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Abstract—The along-track resolution of conventional airborne
synthetic aperture radar altimetry (SARAL), where the coherent
processing interval (CPI) is the burst length, is not a full resolution
due to beam limited. For a fully focused radar altimeter image, a
novel airborne SARAL processing algorithm based on a long CPI is
proposed in this article. The long CPI is capable of achieving higher
azimuthal resolution than that in the conventional altimeter with
limited number of pulses. To conquer the problem of atmosphere
turbulence and in accordance of motion deviation of the airborne
platform, a subaperture phase gradient autofocusing framework
is introduced to alleviate nonsystematic phase errors (NsPE). In
this framework, NsPE is estimated and compensated in along-track
so that a fully focused delayed Doppler map (DDM) can be guar-
anteed. Finally, the height parameter estimation is performed to
the 1-D altimeter echoes after multilooking processing of DDM
to improve the estimation accuracy. Given that the conventional
retracking algorithm is sensitive to noise, which may degrade the
estimation accuracy, a flexible Bayesian method is designed in a
hierarchical manner for the SARAL retracking. The SARAL raw
data are utilized in the experiment. The results of image entropy
and RMSE demonstrate the effectiveness and superiority of the
proposed algorithm both qualitatively and quantitatively.

Index Terms—Coherent processing interval (CPI), hierarchical
Bayesian learning, phase gradient autofocusing (PGA), synthetic
aperture radar altimeter (SARAL).

I. INTRODUCTION

RADAR altimeter usually transmits wide-band pulses to the
nadir point and receives echoes in a pulse group (or burst).

In general, the satellite/airborne radar altimeter performs in
synthetic aperture mode to improve the accuracy of the altimetric
parameter. Taking advantages of delay correction processing
with orbit parameters, the ground elevation can be obtained
by comparing with the earth reference ellipsoid. However, the
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conventional radar altimeters use the echo delay within the
pulse-limit footprint to estimate minimum radar range [1]. Most
of the radiated power falls outside the pulse limit footprint,
which cannot be used for height estimation. A large part of
the radiated power is wasted and the measurement accuracy
is limited. Therefore, the delayed Doppler altimeter (DDA) is
proposed and developed [1].

DDA, which is also called synthetic aperture radar altimeter
(SARAL), is named because the processed 2-D echoes are in
the domain of delay cross track and Doppler along-track [2].
Compared with the conventional radar altimetry, the resolution
of SARAL is improved by an order of magnitude by means
of the phase delay compensation cross-track and nonfocused
multilooking coherent processing along-track on the principle
of synthetic aperture imagery. Therefore, SARAL is widely used
in hydrology and sea ice exploration [3], [4].

Conventional radar altimeters transmit and receive
monopulse, whose coherent pulse interval (CPI) is burst
length [5], [6]. The along-track resolution of altimeter depends
on the number of the pulses in transmitted burst, where the
CPI along-track is the burst period. To satisfy high resolution
requirements of airborne radar altimeter, long CPI processing is
introduced to obtain more target information than conventional
ones. Specifically, by extending the conventional burst interval
to the synthetic aperture period, the number of received
pulses in the long CPI is accordingly increased, and rich
height information is consequently obtained. Thus, the height
measurement accuracy can be accordingly improved. However,
due to the long CPI processing, motion errors are produced
to the airborne SARAL, whose platform is susceptible to the
atmosphere turbulence. Compared with the range migration
caused by predictable changes in the relative distance between
the radar and the target, the phase error due to the unknown
motion of the platform is usually called nonsystematic phase
error (NsPE) [7], [8]. Consequently, it is necessary but
challenging to correct the NsPE [7], [8].

To solve the problem of motion errors from the airborne plat-
form, algorithms dealing with NsPE are taken into consideration.
Generally, there are two classical algorithms to dealing with
nonsystematic errors: the phase gradient autofocusing (PGA)
algorithm [9], [10] and the minimum entropy auto-focusing
(MEA) [11], [12] algorithm. The MEA algorithm realizes phase
error correction involve iteratively calculating and minimizing
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the image entropy objective function. While in PGA, the NsPE is
calculated through integral step. Then, the echo to be corrected
is multiplied by the compensation phase term and the error
correction procedure is achieved. Numerous practices prove that
the PGA is a very stable phase correction algorithm, which
obtains the gradient of the echo phase error through the phase
gradient estimation. PGA performs rather prominent and sta-
ble properties compared with MEA. Nevertheless, in practical
engineering, long CPI means large number of pulses carrying
plenty height information, which may bring great burden to
hardware data processing. Based on this, subaperture combined
with PGA is designed to divide large data into several data
slices so that a fully focused delayed Doppler map (DDM) can
be obtained, which represents the altimeter delay in range and
different Doppler positions.

Next, by along-track multilooking processing, 1-D altimeter
echoes can be obtained. Halimi et al. [13] demonstrated that 1-D
delayed echoes follow a three-term convolution model or Brown
model, which establishes an analytical relationship between
altimeter echoes and altimetry parameters. Therefore, various
retracking algorithms based on the Brown model have been
proposed for altimetry parameter estimation. The conventional
altimetry parameter estimation algorithm is the least squares
(LS) algorithm [13], [14]. Although LS is efficient, it is very
susceptible to noise.

In this article, the long CPI is utilized so that fully focused
DDM of radar altimeter can be obtained. PGA compensation
under subaperture framework is proposed to alleviate motion
errors caused by long CPI. Aiming at improving the accuracy
of altimeter parameter estimation for up-and-down terrain, a
flexible Bayesian learning algorithm is proposed, where the
prior is modeled as a generalized Gaussian distribution (GGD).
To solve the problem of the nonconjugation between prior and
likelihood, hierarchical Bayesian combined with Hamiltonian
Monte Carlo (HMC) sampler is designed to obtain closed-form
solutions of the height parameter posterior. The airborne raw
SARAL data are employed to validate the effectiveness of the
proposed algorithm. Also, comparisons with the conventions
examine the superiority of the proposed algorithm.

The organization of this article is as follows: Section II de-
scribes the SARAL geometry and echo model. The long coherent
processing method is discussed in Section III, where the 2-D
delay/Doppler echo mathematical model is derived, and the
NsPE correction is illustrated. The Bayesian altimetry parameter
retracking is given in Section IV. In Section V, the processing
procedure of the proposed algorithm is demonstrated. Experi-
ments are conducted and analyzed in Section VI. Discussions
and conclusions are given and drawn in Sections VII and VIII,
respectively.

II. SARAL GEOMETRY AND ECHO MODEL

The airborne SARAL geometry is depicted in Fig. 1, where the
SARAL flies with the speed of v along the direction of Y , which
is called along-track. It transmits linear frequency modulation
(LFM) pulses to the nadir vertically, and echoes are received for
processing to obtain the ground height. The Cartesian coordinate

Fig. 1. SARAL geometry.

systemO −XY Z is established withO as the origin. Assuming
that the antenna phase center (APC) of the radar altimeter is
located in A(x, y, z) at time t. The illumination scene is shown
on the ground in Fig. 1. Q is the scene center, Pi is a scatter
located in illuminated scene, whose coordinate is (xi, yi, zi).
Therefore, the slant distance from APC to the scatter is Ri as

Ri =

√
(x− xi)

2 + (y − yi)
2 + (z − zi)

2

=

√
x2
i + (vη − yi)

2 +H2
0 . (1)

It is not difficult to see that when x = 0, there is z = H0, zi = 0,
y = vη, and η denotes slow time variable. Setting that R0 =√
H2

0 + x2
i is the minimum reference slant distance where the

direction of Ri is perpendicular to along-track. Generally, if
|v(η − η0)| � R0, then the range equation shaped like a hyper-
bola Ri and it can be approximated as a parabola

Ri =

√
R2

0 + v2(η − η0)
2

≈ R0 +
v2

2R0
(η − η0). (2)

To obtain the height information of the scatter, the LFM signal
is transmitted, which can be expressed as

st(t) = A0rect

(
t

Tp

)
exp

(
j2π(fct− 1

2
Krt

2)

)
(3)

where Kr = B/Tp is the chirp rate of transmitting frequency,
B is the frequency bandwidth, and Tp is the pulsewidth, respec-
tively. In (3), fc is the carrier frequency and t is the time variable
(or cross track time). A0 is the amplitude of the transmitted
signal. Airborne platforms usually cannot accurately fly along a
predetermined track, and will result in motion deviations, which
can be denoted as Δr. After a certain delay, the received echo
can be obtained as the form of

sr(t, η) = A0σ
0rect

(
t− τ

Tp

)
exp [j2πfc(t− τ)]

× exp
[
−jπKr(t− τ)2

]
exp (jΔφ) + n (t, η)

(4)
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where τ = τ(η) = 2R(t, η)/c is two-way delay of radar to
target scatter under the stop-and-go approximation [15] and
Δφ = 4πΔr/c is the NsPE caused by the platform motion error,
which is the multiplicative error reflected on the echoes. In (4),
σ0 is the scattering coefficient,n(t, η) is additive noise or clutter,
and η is slow-time, which is related to the along-track movement
of SARAL. It is worth noticing that τ has no analytical form,
which will be estimated in the following discussion. For the
convenience of expression, A0σ

0 is omitted in the following
derivation.

III. LONG COHERENT PROCESSING

With the signal processing of SAR imagery for reference, the
coherent processing interval is synthetic aperture time instead
of conventional burst interval. All the echoes in the illuminating
time will be collected and coherently accumulated, which can
improve the along-track resolution. The long coherent process-
ing mainly includes two stages. In the first stage, the dechirp (or
deramp) in cross-track, range cell migration correction (RCMC),
range compression residual video phase (RVP) correction, and
NsPE estimation are completed in a subaperture manner. In
the second stage, the NsPE phase is spliced into full-aperture
phase errors and iteratively corrected. Finally, along-track long
coherent accumulation, i.e., along-track fast Fourier transform
(FFT), is designed to obtain a fully focused 2D-DDM.

A. Systematic Phase Error Compensation

Usually, the received echo needs a dechirp (deramp) process-
ing, which is similar to matched filtering process [16]. After
multiplying the received echo with the delayed replica of the
transmitted signal, the beat signal can be obtained as follows:

sif (t, η) = sr(t, η)× sref
∗(t, η)

= rect

(
t− τ

Tp

)
exp

(
j2π

(
fcτ

′−Krτ
′t+

1

2
Krτ

′2
))

× exp (jΔφ) + n (t, η) (5)

where

sref(t) = st(t− τref)

τ ′ = τ − τref =
2(Ri −Rref)

c
(6)

where Rref is tracker reference slant, which is obtained by air-
borne tracker [1]. What is worth noting is that (5) is a continuous
wave signal for time t with a frequency of Krτ

′.
Note that according to (2), τ ′ can be further written as

τ ′ =
2(R0 −Rref)

c
+

v2

cR0
(η − η0)

2 = u+
v2

cR0
(η − η0)

2

(7)

where v2

R0
(η − η0)

2 is the range migration term, u is the dif-
ference between the minimum two-way travel delay, and the
tracker reference slant delay. The RCMC process is completed
by multiplying the corresponding compensated phase, as is

shown below

sRCMC(t, η) = sif · exp
(
j2π

v2

R0
(η − η0)

2t

)

= rect

(
t− τ

Tp

)
exp

(
j2π

(
fcτ

′ −Krut+
Kr

2
τ ′2
))

× exp(jΔφ) + n(t, η) (8)

where the first term is a Doppler term, which is related to the
along-track Doppler frequency. The second term is continual
wave (CW), which is exactly what we need, and the third item
is RVP, which needs to be removed. After RCMC, to focus in
the cross-track, range compression is required, which can be
achieved by delay IFFT as follows:

sRC(fr, η) = F [si,RCMC ] =

∫ Ti+Tp

Ti

si,RCMC

exp(−j2πfrt)dt

= Tpsinc [Tp (frτi
′ − γui)] exp

[
j2π

(
fcτi

′ +
γ

2
τi

′2
)]

× exp (jΔφ) + n (fr, η) . (9)

Considering that the frequency fr can be expressed by fr =
Krτr, which is directly related to the time delay, si,RC(τr, η)
can be further approximated as

sRC(τr, η) = Tpsinc [B(τr−u) ] exp

(
j2π

(
fcτ

′+
Kr

2
τ ′2
))

× exp (jΔφ) + n (τr, η) (10)

where B is the signal bandwidth, τr denotes the time delay
in the altimeter measure window. It is worth noting that, after
RCMC and range compression, the response of a single scatterer
is concentrated at the time delay τr = u in the window, which
means that the slant distance between the scatterer and the
altimeter is the minimum.

After range compression, RVP correction is required. From
(10), the signal after RVP correction can be written as

sRV P (τr, η) = sRC · exp
(
j2π

(
Kr

2
τ ′2(η)

))

= Tpsinc [B(τr − u) ] exp (j2π(fcτ
′))

× exp (jΔφ) + n(τr, η) (11)

where both RVP and range migration are systematic phase errors
(SPE). However, exp(jΔφ) are non-systematic phase errors.
There is no analytical form to calculate. The NsPE can be
compensated only by the data-driven phase error autofocusing
algorithm. The phase gradient autofocusing (PGA) algorithm is
proved to be a classic autofocusing algorithm, which is widely
used in the SAR imagery.

B. Nonsystematic Phase Error Compensation

The phase error is obtained by PGA algorithm through the
phase gradient estimating of echoes, and then the phase error is
integrated from phase error gradient. Then, phase compensation
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can be realized. The PGA algorithm mainly includes four steps:
center (circular) shifting, windowing, phase gradient estimation,
and iterative correction. In the first step, the strongest scatters
are selected and moved to the center of the image (the cen-
ter of the image), whose purpose is to eliminate the Doppler
frequency shift of the scatters. The second step is to window
the cyclically moving image so that each range bin contains as
much scattered energy as possible, while discarding the data that
do not contribute to the phase error, which allows the highest
signal-to-noise ratio (SNR) data to be used for phase error
estimation. The third step is to estimate the phase error gradient
by the linear unbiased minimum variance (LUMV) estimation,
and the phase error function Δφ̂ can be obtained through the
integral operation. The echo data are multiplied by the complex
conjugate of the phase error function and the correction process
is finished. However, the estimation and correction steps must be
repeated iteratively to continuously eliminate phase errors. As
the image becomes more and more focused, the single scatterer
becomes more compact, the SNR is improved, and the algorithm
tends to converge. The echoes after NsPE Δφ are corrected as
follows:

sPGA(τr, η) = sRV P · exp
(
jΔφ̂

)
≈ Tpsinc [B(τr − u) ] exp (j2π(fcτ

′)) + n(τr, η)
(12)

C. 2D-PTR of Echoes

Long correlation processing is realized by coherently combin-
ing the echoes along the along-track within its illuminating time.
Considering the long correlation processing of the along-track
position yp

s(τr, η) =
∑
η

sPGA(τr, η) exp[−j2πfcτ
′
yp
(η)]

= Tpsinc [B(τr − u) ]

×
∑
η

exp
(
j2πfc(τ

′(η)− τ ′yp
(η))

)
+ n(τr, η)

(13)

where τ ′(η)− τyp
′(η) ≈ (2ypy − y2p)/cR0, and y = vη de-

notes the position in along-track. Substituting τi
′(η)− τyp

′(η)
into (13), the signal function can be rewritten as

s(τr, η) = Tprect

(
t

Tp

)
sinc [B(τr − u) ]

×
∑
η

exp

(
j2π

ypvη + y2p
λR0

)
+ n(τr, η) (14)

where
∑

η exp(·) ≈
∫ Ti/2

−Ti/2
exp(·)dη, and Ti is the coherent

processing time along-track, which is CPI or synthetic aperture
time TSAR, and it is not the burst duration. Usually, the Doppler
frequency can be denoted as

fd =
2v sin θ

λ
≈ 2ypv

λR0
. (15)

Replacing the relevant variable with Doppler frequency fd, the
echo s(τr, η) can be further expressed as

s(τr, η) ≈ Tprect

(
t

Tp

)
sinc [B(τr − u) ] exp

(
j2π

y2p
λR0

)

×
∫ Ti/2

−Ti/2

exp(jπfdη)dη + n(τr, η). (16)

After further calculation, the echo can be written as

s(τr, fd) = TpTirect

(
t

Tp

)
sinc [B(τr − u)] sinc [Tifd]

× exp

(
j2π

y2p
λR0

)
+ n(τr, fd)

≈ TpTirect

(
t

Tp

)
sinc [B(τr − u)] sinc [Tifd]

+ n(τr, fd) (17)

where the echo is in the range-delay and azimuthal-Doppler
domain. The 2-D echo has high main lobe energy at yp = 0,
exp(j2πy2p/λR0) ≈ 1. To this end, the altimeter echo is finally
expressed as a 2D sinc function related to the delay τr and
Doppler frequency fd, which is also the origin of the name
delay/Doppler altimeter. Equation (17) is also called 2-D point
target response (2D-PTR) of SARAL.

D. Long Coherent Processing Procedures

The previous section derives the long coherent processing
theoretically and mathematically. The procedures mainly in-
clude range dechirp, RCMC, range compression, RVP correc-
tion, NsPE correction, and along-track FFT. To understand the
processing procedures, the long coherent processing is divided
into seven stages, as shown in Fig. 2, which are as follows:

Stage 1. Subaperture segmentation: In order to achieve high-
precision processing of the long synthetic aperture echo data,
subaperture processing is an effective method. Therefore, the
full-aperture echoes are segmented into several overlapped sub-
aperture data blocks. This overlapped subaperture data are to
avoid phase discontinuities when connecting. The following
stages 2 to 5 are all completed in a subaperture manner.

Stage 2. Range deramp: Range deramp is a widely used
technology for current radar altimeters, which is also known as
deramp-on-receive technique. It achieved echo matched filtering
based on an analog mixer. After the processing, the output
signal becomes an intermediate frequency signal or beat signal.
Usually, this process is completed by multiplying the received
echo by a complex conjugate of the transmitted signal with a
certain delay, in which the delay is obtained by the on-board
range gate tracker.

Stage 3. RCMC and range IFFT: Since the range is constantly
changing from altimeter to the target scatter, the echo from
the same scatter will be distributed in several adjacent range
gates, the delay compensation is needed, which is similar to
SAR imaging RCMC, we call it range cell migration correction
in this article. As shown in (8) in the previous section, by
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Fig. 2. Flowchart of long coherent processing.
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constructing a range migration multiplier, the range migrations
can be corrected. After RCMC, range IFFT guarantees the echo
cross-track focused. To this end, the echo is slow-time domain
in along-track, and range frequency domain in cross-track. Due
to fr = Krτr, the echo can also be regarded as a function of
delay τr in cross-track.

Stage 4. RVP correction: The RVP correction as shown in
(11). It is worth mentioning that RVP is the second order phase
of the delay, which will also produce Doppler frequency, but the
influence on the phase is much smaller than the Doppler term.
However, its impact cannot be ignored. RVP can be corrected
by multiplying the corresponding matched filter function.

Stage 5. Subaperture phase error estimation: After RCMC
and RVP correction, the systematic phase error is basically
corrected. Due to various factors such as turbulence, the al-
timeter platform cannot accurately fly along to the planned
route, causing NsPE, which is random and will produce targets
image defocus. Therefore, the NsPEs are different from range
migration error and RVP, which have no analytical form and
can only be estimated by specific algorithms. PGA is a classic
algorithm. After estimating the phase gradient, the phase error
function is obtained through the integral calculation.

Stage 6. Full-aperture phase error compensation: The sub-
aperture echo data after the RVP correction is connected to
a full-aperture echo data, which is the echo after systematic
phase errors correction. Multiplying the full-aperture data by
the conjugate of the full-aperture phase error function estimated
by the PGA algorithm, the NsPE can be corrected.

Stage 7. Along-track FFT: After the phase error is corrected,
this stage is mainly to realize the focusing of the along-track.
This process can be completed by the FFT (slow-time coherent
summation) along-track. As shown in Fig. 2, the echo after the
along-track FFT is at delay Doppler domain, which is 2D-PTR.

IV. ALTIMETRY PARAMETER RETRACKING

In this section, the altimeter parameter retracking will be
discussed. In 2D-PTR, the Doppler beams are related to different
along-track positions, and the range gate (delay) is involved in
the height information. Brown [17] showed that the echo of
SARAL follows the analytical model formed by the convolution
of flat surface response and topographic distribution. It considers
factors such as antenna pattern, illumination scene geometry,
and surface backscattering coefficient. Based on this analytical
model, the height parameter estimation algorithms of the least
squares algorithm (LS) and the maximum likelihood (MLE)
method can be utilized, which are the most commonly used
estimation algorithms. However, although the LS and MLE
algorithms are simple and efficient, they are susceptible to noise.
Therefore, a flexible Bayesian learning framework is designed
in this section, where the prior is set by a GGD. To accommodate
for the statistically complicated prior, the Bayesian learning is
performed in a hierarchical manner, and HMC sampler is intro-
duced to obtain closed-form solutions of the height parameter
posterior.

To access the height parameter, a proper parameter model is
necessary. According to the existing literature, a convolution

model is as follows [18]:

g(t, fn) = pFSR(τr, fn) ∗ w(t) (18)

wherew(t) is the topographic distribution, which is a probability
density function. pFSR(τr, fn) is the flat surface response of a
single Doppler beam, where n represents the different along-
track positions or perspectives. In addition, t = t0 + τr, where
t0 is the retracking observation window delay of the received
echo. Then, w(t) can be expressed as the function w(τr), w(τr),
and pFS(τr, fn) can be further denoted as

w(τr) =
1√
2πσs

exp

(
− (t0 + τr)

2

2σ2
s

)
(19)

pFSR(τr, fn) =
λ2

(4π)3

∫
A

G2(ρ, θ)σ0(ρ, θ)s(τr, fn)

R4(ρ, θ)
ρdρdθ

(20)

where σs = SWH/2c, and SWH is the effective wave height
parameter. σ0 is the normalized radar cross section (RCS), G is
the antenna gain, and fn denotes the Doppler frequency of the
nth along-track beam. In addition, R is the distance of altimeter
to the scatterers, which is determined by ρ and θ. A is the area of
the illuminated scene, and (ρ, θ) is the coordinate of any points
in the scene expressed with polar coordinate format. s(τr, fn)
is a 2-D PTR, which can be approximated as

s(τr, fn) = sinc [B (τr − 2R(ρ, θ)/c)] sinc [Ti (fd(ρ, θ)− fn)] .
(21)

Since σ0 and R change slowly with the illumination scene, it
can be assumed as a constant value and denoted by Pu, which is
called the echo amplitude, i.e.,Pu = λ2σ0/4π3R4. Then, pFSR

can be further expressed as

pFSR(τr, fn) = Pu

∫
A

G2(ρ, θ)s(τr, fn)ρdρdθ. (22)

To simplify the integration calculation of (22), the antenna
pattern and 2-D sinc function of 2D-PTR can be approximated
by Gaussian function [13]. The altimeter echo g(t, fn) is still
in 2-D form. In order to obtain the 1-D echo of the altimeter,
multilooking processing is necessary.

The multilooking processing is achieved by incoherently
summation of the echo on different Doppler beams at different
along-track positions, which is to obtain a better along-track
resolution. The final 1-D altimeter echo is as

g(τr) =

N∑
n=1

g(τr, fn) (23)

where g(τr) is an M -dimensional vector, which is actually a
function of three height parameters: echo delay τr, effective
wave height SWH , and echo amplitude Pu. For the sake of
simplicity, we only express it as a function of τr. Therefore, the
echo mathematical model (23) can be used to retrack [5] and
estimate the height parameters.

In the altimeter signal processing flow, the height parameter
estimation is the last link. Since the estimation of radar altimeter
parameters must be carried out within the observation window,
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this stage is usually called ground retracking. The existing LS
and MLE algorithms only consider the independence of the
altimeter echo and estimate a series of parameters at a time [19].
The statistical properties of the echo parameters and the prior
characteristics of the echo are not considered. Hence, a statistical
estimation algorithm based on HMC sampling technology is
proposed in this article. This algorithm establishes a Bayesian
inference model by considering the statistical properties of the
echo parameters to realize altimetry parameter estimation. For
the convenience of presentation, the 1-D echo g(τr) of the
altimeter is thickened to emphasize that it is an M -dimensional
vector. The specific estimation model can be expressed as

y = g(τr) + e (24)

where y ∈ R
M is the observed echo, g(τr) ∈ R

M is the un-
known noiseless echo, and e ∈ R

N is the additive noise. Note
that echo delay parameter τr is related to the echo, which can
be estimated according to (23). In Bayesian estimation, prior
models, likelihood, and Bayesian inference will be discussed.

A. Flexible Prior and Likelihood Model

First, to carry out the first Bayes for DDM feature enhance-
ment, the echo delay τr is modeled as the GGD prior. GGD
is flexible to characterize the altimetry echo prior information,
thereby high-precision parameter estimation can be obtained. In
such a case, the prior is denoted as

p(τr|α, β) = GGD(τr|α, β)

=
1

2α1/βΓ(1 + 1/β)
exp

(
−|τr|β

α

)
(25)

where Γ(·) is the gamma function and α > 0, 0 ≤ β ≤ 2 are the
scale parameter and shape parameters of GGD, respectively. The
GGD distribution represents different distributions with differ-
ent shape parameters. Whenβ = 1, GGD is Laplace distribution.
If β = 2, GGD is Gaussian distribution. β → 0, the sparser the
prior, andβ → 2, the smoother the prior. Therefore, the GGD is a
flexible prior distribution, which can represent different degrees
of sparsity.

Equation (25) describes the statistical characteristics of the
parameter τr, and therefore, it becomes a random variable to be
estimated. According to the Bayesian estimation framework, the
likelihood function is usually determined by the noise model of
the signal. Considering that additive noise is usually Gaussian
white noise, the likelihood function can be expressed as

p(y|τr, σ2) =

(
1√
2πσ

)M

exp

(
−‖y − g(τr)‖22

2σ2

)
(26)

where σ2 is the noise variance and ‖ · ‖2 denotes the �2 norm
of vector. Note that the observed echo y is also Gaussian, and
the variance is σ2. Since the prior GGD is not conjugate to
Gaussian likelihood, which results in nonclosed solution. To
this end, the hierarchical Bayesian model is introduced, which
designs a certain probability distribution for each parameter to
construct the relationship between prior and likelihood.

Fig. 3. DAG of Bayesian modeling for altimetry parameter retracking.

B. Bayesian Hierarchical Model

The parameter σ2 is the noise variance, in order to ensure
that it is always positive, and provide no information as much
as possible, it can be designed as Jeffrey’s noninformation prior

p(σ2) ∝ 1

σ2
I
R

+(σ2) (27)

where IR+ is the indicator function on R+. Note that when
σ2 ∈ R+, I

R
+(σ2) = 1, and 0 otherwise. For more informa-

tion on this a prior hypothesis, please refer to [20]. The scale
parameter of GGD is positive number and needs to be conjugate
to the Gaussian distribution, which can be defined as the inverse
gamma distribution

p(α|c, d) = IG(α|c, d) = dc

Γ(c)
α−c−1 exp

(
− d

α

)
IR+(α)

(28)

where c and d are fixed constant parameters, and its experience
value is usually 10−3, and IG(·) represents the inverse gamma
distribution. Next, the shape parameter β belongs to the interval
[0, 2]. It can be assumed to be a uniform distribution, that is,
β ∼ U[0,2], which can ensure the high flexibility and sparsity of
GGD prior. After the Bayesian hierarchical model is constructed,
the relationship of these variables and hyper-parameters can be
expressed in the form of a directed acyclic graph (DAG), as
shown in Fig. 3.

Fig. 3 shows the relationship of various parameters in the
retracking technique of altimetry parameters under Bayesian
hierarchical model. The displayed random variable y represents
the observation data, which is the 1-D altimeter echo signal
obtained after correction. τr indicates the altimetry parameter
to be restored. α, β, and σ2 are all latent random variables,
which represent the scale parameters, shape parameters, and
noise variance of GGD, respectively.

In Bayesian inference, the molecule is the product of prior
function and likelihood function, which is required to be conju-
gate. Otherwise the closed solution of the posterior probability
density function can not be obtained under the Bayesian frame-
work. The conjugate relationship between likelihood distribu-
tion function and prior distribution function can be constructed
by introducing hyper parameters. Therefore, the hierarchical
Bayesian model is constructed. According to (25) and the
likelihood function (26), the joint posterior distribution can be
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expressed as

p(τr, α, β, σ
2|y) = p(τr|α, β)p(α|c, d)p(β)p(y|τr, σ2)p(σ2)

p(y)
(29)

where p(y) can be regarded as a normalization constant, and
the joint distribution is proportional to the product of the prior
and the likelihood function of each parameter. Since the full
Bayesian estimation is desired, which means that the exact val-
ues of all parameters can be estimated. Therefore, the conditional
posterior of the altimetry parameter τr and the hyper-parameter
α, β, σ2 can be obtained by marginal calculation. The condi-
tional posterior of scale parameter of GGD can be expressed as

p
(
α|τr,y, β, σ2

) ∝ IG
(
α|c+ 1, d+ |τr|β

)
. (30)

Note that (30) is still the inverse gamma distribution, which is a
typical distribution function and can be sampled by the classic
Gibbs algorithm [21]. Then, the posterior of shape parameter
β can be obtained by (25) and uniform distribution β ∼ U[0,2],
which have the form of

p
(
β|τr,y, α, σ2

) ∝ 1

2α1/βΓ(1 + 1/β)

exp

(
−|τr|β

α

)
I[0,2](β) (31)

where (31) is GGD defined as [0,2], which is an atypical dis-
tribution function cannot be sampled by the Gibbs algorithm
mentioned above. To this end, the Metropolis Hastings (MH)
is a popular solution, which is capable of sampling the atypical
distribution effectively.

Similarly, according to (26) and (27), the conditional posterior
of noise variance σ2 can be calculated as

p(σ2|τr,y, α, β) ∝ IG
(
σ2|M

2
,
‖y − g(τr)‖22

2

)
(32)

where (32) is also an inverse gamma distribution, similar to (30),
and thus Gibbs can be used as the suitable sampling method.

In addition, the posterior of the altimetry parameter τr can be
calculated by (25) and (26). Since the altimeter echo delay τr
and shape parameter β are usually positive, i.e., |τr|β = (τr)

β ,
the marginal posterior distribution of echo delay parameters τr
is expressed as

p(τr|y, α, β, σ2) ∝ exp

[
− (τr)

β

α
− ‖y − g(τr)‖22

2σ2

]
. (33)

Note that the posterior in (33) is a typical distribution, and the
sampling processing cannot be implemented with the classic
Gibbs algorithms, while the MH is not so efficient due to
the random walk strategy. To this end, an effective statistical
sampling algorithm is proposed, which is based on the Hamil-
tonian dynamic model. The HMC can cope with the problem of
estimating from the complicated and atypical PDF. Its estimate
process is to generate a large number of samples through Monte
Carlo random simulation according to the related PDF, and then

the expectation of these samples is calculated and considered as
the estimated values. In the HMC framework, according to the
conservation principle of kinetic energy and potential energy,
the total energy function is constructed as

H(τr,q) = U(τr) +K(q) (34)

where U(·) = (τr)
β/α+ ‖y − g(τr)‖22/2σ2 is the potential

function of the posterior of echo delay parameters, K(q) =
qTq/2 is the kinetic energy function, and q ∈ R

M is the mo-
mentum of the object. Note thatq is aM dimensional vector and
τr is a scalar, while U(τr) and K(q) = qTq/2 are scalar func-
tions. The HMC algorithm performs variable update sampling
according to the leapfrog step, the iteration process of HMC
estimation is

q(t,(i+1/2)δ) = q(t,iδ) +
δ

2
∇U

(
τr

(t,iδ)
)

(35)

τr
(t,(i+1)δ) = τr

(t,iδ) + δq(t,(i+1/2)δ) (36)

q(t,(i+1)δ) = q(t,(i+1/2)δ) +
δ

2
∇U

(
τr

(t,iδ)
)

(37)

where i is the number of leapfrog, δ is the leapfrog step length,
r is the number of iterations, and ∇(·) is the gradient operator,
which is denoted as

∇(τr) =
β(τr)

β−1

α
− (yT − gT(τr)

) · dg(τr)
dτr

. (38)

It is worth noting that the momentum variable q is updated with
half a leap as the step length, and the update step length of
echo delay parameter τr is a total leapfrog, and they iterate
alternately. After I times iterations, the algorithm converges,
and the candidate sample τr

∗ = τr
(t,Iδ) and q∗ = q(t,Iδ) are

obtained. The candidate samples should be further judged using
the “receive-reject” step of the MH algorithm to determine
whether they follow the target distribution. After t correct sam-
ples {τr1, τr2, · · · τrt} and {q1,q2, · · ·qt} are obtained, judge
the current candidate τr∗ and q∗ whether it can be served as the
(t+ 1)th sample. The probability of reception is expressed as

min
{
1, exp

(
H(τr

t,qt)−H(τr
∗,q∗)

)}
. (39)

If the candidate sample is received, τrt+1 = τt
∗, qt+1 = q∗,

otherwise τr
t+1 = τr

t, qt+1 = qt.
The sampling estimation methods of scale parameterα, shape

parameterβ, noise varianceσ2, and altimeter delay parameter τr
are discussed above. When the maximum number of iterations
Tmax is reached, the estimation process ends and the estimation
of full Bayesian can be obtained.

V. PROCESSING PROCEDURE

In this section, we are to discuss the processing procedure of
the proposed algorithm as shown in Fig. 4. In Section III-D
above, a 2-D DDM is obtained. To this end, the DDM will
serve as the input of the Bayesian retracking process. First, a
multilooking process is exploited to obtain a 1-D altimeter echo
according to the altimetry principle, which aims at gathering all
the reflected energies from a single Doppler beam. After RCMC,
RVP, and NsPE correction, the starting time of echo of the same
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Fig. 4. Processing procedure of the proposed algorithm.

target height in the same synthetic aperture are the same. It allows
us to sum to obtain the multilooking waveform as (23).

Then, based on the existing convolution model, the altimeter
echo parameters are modeled as random variables, which follow
flexible GGDs. The Bayesian inference framework is utilized to
obtain the posterior distribution of the altimetry parameters and
the introduced hyper-parameters, which is expected to achieve
full Bayesian estimation. For the scale parameter α, shape
parameter β of GGD prior, and noise variance σ2, the suitable
sampling algorithm are introduced to implement the iterative up-
date of the sampling process. Due to the posterior of the altimeter
parameter τr is complex and atypical, the traditional sampling
algorithms, such as Gibbs and MH cannot solve it, hence the
newly HMC is exploited to realize its sampling estimation. In
HMC, the momentum variable q and the altimeter parameter τr
are updated alternately through leapfrog steps, the iteration is
stopped after reaching a certain number of convergence times,
and the “accept–reject” criterion is used to judge whether the
candidate sample is a suitable sampling value. Finally, the al-
timeter parameter achieves retracking, and the ground altitude
can be calculated by the obtained gate number τr.

VI. EXPERIMENTS

In this section, the effectiveness and superiority of the pro-
posed algorithm are verified through SARAL raw data exper-
iments. The experimental results obtained at each processing
stage will be displayed and quantitatively analyzed in this sec-
tion. The raw data acquisition parameters are listed in Table I.
Under the set of parameters, a set of original echoes are obtained

TABLE I
SYSTEM PARAMETERS OF THE AIRBORNE ALTIMETER

as shown in Fig. 5, the echo’s along-track and cross-track size are
40 000× 1024. To perform subaperture processing, the echoes
are divided into 72 blocks and loaded then processed in the
form of overlapped subapertures. The size of each block is
1024× 1024, and the overlapped part is 1/2 of the along-track
of each block. Therefore, the along-track length is 37 376.
From Fig. 5, the along-track and cross-track are corresponding
to the route direction of the altimeter flight and the direction
perpendicular to the route, respectively. The vertical line in the
Fig. 5 may be the direct power component of the echo, which
will be eliminated in the later processing.

The raw data are processed through a long coherent processing
step as shown in Fig. 2. Since the airborne altimeter platform is
always moving, the relative distance between the altimeter and
the target scattering point on the ground surface is constantly
changing. Therefore, the delay error is produced in along-track,
which is similar to the range migration in SAR imagery, we
also call it range migration in this article. Fig. 6(a) shows the
echoes of long coherent processing result after RCMC and range
compress, while the results of five subapertures before RCMC
and after RCMC are shown in Fig. 6(b), (c). From Fig. 6(a),
we can observe that ups and downs of terrain in long along-
track. Fig. 6(b), (c) initially shows the RCMC performance
of the five subapertures. Since the area corresponding to the
five subapertures is relatively flat, the altitudes are roughly the
same.

In order to observe the change of echo before and after
RCMC more clearly, one of the subaperture results is selected
for comparison and analysis, as shown in Fig. 7(a) and (b). It
can be seen from Fig. 7 that, before RCMC processing, the delay
error of the echo is relatively large and the echo power is curved
in a hyperbolic manner. For the convenience of processing, we
approximate the range migration to a parabola, and the analytical
form is as shown in (2). The approximation is widely used in
SAR signal processing [15]. The echoes of the same cross-track
unit are located on the same straight line after RCMC, that is
the curved hyperbola echoes have been corrected to a line. After
RCMC and cross-track IFFT processing, the range-compressed
2-D echo can be obtained. In this case, the cross-track of echo
is represented by the frequency fr or the delay τr. Namely, the
cross-track of the echo has become the sinc form response.

After the range compression, the echo needs RVP correction
to remove the residual range migration. Then, the NsPE is
corrected, which is named because this part of the error cannot
be calculated in advance or expressed in analytical form. NsPE
is mainly caused by nonsystematic motion, that is why we
often call it motion error. The majority of motion errors can
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Fig. 5. 2-D rawdata echoes.

Fig. 6. Echoes of long along-track after range compressed and subaperture processing. (a) Echoes after range compression. (b) Echoes before RCMC of five
subape.tures, (c) Echoes after RCMC of five subapertures.

be compensated by airborne inertial navigation, GPS, and other
equipment. The NsPE here is the residual phase error after
compensation by inertial navigation and other equipment. This
residual NsPE will lead to defocus of echo data. Therefore, it is
necessary to implement phase error estimation and compensa-
tion.

Next, in view of the classic and feasibility of PGA algo-
rithm, the PGA is adopted to realize phase error estimation.
According to the principle of PGA, it first realizes the phase
gradient estimation of echo data, and then the phase error is
calculated by the integrally step. The along-track overlapped
subaperture PGA can accurately estimate the error phase of each
subaperture, and then the phase error of the whole echo data
can be obtained through the splicing step. To eliminate the gaps
between phases estimated by adjacent sub-apertures, the splicing
step is implemented in a half length overlap of along-track of
a subaperture. The obtained phase error is shown in Fig. 8.
Fig. 8(a) shows the result of phase error, the unit is radian, and
Fig. 8(b) shows the motion error calculated by the phase error in
(a). Note that the motion error refers to the movement distance of
the onboard altimeter off course. It can be seen that the maximum
phase error reaches about 680 rads, while the motion error does
not exceed 6 m. Therefore, we can know that the flight of the

airborne altimeter platform is relatively stable or that most of the
motion errors have been compensated by the inertial navigation
equipment. To this end, the phase error term is constructed by
the obtained phase error in Fig. 8. By multiplying the phase
error term to the echo after the RVP corrected, the NsPE is
compensated.

For the convenience of the comparison of algorithms perfor-
mance, we show the 2D-DDM results with and without PGA
NsPE correction of one subaperture, which is show in Fig. 9.
Due to the large size of along-track, a subaperture of the DDM
is selected to show the performance of NsPE correction. It can
be noticed that the DDM has a certain phase error in the Doppler
beams before the NsPE correction, which leads to the defocus of
the DDM in the along-track. After the PGA processing, DDM is
focused obviously in the along-track, as shown in Fig. 9, which
is beneficial to the improvement of the resolution in along-track.
As shown in Fig. 10, the focusing result of dominant points with
and without subaperture PGA treatment is obviously distinctive.
It can be noted from Fig. 10 that the −3 dB bandwidth of the
dominant scatter vertically below the airborne flight track is
narrower than that without considering subaperture PGA, and
the main lobe without PGA exists obvious spitting main-lobe.
Moreover, the image entropy of with and without PGA for
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Fig. 7. Echoes of one subaperture before and after RCMC. (a) Echoes before
RCMC, (b) Echoes after RCMC.

Fig. 9 are 9.7423 and 10.8050, respectively. Therefore, the
proposed method is proved to be effective.

The echoes in each subaperture are implemented with coher-
ent multilooking processing after subaperture PGA correction.
The 1-D altimetry echoes are obtained as shown in Fig. 11, which
is actually an expansion to three dimension of Fig. 9(b). During
the long coherent processing, the raw data are divided into 72
subapertures, so that there are 72 echoes, and displayed in a 3-D
graph in Fig. 11. The range gate of 1-D echo corresponding to
each subaperture is closely related to the height delay, so it can
be applied to retrack the ground scene altitude. In Fig. 11, the
1-D echo after multilooking represents the echo power. Since
only the height delay parameter is retracked, the echo power
will be normalized.

To this end, the 1-D echo can be retracked according to the
procedure of Fig. 4. The Bayesian retracking algorithm takes
the 1-D height echo as the observed signal, and prior of the
altimeter delay parameter is designed as a flexible GGD. Under
the assumption of Gaussian likelihood, the conditional posterior
distribution of the delay parameter τr is obtained through hier-
archical Bayesian and Bayesian inference, so that the statistical

Fig. 8. NsPE estimation and motion error. (a) Nonsystematic phase error,
(b) Nonsystematic motion error.

estimation model is constructed. On the other hand, 1-D al-
timetry echo needs to perform power normalization processing.
Then, the retracking observation window needs to be selected,
and initially match the theoretical convolution model, which
is expected to achieve more accurate retracking. The matching
result of the 1-D echo of a subaperture with the theoretical
convolution model is shown in Fig. 12.

In Fig. 12, the number of range gates τr is proportional to the
echo delay, and when the range resolution is known, the altitude
information of the ground scene can be calculated through the
range gate, which can be calculated as

h = H0 − (τr + τst) ∗Δr

≈ H0 − (τr + τst) ∗ c/2B (40)

whereH0 denotes the height of altimeter platform, τst is the start
gate number of observation window, and B is the bandwidth of
transmitted LFM signal.

In Fig. 12, the theoretical convolution model achieves a good
match with 1-D echo around the rising edge and peak, which
RMSE is calculated as 0.0312. After the retracking of height
parameter τ through the proposed Bayesian estimate algorithm,
the altitude of ground can be obtained. In such cases, the flight
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Fig. 9. Result of 2-D DDM of a subaperture with and without PGA nonsys-
tematic phase error correction. (a) DDM without PGA correction, (b) DDM with
PGA correction.

Fig. 10. Azimuthal response of a predominant scatter.

height of the airborne altimeter platform is 2600 m. According
to the requirement of the altimeter in practice, the size of the
observation window is set as 256 gate numbers, and the starting
range gate is 400. The retracking height results of LS algorithm,
MAP [13] algorithm and the proposed HMC algorithms are
shown in Fig. 12.

Fig. 11. Result of 1-D height echo in each subaperture.

Fig. 12. Result of matching of 1-D altimetry echo and theoretical convolution
model.

It can be noted from Fig. 13 that the altitude obtained by
retracking is around 1980 m. The figure displays the ground
truth of altitude and the altimetry results obtained by the three
algorithms, where the ground truth is calculated by the range
gate in the 3 dB power position with corrected by the GPS
signal in the actual flight path. It is not difficult to find that
the HMC algorithm has the highest tracking accuracy and it
can always track the changing trend of altitude, followed by the
MAP algorithm and the LS algorithm with the lowest tracking
accuracy. The figure displays the reference of altitude [13] and
the height results obtained by the three algorithms with the
reference are calculated. The RMSEs of the LS, MAP, and
HMC algorithms are 0.8367, 0.7516, and 0.6328, respectively.
Therefore, the retracking results demonstrate the effectiveness
of the proposed long-correlation processing and Bayesian height
parameter retracking algorithm and its superiority over conven-
tional algorithms.

VII. DISCUSSIONS

From the theoretical analysis and experimental results in the
above sections, it can be seen that a long CPI is capable of achiev-
ing a high-resolution in the along-track dimension for airborne
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Fig. 13. Result of retracking for height parameter.

radar altimeter. However, the phase autofocusing is necessary in
practice, which removes the defocus resulting from the airborne
deviations due to atmosphere turbulence. Next, for an accurate
height estimation, the Bayesian learning with a flexible prior
achieves hierarchical formulation, and a closed-form solution
for the posterior of the parameter estimation can be obtained.
However, when the terrain is with multiple medium, which is
out fitting of the Brown model, the height estimation would be
invalid. This may need to resort to a power analysis method, and
it will be discussed in our future work.

VIII. CONCLUSION

In this article, a novel long coherent processing interval
SARAL altimetry algorithm based on Bayesian parameter re-
tracking is proposed, which is used to solve the problem of
the precision limitation of the conventional airborne SARAL
altimetry. In the proposed algorithm, the subaperture delay
correction processing and full-aperture coherent processing
technology is utilized, which is expected to obtain the high-
resolution DDM. The CPI of altimetry is synthetic aperture
time, but not limited in the burst length. Considering the air-
borne SARAL is susceptible to turbulence, which results in
defocus along-track. Therefore, a subaperture PGA framework
is introduced. In this framework, the NsPE is estimated and
compensated in along-track, which guarantees the resolution
in along-track. In addition, since the traditional retracking al-
gorithm is sensitive to noise, which affects the altimetry ac-
curacy. Therefore, a Bayesian estimation method based on
the HMC algorithm is proposed for retracking of SARAL,
in which the echo prior is modeled as the GGD. Hence, the
fully Bayesian estimation is obtained with the Bayesian re-
tracking algorithm, and the altitude is estimated finally. The
result of experiments verify the effectiveness and superiority
of the proposed algorithm, and height parameter estimation
of high resolution for SARAL is obtained via the proposed
algorithm.
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