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s a mathematician, I read the Point of View article “The rea-

sonable ineffectiveness of mathematics” [1] with great interest.

While I do agree with much of what is written there, I wish to

correct two impressions the article may have left in some
readers’ minds; first, that the belief that mathematics has its own existence
somehow implies “the notion that mathematical forms underpin the physical
universe.”

For the record, let me state that I do believe mathematics has its own
existence, but I do not see any compelling reason why mathematical forms
should underpin the physical universe. Put simply, this is what I mean by “own
existence.” To be more specific, although I understand that there is a school of
thought, inspired by Plato’s allegory of the cave (Book 7 of Republic [2]), that
the physical universe is but a shadow of a mathematical world, I do not feel
bound to define my own position as either for or against it. I would not even
know where to start: Which mathematics is the right one? Do we have different
physical universes for different types of mathematics (with or without the
Axiom of Choice, for example, [3])? Let me be clear that, in asking “which
mathematics,” I am not asking which branch of mathematics. I am actually
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referring to the fact that we have
several different versions of mathe-
matics as a whole, each one based
upon different logical foundations
[4]-[6]. Are they really so different?
Yes, and the nonstandard versions are
occasionally finding application in
engineering contexts [7]. One can
get a taste of what I mean by consi-
dering the fact that most working
scientists and engineers are justifiably
content to use only floating-point
arithmetic in their calculations, and
yet floating-point number representa-
tions are fundamentally different
from the real numbers of “standard
mathematics,” starting with the fact
that floating point (I am thinking of
the IEEE 754 standard [8]) often has
separate encodings for +0 and —O,
and for good reasons [9]. Since one
could, in principle, develop a type of
mathematics upon the foundation of
floating-point arithmetic [10], do I
have to ask whether I should be
looking for both +0 and —O0 in the
physical world? I think not. Fur-
thermore, I should clearly state that
even the most commonly accepted
version of mathematics involves para-
doxes, even of a sort that would allow
one to cut up the sun and gently put
the pieces back together to make
something the size of a pea [3], [11].
I do not believe that such mathe-
matics is the literal foundation of the
physical world I live in, but neither
do I reject it as mathematics.

Most pure mathematicians would
point to proof as the defining charac-
teristic of mathematics, and would do
so without reference to anything phy-
sical. T agree, but I prefer to think of
mathematics in terms of Cantor’s
comment that can be translated as
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“the essence of mathematics lies in its
freedom” [12], and, for me, that also
means freedom from having to de-
fine mathematics and the physical
universe in terms of each other.
Instead, I like to think of mathematics
and engineering or basic science as
equal partners.

The second impression I would
like to correct is that mathematics
may be purely a product or invention
of the human mind.

There are two reasons why I cannot
subscribe to such a point of view. First,
we already live in an age where com-
puters not only generate new mathe-
matics, but also, in some cases, judge
the mathematical work of humans.
Second, Homo sapiens is not the only
species to have evolved and used ma-
thematical descriptions of the world.

Mathematics owes a great deal to
the community of electrical engineers
and computer scientists, since we
would otherwise not have had reliable
computing machines. While I have
often heard fellow mathematicians
state that computers could never com-
plete a proof which involves an infi-
nite number of cases, the real issue is
whether the number of steps in a
proof, and the resources required to
process and store them, is finite. Us-
ing symbolic methods, even a com-
puter can prove, in a finite number of
elementary steps, that 2 + x? is great-
er than unity for all real x. There is no
need to evaluate 2 + x* for specific
values of x at all. At a less trivial level,
one can ask whether a computer has
ever found a mathematical proof that
humans had failed to. The earliest ex-
amples of this that I am aware of date
back to the last century (I consider a
result relating to the Robbins conjec-
ture to be a particularly nice one
[13]). It would be tempting to retreat
to the position that humans remain
the final arbiters or custodians of
mathematical truth, but there is al-
ready one journal I know of, Formal-
ized Mathematics, published by Walter
de Gruyter, Berlin, Germany, which
subjects submitted articles to auto-
mated proof checking [14] before any
peer review can begin.

The question, whether mathemat-
ics could ever have been the product
of any but a human mind, depends in
part on our definition of what it
means to understand mathematics. It
is no use shouting mathematical ques-
tions at an unsuspecting slime mould
and then celebrating its failure to
reply in English. Such mistaken logic
has all too often been used in attempts
to demonstrate the superiority of one
group of humans over another. In-
stead, it has been suggested that re-
peated correct usage is an effective
indicator of understanding [15]. It
may come as a surprise to some that
bees have evolved a polar representa-
tion of relative position that they not
only use, but use to communicate re-
lative positional information from one
bee to another [16]. It is the act of
abstract communication which I
believe makes this example more re-
levant here than the otherwise im-
pressive computational/cryptographic
potential of some genetic systems [17]
or the bowerbirds’ use of perspective
[18], etc. There is ample evidence
that animals have and use abstract
problem-solving abilities [19], includ-
ing game theory as a real battle of
wits, with the outcome determining
life or death [20]. Furthermore, pure-
ly genetic explanations appear to be
inadequate to explain the observed
transmission of tool use in dolphins
[21], meaning that we must take se-
riously the possibility that animals
may be developing and communicat-
ing complex skills in ways which are
difficult to distinguish from ways that
humans develop and communicate
mathematics. Even the frequently
expressed thought, that “pure mathe-
matics is play, and only humans do
that, since animals only do what they
need to survive,” crumbles when con-
fronted with observations of dolphins’
bubble ring play [22].

All this leads me to the issue of the
“lesser success” of mathematics in
“describing biological systems” [1]. In
my honest opinion, it is too early to
make strong statements concerning
the relationship between mathematics
and biology. To write that biology is
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than
other natural sciences is to miss an
important point: The relationship be-
tween mathematics and biology al-
ready goes deeper than modeling.
Regarding the “idea of information

somehow “harder to model”

and its physical embodiment in DNA
sequences,” the “fundamental theory
was formulated by Turing in his
notion of a universal Turing machine
and deployed by von Neumann in his
theory of self-reproducing machines”
[23]. Also, as any engineer knows,
biological systems seem to have much
to teach us about the principles of
control theory. This is one of many
areas in which I expect new mathe-
matics to eventually emerge, once
again a reason to see the relationship
between mathematics and biology as
more than just modeling.

We can, of course, also expect to
see other types of new engineering
principles emerge from careful stud-
ies of living organisms. I do not wish
to go into a list of specific examples
here, but do want to make one general
comment at a rather abstract level:
Evolution teaches us that optimality is
not always the strategy that wins in
the long run [24]. There are many
reasons for this. One is that optimality
often implies a loss of flexibility in
construction, and both parasites and
predators usually target any aspect of
an organism that is unvarying. Anoth-
er is that optimality in a given context
often translates into weakness in
another, and vice versa. Thus, a small
fraction of bacteria may occasionally,
without any apparent reason, go into a
“dormant” state, only to “wake up”
again later. The switching is de-
termined by a reversible stochastic
mechanism which operates in all
normal cells [25]. The growth of the
colony is slightly reduced as a result,
but it is these few cells which can
survive when antibiotics are adminis-
tered, and their seemingly ridiculous
behavior is of great long-term benefit
for their lineage.

Given the valid points raised by
Abbott and others, it is useful to re-
examine what it is that makes math-
ematics valuable. I wish to propose
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that it is precisely its “otherness”
which makes mathematics, as a
branch of philosophy, valuable to
engineering and science, but only
where there is real engagement from
both sides (I have put science and
engineering on the same “side” here,
since they both deal more or less
directly with the world we live in,
whereas mathematics, in my opinion,
does not). I am painfully aware of the
failures of parts of the mathematical
community to engage, and see this as
one of the major social challenges to
be overcome. I am one of the fortu-
nate few who has had the experience
of having done pure mathematical
work with no application in mind, but
then subsequently to see it being ap-
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