiber (C4CF) link [17].
The cable has a length of 6.3 km. It is installed in an underground
tunnel and includes (among the others) 12 strands of C4CF. The
link analyzed in this work is formed by concatenating 11 of these
strands, resulting in a total length of about 69 km. The measured
frequency-dependent MDL, as shown in [16], consistently re-
mains below 3 dB across the entire 100 nm bandwidth, even
though the link consists of 11 spliced segments.

The primary objective of the experiment is to measure the
transfer matrix of the SDM system. An effective technique
for directly measuring the transfer function matrix is based on
swept wavelength interferometry (SWI) [18], which employs
an interferometric setup wherein one arm contains a device
under test (DUT) that is excited by a swept optical source.
Leveraging DSP, the transfer function matrix can be extracted
from the resulting fringe pattern. To measure the complete
transfer function matrix in a single sweep, polarization diverse
detection and a network of delay lines are incorporated into
the setup [19], [20], [21]. The experimental setup is shown in
Fig. 1. For the C4CF, accurately determining the transfer matrix
requires coherent measurements of all the outputs originating

from a given input. A detailed description of the experimental
setup and data acquisition technique, can be found in [16].

IV. STATISTICAL ANALYSIS OF MODAL DISPERSION

In the following, we report the statistical analysis of the
measured modal dispersion. The first step is to calculate the
MD matrix QT of the complete link from the values of T
that are measured at the discrete frequencies ωn. This is well
approximated by the expression

QT ≈ −i

logm

[
T(ωn)T

−1(ωn−k)

]
ωn − ωn−k

, (10)

where logm represents the matrix logarithm, and the value of k
determines the frequency step used to compute the derivative
of T. In our calculations, we set k = 4, corresponding to a
frequency step of 2 GHz. From QT , we derive the generalized
MD vector �τT , which consists of the D = 63 complex-valued
components shown in Fig. 2. Despite the link has an average
MDL of about 2.9 dB, the magnitude of the imaginary part of
�τT is significantly smaller (about two orders of magnitude) than
the real part. For this reason in the following we focus on the
real part of the MD vector.

As discussed in the previous section, the first 3N components
of �τT correspond to the delays among the polarization compo-
nents of each spatial mode, while the last N − 1 components
of �τT are related to the delays between the spatial modes [5].
As it is evident from Fig. 2, these last three components have
non-zero averages. Following the analysis made in Section II-A,
these non-zero average values are due to the scalar delays �τout

that appear in (7), which can be attributed to a non perfect
compensation of the lengths of the delay network at the receiver
side of the experimental setup. Similarly, by considering TT

and examining the reciprocal scenario, we can obtain the com-
ponents of �τin, highlighting the possible delays caused by the
patch cords of the input network.

Fig. 3(a) and (b) show the D elements of �τin and �τout, respec-
tively, calculated by averaging �τB(ω) and �τT (ω). These values
are obtained by averaging not only with respect to frequency,
but also over the 100 measurements of the link taken at different
times. The standard deviation of these averages is about 0.82 ps,
and this small value is indicative of the remarkable stability of
the deployed fiber link. In both Fig. 3(a) and (b), the last three
components are associated to the scalar skews according to (5).
Inverting this expression and setting the skew of the first core
to 0 as a reference, the skews of the other cores range from
a few ps to a few tens of ps, corresponding to differences in
length of the order of millimeters. They are attributed to the
presence of multiplexers and imperfections in the calibration of
the delay network. However, these two effects are not physically
distinguishable from each other. Despite being inseparable, it
is highly unlikely that these skews originate from the fiber.
Therefore, it is practically certain that they stem from the mea-
suring apparatus. Additionally, in Fig. 3(a), we observe peaks
in the first components of �τin, which arise from the polarization
delay incorporated into the setup (transmitter side) that may not
have been perfectly calibrated. Nevertheless, as discussed in the
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Fig. 2. Real and imaginary part of the D = 63 components of �τT as a function of the measurement frequency.

Fig. 3. (a) Computed values of the components of �τin and (b) �τout.

previous section, once these skews have been measured, their
effect can be removed from the transfer matrix, enabling the
analysis of the MD affecting only the C4CF. This analysis is
presented in the following sections.

A. Correlation of the Modal Dispersion Vector

The statistical properties of the MD vector �τ(ω) of a fiber
link in the long-length regime, i.e., in a condition of complete
mode mixing, have been analyzed in [7]. Specifically, the two-
frequency correlation functions of �τ are

r�τ,�τ (Δω) = 〈�τ(ω) · �τ(ω +Δω)〉

=
D

Δω2

{
1− exp

[
−τ2Δω2

D

]}
, (11)

r�τ,�τ ∗(Δω) = 〈�τ(ω) · �τ ∗(ω +Δω)〉

=
Dτ2

Δω2τ2 − α2

{
1− exp

[
−Δω2τ2 − α2

D

]}
,

(12)

where the coefficients τ2 and α2 can be obtained by evaluating
the correlations at Δω = 0 as follows:

〈�τ · �τ〉 = τ2 , 〈�τ · �τ ∗〉 = Dτ2

α2

(
e

α2

D − 1
)
. (13)

Applying these formulas to the measured values of �τ (and
recalling that D = 63), we find τ ≈ 0.187 ns and α ≈ 1.717.
These values are used to compute the theoretical correlation
given in (11) and (12), and the results are shown in Fig. 4 by the
black dashed curves. In the same graphs, the solid lines are the
real (blue) and imaginary (red) part of the experimental estimates
of r�τ,�τ (Δω) and r�τ,�τ ∗(Δω). The figure shows that there is an
excellent agreement between theory and experiment: the real
parts of the experimental correlation functions overlap with the
plots of (11) and (12), while their imaginary parts are almost
vanishing, consistently with the theory.

It is worthwhile remarking that the theoretical expressions
(11) and (12) are real, regardless of whether the link has MDL
or not, despite the MD vector �τ is complex in the latter case.
As a further check of the consistency of the experimental data
with the theory, we recall that the parameter α is related to the
average MDL through [7]

〈MDLdB〉 = g(N) · α , (14)
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Fig. 4. Real and imaginary part of the autocorrelation functions (a) 〈�τ · �τ〉
and (b) 〈�τ · �τ ∗〉 versus frequency. The dashed black lines refer to the theoretical
expressions in (11) and (12).

Fig. 5. Marginal PDF of the GDs. Solid blue curve: experimental estimate;
dashed red curve: theoretical expression.

where g(N) is a coefficient (with a cumbersome expression
given in [7]) that depends only on the number of propagat-
ing spatial modes. In the present case g(4) ≈ 1.69, which for
α ≈ 1.717 yields 〈MDLdB〉 ≈ 2.9 dB, in good agreement with
the measurement reported in [16].

B. Group Delay Analysis

Another important information that can be retrieved from
the MD matrix, Q, are the group delays (GD) of the princi-
pal propagating modes [22], [23], which are the real part of
the eigenvalues of Q. Fig. 5 shows the experimental marginal
PDF, with the characteristic eight peaks associated to the eight
principal states. The result is in very good agreement with the
theoretical expression (shown by the dashed curve) reported
in [23], despite this has been calculated under the assumption
of no MDL. Analyzing the statistical properties of each single
GD is not as straightforward, because in general the eigenvalues
of Q do not have a natural sorting with respect to frequency.
Nevertheless, in the strong mode coupling regime the joint PDF
of the GDs is always zero whenever any two GDs are equal (see

Fig. 6. (a) Experimental GDs as a function of frequency. (b) Zoomed-in view
of the shadowed area.

Fig. 7. PDFs of the individual GDs. Colors correspond to the ones used in
Fig. 6.

Eq. (16) in [22]). This implies that the trajectories of the GDs
as a function of frequency do not cross each other, and can be
drawn by sorting (with respect to their real part) the eigenvalues
of Q at each frequency. Fig. 6(a) shows the sorted GDs as a
function of frequency over the whole measurement band, while
Fig. 6(b) shows a zoomed-in portion of the graph. Indeed, these
experimental curves provide a qualitative confirmation that in
strong mode coupling regime GD trajectories do not cross each
other. As a further support, Fig. 7 shows the PDF of the individual
GDs. While we are not aware of analytical expressions for these
PDFs, they resemble the analytical result obtained for lower
numbers of modes [22], [23].

V. PROPERTIES OF TRANSFER MATRIX F

Once the effect of the patch-cords used in the experimental
setup is removed as described in Section II-A, the extracted
matrixF can be used to evaluate the fiber IIR [9], which provides
a convenient description of the mode dispersion properties of the
fiber. In principle, the IIR of a fiber is determined by launching a
frequency-flat broadband signal into the fiber, exciting only one
mode, and measuring the total output power by summing the
powers across all the modes. By sequentially exciting different
modes and averaging the received power signals, we obtain the
quantity of interest, denoted as I(t). Mathematically, I(t) can
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Fig. 8. Comparison of the experimental IIR (solid line) with the theoretical
expression (dashed line) from (16).

be expressed as:

I(t) =
1

2N
Trace[H(t)H†(t)], (15)

where H(t) represents the inverse Fourier transform of the
transfer matrix F(ω). In the regime of strong mode mixing, the
average IIR is given by [7]:

Ĩ(t) = I0 exp

(
−2N2t2

τ2

)
, (16)

where I0 is a normalization constant accounting for gain and
loss, and τ is the same RMS GD introduced in (13).

Fig. 8 shows the normalized IIR calculated from the experi-
mental data (solid curve), and the best fitting theoretical curve
according to (16) (dashed curve); the two curves have an ex-
cellent agreement. The best fitting is obtained for τ ≈ 0.185 ns,
which is in very good agreement with the measure of τ provided
by the analysis of the correlation functions (see Section IV-A).

VI. CONCLUSION

We reported an extensive experimental characterization of
the statistical properties of the MD of a field-deployed MCF
link. The analysis of the complex MD vector enables a clear
characterization of the skews of the optical link. We have also
described a procedure to remove the effects of these skews
when they are caused by the input or output multiplexers.
This correction process along with the subsequent analyses of
intensity impulse response and modal group delays, highlights
the remarkable accuracy of the statistical model of MD in
strong mode coupling regime. These results provide insights for
further optimization and design of SDM transmission systems
using multi-core fibers, with the potential to improve fiber-optic
communication capacity and performance.

APPENDIX

RANDOM COUPLING MODEL

The propagation of light through an optical fiber is described
by a linear operator F(z, ω), such that

�E(z, ω) = F(z, ω) �E(0, ω). (17)

When considering the propagation in the frequency domain,
F(z, ω) can be conveniently represented by a 2N × 2N

frequency-dependent matrix, unitary at each frequency in the
absence of MDL. The frequency evolution of F(z, ω) has been
detailed in Section (II), while its spatial evolution can be ex-
pressed as

∂F(z)

∂z
= iB(z)F(z). (18)

where B(z) is a frequency-dependent Hermitian matrix repre-
senting the coupling among the propagating modes. Extending
the Pauli-matrix formalism to model the multi-mode propaga-
tion yields [5]

B(z) =
β0I+ �β · �Λ

2N
, (19)

with the dependence of β0 and �β on z and ω suppressed for
simplicity. Notably, β0 introduces a phase delay common to all
the propagation modes, which is immaterial to our MD study
and, therefore, can be set to zero. The vector �β is a generalization
of the birefringence vector, as it describes the local coupling
among the various modes. Similar to the components of �τ , the
first N triplets of the components of �β correspond to the bire-
fringence vectors of the N individual propagation modes, while
the remaining components represent coupling among the spatial
modes. In [7], the statistical properties of MD have been studied
describing the mode coupling vector �β(z) as white Gaussian
noise. In principle, the applicability of the white noise model
holds when the correlation length of the mode coupling vector is
significantly smaller than the overall system length, which is the
case analyzed in this work. Using this assumption implies that
the distribution of F is independent of ω and that the statistics
of the two-frequency product F†(z, ω1)F(z, ω2) depends only
on the frequency difference ω2 − ω1. These properties serve to
demonstrate the wide-sense stationarity of the matrix F with
respect to frequency, a well-established concept in the context
of PMD studies in SMF systems [24].
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