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Interpreting Echo Statistics of Three Distinct Clutter
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Abstract—A recently developed published approach to predict
echo statistics is applied to clutter data that were collected with
a midfrequency sonar and published in a separate independent
study. This method explicitly accounts for the (finite) number of
unresolved scatterers, the statistics associated with the arbitrary
scattering properties of the individual scatterers [but assumed
to have identical echo probability density functions (pdfs) in this
application], and beampattern effects which significantly affect
the echo statistics due to each scatterer being randomly located
in the sonar beam. The data had been categorized according to
whether they were associated with bottom structures, diffuse
compact clutter, and compact nonstationary (moving) clutter. In
this paper, the recently developed method is incorporated in a
two-component mixed pdf (mixed with a Rayleigh distribution
to account for the diffuse background) to model the statistics of
the three classes of clutter. This is the first such application of
the model which had principally been validated only numerically.
The degree to which the data are non-Rayleigh (heavy tailed) is
reasonably predicted by the model and the number of scatterers
per resolution cell is inferred for each type of clutter.
Index Terms—Beampattern, clutter, non-Rayleigh reverbera-

tion, reverberation statistics.

I. INTRODUCTION

A key challenge in using an active acoustic system to detect
a scatterer or “target” of interest is to distinguish the target

echo from the interfering echoes or “clutter” caused by sur-
rounding scatterers that are not of interest. Generally, the more
the statistics of the clutter echoes deviate from being Rayleigh
distributed (i.e., become “heavy tailed”), the more they will tend
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to interfere in the detection process. Thus, it is important to have
accurate models of the echo statistics of clutter in order to quan-
tify the probability of false alarm of the target.
There is a variety of general statistical descriptions of clutter

fields, regardless of whether they involve sonar or radar sys-
tems, or volumetric or surficial clutter fields. These include
the -distribution [1]–[3] and generalized Pareto distribution
(GPD) [4], [5]. In a recent study by Gelb et al., both of these
distributions were used to characterize the statistics of clutter
data collected with a long-range midfrequency active sonar [5].
“Midfrequency,” in this application, is defined as any frequency
in the range 1–10 kHz. The clutter data were divided into three
distinct classes of echoes as being due to bottom-like (BL),
compact stationary (CS), and compact nonstationary (moving)
(CNS) features, and parameters from each probability density
function (pdf) were determined. The data were demonstrated
to be strongly non-Rayleigh (heavy tailed), and there was
generally good qualitative agreement between the shape of the
data and theoretical distributions.
A limiting factor in the analysis in [5] was the fact that phys-

ical parameters of the scattering and sonar were not explicitly
described in the theoretical pdfs with the exception, to some ex-
tent, of the -distribution. The shape parameter of the -distri-
bution has been shown to be related to the number of scatterers
for the case of an exponential distribution of scatterer echoes
after beampattern effects and a negative binomial distribution of
number of scatterers, although not explicitly including beampat-
tern effects [2]. Because of these limitations and, in spite of the
success of matching the shapes of theoretical pdfs to the clutter
data, it would be a challenge to make predictions of clutter echo
statistics based on this analysis. For example, since the GPD
has no physical interpretation, changes in the echo statistics due
to any change in the scattering geometry such as range, sonar
beamwidth, number of unresolved clutter features, and change
in distribution of sizes of individual clutter features could not be
predicted. With the -distribution, although some of the above
changes could be predicted, the predictions would be based on
the assumption that the distribution of echoes after beampattern
effects from individual clutter features remained exponentially
distributed. If they are not exponentially distributed, then the
shape parameter may be interpreted as an effective number of
scatterers.
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Fig. 1. Scattering geometry for scatterers or small patches of scatterers ran-
domly distributed in a sonar beam. In this formulation, a small unresolved patch
of scatterers is treated as a single scatterer.

In a separate and independent study, Chu and Stanton have
recently addressed the above limitations by deriving the echo
statistics from first principles in terms of statistics associated
with random scattering properties and sonar parameters [6].
Specifically, an echo measured by the sonar is modeled as being
due to the coherent summation of echoes from unresolved
individual clutter features, each with their own echo pdf before
beampattern effects, and each randomly located in the sonar
beam (Fig. 1). This is for the geometry in which the only
echoes are from the clutter features and there are no unwanted
reflections from neighboring boundaries. That is, these are the
so-called “direct path” echoes. With each scatterer having its
own (arbitrary) echo pdf before beampattern effects, this is in
sharp contrast to the above -distribution in which the echoes
after beampattern effects are limited to having an exponential
pdf. Furthermore, the random weighting due to the random
location of each feature in the beam is explicitly accounted for,
which significantly affects the echo statistics. The approach is
exact and general, as the quantities , individual echo pdfs, and
the sonar beampattern are arbitrary and rigorously accounted
for. Predictions of the echo pdf, as seen through the sonar
receiver (that is, including beampattern effects) and due to the
summation of the individual echoes, were made through both
analytical and numerical calculations in that paper (although
there were no applications to experimental data). The echo
pdfs were demonstrated to be strongly non-Rayleigh, owing
to a combination of both the finite number of scatterers and
the beampattern effects. Specifically, the tails of the pdfs were
elevated over the Rayleigh pdf, especially as became small.
The beampattern plays a major role in causing the

non-Rayleigh effects. In addition to reducing the effec-
tive number of scatterers causing the echo, the nonuniform
weighting is equally important. For example, the sum of a small

number of independent signals, each Rayleigh distributed and
of equal mean, will also be Rayleigh distributed, no matter how
small the number is. However, for a small number of scatterers
randomly distributed in the sonar beam, each with a Rayleigh
distributed echo (before beampattern effects) and with an equal
mean, once summed, is strongly non-Rayleigh [6]. This is true
even if the locations of the scatterers are limited to being within
the mainlobe of the beam because of the significant variations
in weighting from the center of the beam down to near the null.
As described above, clutter data were presented in [5] which

exhibited strongly non-Rayleigh properties, but lacked physical
interpretation. Published at the same time was the new model
which could interpret the degree to which the data are non-
Rayleigh in terms of the number of scatterers, the statistics asso-
ciated with their random scattering properties, and sonar param-
eters [6]. However, the model had only been validated numeri-
cally at the time and had not been applied to experimental data.
In this current paper, the clutter data presented in [5] are revis-
ited through the use of the recently developed general approach
from [6]. The work serves to provide a physical interpretation of
the clutter data using the new model as well as serves as a basis
of experimental validation of the model. Since environmental
data were not collected in the experiment, the validation is lim-
ited to qualitative analysis such as comparing the shape of the
predicted pdfs to those of the experimental pdfs. Because of the
lack of environmental data, a simplifying assumption is made
in which the clutter features have identical echo pdfs. With this
assumption and through rigorous accounting of beampattern ef-
fects, the number of scatterers per resolution cell is estimated
from the echo statistics data for each type of clutter feature. Part
of the modeling involved accounting for the diffuse background
scattering through the use of a mixture pdf such as in the work
of Abraham et al. [7], [8].

II. THEORY
The recently developed method in [6] for determining the sta-

tistics of the echo magnitude due to arbitrary scatterers,
each randomly located in a beam, is based on

(1a)

where

(1b)

For narrowband ( single frequency) signals such as in this
paper, the magnitude is simply the amplitude of the acoustic
sine wave. It is calculated by taking the square root of the sum
of the squares of the real and imaginary components of [i.e.,
the absolute value as shown in (1a)]. The term is the magni-
tude of the echo from the th scatterer as seen through the eyes
of a monostatic sonar (i.e., with beampattern effects), is the
phase associated with each scatterer (including the contribution
associated with the range from the sonar, scattering by the ob-
ject, and beamformer), is the scattering amplitude of the th
scatterer [where the target strength (TS) of the scatterer is given
by TS ], is the value of the beampattern whose
values lie in the range 0–1, and are the angular locations
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of the th scatterer in the beam, and . The beampattern
value is the product of the transmit beampattern and re-
ceive beampattern . The maximum value of the (composite)
beampattern corresponds to the center of the mainlobe
while corresponds to the value of the nulls.
The signal is assumed to be narrowband in that all echoes

are completely overlapping when sampled. The processing
(time) window is designed so that all scatterers described in
(1) are assumed to be far enough away from the sonar so
that the spreading losses associated with all scatterers are
approximately the same (i.e., they all reside in a relatively thin
hemispherical shell whose thickness corresponds to the sample
time window). For simplicity, terms that all scatterers have in
common such as source level, spreading loss, and receive sensi-
tivity are suppressed, as is the time dependence. These common
terms are eliminated through normalization of the signals, as
discussed in Section III. The shell is thick enough relative to
the acoustic wavelength so that the range-specific phase of
each randomly located scatterer is assumed to be randomly and
uniformly distributed . The total phase of the echo
from each scatterer is the sum of the range-specific phase, the
phase due to its scattering properties, and the phase associated
with the beamformer. However, since the range-specific phase
is already randomly and uniformly distributed , then
is also randomly and uniformly distributed .
Note that is the total number of scatterers in the half-space

within the hemispherical shell at range . This is inherent to
rigorously modeling the echoes, as the sonar system “sees” all
scatterers in the half-space. For a typical narrow mainlobe,
is much larger than the number of scatterers subtended by the
mainlobe in that shell. Thus, most scatterers in this formulation
are, on average, in the sidelobes. This number will be scaled
below when analyzing data to calculate the number of scatterers
within the mainlobe.
Although the beampattern is a deterministic quantity, the lo-

cation of the scatterer in the beam is random. A function
of a random variable is also a random variable and the beam-
pattern function is treated in this analysis as a random
variable, with an associated beampattern pdf , as illustrated
(Fig. 2) [9]. This beampattern pdf was derived by Ehrenberg
in his formulation to calculate echo statistics associated with a
single scatterer randomly located in a beam [10]. Application
and reviews of the Ehrenberg echo statistics work are given in
[6] and [11]–[17].
The beampattern pdf is shown to be generally monotonically

decreasing with increasing echo amplitude (Fig. 2). The fine
structure is associated with the sidelobes. The section involving
a constant slope (power law) for the values of normalized echo
amplitude of just below unity and higher are associated with the
portion within the mainlobe higher than the highest sidelobes.
The transducer used in the predictions in Fig. 2 is modeled to

match the rectangular one used in the experiment: and
where and are the half-width and half-length of

the transducer, respectively, and is the acoustic wave number
( , where is the acoustic wavelength). This corresponds
to a one-way beamwidth of 5 20 . The same transducer is
used to transmit and receive. The beampattern pdf in Fig. 2 is
calculated using [10, eq. (B1)] and involves the entire range of

Fig. 2. Terms from (2) associated with echo statistics for one scatterer ran-
domly located in a sonar beam. The pdf of the magnitude of the scattering
amplitude of the scatterer (i.e., echo before beampattern effects) for the case
in which the general term is set equal to the Rayleigh pdf in this example,
beampattern pdf , and the resultant echo pdf as measured with the sonar
(i.e., echo including beampattern effects) are shown. A rectangular aperture was
used to form the 5 20 beam.

values of beampattern, including sidelobes, and is plotted on
a normalized scale. Since Ehrenberg's (B1) involves an echo
intensity pdf, it was adapted to the case of echo amplitudes in
this paper through a simple substitution of for (“ ” is
Ehrenberg's notation for this paper's ).
As discussed above, the beampattern pdf for this rectangular

aperture is generally monotonically decreasing and with fine
structure associated with the sidelobes. At the upper range of
echo amplitudes (right-hand side of curve), the section of pdf
follows a power law and is associated with contributions from
the mainlobe. These characteristics are qualitatively similar to
those of previous studies involving circular transducers. Specif-
ically, in [6] and [10], the monotonically decreasing power law
section associated with the mainlobe of the beam was illus-
trated explicitly. In [10], beampattern pdfs were calculated for
transducers of several different beamwidths. It was shown that,
while the slope of the pdf remained constant with respect to
beamwidth, the -intercept varied (i.e., height of the “tail”).
Also note that, although only the mainlobe portion of the beam-
pattern pdf in [6] was shown (and on an unnormalized scale), the
calculations of echo statistics in that paper involved the entire
beam (that is, including all sidelobes). In a more recent study,
the beampattern pdf for the entire beam (including sidelobes)
for circular transducers is calculated for a range of beamwidths
[14, Ch. 3]. That study also demonstrated how the pdfs remained
qualitatively similar as the beamwidth changed, with the amount
of fine structure associated with the sidelobes increasing with
decreasing beamwidth.
The magnitude of the scatterer amplitude of each scat-

terer is also a random variable, independent of , and with an
associated pdf . The statistics of the echo magnitude from
the th scatterer, when treated in isolation (i.e., not including
echoes from all other scatterers), is calculated with the standard
method associated with the product of two independent random
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variables, i.e., in (1b) [9]. Ehrenberg applied that
general formulation to the sonar problem to predict echo statis-
tics associated with a single ( th) scatterer

(2)

where the standard formula was rewritten slightly by Ehrenberg
in terms of a convolution integral through a simple substitution
[10]. The term is implicit in (2) through the relation .
In this formulation, the echo pdf was explicitly connected to
sonar parameters (beampattern) and statistics of the scattering
amplitude. Each term in (2) for the case in which there is only
one clutter feature (that is, ) is illustrated (Fig. 2). Be-
cause of the beampattern effects, the convolved signal is shown
to have a tail elevated above the Rayleigh pdf.
Ehrenberg evaluated (2) ( ; no “ ”) for the case of a scat-

terer randomly located in the beam from a monostatic circular
transducer. He showed that the echo pdf associated with a scat-
terer randomly located in the beam was strongly non-Rayleigh.
Chu and Stanton revisited Ehrenberg's approach by accounting
for an arbitrary number of scatterers , each randomly located
in the beam, as formulated in (1a) [6]. The echo pdf was
calculated through two approaches: a numerical evaluation of
the statistics of (1a) and an analytical representation of the statis-
tics of (1a) making use of compact formulas derived by Barakat
[18]. The two approaches are mathematically equivalent, which
was confirmed by the excellent comparison between the results
from both approaches [6]. The Barakat approach provides com-
pact analytical formulas for calculating the signal magnitude
due to the addition of independent complex random vari-
ables. Although the variables were arbitrary, beampattern ef-
fects are not explicitly accounted for. The approach involved
use of characteristic functions. A key aspect of his derivation is
applying the 1-D results from the method of characteristic func-
tions to the 2-D case (i.e., a complex signal). Chu and Stanton
used the Barakat formulas by first describing the statistics of
in (1a) through the use of (2). The statistics of in (1a) were
then calculated using Barakat's approach. Thus, effects due to
the beampattern and statistics of scattering from individual scat-
terers (before beampattern effects) appeared explicitly in the
characteristic-function-based formulation.
Although the characteristic-function-based approach in-

volves a more compact set of equations, there are convergence
issues associated with summing zeroes of the zeroth-order
Bessel function [6]. Although, in each case, we have reached
convergence, the numerical approach, initially used only for
validation, has proven to be easier overall to calculate (i.e.,
less computer time). Thus, in this paper, we will show only the
numerical results involving direct evaluation of the statistics of
(1a) for the cases involving . The characteristic-func-
tion-based approach for (i.e., via use of the Barakat
formulations from [6]) provided the same results (not shown)
as the numerical computations. The case of involves
direct use of (2).
In the cases involving the use of (2) for and the use

of characteristic functions (not shown) for , the beampat-
tern pdf as illustrated in Fig. 2 was numerically calculated using

Ehrenberg's (B1), which is a general formula for asymmetrical
beams [10]. We applied this formula to the case of the rectan-
gular aperture analyzed in this paper and adapted it to amplitude
statistics as described above.
Details of the numerical evaluation of the statistics of in (1a)

for are given in [16]. To summarize, realizations of
are simulated by drawing independent samples from Rayleigh-
distributed signals. The mean of each Rayleigh is assumed to be
the same in this particular study, although, in general, the distri-
bution used for each scatterer and its mean can be arbitrary and
different from each other. These magnitudes are further mod-
ulated by values of the beampattern randomized through ran-
domizing the location of the scatterer in the beam. The beampat-
tern is calculated with the same rectangular aperture as used to
collect the data as described above. Although Lee and Stanton
[16] used the beampattern for a circular transducer (versus a
rectangular aperture in this paper), the random sampling ap-
proach was identical. Specifically, in the software, the vari-
able for the circular transducer was simply replaced by the
variable for the rectangular transducer. Functionally, the pdfs
associated with the two beampatterns are qualitatively similar in
that they both generally decreasemonotonically with amplitude,
they both have constant slopes for high values of amplitude, and
they both have fine structure associated with sidelobes. Many
statistically independent realizations of (1a) are calculated in
order to calculate . The arguments of the pdfs are first
normalized by their root mean square (rms) values (rms over
the statistical ensemble) before the pdfs are normalized by their
area.
Predictions of the echo statistics associated with a range of

numbers of unresolved clutter features in the beam are illus-
trated (Fig. 3). Equation (2) is used directly for the case of

and (1a) is numerically evaluated, as described above, for
. For each case, the echo pdf from each clutter feature

(before beampattern effects) is a Rayleigh pdf, each with the
same mean. As with Fig. 2, the Rayleigh pdf due to one clutter
feature (before beampattern effects) is illustrated with a thick
solid curve. Also shown is the probability of false alarm (PFA),
which is calculated from the expression (1-cdf), where cdf is
the cumulative density function, based on the pdf. Both the pdf
and PFA are shown to have a higher tail than for the Rayleigh
case for each value of . The predictions indicate that the fewer
the number of unresolved clutter features in the sonar resolution
cell, the higher the tail.
Last, a two-component mixed pdf is used in the analysis of

the clutter data to account for a diffuse Rayleigh background
and to better fit the full range of echo values

(3)

where is the Rayleigh pdf, is the pdf of as calcu-
lated from (1a) or (2) ( , no “ ” superscript
notation), and the clutter fraction is a constant in the range

.

III. COMPARISONS OF PREDICTIONS WITH CLUTTER DATA

The clutter data from the horizontal-looking sonar in [5] were
collected in sample windows of the same size and at approx-
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Fig. 3. Echo statistics for unresolved scatterers randomly distributed in a sonar beam for the cases of 1, 5, 20, 100, and 500. The echo from each scatterer
is Rayleigh distributed (before beampattern effects) with the same mean. Although not all of the curves are labeled for each value of , they appear in sequence.
The values of correspond to the total number of scatterers in a half-space (i.e., including mainlobe and all sidelobes).

imately the same range (distance from sonar) so that compar-
isons of the echo statistics could be made between windows.
For example, sample windows of different sizes and/or at dif-
ferent ranges for the same type of clutter could result in a dif-
ferent number of clutter features insonified. In such a case, the
shape parameter [e.g., in (1a)] of the statistics could vary
from window to window which would prevent rigorous com-
parisons. Furthermore, all chosen clutter data involve the di-
rect-path case in which there are no interfering echoes from
neighboring boundaries. This allows direct comparison with the
direct path predictions described above.
Approximately 10 000 data points were used to form each

data histogram. The data from each ping are first “normalized”
using a split-window normalizer (SWN) as described in [5].
In particular, the sample of interest is divided by noise aver-
aged in local cells, i.e., a cell-averaging constant false alarm rate
(CA–CFAR) method [19]. The normalized signal is, in essence,
the signal-to-background ratio. The normalized data were not
thresholded for this current analysis. The data were further nor-
malized by its rms level across all points in a sample window
as shown in the figure labels. The inverse bandwidth (5 ms) of
the signal was much smaller than the gap in the first normaliza-
tion window and, hence, the statistics were driven by the inverse
bandwidth (related to resolution cell), not the window.
Environmental data are not available for these sonar data, thus

assumptions on the scattering characteristics of the clutter fea-
tures must bemade, which limits the analysis to qualitative com-
parisons. Amajor assumption in themodeling is that each clutter
feature has a Rayleigh-distributed echo (before beampattern ef-
fects) with the same mean value. As described above, the model
is general enough to account for other distributions and of un-
equal means.
PFAs calculated from the data are compared with predictions

of PFAs based on calculations of pdfs using (2) for and
(1a) for as described above (Fig. 4). A PFA based on
a Rayleigh pdf (no beampattern effects) is shown for compar-
ison. All data are shown to be strongly non-Rayleigh with tails
elevated above the Rayleigh-based PFA that does not include

beampattern effects. Also, there is general qualitative agreement
between the tails of most of the data and the predictions that in-
clude beampattern effects. There are significant departures be-
tween most data and predictions for smaller values of echo am-
plitude, where the theory greatly underpredicts the data. There
are also departures between some of the data and predictions at
the higher values of echo amplitude. As discussed in [5], there is
also a trend of the tails of the CNS data being higher than those
of the CS which, in turn, are higher than the BL tails.
To address the discrepancies between predictions and data for

lower echo amplitudes, PFAswere also calculated using amixed
two-component pdf from (3) (Fig. 5). Here, one component is a
Rayleigh pdf (without beampattern effects) and the other com-
ponent is from (2) for and from (1a) for . Using
a least squares approach and through varying the mixed pdf
clutter fraction and , the comparison between the resul-
tant best fit predictions (thin solid curve) with the data (thick
dashed curve) is superior compared with the best fit one-com-
ponent PFAs (thin dashed curve) over the entire range of echo
amplitudes. A PFA based on a Rayleigh pdf (no beampattern
effects; thick solid curve) is shown for comparison. There still
remain some discrepancies between predictions and data for
lower values of echo amplitude, although the discrepancies were
significantly reduced over the case of the one-component PFA.
Also, there remain some discrepancies at the highest values of
the tails, such as the middle CNS plot [Fig. 5(h)].
The variables [from (1a)] and [from (3)] were varied

independently from 1 to 1000 and from 0 to 1, respectively,
in the calculations of many classes of curves of the PFA [one
curve from (3) per pair] in this least squares process. The

pair associated with the least squares difference between
the predicted PFA curve and the data represents the inferred
number and clutter fraction of the scatterers, as shown in Table I.
Several least squares approaches were attempted to obtain

a best fit (not shown). Note that in [7] and [8], an expecta-
tion–maximization algorithm was used to provide a maximum-
likelihood parameter estimate in their fit of the theoretical pdfs
to the data. The approach we chose for Fig. 5 involved calcu-
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Fig. 4. Comparisons between theoretical PFAs from the right panel of Fig. 3 (thick solid curve and thin solid and dashed curves) and the three classes of clutter
data (thick dashed curves). Each class has three independent sets of data.

Fig. 5. Comparisons between best fit of PFA based on mixed pdf from (3) (thin solid curve) and each set of data (thick dashed curve). The one-component
beampattern-based PFA based solely on (thin dashed curve) that was best fit to the data and PFA based on a Rayleigh pdf (thick solid curve) are shown for
comparison. Values of and inferred from the best fits are given in Table I. As in Figs. 3 and 4, the values of correspond to the total number of scatterers in
a half-space. These values are scaled in the analysis to the number of scatterers in the mainlobe of the beam and are also listed in Table I.

lating the differences of the PFAs on a log scale. In addition, the
echo amplitudes were equally spaced on a log scale. Through
this process, both the low and high echo amplitudes, as well as
low and high PFA values, were given equal weight. Because of
the high computational times to calculate the pdfs in this current
work, a finite number of values of were used in the inferences,

as listed in the caption to Table I. This results in discrete integer
values of , with small spacing (unity) for small values of
and large spacing (100) for large values of .
The model-estimated values of the number of scatterers

involve the entire half-space. This is a natural outcome of mod-
eling the echoes from a sonar system since the beam “sees”
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TABLE I
MODEL PARAMETERS USED IN PREDICTING PFAS BASED ON (3) IN FIG. 5(A)–(I). THE TERM IS BASED ON PREDICTIONS USING (2) [IN (3)] FOR
AND (1A) [IN (3)] FOR AND REPRESENTS THE TOTAL NUMBER OF SCATTERERS IN A HALF-SPACE WITHIN THE SONAR RANGE RESOLUTION CELL

(I.E., INCLUDING MAINLOBE AND ALL SIDELOBES). IN THE ADJACENT COLUMN, THE VALUES OF ARE SCALED FOR THE AVERAGE NUMBER OF
SCATTERERS IN A RANGE RESOLUTION CELL WITHIN THE MAINLOBE OF THE BEAM (I.E., WITHIN THE FIRST NULL). THE TERM IS ASSOCIATED

WITH THE TWO-COMPONENT MIXED PDF FROM (3) AND REPRESENTS THE FRACTION OF THE PDF THAT IS DUE TO CLUTTER [I.E.,
FROM (3)], 37 VALUES OF WERE USED IN THE INFERENCES: 1, 2, 3, 20, 30, 40, 100, 200, 300, 1000

in all directions. For this case of a narrow beam (5 20 ),
most of the inferred scatterers are in the sidelobes of the beam-
pattern and only a relatively few will be, on average, in the
mainlobe. In many systems, only the echoes above a certain
threshold are analyzed, which corresponds to the “tail” of the
echo pdf. The tail will generally correspond to dominant echoes
such as those due to scatterers in themainlobe of the sonar beam.
Thus, it is convenient to use these model results to estimate
those numbers. Through simple geometrical arguments, the in-
ferred number of scatterers subtended solely by the mainlobe
is calculated by scaling by the ratio of the solid angle sub-
tended by the mainlobe (0.1595 rad) and the half-space solid
angle ( rad) (Table I). For simplicity, the mainlobe is consid-
ered to be the portion of the beam within the first null of the
mainlobe. This line of delineation is chosen over, for example,
the 3-dB points, because the echo statistics are strongly influ-
enced by most of the mainlobe down to near the nulls. However,
in general, the estimates of the dominant scatterers will involve
system-specific noise. The average number of scatterers within
the mainlobe is estimated to be in the ranges 2.5–5.1 (BL),
0.20–1.3 (CS), and 0.076–0.36 (CNS) (Table I). This trend indi-
cates that the inferred number of scatterers within the mainlobe
changes with changing clutter type from highest values with BL,
to intermediate values with CS, and to lowest values with CNS.
The tails are correspondingly “heavier” in the progression of BL
to CS to CNS (Fig. 5).

IV. DISCUSSION AND CONCLUSION
Through the use of a recently developed model of echo sta-

tistics, there was generally good qualitative agreement between
predictions using this model and the tails of three classes of
clutter data as measured at midfrequencies. The model rigor-
ously accounts for the average number of scattering features
within a sonar resolution cell, the statistical properties of their
echoes (before beampattern effects), and beampattern effects.
Through implementing this model in a two-component mixed
pdf, with the other pdf being Rayleigh, the entire range of values
of echo amplitude was reasonably predicted. This general agree-
ment between the shape of the predicted pdf curves and the

shape of the experimental pdf curves was the first experimental
validation of this exact model. Furthermore, this comparison
provided inferences of number of scatterers per sonar resolu-
tion cell for each type of clutter.
As discussed above, the vast majority of echoes from clutter

features within a sample window are from the sidelobes. Al-
though the tail of the clutter predictions provides reasonable
fits to most clutter echoes with high values, the pure Rayleigh
component of the mixed pdf was required to predict the PFA
for lower values of echo amplitude. The need for this com-
ponent can be explained by the presence of either the back-
ground system noise, diffuse reverberation, or some combina-
tion that dominated the signal for low values. Diffuse reverber-
ation, in this context, would involve scattering by a randomly
distributed array of scattering features, with many of the fea-
tures contributing to each echo. With a large enough number of
these features, the resultant statistics, through the central limit
theorem, would be Rayleigh distributed even with beampattern
effects included.
The analysis was limited, in large part, by the absence of envi-

ronmental data. Thus, the analysis focused on a qualitative study
examining the trends of the data in relation to the predictions.
Nonetheless, comparison between the predicted and observed
trends served as experimental validation of the model. Further-
more, quantitative inferences could be made with assumptions.
For example, the average number of scattering features in each
sonar range resolution cell within the mainlobe was inferred.
This inference demonstrated that, in general, the bottom-like
clutter involved the largest number of scattering features, and
the compact stationary and compact nonstationary clutter in-
volved an intermediate and smallest number of features, respec-
tively. This trend is consistent with the fact that the tails of the
echoes are increasingly elevated in the progression of BL to CS
to CNS clutter types.
The elevated portions of the tails not predicted by the theory

are possibly due to deviations from the assumptions that the
clutter features: 1) were Rayleigh distributed (before beampat-
tern effects); 2) had the samemean value; and 3) were uniformly
distributed (stationary statistics). For example, deviations from
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predictions are particularly apparent in Fig. 5(h) where the tail
of the data does not follow the slope of the predictions. This may
be the cause of the large difference in inferred and for these
data compared with the values of and , respectively, for the
other CNS data. Not accounting for these deviations translates
to the inferred number of scatterers and clutter fraction being
effective values of number and clutter fraction, respectively, for
this particular set of assumed scattering parameters. Also, as dis-
cussed above, the fact that the predictions required a two-com-
ponent pdf, with one being a Rayleigh, suggests that more is
contributing to the echo than finite numbers of large clutter fea-
tures. When realizations of the clutter give rise to clutter echoes
that are smaller than the background signal, the use of a simple
two-component mixture pdf can also give rise to errors in in-
ferred values of and as described below.
It has recently been demonstrated that the echoes from ran-

domly oriented, randomly rough, elongated objects are non-
Rayleigh before beampattern effects [14], [15]. For that type of
scatterer, the inferred number of scatterers in this paper's data
would be higher than in the assumed case of Rayleigh scatterers.
The case of mixed assemblages of dissimilar scatterers whose
mean echoes are different has also been recently examined [16].
The degree to which the echo from a mixed assemblage was
non-Rayleigh was not only related to the number of scatterers,
but also to the ratio of their individual scattering amplitudes.
This demonstrates that the inferred number of scatterers will
vary with the mixture, such as in the case of a mix of BL, CS,
and/or CNS in the same sample window.
The work onmixed assemblages also demonstrates the condi-

tions under which the inferred clutter fraction in this paper is
accurate [16]. If the distribution of scatterers is simply split into
two separate regions of mono-type scatterers, then the clutter
fraction is interpreted directly and accurately in terms of the pro-
portion of area containing the clutter echoes. Also, if the dom-
inant scatterer is sparsely distributed, then is accurate. How-
ever, if there is a mixture of different scatterer types interspersed
within a resolution cell, then the error in can be significant.
The values of in Table I are shown to vary slightly with in-
ferred number of scatterers in the resolution cell. If there is no
error in inferred values of and , then these results would
suggest that with these three different clutter types, as the frac-
tion of area containing the clutter area increases, so does the nu-
merical density of the clutter features within the area. However,
there is probably error in the inferred values of , especially for
the BL cases where there are multiple clutter features per res-
olution cell and the possibility that those features are a mix of
different scatterer types.
Finally, the predictions and data were associated with direct

path echoes. There are also important cases in which interac-
tions with neighboring boundaries (waveguide effects) of a
long-range sonar will interfere with the direct path echoes and
need to be accounted for. In this case, the pdfs will tend to be
“whitened” (i.e., become more Rayleigh-like) as the number
of interactions increases [20], although there are important
conditions under which the echoes can still remain strongly
non-Rayleigh after waveguide effects [17].
Despite the limitations in the analysis, the qualitative agree-

ment between predictions and data showed the value of the new

approach as well as served as a first experimental validation of
the model. Future studies and more in-depth validation should
include using sonar data that has environmental data of suf-
ficient detail that the degree to which echoes from individual
scattering features might be non-Rayleigh before beampattern
effects, the statistics of the means of their echoes, as well as the
stationarity of the clutter field can be quantified. Also, with the
new methods developed in [17], predicting echo statistics asso-
ciated with beampattern and various clutter types detected by a
long-range sonar where waveguide effects are important is now
possible.
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