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Squint Spotlight SAR Imaging by Two-Step Scaling
Transform-Based Extended PFA and 2-D Autofocus
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Abstract—In this article, a novel imaging algorithm by combin-
ing two-step scaling transform (TSST) with structure-aided 2-D
autofocus is proposed for the squint spotlight synthetic aperture
radar (SAR). First, on the basis of planar wavefront assumption,
a modified range-frequency linear scaling transform (MRFLST)
and an azimuth-time nonlinear scaling transform (ATNST) are
proposed to eliminate the coupling between range-frequency and
azimuth-time of the received echo. Furthermore, to improve the
efficiency, the MRFLST is implemented by using the principle of
chirp scaling (PCS), which involves only complex multiplications
and fast Fourier transforms (FFTs) without any interpolation,
meanwhile, a constant scaling factor (CSF) selecting criteria is
defined to avoid range spectrum aliasing. Then, to correct the phase
error caused by the range measurement error and atmospheric
propagation effects, the prior 2-D phase error structure implied in
the TSST is analyzed. Finally, by integrating the derived 2-D phase
error structure and range frequency fragmentation technique, a
new 2-D autofocus algorithm is presented to improve the image
quality. Simulated and real data experiments are carried out to
verify the proposed algorithm.

Index Terms—2-D autofocus, planar wavefront assumption,
principle of chirp scaling (PCS), range frequency fragmentation,
two-step scaling transform.

I. INTRODUCTION

B ENEFITING from the unique all-weather and all-time
detecting ability, synthetic aperture radar (SAR) becomes

the popular and extensively adopted means in supervising and
imaging interesting areas [1]. The spotlight mode SAR can
provide us with high resolution through continuously adjusting
the antenna beam of the radar pointing to a preselected district
in time of the echo acquisition [2].

The coherence of data processing over the whole aperture
synthesis period is the assurance for getting a well-focused
imaging result and the imaging processes require precise mea-
suring positions of the radar footprints. However, the ubiquitous

Manuscript received 26 October 2022; revised 11 December 2022; accepted
27 December 2022. Date of publication 4 January 2023; date of current ver-
sion 19 January 2023. This work was supported in part by the Postgraduate
Research & Practice Innovation Program of Jiangsu Province under Project
KYCX21_0218), in part by the Aeronautical Science Foundation of China under
Project 20182052013 and Project 2020Z017052001, and in part by the National
Natural Science Foundation of China under Grant 61871218, Grant 61901213,
Grant 62071225 and Grant 62271252. (Corresponding author: Shengliang
Han.)

The authors are with the Key Laboratory of Radar Imaging and Microwave
Photonics, Ministry of Education, College of Electronic and Information Engi-
neering, Nanjing University of Aeronautics and Astronautics, Nanjing 211106,
China (e-mail: hanshengliang@nuaa.edu.cn; zhudy@nuaa.edu.cn; xinhua
@nuaa.edu.cn).

Digital Object Identifier 10.1109/JSTARS.2022.3233578

motion measurement error and atmospheric propagation effects
bring disturbances to the signal processing [3], [4]. The induced
phase error introduces two kinds of degradations to the formed
SAR image, e.g., azimuth phase error (APE) and residual range
cell migration (RCM) [5]. Commonly, the residual RCM is
assumed to be neglected for the reason that it usually would not
exceed one range resolution cell under the small measuring error
or intermediate resolutions, in these cases, only APE should
be considered. Nevertheless, as the resolution improves or the
measurement error increases, the aforementioned assumption is
no longer satisfied, the residual RCM and APE should be both
taken into consideration.

To solve this problem, the data-driven autofocus, which ex-
ploits the phase history data to estimate and remove the phase
error, are considered by many to be the workhorse. Among these
algorithms, two types of 2-D autofocus methods are enabled to
remove both the APE and the RCM, e.g., blind, structure-aided
autofocus. The blind approaches calculate the 2-D phase error
in a blind way under no presumptions to the relation between
residual RCM and APE [6], [7], [8], [9], [10]. Two drawbacks
limit the applications of the blind approaches. First, the available
redundancy in estimating the 2-D phase error is much less than
1-D phase error estimation. Second, the computational complex-
ity increases with the incremental dimensions of the estimated
parameters. The structure-aided approaches [11], [12], [13],
[14], [15], also referred to as semiblind autofocus, estimate the
2-D phase error by exploiting the underlying mapping relation
between APE and residual RCM, where the 2-D phase error
estimation is simplified to the 1-D estimation problem of APE.
It is worth noting that, for the structure-aided 2-D autofocus,
different imaging algorithms have different 2-D phase error
structures.

Because of the 2-D phase error structure is directly determined
by the adoptive imaging algorithm, the selection of the imaging
algorithm plays a decisive role in the structure-aided 2-D autofo-
cus. In squint SAR imaging, the severe range-azimuth coupling
characteristic makes the image focusing much more complicated
and challenging than the broadside mode, voiding the classical
image formation algorithms, such as range-Doppler algorithm
(RDA) [16] and chirp scaling algorithm (CSA) [17]. While many
improved versions have been presented for the squinted mode,
the increased higher order terms needed to be considered make
these algorithms more complicated [18]. The back-projection
(BP) algorithm and its modifications [19], [20], [21], [22] are
regarded as effective for arbitrary trajectories. Nevertheless, the
resulting huge amounts of calculations restrict their practical
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applications. In view of the excellent performance of low com-
putational complexity and simple processing chains, the polar
format algorithm (PFA) is extensively applied in current airborne
SAR missions [23], [24], [25]. It is regarded as the balanced
method by many, and it can achieve accurate range cell migration
correction (RCMC) in processing ultrahigh resolution SAR data
by approximating the spherical wavefront of transmitted signal
with the planar wavefront [26].

In this article, to have the same capacities of low compu-
tational complexity and simple processing steps as the PFA,
the approximation of planar wavefront is also considered to
be the premise of the proposed algorithm. Next, a novel two-
step scaling transform (TSST), including a modified range-
frequency linear scaling transform (MRFLST) with a subsequent
azimuth-time nonlinear scaling transform (ATNST), is presented
to eliminate the variate coupling between azimuth time and
range frequency. To avoid range interpolation, the traditional
range-frequency scaling transform (TRFST) can be performed
without interpolation by using the principle of chirp scaling
(PCS) [27], [28]. Nevertheless, the PCS-based TRFST causes
range spectrum aliasing when the azimuth and elevation angles
are large. In this article, through multiplying the range frequency
by a constant scaling factor (CSF), the PCS-based MRFLST is
presented to avoid range interpolation and range spectrum alias-
ing. Meanwhile, the selection criterion of the required minimum
value of CSF is also defined. Then, the ATNST is derived to
eliminate the residual coupling between the azimuth-time and
the range-frequency. Finally, the fast Fourier transforms (FFTs)
can be used to form the final focused image. The proposed
imaging algorithm can achieve the same low computational
complexity and simple processing chains as the PFA.

Next, to alleviate the 2-D defocus, the prior 2-D phase error
structure implied in the TSST is analyzed. The derived 2-D error
structure allows us to only calculate the azimuth phase error,
then, the 2-D phase error can be acquired straightly through the
structure relation. Accordingly, the estimated precision of APE
determines the performance of the proposed 2-D autofocus algo-
rithm. Further, in order to reduce the impact of the residual RCM
to the estimation of the APE, a range frequency fragmentation
technique similar to the spatial frequency domain fragmenta-
tion [15] is proposed to estimate the APE in conjunction with
phase gradient autofocus (PGA). Cause of different range fre-
quency fragments distribute in different range frequency bands,
the estimated APE of different fragments cannot be regarded as
the standard APE. To solve this problem, the mapping relations
are derived to scale the extracted APEs to the standard APEs,
and then the generated standard APEs are averaged to obtain
the final estimated APE. Finally, by integrating the derived 2-D
phase error structure and the range frequency fragmentation
technique, a new 2-D autofocus algorithm is presented to acquire
and compensate the 2-D defocus.

The rest of this article is organized as follows. The planar
wavefront assumption is explained in Section II. In Section
III, the TSST is introduced and the PCS-based MRFLST is
proposed. In Section IV, a novel 2-D autofocus technique is
proposed by taking advantage of the priori structure on the
residual 2-D phase error after the TSST. Experimental results

Fig. 1. Data acquisition geometry of the squint spotlight SAR.

are presented in Section V to verify the effectiveness of the
proposed algorithm. Section VI discusses the issues of defocus
compensation and geometric distortion correction for the pro-
posed TSST. Section VII provides the conclusion in the end.

II. SIGNAL MODEL AND APPROXIMATION

In this section, the SAR geometrical configuration is estab-
lished and the echo model is discussed and approximated under
the planar wavefront assumption, which is the same with the
polar format algorithm (PFA).

The SAR data collecting geometry for the squint spotlight
mode is shown in Fig. 1. In spotlight mode, the radar steers the
beam to still illuminate the fixed area. v represents the radar ve-
locity, t is the slow time, the height of the carrying platform isH .
The trajectory center is denoted asC. The projection of the work-
ing distance R0 (OC) onto X −O − Y is represented by Rg.
The squint angle is specified as θs. An arbitrary point target in the
illuminated scene is represented by P (xp, yp, 0). The instanta-
neous elevation and azimuth angle are indicated by the symbols
ϕ and θ, respectively. Meanwhile, the instantaneous positions of
radar can be expressed as xa = vt cos θs, ya = Rg + vt sin θs,
za = H . Thus, the instantaneous range between the scene center
O and the radar can be written as Ra =

√
xa

2 + ya2 + za2

while the instantaneous range between the radar and the point
P can be written as Rt =

√
(xa − xp)2 + (ya − yp)2 + za2.

Suppose the transmitted signal with a linear frequency mod-
ulation, the received echo from target P can be written as

S(t, τ) = wa

(
t

Ta

)
· wr

(
τ − 2Rt

c

)

· exp
[
jπγ

(
τ − 2Rt

c

)2
]
· exp

[
−j

4πfc
c

Rt

]
(1)

where wa and wr represent the azimuth and range envelope, τ is
the fast time, Ta denotes the synthetic aperture time, fc denotes
the carrier frequency, γ represent the chirp rate, c is the light
speed.

Apply FFT to τ and then perform the identical procedures
of matched filtering and azimuth dechirp in PFA [29] by multi-
plying the phase terms exp(jπ f2

r

γ ) · exp[j 4π
c (fc + fr)Ra], the
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received echo (ignore the envelopes) can be expressed as

S(t, fr) = exp

[
j
4π

c
(fc + fr)ΔR

]
(2)

whereΔR = Ra −Rt is the differential range. Using the planar
wavefront assumption [14], ΔR can be simplified to

ΔR ≈ ΔRp = cosϕ sin θ · xp + cosϕ cos θ · yp (3)

where cosϕ sin θ = xa/Ra, cosϕ cos θ = ya/Ra. Substituting
ΔR with ΔRp, the signal in (2) is updated as

Sp = exp [jkr (cosϕ sin θ · xp + cosϕ cos θ · yp)] (4)

where kr = 4π
c (fc + fr) represents the wavenumber, the range

and azimuth spatial frequency can be respectively defined as
ky = kr cosϕ cos θ and kx = kr cosϕ sin θ. Because of θ and
ϕ are functions of azimuth time, it is apparent that the coupling
between azimuth time and range frequency in (4) can be divided
into two parts, i.e., the xp related coupling and the yp related
coupling. Accordingly, to focus the target, the yp and xp related
coupling should be both eliminated.

III. IMAGING WITH TWO STEP SCALING TRANSFORM

In this section, to eliminate the coupling between azimuth-
time and range-frequency, the TSST, including MRFLST with a
subsequent ATNST, is presented in this section. Furthermore, to
improve the efficiency, the MRFLST is implemented by the PCS,
which involves only complex multiplications and FFTs without
any interpolation, meanwhile, the CSF selection criteria of the
MRFLST is also defined to avoid range spectrum aliasing.

A. Traditional Range-Frequency Scaling Transform

From (4), the yp related coupling phase is extracted as

Ψy(t, fr) = kr · cosϕ cos θ

= kr · Rg + vt sin θs√
(vt cos θs)2 + (Rg + vt sin θs)2 +H2

(5)

A slow-time Taylor series expansion on (5) is performed such
that

Ψy(t, fr) = kr ·
[
cosϕ0 + CL

y (t) + CR
y (t)

]
(6)

where {
CL

y (t) =
v sin θssinϕ0

2

R0
· t

CR
y (t) = cosϕ cos θ − cosϕ0 − CL

y (t)

where CL
y (t) and CR

y (t) can be regarded as the linear and the
residual high-order coupling, respectively.

According to [27], the range resampling of the PFA is essen-
tially a range frequency scaling transform, that is to say, the yp
related coupling can be eliminated by TRFST

fr = δrf̂r + fc(δr − 1) (7)

where f̂r denotes the scaled range frequency variable, and the
scaling factor δr is defined as

δr =
cosϕ0

cosϕ cos θ
(8)

where ϕ0 is the elevation angle at the center radar footprint.
Inserting (7) into (4), the echo can be expressed as

Sp(t, f̂r) = exp

[
j
4π

c
(fc + f̂r)

· (cosϕ0 tan θ · xp + cosϕ0 · yp)
]

(9)

where

tan θ =
xa

ya
=

vt cos θs
Rg + vt sin θs

.

It can be obviously seen that the yp related azimuth-time and
range-frequency is decoupled completely.

B. Modified Range-Frequency Linear Scaling Transform

To avoid range interpolation, the TRFST can be realized by
using the PCS [27], [28]. Nevertheless, the PCS-based TRFST
will cause range spectrum aliasing when δr is large. To address
this problem, we propose a constant scaling factor (CSF) aided
modified range-frequency linear scaling transform (MRFLST)
in this section.

The CSF-β aided MRFLST is defined as

fr = δrf̃r · β + fc (δr − 1) (10)

where f̃r represents the scaled range frequency variable.β is the
introduced CSF. Inserting (10) into (4), the echo is transformed
to

Spr(t, f̃r) = exp

[
j
4π

c

(
fc + βf̃r

)
· (cosϕ0 tan θ · xp + cosϕ0 · yp)

]
. (11)

It is apparent that the yp related coupling is also disappeared
and the xp related coupling is altered by the MRFLST.

Meanwhile, the altered xp related coupling phase can be
extracted as

Ψx(t, f̃r) = k̃r · cosϕ0 tan θ (12)

where, k̃r = 4π
c (fc + βf̃r) is the new wavenumber. The same

as (5), a temporal Taylor series expansion on (12) is performed
such that

Ψx(t, f̃r) = k̃r · cosϕ0 ·
[
CL

x (t) + CR
x (t)

]
(13)

where {
CL

x (t) =
v cos θs

Rg
· t

CR
x (t) = tan θ − CL

x (t)

where CL
x (t) and CR

x (t) denote the linear and residual high-
order RCM, respectively.

To intuitively indicates the aforementioned analysis, the vari-
ations of CL

y (t) and CR
y (t) of Ψy before and after MRFLST for
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Fig. 2. Linear and residual high-order terms of coupling before and after
MRFLST. (a) yp related coupling. (b) xp related coupling.

TABLE I
SIMULATION PARAMETERS

a squint SAR system are illustrated in Fig. 2(a). Table I displays
the relevant simulation parameters. The short working distance
and long wavelength are unlikely to happen synchronously in
practical application, but they are adopted here to illustrate the
variation of the RCM trajectory during the various stages of
the TSST. The variation of CL

x (t) and CR
x (t) before and after

MRFLST for the squint SAR system parameters in Table I are
shown in Fig. 2(b).

Compared (9) with (11), it is apparent that both TRFST and
MRFLST can correct the yp related coupling and change the xp

related coupling. The only difference between (9) and (11) is the
CSF-β. After TRFST, the range spatial frequency in (9) can be
denoted as k̂y = 4π

c (fc + f̂r) cosϕ0, where the output interval
cannot be changed. Nevertheless, when the range dimensional
processing is implemented by interpolation, the spatial
frequency interval of the PFA can be altered for different range
resolution demand [2]. From this perspective, the TRFST
can be regarded as an incomplete equivalence relation to the
range resampling of the PFA. After MRFLST, the range spatial
frequency in (11) can be denoted as k̃y = 4π

c (fc + βf̂r) cosϕ0,
where the output interval can be flexibly selected by altering
the value of β. Consequently, the MRFLST can be regarded as
the complete equivalence relation to the range resampling of
the PFA.

C. Interpolation-Free Implementation of MRFLST

To avoid range spectrum aliasing caused by the PCS-based
TRFST, the PCS-based MRFLST, and the selection criterion of
the required minimum value of CSF-β are given in this section.

Fig. 3. Variation of range frequency before and after the range frequency scal-
ing transform. (a) TRFLST (or MRFLST, β = 1). (b) MRFLST, β = Max[·].

Fig. 4. Implementation of MRFLST by using PCS.

Before introducing the selection criterion of β, the origin of
the spectrum aliasing is first analyzed. The root of range spec-
trum aliasing is that the range frequency exceeds range sampling
rate. This problem is shown in Fig. 3(a), where Na is the size of
total pulses, Fs is the sampling rate of the A/D converter. δr,1
and δr,Na

represent the values of δr at the moments of the 1th
and the Nath pulses.

Recall (8), the numerical value of δr is inversely proportional
to the product of cosφ and cos θ. When δr is growing bigger,
the offset of the center frequency fc(δr − 1) in (7) is getting
bigger, which will result in the scaled range frequency exceeding
the sampled frequency band (the sampling rate is not satisfy
requirement), as seen in the Fig. 3(a). The green area represents
the frequency band of observation [- 12Fs,

1
2Fs]. The red area

represents the frequency after scaling. The nonoverlapping red
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areas (two triangles marked by stripes) represent the parts ex-
ceeded the observed frequency band, which will lead to spectrum
aliasing after chirp scaling operation.

In this article, this problem can be easily solved by selecting
proper value ofβ. To eliminate the spectrum aliasing, the CSF-β
should satisfy

β ≥ Max [β1,β2, 1] (14)

where

β1 =
2fc(δr,Na

− 1) + Fs

δr,Na
· Fs

β2 =
Fs − 2fc(δr,1 − 1)

δr,1 · Fs
.

For the proposed MRFLST (β = Max[·]), seen in Fig. 3(b),
the observed range frequency scope is extended to [− 1

2Fs ·
β, 1

2Fs · β]. The constant factor β improves the sampling fre-
quency in range dimension and further avoids the spectrum
aliasing during the chirp scaling operation.

The realization processes of the PCS-based MRFLST are
shown in Fig. 4. The inside functions are given as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

φscl(tr) = exp
[
−jπγ βδr−1

βδr

(
tr − 2Ra

c

)2]
H1(fr) = exp

(
j πβδr

γ f2
r

)
φins(tr) = exp

[
jπγ βδr−1

β2δ2r

(
tr − 2Ra

c

)2]
· exp

[
−j2π fc(δr−1)

βδr
tr

]
H2(fr) = exp

[
j 4π

c

(
fr + fc

δr−1
βδr

)
Ra

]
· exp

(
j 4πfc

c Ra

)
(15)

where the input signal at the start of Fig. 4 is the received echo
in (1) and β plays an important role in preventing the spectrum
aliasing. It should be noted that the procedures of match filtering
and azimuth dechirp before (2) are integrated into the PCS-based
MRFLST.

D. Azimuth-Time Nonlinear Scaling Transform

To eliminate the xp related coupling in (11), we propose an
azimuth-time nonlinear scaling transform (ATNST)

t =
fc

fc + βf̃r + α · ζ · η · ζ · η. (16)

The symbol ζ denotes a constant scaling factor, which can
be used to change the azimuth resolution of the final image by
sacrificing part of the data like PFA [2], and the symbol α is
defined as

α = −vfc sin θs
Rg

. (17)

Fig. 5. Range compressed results in different processing stages of the
TSST under squint mode. (a) Overall distribution of simulated point targets.
(b) Directly range compressed. (c) After MRFLST. (d) After ATNST.

Inserting (16) into (11), the signal can be written as

Spra(η, f̃r) = exp

{
j

[
4πfc
c

cosϕ0 cos θsv

Rg
· ζ · η · xp

+
4π

c
(fc + βf̃r) cosϕ0 · yp

]}
. (18)

It can be concluded from (18) that the xp related coupling is
eliminated by the proposed ATNST. Based on the parameters
in Table I, the range compressed results in different processing
procedures of the proposed TSST are shown in Fig. 5. After the
TSST, the FFT can be utilized to generate the final focused SAR
image.

E. Algorithm Summary and Complexity Analysis

Fig. 6 gives the main flow diagrams of the proposed TSST and
the PFA. It can be seen that both the TSST and the PFA have
two major steps, i.e., the range resampling and the azimuth re-
sampling. The essences of the two algorithms are the same. The
distinction between the two algorithms is that the PFA resample
the spatial frequency domain data from polar to rectangular grid
(kx → k̃x, ky → k̃y) from the perspective of the use of FFTs, but
the presented TSST resample the data by scaling azimuth-time
and range-frequency from the viewpoint of rang-azimuth variate
decoupling.

The azimuth resampling of the PFA is to resample the azimuth
spatial frequencies from the nonuniform spacing to uniform
spacing, which is essentially a nonuniform-to-uniform resam-
pling. The azimuth resampling (ATNST) of the proposed method
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Fig. 6. Flow diagrams of the PFA and the presented TSST.

is to resample the azimuth time from uniform spacing to nonuni-
form spacing, which is essentially a uniform-to-nonuniform
resampling.

Supposing a real multiplication or a real addition as one oper-
ation, the cost of a length-N FFT requires 5Nlog2 N operations.
8-point sinc function is selected as the interpolation kernel (three
real additions and four multiplications for a point). To obtain an
N ×N pixel imagery from received echo containing N fast
time and N slow (azimuth) time samples: for the classical PFA,
the range FFT, range interpolation, azimuth interpolation and
2-D IFFT constitute the main part of the computation cost,
accordingly, the approximated computational cost of the clas-
sic PFA can be defined as O(15N2log2N + 112N2). Cause
of the MRFLST and ATNST can also be easily implemented
by interpolation, the estimated computational cost of the pro-
posed TSST can also be defined as O(15N2log2N + 112N2).
Consequently, on the basis of interpolation implementation,
the proposed method is able to reach the same computational
efficiency as the classical PFA.

Additionally, the range resampling fr → f̃r in the pro-
posed algorithm can be implemented by PCS (the proce-
dure is shown in Fig. 4), which mainly contains three times
FFTs and the required computational cost can be calculated
as O(15N2 log2 N). In this case, the computational cost of
the proposed range PCS-based TSST can be estimated as
O(25N2log2N + 56N2). Further, cause of no interpolation
used in the range dimensional processing, it is suitable for
practical applications by dedicated devices, such as DSP and
FPGA, to realize real-time imaging.

IV. STRUCTURE-AIDED 2-D AUTOFOCUS

In the aforementioned derivations of the TSST, the measured
radar coordinates are supposed to be accurately obtained. Never-
theless, in practical SAR systems, especially for airborne SAR,
the motion measurement equipment, e.g., global position sys-
tem (GPS)/inertial measurement unit (IMU), sometimes cannot
offer positions with satisfied accuracy. The uncertain motion
measurement error, if not compensated, will severely degrade
the image quality.

Normally, the phase error generated by motion measurement
error will not exceed the range cell, and the azimuth phase error
(APE) is the main consideration of the image quality and the 1-D
autofocus algorithms are capable of estimating and correcting
the APE. Nevertheless, this conclusion becomes invalid as the
resolution improves or the measurement error increases, the
satisfactory estimation will be unavailable for the 1-D auto-
focus algorithms. Under such cases, 2-D autofocus technique
is regarded as an effective tool to generate well focused SAR
images. In this part, we present a comprehensive investigation
of the mapping relationship between 2-D phase error and APE
by exploiting the TSST, and a novel 2-D autofocus algorithm is
presented by combing the 2-D phase error structure and range
frequency fragmentation technique.

A. Analytical Derivations to the 2-D Phase Error Structure of
TSST

Take the actual situation into account, the received echo with
motion measuring error can be modeled as

Se(t, fr) = exp

{
j
4π

c
(fc + fr) [RΔ + ξ(t)]

}
(19)

where ξ(t) denotes the measuring error. After applying the
MRFLST (10), the echo in (19) is rewritten as

Ser(t, f̃r) = exp

{
j
4π

c
(fc + βf̃r) cosϕ0

· [tan θ · xp + yp + �(t)]

}
(20)

where �(t) = ξ(t)/(cosϕ cos θ). After applying the ATNST
(16), the signal in (20) turns to

Sera(η, f̃r) = Spra(η, f̃r) · S2dp(η, f̃r) (21)

where Spra denotes the signal (18) and the 2-D phase error S2dp

can be expressed as

S2dp(η, f̃r) = exp

[
j
4π cosϕ0

c
(fc + βf̃r)

·�
(

fc

fc + βf̃r + α · ζ · η · ζ · η
)]

. (22)

At this point, the phase of S2dp can be extracted as

Φ(η, f̃r) =
4π
(
fc + βf̃r

)
cosϕ0

c

· �
(

fc

fc + βf̃r + α · ζ · η · ζ · η
)
. (23)

Make f̃r = 0, the standard azimuth phase error (SAPE) can
be defined as

ΦS
ape(η) =

4πfc cosϕ0

c
· �
(

fc
fc + α · ζ · η · ζ · η

)
. (24)

It is well-known that that the SAPE can be easily obtained by
using 1-D autofocus. Consulting (23) and (24), the mapping
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Fig. 7. Spectrum envelope after the proposed two-step scaling transform and
APE comparisons of different range fragments. (a) Spectrum shape of highly
squinted spotlight SAR after the proposed TSST. (b) Comparisons of the applied
and the estimated APEs for different fragments.

relation between the 2-D phase error and the SAPE can be
derived as

Φ(η, f̃r) =
fc + βf̃r

fc
ΦS

ape

(
fc

fc + βf̃r
· η
)
. (25)

Combing the analytical relationship shown in (24) and (25), to
obtain the 2-D phase error, we merely need to obtain the SAPE
from the defocused SAR imagery and then mapping it into 2-D
structure by applying a keystone-like transform to the SAPE and
multiplying a ratio fc + βf̃r/fc.

B. SAPE Estimation via Range Frequency Fragmentation

After the above analysis, it can be concluded that the esti-
mate accuracy of the 2-D phase error is fully decided by the
SAPE. From (24), SAPE is defined as the 2-D phase error (23)
calculated at the range frequency f̃r = 0. Nevertheless, when
the resolution becomes finer or the measured radar positions
with very poor precision, the generated RCM will exceed the
range cell, which will severely affect the estimation accuracy
of SAPE. To improve the estimation accuracy of the SAPE, a
direct method is to utilize a small portion of the range history
data to produce a low-range resolution image, next, the SAPE is
estimated by applying a classical 1-D autofocus method to this
partial data [14], [30]. While this processing scheme can realize
better performance on error estimation accuracy than the direct
1-D phase error estimation, the utilized a tiny fraction of the
collected data cannot furthest reveal the phase error information
of the available data. The low data utilization ratio causes a
degree of performance loss [15].

To solve this problem, the range frequency fragmentation
technique similar to the spatial frequency domain fragmenta-
tion [15] is proposed to make good use of the collected data.
After the TSST, we split the data into multiple range fragments
in the range-frequency and azimuth-time domain, as depicted in
Fig. 7(a). Then, PGA is used to obtain the APEs of the different
range fragments. In general, the data are assumed to be split
into M continuous fragments along the range direction and the
center range frequency of the ith fragment is defined as f̃ri.
According to (23), make f̃r = f̃ri, the APE of the ith fragment

can be expressed as

Φi(η) =
4π(fc + βf̃ri) cosϕ0

c

· �
(

fc

fc+βf̃ri+α · ζ · η · ζ · η
)
, i = 1, 2 · · · ,M.

(26)
Because of different fragments distribute in different range

frequency bands, the estimated APEs (f̃r �= 0) cannot be re-
garded as the SAPE. That is to say, the extracted APE estimates
from different fragments cannot be directly used to generate
the SAPE. Fortunately, the extracted APEs can be scaled to the
SAPE by a ratio (fc + βf̃ri)/fc, and then multiply the scaled
APE by the reciprocal of the scaling factor as follows:

ΦS
i (η) =

fc

fc + βf̃ri
Φi

(
fc + βf̃ri

fc
· η
)
, i = 1, 2 · · · ,M.

(27)
Then, the final SAPE can be obtained by averaging the ex-

tracted APEs as

ΦS
ape(η) =

1

M

N∑
n=1

ΦS
i (η), i = 1, 2 · · · ,M. (28)

It is worth noting that, after the proposed TSST, the spec-
trum of the squinted spotlight SAR with large squint and
elevation angle is no longer symmetrically distributed along
the azimuth direction, as seen in Fig. 7(a). Since the spec-
tral envelope of the red rectangle marked areas are similar to
extremely irregular (triangle) subband spectrums rather than
rectangle, which will severely affect the estimate accuracy of
the 1-D autofocus. From Fig. 7(b), we can see that the es-
timated APEs of fragment #1, #2, #7 and #8 severely devi-
ate the applied APE. Therefore, the spectrum, which will in-
duce irregular envelope, should be abandoned before the range
frequency fragment.

The whole flow diagram of the presented imaging and auto-
focus algorithm is described in Fig. 8. It consists of three main
stages, i.e., the PCS-based MRFLST, the ATNST and the 2-D
autofocus.

V. EXPERIMENTS AND ANALYSES

A. Performance Verification of the TSST

To demonstrate the imaging ability of the presented TSST,
the simulated experiments are carried out in this part. Table II
lists the adopted parameters in the experiments. The large squint
angle θs = 70◦, large elevation angle ϕ0 = 30◦ and integration
angle 8◦ are considered.

Fig. 9 gives the resulting spectrums (azimuth-time and range-
frequency domain) after different range dimensional processing
schemes. For the interpolation-based methods (the first row
in Fig 9), Fig. 9(a) suffers from the effects of spectrum loss,
while the spectrum in Fig. 9(b) is intact after the MRFLST with
β = Max[·]. For the PCS-based methods (the second row in Fig
9), the phenomenon of spectrum aliasing occurs in Fig. 9(c) for
the PCS-based TRFST (the aliased spectrums are marked by two
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Fig. 8. Whole flow diagram of the presented algorithm.

TABLE II
EXPERIMENT PARAMETERS

red triangle), while this problem is well settled by the PCS-based
MRFLST with β = Max[·] in Fig 9(d).

Fig. 10(a) and (b) shows the final imaging results of Fig. 9(c)
and (d), respectively. From Fig. 10(a), we can see that the ghost
targets are observed in the final formed image, which is caused by
the range spectrum aliasing in Fig. 9(c). Compared Fig. 10(a), it
can be found that the ghost targets are not observed in Fig. 10(b).
Consequently, it can be concluded that the proposed PCS-based
MRFLST can effectively avoid the problem of spectrum aliasing
by choosing the proper value of β. To have a better comparison,
Fig. 11 provides the 2-D contours of the selected three targets
(the red circles marked points A, B, and C in Fig. 10). The left

Fig. 9. Resulting spectrums after different range dimensional processing
schemes. (a) After interpolation-based TRFST (or MRFLST, when β = 1). (b)
After interpolation-based MRFLST, when β = Max[·]. (c) After PCS-based
TRFST (or MRFLST, when β = 1). (d) After PCS-based MRFLST, when
β = Max[·].

Fig. 10. Comparisons of the imaging results. (a) Imaging result of the range
PCS-based TRFST (or the range PCS-based MRFLST when β = 1). (b) Imag-
ing result of the range PCS-based MRFLST when β = Max[·].

column gives the contour plots of the three targets in Fig. 10(b).
The right column shows the contour plots of the three targets in
Fig. 10(a). It is evident that the contour plots of Fig. 11(b), (d),
and (f) suffer from severe sidelobes degradation, which is also
caused by the range spectrum aliasing in Fig. 9(c). The spectral
support region of the contour plots is no longer a parallelogram-
liked shape [marked by an irregular yellow hexagon in Fig.
9(c)], which results in sidelobes degradation in Fig. 11(b), (d),
and (f).

In addition, the spectrum aliasing causes a degree of resolution
losses to the imaging results of the PCS-based TRFLST. The
azimuth and range profiles of point A for different algorithms are
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Fig. 11. Contour plots of the selected three targets in Fig. 10. The left column,
(a), (c), and (e) gives the contour plots of the selected three point targets A, B,
and C after the TSST (PCS-based MRFLST, β = Max[·]). The right column,
(b), (d), and (f) gives the contour plots of the selected three point targets A, B
and C after the TSST (PCS-based TRFST).

Fig. 12. Comparisons of the azimuth and range profiles of point A. (a) Azimuth
profiles of different algorithms. (b) Range profiles of different algorithms.

shown in Fig. 12. It is apparent that the proposed algorithm and
the PFA have almost exactly the same focusing quality. Although
the PCS-based TRFST (TSST, β = 1) has a lower side lobe, the
main lobe suffers from significant broadening.

B. Performance Verification of the Proposed 2-D Autofocus

1) Simulation Experiment: To demonstrate the derived 2-D
phase error structure of the presented TSST, the simulations are
carried out in this part. Table III gives the related simulated
parameters. In the experiment, three points (i.e., points A, B,
and C) are located at different positions. Point A is located at

TABLE III
EXPERIMENT PARAMETERS

Fig. 13. Flight trajectory deviations in three directions.

Fig. 14. Imaging results by the TSST when β = Max[·]. (a) Final image.
(b) Range compressed image.

the center of the illuminated scene. Points B and C are 300 m
away from point A. The nominal flight path of the radar, which is
used in the imaging process, is assumed to be a straight line. But
the deviations in three directions are considered in the process
of echo generation, as shown in Fig. 13.

Fig. 14 exhibits the final imaging result and the range-
compressed result processed by the TSST directly. It shows
that the generated results of the simulated targets are severely
affected by 2-D defocus due to the measuring range error.
The outline of the three targets cannot be recognized from the
smeared imaging results in Fig. 14. To enhance the focusing
quality, the PGA is utilized to improve the image quality. The
corresponding full compressed result and the range compressed
result after PGA are shown in Fig. 15. The image quality
is enhanced to some extent, but evident defocus still can be
observed in the image. To further improve the image quality,
the 2-D phase error is estimated and compensated by applying
the proposed 2-D autofocus scheme. The corresponding full
compressed result and the range compressed result after the
proposed 2-D autofocus are shown in Fig. 16. For comparison,
the 2-D contour plots of point A are also exhibit in Figs. 15(a)
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Fig. 15. Refocused results by PGA. (a) Final image. (b) Range compressed
image.

Fig. 16. Refocused results by the proposed 2-D autofocus method. (a) Final
image. (b) Range compressed image.

Fig. 17. Generated imagery with the PGA.

and 16(a). It is apparent that the 2-D defocus is well restrained
by utilizing the presented 2-D autofocus scheme.

2) Real Data Experiments: To further verify the proposed
2-D autofocus method, the real data experiments are conducted
in this section. The used data is obtained by a spotlight SAR
sensor with a squint angle of about 35◦. The resolution of the
formed image is about 0.35 m × 0.26 m (range × azimuth).
Prior to autofocus processing, a serious deviated trajectory is
adopted for TSST to preprocessing the raw data, then differ-
ent autofocus techniques are applied to enhance the focusing
quality.

First, classical 1-D PGA is adopted to improve the image
quality and the corresponding processing result is depicted in
Fig. 17. Cause of the phase error is spread across several range
resolution cells and the PGA can only obtain and compensate

Fig. 18. Generated imagery with the 2-D PGA-RRD.

Fig. 19. Generated imagery with the proposed algorithm.

for the 1-D APE, the remaining defocus effect is still can be
easily observed in Fig. 17.

In order to alleviate the impact of the remaining RCM to the
1-D APE estimation, range resolution decreasing technique [14],
[30] is adopted to improve the error estimation accuracy of the 1-
D APE, which uses merely a small fraction of the collected data
to estimate the APE. Then, 2-D autofocus is utilized to improve
the quality of the defocused imagery by mapping the estimated
APE into the 2-D phase error with (25). After this autofocus
processing (named 2-D PGA-RRD), the generated SAR image is
exhibited in Fig. 18. Compared to the result of the 1-D autofocus
in Fig. 16, it can be seen that the focusing quality has been
improved. To further improve the image quality, the presented 2-
D autofocus scheme is applied and the corresponding processing
result is shown in Fig. 19. To give a detailed comparison, the
magnified areas marked in Figs. 17–19 are exhibited in Fig. 20.
Therefore, the experiments indicate that the proposed algorithm
is effective and superior to the compared algorithms.

VI. DISCUSSIONS

In the above sections, the TSST and the corresponding 2-D
phase error structure are analyzed and verified. Because of the
planar wavefront approximation, the image quality of TSST will
be inevitably affected by the defocus and distortion problems. In



HAN et al.: SQUINT SPOTLIGHT SAR IMAGING BY TWO-STEP SCALING TRANSFORM-BASED EXTENDED PFA 1305

Fig. 20. Enlarged areas marked in Figs. 17–19. (a) Enlarged areas marked
in Fig. 17. (b) Enlarged areas marked in Fig. 18. (c) Enlarged areas marked in
Fig. 19.

this section, the correction for the defocus and distortion induced
by the planar wavefront assumption are discussed.

To mitigate the effects caused by the planar wavefront approx-
imation, the space-variant post-filtering algorithm (SVPF) [31],
[32], [33] is regarded as the typical approach to compensate for
the image deterioration. Different filter functions are proposed
aiming at different imaging conditions. Another method [34],
[35], [36] is to divide the illuminated area into multiple subre-
gions and apply different phase corrections to the phase history
data before resampling processing. There are more literatures
are readily available about corrections to the planar wavefront
approximation error. We do not want to despise the unmentioned
literatures here, but just show that there are too many to list.

Because of the defocus effect is mainly caused by the
quadratic term of the wavefront curvature error, we merely focus
on corrections for the quadratic phase error under the framework
of SVPF in this section.

Without planar wavefront assumption, the second-order Tay-
lor series expansion to the differential range ΔR = Ra −Rt

with respect to slow time t can be expressed as

ΔR ≈ ΔR(0) +ΔR(1) · t+ΔR(2) · 1
2
t2 (29)

where ΔR(n) represents the coefficient of the nth-order Taylor
series terms of ΔR.

Under the planar wavefront assumption, the point actually
located at (xp, yp) will appear at (x̂, ŷ) in the formed image.
Therefore, take the distorted location into consideration, the
differential range of (3) can also be defined as

ΔRp = cosϕ sin θ · x̂+ cosϕ cos θ · ŷ
=

xa

Ra
· x̂+

ya
Ra

· ŷ. (30)

Similarly, the second-order Taylor series expansion to the
differential range ΔRp can be expressed as

ΔRp ≈ ΔR(0)
p +ΔR(1)

p · t+ΔR(2)
p · 1

2
t2 (31)

where ΔR
(n)
p represents the coefficient of the nth-order Taylor

series terms of ΔRp.
It should note that the location of the point target in the formed

image is determined by the constant and linear terms,ΔR(0) and
ΔR(1) of ΔR, ΔR

(0)
p and ΔR

(1)
p of ΔRp. According to [37],

when the geometric distortion is considered in the approximate

TABLE IV
SIMULATION PARAMETERS

differential range in (30), we have{
ΔR(0) = ΔR

(0)
p

ΔR(1) = ΔR
(1)
p

. (32)

Then, we have {
ŷ = A−B

cosϕ0

x̂ = C−D−Eŷ
F

(33)

where

A =
√

R2
g +H2

B =
√

x2
p + (Rg − yp)2 +H2

C =
Rgv sin θs

A

D =
−xpv cos θs + (Rg − yp)v sin θs

B

E =
v sin θsA−RgC

A2

F =
v cos θs

A

Equation (33) gives the mapping relations between the real
and the distorted locations of the targets. Then, the geometric
distortion correction can be accomplished by resampling the
distorted point from the wrong position (x̂, ŷ) to the right position
(xp, yp) to generate an undistorted image.

According to [37], the residual quadratic phase error can be
defined as

Φq =
4π

λ

[
1

2
ΔR(2) − 1

2
ΔR(2)

p

]
· t2 (34)

where λ is the wavelength and

ΔR(2)=
v2 − C2

A
+

D2 − v2

B

ΔR(2)
p = x̂

2v cos θsC

A2
+ŷ

RgA
v2−C2

A −2RgC
2+2ACv sin θs

A3
.

Then, the conjugation of (34) can be used as the filter function
of the SVPF to enlarge the focused scope, the specific implemen-
tation steps can be seen in [31].

The simulated experiments are executed based on the above
analysis. The adoptive parameters used in the simulation is
shown in Table IV. The simulated azimuth resolution is 0.2m.
Take π/2 as the allowable quadratic phase error under the planar
wavefront approximation [3], the effective imaging scene radius
is only about 163m for the given parameters. The distribution of
nine simulated targets is specified in Fig. 21. Except the target in
the scene center, the residual eight targets are 400m away from
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Fig. 21. Distribution of the simulated targets.

Fig. 22. Imaging results. (a) Imaging result of TSST. (b) Imaging result after
applying SVPF to (a).

Fig. 23. Contour plots of the white circle marked points in Fig. 22. (a) Contour
plots of the white circle marked point in Fig. 22(a). (b) Contour plots of the white
circle marked point in Fig. 22(b).

the scene center, which is far greater than the allowable radius.
Fig. 22 gives the imaging results with and without correcting
the residual quadratic phase error. For a detailed comparison,
the contour plots of the white circles marked points in Fig. 22(a)
and (b) are exhibited in Fig. 23. It can be seen that the evident
azimuth defocus is appeared in Fig. 23(a), and this degradation
is well compensated by using the filter function-based SVPF
(34).

VII. CONCLUSION

This article presents a new imaging algorithm by combining
two-step scaling transform with 2-D autofocus technique for
processing the squint spotlight SAR echo. The planar wavefront
assumption forms the foundation of this algorithm, then a mod-
ified range-frequency linear scaling transform and an azimuth-
time nonlinear scaling transform are presented to eliminate
the coupling between the range-frequency and azimuth-time.

Meanwhile, to improve the efficiency and avoid spectrum
aliasing, a scaling factor aided MRFLST is implemented by the
PCS, which involves only complex multiplications and FFTs
without any interpolation. Next, to remove the 2-D defocus
effects caused by the deviation of range measurement and atmo-
spheric propagation effects, 2-D phase error structure implied
in the proposed TSST is explored. Finally, the correction for
the defocus and distortion induced by the planar wavefront
assumption are analyzed and verified. The performance of the
proposed algorithm is demonstrated by the simulated and real
experiments.
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