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Abstract—Non-Hermitian sensors have been widely studied for
the enhanced response of their eigenvalues in the proximity of ex-
ceptional points. However, it has been shown that noise is enhanced
in the same way as sensitivity, thus vanishing the advantages of the
exceptional point. Recently, the idea of measuring the frequency
splitting of transmission peaks of a non-lasing PT-symmetric sensor
has shown the possibility of increasing the signal-to-noise ratio of
a sensor close to the so called “transmission peak degeneracy”,
with respect to an operating condition away from it. Here we
analyze a non-Hermitian optical gyroscope, demonstrating that
also anti-PT-symmetric Hamiltonians show an enhanced trans-
mission peaks frequency splitting in the proximity of the trans-
mission peak degeneracy. We also perform an analysis on noise
and uncertainties and introduce new figures of merit to compare
the proposed anti-PT-symmetric sensor with a classical resonant
optical gyroscope. When the uncertainties due to fluctuations of
parameters are negligible with respect to the uncertainties due to
amplitude noise, the non-Hermitian sensor working at the trans-
mission peak degeneracy is demonstrated to operate better than a
classical resonant gyroscope in terms of signal-to-noise ratio.

Index Terms—Exceptional points, gyroscopes, noise,
non-Hermitian, PT-symmetry, resonators, signal-to-noise ratio,
transmission peak degeneracy.

I. INTRODUCTION

THE widespread interest in exceptional points (EPs) of
non-Hermitian (NH) Hamiltonians, especially for sensing

applications [1], [2], takes its origin from the pioneering research
by Bender et al. [3]. In particular, it was demonstrated that
a particular form of non-Hermitian Hamiltonians commuting
with the joint operations of parity (P) and time (T) operators
shows real eigenvalues. One of the interesting properties of these
systems is the presence of an exceptional point, representing the
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degeneracy where the eigenvalues and the corresponding eigen-
states coalesce simultaneously. The strong spectral response of
the eigenvalues in the proximity of EPs inspired a lot of research
works for sensing applications, especially with photonic [4], [5],
[6], [7], [8], [9], [10], [11], [12], [13] and electronic approaches
[14], [15], [16]. Specifically in photonics, NH Hamiltonians have
been mainly applied to angular velocity sensing [17], [18], [19],
[20], [21], [22] and particle sensing [23], [24], [25], [26], [27].

In 2 × 2 NH Hamiltonians working at the EP, the eigenvalue
splitting depends on the square root of the applied perturba-
tion, thus showing an enhanced sensitivity for small values of
perturbations. However, recently it has been shown that the
simultaneous divergence of the noise and of the sensitivity of
the eigenfrequency splitting at the EP cancels the advantage of
non-Hermitian sensing [28], [29], [30], [31].

To overcome this problem, a non-lasing PT-symmetric elec-
tronic accelerometer coupled to a transmission line has been
realized [32]. Using the frequency splitting of the transmission
peaks as the output of the sensor, rather than eigenfrequency
splitting, has been shown to enhance the signal-to-noise ratio.
In particular, the transmission peak frequencies collapse at a
design condition called “transmission peak degeneracy” (TPD),
where the sensitivity diverges. In this way the authors were able
to separate the condition of the divergence of the sensitivity
(corresponding to the TPD) from the condition of divergence
of the noise (corresponding to the EP). In this work we apply
the concept of the TPD to anti-PT-symmetric Hamiltonian for
angular velocity sensing. We show that also anti-PT-symmetric
systems show a TPD distinct from the EP, thus making it possible
to enhance the signal-to-noise ratio. Moreover, we demonstrate
that it is possible to set the TPD (and consequently the maxi-
mum sensitivity) in condition of null perturbation (zero angular
velocity). Then, we propose a new approach for comparing the
TPD-based sensor to a classical configuration of the same sensor.
In our analysis, we demonstrate that for certain operating condi-
tions a non-Hermitian gyroscope shows better performance than
a classical resonant gyroscope in terms of signal-to-noise ratio.

II. MODELLING

A. Non-Hermitian Hamiltonian

In [32] it has been experimentally demonstrated that working
next to a TPD of a non-Hermitian Hamiltonian can increase the

© 2023 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see
https://creativecommons.org/licenses/by/4.0/

https://orcid.org/0000-0003-0612-7742
https://orcid.org/0000-0002-3876-946X
https://orcid.org/0000-0003-0802-4464
mailto:martino.decarlo@poliba.it
mailto:francesco.deleonardis@poliba.it
mailto:vittorio.passaro@poliba.it
mailto:vittorio.passaro@poliba.it
https://doi.org/10.1109/JLT.2023.3319036


DE CARLO et al.: ANTI-PT-SYMMETRIC OPTICAL GYROSCOPE AT THE TRANSMISSION PEAK DEGENERACY 937

Fig. 1. Rendering of the non-Hermitian optical gyroscope with labels indicating the input and output signals.

signal-to-noise ratio of a sensor. In particular, a quasi-parity-time
symmetric effective Hamiltonian has been set up, in order to
obtain a transmission peak degeneracy distinct from the excep-
tional point (EP). Here we want to demonstrate the feasibility of
an anti-PT-symmetric gyroscope with the architecture proposed
in Fig. 1. In order to simultaneously consider the signal and
noise inputs, the device is modelled as an open system with two
optical resonators and five total ports (three physical buses and
two phantom buses connecting the resonators with the gain/loss
reservoirs). The amplitude vector:

a =

(
a1
a2

)
(1)

represents the amplitudes inside the optical cavity, normalized
such that |a1(2)|2 corresponds to the energy stored in the first
(second) resonators. Using the temporal coupled-mode theory
formalism for optical resonators, we can write [22], [32], [33]:

da

dt
= jH0a+KTx (2)

y = Cx+Ka (3)

with H0 the effective Hamiltonian, K the 5 × 2 coupling matrix,
C a 5 × 5 scattering matrix, x the exciting incoming waves, y the
outgoing waves. In particular, H0, x and y can be written as (in
the linear hypothesis, i.e., much below the saturation conditions)
[32], [33]:

H0 =

(
ω1 + 2jγe ± jγ0 jγe

jγe ω2 + 2jγe ± jγ0

)
(4)

x =

⎛
⎜⎜⎜⎜⎝
sin + ni1

nic

ni2

nγ1

nγ2

⎞
⎟⎟⎟⎟⎠ ,y =

⎛
⎜⎜⎜⎜⎝

y1
yc
y2
yγ1
yγ2

⎞
⎟⎟⎟⎟⎠ . (5)

In particular, ω1(2) is the isolated resonance of the first (sec-
ond) resonator, γo represents the intrinsic loss rate (with the “+”
sign) or intrinsic gain rate (with the “-” sign) of each resonator,
whereas γe is the loss rate due to the coupling with each of

the two buses adjacent to each resonator. Then, sin is the input
amplitude wave (normalized such that |sin|2 represents the input
power), and ni1, ni2 and nic are the input noise amplitudes arising
from the coupling with external physical buses, whereas nγ1
and nγ2 are the input amplitudes of the noise arising from the
coupling with the gain/loss reservoirs (Fig. 1). Finally, y1, y2, yc
are the output amplitudes at the physical buses, and yγ1 and yγ2
are the output amplitudes at the gain/loss reservoirs.

According to the constraint CK∗ = -K [33], we set C and K
as [32]:

C =

⎛
⎜⎜⎜⎜⎝
−1 0 0 0 0
0 −1 0 0 0
0 0 −1 0 0
0 0 0 −1 0
0 0 0 0 −1

⎞
⎟⎟⎟⎟⎠ (6)

K =

⎛
⎜⎜⎜⎜⎝

√
2γe 0√
2γe

√
2γe

0
√
2γe√

2γo 0
0

√
2γo

⎞
⎟⎟⎟⎟⎠ (7)

with (2γe)
1/2 the mutual coupling between each physical bus

and each resonator next to it and (2γo)
1/2 the mutual cou-

pling between each gain/loss reservoir and the corresponding
resonator.

By setting γt = 2γe ± γ0, κ0 = γe, ω0 = (ω1 + ω2)/2 and
Δ = (ω1 – ω2)/2, we obtain:

H0 =

(
ω0 +Δ+ jγt jκ0

jκ0 ω0 −Δ+ jγt

)
. (8)

In (2) H0 plays the role of an effective Hamiltonian in unper-
turbed conditions (at rest), and it is anti-parity-time-symmetric
(PTH0(PT)-1 = -H0). To take into account the rotation, we add
an opposite perturbation ϵ1(2) on the resonance frequencies [17]
(due to the Sagnac effect). For simplicity we will assume the two
resonators to have almost the same area and perimeter, so the
perturbation is considered to be the same on the two resonators
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(ϵ = ϵ1 ≈ ϵ2). The perturbed Hamiltonian will be expressed as:

H =

(
ω0 +Δ+ jγt + ε jκ0

jκ0 ω0 −Δ+ jγt − ε

)
. (9)

In this case, H represents the effective Hamiltonian in the
perturbed condition (during rotation).

B. Non-Hermitian Gyroscope

The eigenfrequencies are immediately obtained from the
secular equation (H – ωeigI = 0, with I the identity matrix)
as:

ωeig = ω0 + jγt ±
√

(ε+Δ)2 − κ2
0. (10)

An EP arises for

εEP = −Δ± |κ0| . (11)

Whereas the lasing threshold is obtained for Im{ωeig} = 0:

εL = −Δ±
√
κ2
0 − γ2

t (12)

with

(ε+Δ)2 − κ2
0 < 0. (13)

In order to calculate the transfer function of the system when
is subject to a rotation, we calculate the Green’s Matrix,

G = (H − ωI)−1 (14)

whose elements are:

G11 =
ω0 −Δ+ jγt − ε− ω

(ω − ω0 − jγt)
2 − (Δ + ε)2 + κ2

0

(15a)

G12 = G21 =
−jκ0

(ω − ω0 − jγt)
2 − (Δ + ε)2 + κ2

0

(15b)

G22 =
ω0 +Δ+ jγt + ε− ω

(ω − ω0 − jγt)
2 − (Δ + ε)2 + κ2

0

. (15c)

The transfer function T12 = |y2/sin|2 is obtained as:

T12 = |S12|2 = 4γ2
e |G12|2

=
4γ2

eκ
2
0(

(−ω0 + ω)2 − γ2
t − (Δ + ε)2 + κ2

0

)2
+ 4γ2

t (ω − ω0)
2
.

(16)

We can easily calculate the peak frequencies (ωp), i.e., the
angular frequencies for which the transfer function T12 has
transmission peaks, for:

dT12

dω
= 0. (17)

After defining ξ = (ε+Δ)2 − κ2
0 − γ2

t , we obtain the peak
frequencies as:

ωp =

{
ω0 for ξ < 0

ω0 ±
√

(ε+Δ)2 − κ2
0 − γ2

t for ξ > 0
. (18)

The transmission peaks frequencies are easily measurable at
the output of the device. Two transmission peak degeneracy
points (TPDs) arise for:

ε = εTPD1 = −Δ+
√
κ2
0 + γ2

t (19a)

ε = εTPD2 = −Δ−
√
κ2
0 + γ2

t (19b)

and the peak frequencies can be written as:

ωpa(b)
=

{
ω0 for ξ < 0

ω0 ±
√

(ε− εTPD1) (ε− εTPD2) for ξ > 0
.

(20)

In this case, it is evident that the peak frequencies show a
square root dependence in the proximity of ε = εTPD1(2). This
condition corresponds to the degeneracy of the transmission
peaks. There are two interesting conditions for the design of
the device:

1) ϵEP = 0
2) εTPD1(2) = 0
The case with ϵEP = 0 with Δ2 = κ2, has been usually con-

sidered [20], [22] for the design of EP-based anti-PT-symmetric
gyroscopes. However, to guarantee the maximum sensitivity of
the gyroscope in the proximity of zero angular velocity, we set
ϵTPD1 = 0. This means that our design condition becomes:

Δ2 = κ2
0 + γ2

t . (21)

From an experimental point of view, the tuneability of the
parameter γt is enough to ensure the possibility of achieving the
TPD for εTPD1(2) = 0.

C. Signal Enhancement

In order to evaluate the performance of a TPD, we define the
signal scale factor as [32]:

SSFTPD (ε) =

∣∣∣∣12 d (Δωp)

dε

∣∣∣∣
2

(22)

with

Δωp =

{
0 for ξ < 0

2
√

(ε+Δ)2 − κ2
0 − γ2

t for ξ > 0
. (23)

The SSFTPD is equal to:

SSFTPD (ε) =

{
0 for ξ < 0

(ε+Δ)2

(ε+Δ)2−κ2
0−γ2

t

for ξ > 0
. (24)

The SSFTPD diverges at ε = εTPD1(2). In the same way, we
can define a scale factor evaluating the eigenfrequency splitting
as signal:

SSFEP (ε) =

∣∣∣∣12 d (Δωeig)

dε

∣∣∣∣
2

(25)

with:

Δωeig = 2

√
(ε+Δ)2 − κ2

0. (26)
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It results:

SSFEP (ε) =
(ε+Δ)2∣∣∣(ε+Δ)2 − κ2

0

∣∣∣ . (27)

Clearly, the SSFEP diverges at the EP.

D. Amplitude Noise

The properties of the non-Hermitian Hamiltonian, in the
presence of noise, can be analyzed by considering the amplitude
noise sources in the coupled mode theory [33] with a semiclas-
sical approach. In particular, we will consider the five different
input noises shown in (5): three of them (ni1, ni2 and nic) arise
from the coupling with external physical buses, whereas two of
them (nγ1 and nγ2) arise from the coupling of the system with
the gain/loss reservoirs. By using (2), (3) (with H instead of H0)
and (14) we obtain in the harmonic regime:

y =
(
C + jKGKT

)
x . (28)

Using (5) and (28) with sin = 0 and evaluating the output
signal noise at the output of the second bus, no = y2, we obtain:

no = j
√

2γe
√

2γeG21ni1 + j
√

2γe
√

2γe (G21 +G22)nic

+
(
−1 + j

√
2γe
√

2γeG22

)
ni2 + j

√
2γe
√

2γoG21nγ1

+ j
√

2γe
√

2γoG22nγ2. (29)

Recalling that the properties of the noise sources are described
by their correlations [32], here we calculate the output noise
spectral density due to amplitude noise, with the same approach
used in [32]. By knowing that independent sources of noise
are uncorrelated, and assuming the same input noise spectral
density for the three physical buses (Sn

i ) and the same input noise
spectral density for the two gain/loss reservoir contributions
(Sn

γ ), we can express the output noise spectral density (Sn
o ) as:

Sn
o = ASn

i +BSn
γ (30)

with

A = 1 + 4γeIm (G22) + 4γ2
e

(
|G22|2 + |G21|2

)
+ 4γ2

e |G21 +G22|2 (31a)

B = 4γeγo

(
|G21|2 + |G22|2

)
. (31b)

III. FREQUENCY UNCERTAINTIES

A. Uncertainties Due to Amplitude Noise

In order to evaluate the uncertainty on the peak frequency
splitting detection due to the amplitude noise modelled in the
previous paragraph, we have used the same approach as in
[32]. The readout of the sensor is based on the measurement
of the transmission spectrum and on the measurement of the
difference between the frequencies of the transmission peaks.
The frequency uncertainty on the measurement of each trans-
mission peak frequency is proportional to the linewidth (Γ) of
the transmission peaks [32]. The proportionality term between
the frequency uncertainty and the linewidth depends on several

parameters of acquisition and on the noise-to-signal ratio. We
have assumed, as in [32], that the proportionality factor between
the squared frequency uncertainty (at the transmission peaks)
and the squared linewidth is dominated by the noise-to-signal
ratio, evaluated at the frequencies of the transmission peaks [32],
as:

(
σN
Δω

)2 ∝ Γ2 (ε)

(
Sn
o (ω = ωpa

) + Sn
o (ω = ωpb

)

|sin|2
∣∣S12

(
ω = ωpa(b)

)∣∣2
)

(32)

where the sum of the variances of the uncorrelated peak frequen-
cies holds. Hereinafter, the proportionality coefficient between
the left and right terms of (32) will be MS. The linewidth (Γ)
has been calculated as:

Γ(ε) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

√
ξ +

√
2

√
γ4
t +

(
(Δ + ε)2 − κ2

0

)2
, for ξ < 0√

ξ ± 2γt

√(
(Δ + ε)2 − κ2

0

)
−√

ξ, for ξ > 0

.

(33)

B. Uncertainties Due to Parameters Fluctuations

Another important source of uncertainty on the peak splitting
measurement is the effect of the uncertainty of Δ, κ0 and γt on
the peak splitting. We can calculate their relevant fluctuations
scale factors:

FSFΔ =

∣∣∣∣dΔωp

dΔ

∣∣∣∣
2

=
4(ε+Δ)2

(ε+Δ)2 − κ2
0 − γ2

t

(34a)

FSFκ0 =

∣∣∣∣dΔωp

dκ0

∣∣∣∣
2

=
4κ2

0

(ε+Δ)2 − κ2
0 − γ2

t

(34b)

FSF γt =

∣∣∣∣dΔωp

dγt

∣∣∣∣
2

=
4γ2

t

(ε+Δ)2 − κ2
0 − γ2

t

. (34c)

So, the uncertainty of the output splitting due to the fluctua-
tions on the l-th (with l = Δ, κ0, γt) parameter will be:(

σl
Δω

)2
= FSF l(σl)

2. (35)

So, the total uncertainty will be given by:(
σT
Δω

)2
=
(
σN
Δω

)2
+
(
σΔ
Δω

)2
+ (σκ0

Δω)
2 + (σγt

Δω)
2
. (36)

Considering for simplicity a design with κ0 >> γt, we can
assume (σκ0

Δω)
2 � (σγt

Δω)
2, so that:(

σT
Δω

)2 ≈ (σN
Δω

)2
+
(
σΔ
Δω

)2
+ (σκ0

Δω)
2 =

(
σN
Δω

)2
+
(
σF
Δω

)2
(37)

where σF
Δω represents the fraction of uncertainty related to the

fluctuations of κ0 and Δ.

C. Comparison With a Classical Resonant Sensor

In order to evaluate the performance of the TPD-based sensor,
we consider a new device with the same effective Hamiltonian,
but with null coupling strength, thus making the two resonators
uncoupled. This can be physically imagined as separating the
two resonators, duplicating the intermediate bus and reading
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Fig. 2. Schematic of the anti-PT-symmetric gyroscope (a) and of the uncoupled architecture with two resonators (b), with labels of input signals and noises, and
output signals.

the output at the drop port of each resonator (see Fig. 2). The
uncoupled effective Hamiltonian becomes:

Hu =

(
ω0 +Δ+ jγt + ε 0

0 ω0 −Δ+ jγt − ε

)
. (38)

In this case the two resonators can be studied separately,
leading to two different peak frequencies (equal to the real part
of the eigenfrequencies, in this case):

ωua
= ω0 +Δ+ ε (39a)

ωub
= ω0 −Δ− ε (39b)

with linewidth:

Γu = γt (40)

and the elements of the Green’s matrix:

Gu11 =
1

ω0 +Δ+ jγt + ε− ω
(41a)

Gu12 = Gu21 = 0 (41b)

Gu22 =
1

ω0 −Δ+ jγt − ε− ω
. (41c)

The input-output transmission at the drop ports of each res-
onator is found as (with xin the input signal and yc1(2) the output
signal at the drop port):

T1d,u = |yc1/xin|2 = 4γ2
e |Gu11|2 (42a)

T2d,u = |yc2/xin|2 = 4γ2
e |Gu22|2. (42b)

We can then define a signal scale factor for the uncoupled
Hamiltonian:

SSFu =

∣∣∣∣12 d (Δωu)

dε

∣∣∣∣
2

= 1 (43)

with Δωu = ωua − ωub. The noise amplitudes at the drop port
of each resonator become:

nu1 = j
√

2γe
√

2γeGu11ni1

+
(
−1 + j

√
2γe
√

2γeGu11

)
nic1

+ j
√

2γe
√

2γoGu11nγ1 (44a)

nu2 = j
√

2γe
√

2γeGu22ni2

+
(
−1 + j

√
2γe
√

2γeGu22

)
nic2

+ j
√

2γe
√

2γoGu22nγ2 (44b)

and the noise spectral density:

Sn
o,u1

= Au1 S
n
i +Bu1S

n
γ (45a)

Sn
o,u2

= Au2 S
n
i +Bu2S

n
γ (45b)

with

Au1 = 4γ2
e |Gu11|2 + |−1 + j2γeGu11|2 (46a)

Bu1 = 4γeγo|Gu11|2 (46b)

Au2 = 4γ2
e |Gu11|2 + |−1 + j2γeGu22|2 (46c)

Bu2 = 4γeγo|Gu22|2. (46d)

Considering the two uncoupled rings, each of them is supplied
with half of the power (0.5|sin|2) of the anti-PT-symmetric
version (see Fig. 2) for comparison reason (same total input
power as in the anti-PT-symmetric version).

The squared uncertainty on the difference between ωua and
ωub is:

(
σN
Δω,u

)2 ∝ Γ2
u (ε)

Sn
o,u1

(ω = ωua
) + Sn

o,u2
(ω = ωub

)
1
2 |sin|2|S1d,u|2

(
ω = ωua(b)

) .

(47)
The proportionality coefficient between the left and right

terms is MS.
Now we also include the effect of fluctuations of design

parameters. In this case the only effect is due to the fluctuations
of Δ. We define the fluctuations scale factor in the uncoupled
system (FSFu):

FSFu =

∣∣∣∣dΔωu

dΔ

∣∣∣∣
2

= 4 (48)
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TABLE I
PARAMETERS USED IN SIMULATIONS

The uncertainty on the output splitting in the uncoupled case is:(
σΔ
Δω,u

)2
= FSFu(σΔ)

2. (49)

Finally, the total uncertainty in the uncoupled sensor is:(
σT
Δω,u

)2
=
(
σN
Δω,u

)2
+
(
σΔ
Δω,u

)2
. (50)

Eventually we define two metrics to compare the TPD-based
sensor and the sensor realized with uncoupled resonator:

χΔω =
SSFTPD

SSFu
(51a)

χσ =

(
σT
Δω

)2(
σT
Δω,u

)2 . (51b)

In particular χΔω (χσ) represents the enhancement of the
frequency peak splitting (uncertainties) of a TPD-based sen-
sor with respect to the uncoupled case. If the ratio between
them, χΔω/χσ , is higher than 1, it means that setting up a
non-Hermitian system for sensing shows a better signal-to-noise
ratio than a classical (uncoupled) sensor. Hereinafter, we will
refer to the uncoupled version as the “classical” sensor.

IV. NUMERICAL SIMULATIONS

In this section the results of some numerical simulations
are shown. In particular, we will consider, without losing any
generality, the parameters in Table I.

The color plot in Fig. 3 shows the transmission T12 as a
function of the normalized frequency difference (ω-ω0)/ω0 and
of the perturbation ϵ applied to the resonators, due to rotation. It
is evident that for ϵ> ϵTPD = 0 the frequency peaks (red dashed
lines) diverge as the square root of the perturbation. In the same
graph also the eigenfrequencies are shown (black dash-dotted
lines). As expected, they diverge between each other according
to a square root dependence around ϵ = ϵEP.

Fig. 4 shows the signal scale factor of the peak frequency
splitting (SSFTPD) and the signal scale factor of the eigenfre-
quencies (SSFEP). As expected, the signal scale factor related
to the eigenfrequencies diverges at the exceptional point. And it
is evident that the SSFTPD diverges at a different value of the
perturbation (ϵTPD), so explaining the advantage of using the
frequency splitting between transmission peaks as the output of
the sensor.

Fig. 3. Transmission T12 = |y2/sin|2 as a function of normalized frequency
detuning from ω0 and of the normalized perturbation (ϵ/ω0).

Fig. 4. SSFTPD and SSFEP as a function of the normalized perturbation.

Fig. 5 shows the output noise spectral density, divided by
the sum of the power spectral density at the input bus and at the
gain/loss reservoir (Sn

i + Sn
γ ), for two values ofSn

γ /S
n
i . It can be

noted that the output noise at the transmission peak frequencies
diverges at the lasing frequency. The curves in Fig. 5 for different
ratios Sn

γ /S
n
i result to be superposed, because of the simulation

hypothesis κ0>> γt.
The bi-logarithmic graph in Fig. 6 shows the different un-

certainties on the peak frequency splitting in the non-Hermitian
gyroscope (solid lines) and in the classical one (dashed lines),
as a function of the perturbation in the proximity of the TPD
(ε → εTPD). All the uncertainties are normalized to the central
frequency ω0 and the ones due to amplitude noise (σN

Δω and

σN
Δω,u) are further normalized to M

1/2
S . In particular, the un-

certainties on the peak frequency splitting due to parameters
fluctuations (σF

Δω and σF
Δω,u) are shown with blue, red and

yellow curves. Instead, the uncertainties on the peak frequency
splitting due to amplitude noise (σN

Δω andσN
Δω,u) are shown with
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Fig. 5. Output noise spectral density at the transmission peak frequencies with
a semiclassical approach divided by the sum of the power spectral density at the
input bus and at the gain/loss reservoir (Sn

i + Sn
γ ), for two values of the ratio

Sn
γ /S

n
i .

Fig. 6. Different sources of uncertainties in the non-Hermitian gyroscope
(solid lines) and in the classical one (dashed lines), as a function of the
perturbation in the proximity of the TPD (ϵ = ϵTPD), for a fixed ratio Sn

γ /S
n
i

equal to 10 and |sin|2/(Sn
i + Sn

γ ) equal to 20 dB.

black curves. The simulations related to the uncertainties on the
peak frequency splitting due to parameters fluctuations (σF

Δω and
σF
Δω,u) have been performed for different values of the relative

uncertainties of the design parameters (σκ0/κ0 and σΔ/Δ, that
for simplicity have been considered to be the same). The chosen

Fig. 7. Ratio between χΔω and χσ for different values of uncertain-
ties due to fluctuations of parameters, for a ratio Sn

γ /S
n
i equal to 10 and

|sin|2/(Sn
i + Sn

γ ) equal to 20 dB. Above unity (dashed line) the NH sensor
has a better signal-to-noise ratio than a classical sensor. The simulations are
performed for MS = 1. To estimate the linear dependence of χΔω /χσ from MS,
for ε → εTPD, (51) and (46) can be used.

values for these relative uncertainties of the design parameters
(σκ0/κ0 and σΔ/Δ) have been chosen according to literature:
the measurements in [34] suggest a worst-case approximation of
the relative uncertainty of the coupling strength of an InP-based
coupler lower than 1%, while the measurements in [35] suggest
a worst-case approximation for the relative uncertainty of the
resonance of a silicon resonator (proportional to the relative
uncertainty of resonance half difference Δ) of 005%. Thus, we
can conclude that the analyzed range of relative uncertainties of
parameters (from 0.05% to 5%) in Fig. 6 can be representative of
experimental data of resonators in different mature technologies.
In order to compare the effects of the uncertainty on the peak
frequency splitting due to amplitude noise and the one due
to parameters fluctuations, the ratio Sn

γ /S
n
i is set to 10 and

|sin|2/(Sn
i + Sn

γ ) is set to 20 dB in all the simulations.
From Fig. 6 it can be seen that for ϵ>> κ0 the uncertainty on

the peak frequency splitting due to amplitude noise in the NH
case (σN

Δω) increases for increasing values of ϵ. Intuitively, this
trend depends on the fact that for ϵ >> κ0 the transfer function
T12 (equal to |y2/sin|2) reduces as the perturbation increases
(see (16) and (32)).

It is worth noting that by considering y1 as the output in both
the configurations (see Fig. 2(a) and (b)), the transfer function
and the uncertainties on the peak frequency splitting tends to be
equal for the NH and the uncoupled configurations when ϵ >>
κ0, thus confirming the validity of the model.

Finally, Fig. 7 shows the ratio betweenχΔω andχσ , assuming
Sn
γ /S

n
i = 10 and |sin|2/(Sn

i + Sn
γ ) = 20 dB. The ratio χΔω/χσ

is a useful way to compare the performance of a NH anti-PT-
symmetric gyroscope with classical resonant gyroscopes. A ratio
higher than unity demonstrates the clear advantage of the use of
a NH gyroscope with respect to a classical one. In simulations,
different values of the relative uncertainty on the parameter Δ
have been considered for the classical ring resonator gyroscope.
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The same value of relative uncertainty has been considered for
both the parameter Δ and κ0 in the anti-PT-symmetric case.
The value of the uncertainties used for the simulations in Fig. 7
corresponds to those analyzed in Fig. 6.

The simulations show that when the uncertainties related
to the fluctuations of the design parameter Δ (and κ0) are
lower than the uncertainty due to the amplitude noise in the
classical configuration (σκ0, σΔ << σN

Δω,u, blue and red curves
in Fig. 6), an anti-PT-symmetric system operating close to TPD
can perform better than the classical sensor (uncoupled version)
in terms of signal-to-noise ratio.

It is possible to notice that for ε → εTPD, the ratio χΔω/χσ

tends to a constant value. In particular, since for ε → εTPD, the
uncertainty due to fluctuations is much higher (diverges at TPD)
than the uncertainty due to amplitude noise (σF

Δω >> σN
Δω close

to TPD), the ratio χΔω/χσ can be approximated as:

χΔω

χσ
≈ (εTPD +Δ)2

4(εTPD+Δ)2σ2
Δ + 4κ2

0σ
2
κ0

[(
σN
Δω,u

)2
+
(
σΔ
Δω,u

)2]
.

(52)
From Fig. 7, it can be noted that as the perturbation ε tends

to infinity, the anti-PT-symmetric sensor performs much worse
than the classical sensor (uncoupled version) and the figure of
merit χΔω/χσ tends to zero. This is due to the divergence of
the uncertainty σN

Δω for increasing values of ε (with ε >> κ0)
(see Fig. 6). However, we would like to underline that the
possible improvement of the anti-PT-symmetric gyroscope with
respect to the classical sensor is seen at small values of the
perturbation (ε → εTPD), that represents the interesting region
for most sensing applications.

The result in Fig. 7 shows that non-Hermitian Hamiltonians
can effectively improve the sensing performance in the prox-
imity of the EPs, more specifically close to the TPDs. In this
context, the concept of exceptional surface (ES) has been already
proposed to strongly reduce the influence of the fluctuations of
parameters [36], thus representing a robust alternative to increase
the signal-to-noise ratio of non-Hermitian sensing.

V. CONCLUSION

In this article we have analyzed an anti-PT-symmetric gy-
roscope and compared its signal-to-noise performance with a
classical resonant gyroscope. Rather than using the eigenfre-
quency splitting as the measurable output, we consider the
frequency splitting of the transmission peaks, which coalesce
at the so-called transmission peak degeneracy.

We have analyzed two different sources of uncertainty both
for the non-Hermitian and for the classical case: amplitude noise
arising from input ports and gain/loss reservoirs and fluctuations
in the design parameters.

We have then considered two new figures of merit defined as
the ratio between the enhancement in the signal (signal scale fac-
tor) between a non-Hermitian gyroscope and a classical one and
the enhancement in the uncertainties between a non-Hermitian
gyroscope and a classical one. The ratio between them is useful
to understand the real advantage of using a non-Hermitian sensor
with respect to a classical one. We have demonstrated that
when in the classical sensor the uncertainty due to fluctuations

is negligible with respect to the uncertainty due to amplitude
noise, the non-Hermitian sensor can perform better in terms of
signal-to-noise ratio near to the transmission peak degeneracy.
Whereas, when in the classical gyroscope, the uncertainty due to
fluctuations is dominant with respect to the one due to amplitude
noise, the non-Hermitian sensor shows worse signal-to-noise
ratio than a classical gyroscope.

We would like to underline that the aim of the manuscript
is not to demonstrate the absolute supremacy of non-Hermitian
sensing with respect to the classical sensing in terms of signal-to-
noise ratio. Indeed, our approach provides a guideline related to
the operating conditions (related to fluctuations uncertainty and
amplitude noise) for which setting up a non-Hermitian sensor
could benefit from an increased signal-to-noise ratio with respect
to the classical sensor.
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