
SCANNING OUR PAST

MAXWELL’S EQUATIONS

Editor’s note: This month we continue
a series of reprints from the IEEE Global
History Network’s STARS articles.1

STARS is an online compendium of in-
vited, peer-reviewed articles on the his-
tory of major developments in electrical
and computer science and technology.
Some light editing has been done, along
with the addition of a few illustrations,
to make the article more suitable for a
journal publication.

Maxwell’s equations provide a com-

plete description of electromagnetic

phenomena and underpin all modern

information and communication tech-

nologies. They are named after James

Clerk Maxwell (Fig. 1), the Scottish

physicist whose pioneering work uni-
fied the theories of electricity, mag-

netism, and light. Today, Maxwell’s

equations are the essential tool of

electrical engineers, used to design all

electrical and electronic equipment

from cell phones to satellites, tele-

visions to computers, and power sta-

tions to washing machines. The
theory of electromagnetism was built

on the discoveries and advances of

many scientists and engineers, but

the pivotal contribution was that of

Maxwell, who during the second half

of the 19th century made the huge

conceptual leaps that would enable

the great advances in electrical tech-
nology throughout the 20th century.

I . THE FOUR EQUATIONS

To set the context for the discovery

and development of Maxwell’s equa-

tions it is first important to under-

stand what they are. In the modern

context, Maxwell’s equations refer to

a set of four relations that describe the

properties and interrelations of elec-

tric and magnetic fields. The equa-
tions are shown in modern notation

in Fig. 2. The electric force fields are

described by the quantities E (the

electric field) and D ¼ "E (the elec-

tric displacement), the latter includ-

ing how the electrical charges in a

material become polarized in an elec-

tric field. The magnetic force fields are
described by H (the magnetic field)

and B ¼ �H (the magnetic flux

density), the latter accounting for the

magnetization of a material.

The equations can be considered

in two pairs. The first pair consists of

equation 1 and equation 2. Equation 1

describes the electric force field sur-
rounding a distribution of electric

charge �. It shows that the electric

field lines diverge from areas of posi-

tive charge and converge onto areas of
negative charge (Fig. 3). Equation 2

shows that magnetic field lines curl to

form closed loops (Fig. 4), with the

implication that every north pole of a

magnet is accompanied by a south pole.

The second pair, equation 3 and equa-

tion 4, describes how electric and mag-

netic fields are related. Equation 3

describes how a time-varying magnetic

field will cause an electric field to curl

around it. Equation 4 describes how a

magnetic field curls around a time-
varying electric field or an electric

current flowing in a conductor.

These equations can explain how

your hair stands on end when you re-

move your nylon sweater, how a com-

pass needle always points north, how a

power station turbine can generate

electricity, and how a loudspeaker can
convert an electric current into sound.

When combined these equations also

describe the transmission of radio

waves and the propagation of light.

II . THE EMERGENCE OF
ELECTROMAGNETISM

The sciences of electricity and mag-

netism and their fusion as electro-

magnetism evolved through a series of

advances from many different scien-

tists. To name all involved would

amount to writing a Who’s Who of

Einstein regarded
Maxwell’s work as
‘‘the most profound

and the most fruitful
that physics has

experienced since the
time of Newton.’’
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Fig. 1. James Clerk Maxwell.

1Please refer to the STARS website for
additional information and to view the full
article: http://www.ieeeghn.org/wiki/index.php/
STARS:Maxwell’s_Equations.
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18th and 19th century physics. Here

we will concentrate on the contribu-

tions most directly related to the
development of Maxwell’s equations.

The advances through the 18th cen-

tury in understanding electric charges

and currents, notably the work of

Benjamin Franklin and Alessandro

Volta, culminated in the work of

Charles Coulomb, whose law showed

that the strength of electric force
varied inversely with the square of the

distance to a positively or negatively

charged object. This law, and a similar

one for magnets, was later generalized

by the work of Poisson and Gauss in

the early 19th century leading to

Gauss’ law, the physics behind the

first of Maxwell’s equations.
Up to this time, the laws of elec-

tricity and the laws of magnetism

were regarded as two separate fields

of physics. This changed in September

1820 while Hans Christian Ørsted

was setting up a demonstration for a

lecture in Copenhagen: he discovered

that an electric current can deflect the
magnetic needle of a compass. News

of Ørsted’s discovery spread quickly

across Europe, and within a week

Andre Ampère had shown the French

Academy of Science in Paris that pa-

rallel currents in two wires attract

each other, while opposite currents

would repel. Soon after, Jean-Baptiste
Biot and Philippe Savart showed the

same forum how the strength of

the force falls away with distance to

the wire. Ampère’s relentless scien-

tific efforts over the next six years

founded the field of electrodynamics,

with at times fortnightly reports to the

French Academy of Sciences and the
publication of his general law con-

necting electric currents with mag-

netic forces. Ampère’s work elegantly

combined experiments and theory.

Maxwell later described this as ‘‘one

of the most beautiful achievements in

science . . . from the brain of the

Newton of electricity.’’
Electromagnetism became a focus

for the most eminent scientists of

the 19th century. Of these the work

of three men, Ampere, William

Thomson, and Michael Faraday,

would most directly influence

Maxwell. Thomson, who later be-

came Lord Kelvin, was a good friend
of Maxwell’s, and the two regularly

corresponded to discuss their scien-

tific theories. The experiments of

Michael Faraday, however, would

have the greatest direct impact.

Faraday was a self-educated scientist

and exceptionally skilled experimen-

talist. During the 1820s and 1830s,
he made several key discoveries. He

showed that a changing current in one

circuit would induce a current in a

neighboring circuit through a change

Fig. 2. Maxwell’s equations in modern vector form (D ¼ "E; B ¼ �H).
Fig. 3. Electric field lines surrounding

positive and negative charges.
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in magnetic flux around the wires. He

established how materials respond to

electric fields, and this work led to the

concepts of dielectric constant and
polarization. (Thomson later devised

the corresponding concepts for mag-

netism.) Through hundreds of experi-

ments, Faraday showed that these

effects could all be explained pictori-

ally, using lines of force that fill the

space around charges and currents.

This was a new paradigm in physicsV
the force fieldVthat would most

strongly influence Maxwell.

III . MAXWELL’S THEORIES

By the mid-19th century the various

laws of electricity and magnetism

were becoming well understood, and
a common theory that could describe

all phenomena was sought. Faraday’s

vision of lines of force pervading

space was radical, and the prevailing

opinion of his contemporaries was

that a theory should instead be based

on forces acting at a distance, directly

from one particle to another. On this
basis, Wilhelm Weber developed a

theory linking Ampère’s and Faraday’s

laws. However, his theory was flawed

as it required a condition that broke

the law of energy conservation.

Maxwell believed that Faraday was

correct and, in the 1850s, as a Fellow

at the University of Cambridge, set
about deriving a mathematical descrip-

tion of Faraday’s theory. In the paper

‘‘On Faraday’s Lines of Force,’’ Maxwell

used a fluid analogy to derive his first

theory of electromagnetic force fields.

The fluid analogy was limited in that it

could describe only fields around static

charges and steady electric currents.
Maxwell also formulated mathematics

for Faraday’s concepts of induced

currents, but could not interpret these

within the fluid model.

After a period focused on other

topics, including color perception

and the dynamics of Saturn’s rings,

Maxwell returned to the problem of
electromagnetism with a completely

new theory. Now Professor of Natural

Philosophy at King’s College London,

Maxwell published the new theory

in four parts between 1861 and 1862

in his landmark work ‘‘On Physical

Lines of Force.’’ Here, Maxwell devised
a mechanical model that could account

for all the known electromagnetic

phenomena. His mechanical construct

featured spinning cells and idle wheels

that mimic the curling magnetic fields

around currents in conductors. This

gave a successful though somewhat

improbable analogy that could describe
Ampère’s, Faraday’s, and Gauss’ laws.

Indeed Maxwell was careful to convey

at the end of part II of ‘‘On Physical

Lines of Force’’ that this model was an

analogy and not a suggestion of the real

mechanism.

Fig. 4. Magnetic field lines around

a bar magnet (left) and a

current-carrying wire (right).

Fig. 5. Maxwell’s equations in his original notation in ‘‘A dynamical theory of the

electromagnetic field.’’ The modern and original variables correspond as follows: E$ ðP;Q;RÞ;
D$ ðf ; g;hÞ; H$ ð�; �; �Þ; B$ �ð�; �; �Þ; J$ ðp;q; rÞ; �$ e; Y is the electric potential;

ðF;G;HÞ is the magnetic potential. Note that the original set of equations includes

Ohm’s law, the Lorentz force, and the continuity equation for charge.
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At this stage, the theory was suc-
cessful but as yet incomplete, for it

did not properly describe current

flow through electrical capacitors.

Maxwell contemplated this problem

during summer 1861 while ‘‘in the

country’’ at his family estate Glenlair

in southwest Scotland. There he

realized that if he made his mechan-
ical construct elastic it would allow

changing electric currents to propa-

gate through nonconductors as they

do in capacitors, and thereby cor-

rected Ampère’s law with a new term

called the electric displacement cur-

rent. This correction completed the

essential physics of the theory and
was published in the final two parts

of ‘‘On Physical Lines of Force’’ in

1862. However, his original equations

were in a quite different mathema-

tical form from those used today.

Maxwell’s correction to his model

had a dramatic implication. He real-

ized that if the electromagnetic
medium was elastic, then it would

support oscillating waves. While at

Glenlair he calculated a formula for

the speed of these waves, and on his

return to King’s College London in

fall 1861, he found that this speed

very closely matched the speed of

light as measured by Hippolyte Fizeau.
Maxwell commented ‘‘The velocity of

transverse undulations in our hypo-

thetical medium, calculated from the

electro-magnetic experiments of MM.

[Friedrich] Kohlrausch and [Wilhelm]

Weber, agrees so exactly with the

velocity of light calculated from the

optical experiments of M. Fizeau, that
we can scarcely avoid the inference

that light consists in the transverse

undulations of the same medium

which is the cause of electric and

magnetic phenomena.’’

The contrived mechanical analogy

and radical idea of force fields meant

that others were slow to accept
Maxwell’s theory. Three years later

Maxwell published his third theory of

electromagnetism. This was based

only on the laws of dynamics, and so

stripped away the mechanical scaf-

folding supporting his earlier model.

In ‘‘A Dynamical Theory of the Elec-

tromagnetic Field,’’ Maxwell collected
together his equations of the electro-

magnetic field (Fig. 5) and explicitly

wrote down the electromagnetic wave

equation. This paper was another

landmark of physics in that it presented

a theory that described all the known

phenomena, but was independent of

any underlying mechanical mecha-
nism. This ultimately changed the

way that physicists approached the

development of new physical laws.

Maxwell subsequently left King’s

College London and over the next

six years worked as an independent

scholar at Glenlair. During this time,

he wrote his magnum opus A Trea-
tise on Electricity and Magnetism
published in 1873. In the Treatise,

he summarized the current state of

knowledge of electromagnetism, pre-

senting and developing his work

alongside the theories of others. He

further developed the mathematics,

interpretation, and applications of his
equations, and rewrote them in a more

compact mathematical notation

known as quaternions.

IV. SUBSEQUENT
DEVELOPMENTS

Over the next two decades, Maxwell’s
theory was accepted and advanced

by others, notably Oliver Heaviside

(Fig. 6), Heinrich Hertz (Fig. 7),

and Hendrik Lorentz. Heaviside

championed the Faraday–Maxwell

approach to electromagnetism and

simplified Maxwell’s original set of

20 equations to the four used today.
Importantly, Heaviside rewrote

Maxwell’s equations in a form that

involved only electric and magnetic

fields. Maxwell’s original equations

had included both fields and poten-

tials. In an analogy to gravity, the field

corresponds to the gravitational force

pulling an object onto Earth, while the
potential corresponds to the shape of

the landscape on which it stands. By

configuring the equations only in

terms of fields, Heaviside simplified

them to his so-called Duplex notation,

with the symmetry evident in the

equations of Fig. 2. He also developed

the mathematical discipline of vector
calculus with which to apply the

equations. Heaviside analyzed the

interaction of electromagnetic waves

with conductors and derived the

telegrapher’s equations of Kirchhoff

from Maxwell’s theory to describe the

propagation of electrical signals along

a transmission line.
Independently of Heaviside,

Heinrich Hertz also derived a simpli-

fied version of Maxwell’s equations,

although he later acknowledged the

precedence of Heaviside’s work. In

1888, Hertz made his most significant

contribution with the discovery of ra-

dio waves. This confirmed Maxwell’s
prediction of electromagnetic waves

and thus validated the theory. Other

notable contributions to electromag-

netic wave theory include the work

of Lorentz, Ludwig Boltzmann, and

Hermann Helmholtz who developed

Maxwell’s equations to describe the

propagation of light including reflec-
tion and refraction at surfaces.

Entering the 20th century,

Maxwell’s equations had impact be-

yond electromagnetism in the discov-

ery of the theory of relativity and,

decades later, the field equations of

quantum mechanics. The work of

both Hendrik Lorentz and Albert
Einstein (Fig. 8) in deriving the theory

Fig. 6. Oliver Heaviside (IEEE History Center).
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of relativity was directly founded on
the constant speed of light from

Maxwell’s equations. Einstein re-

garded Maxwell’s work as ‘‘the most

profound and the most fruitful that

physics has experienced since the time

of Newton.’’ Quantum mechanics,

though less clearly linked to electro-

magnetism, was nonetheless founded
on the Faraday–Maxwell paradigm of

the field theory. It should be noted

that Maxwell based his theory on the

concept of an aether, that is, an in-

visible all-penetrating medium through

which the electromagnetic fields prop-

agate. While it was established in 1892

after Maxwell’s death that no aether
exists, the equations remain valid in

their description of all electromagnetic

phenomena.

The equations of electromagne-

tism have previously been known as the

Hertz–Heaviside and Maxwell–Hertz

equations, but the term ‘‘Maxwell’s

equations’’ was popularized by Einstein

in 1940, in his monograph Considera-
tions Concerning the Fundamentals of
Theoretical Physics. In the modern

context, Maxwell’s equations are used
in the design of all types of electrical

and electronic equipment. The equa-

tions can only be solved exactly for

simple structures of high symmetry.

However the dramatic increase in

computing power and development of

numerical finite-difference techniques

since the mid-1960s have enabled their

widespread everyday use. h

GRAHAM TURNBULL
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Fig. 7. Heinrich Hertz (IEEE History Center).

Fig. 8. Albert Einstein and Hendrik Antoon Lorentz.
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