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Spatiotemporal Subpixel Mapping Based on Priori
Remote Sensing Image With Variation Differences

Peng Wang
Henry Leung

Abstract—Subpixel mapping (SPM) could handle the mixed
pixels in coarse original spectral image (COSI) to obtain the fine
land-cover class mapping result. In recent years, with the auxiliary
spatiotemporal information provided by the same region fine prior
spectral image (FPSI), spatiotemporal subpixel mapping (SSPM)
has shown greater potential than the traditional SPM methods.
However, the inaccurate spatiotemporal information of the FPSI
is rarely effective identified due to variation differences in the cur-
rent SSPM methods, affecting the mapping accuracy. To address
the abovementioned issues, SSPM based on priori remote sensing
image with variation differences (CVDBI) is proposed. First, the
coarse abundance images of COSI and the fine thematic images
of FPSI are obtained by unmixing COSI and classifying FPSI.
Second, the degradation observation model (DOM) is established
to use downsampling matrix to correlate the coarse abundance
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images of COSI with the ideal thematic images of COSI, and the
variation difference observation model (VDOM) is established to
use variation difference factor to correlate the fine thematic images
of FPSI with the ideal thematic images of COSI. Third, a separable
convex optimization model is established for DOM and VDOM.
This model optimizes the variation difference factor and the ideal
thematic images of COSI. Finally, we use the alternating direction
method of multipliers to solve the separable convex optimization
problem to produce the final mapping result. Experimental re-
sults on the three spectral images show that the proposed CVDBI
yields the more accurate mapping result than the traditional SPM
methods.

Index Terms—Alternating direction method of multipliers,
separable convex optimization model, spatiotemporal subpixel
mapping, spectral imagery, variation difference.

I. INTRODUCTION

N THE context of remote sensing big data, multitemporal
I and multisource spectral images (multi- and hyperspectral
images) are widely utilized in land-cover classes mapping due to
its abundant spectral information [1], [2]. The land-cover classes
mapping information is important for ecosystem protection and
environmental monitoring [3]. However, due to the complexity
of the distribution of land-cover classes and the limitations of
remote sensing platform hardware, the spectral image some-
times contains lots of mixed pixels, which are the main factors
restricting the spatial resolution of spectral image [4]. Although
classification technique could handle the spectral image at pixel
level to obtain the land-cover classes mapping information [5]
by assigning one land-cover class label to one pixel, one mixed
pixel often contains more than one land-cover class, resulting in
challenge for the classification technique [6], [7], [8].

The flowchart of mixed pixels processing is shown in Fig. 1.
Although the coarse original spectral image (COSI) acquired
at T2 can be handled to produce the coarse abundance images
with the proportion information of mixed pixels belonging to
land-cover classes by spectral unmixing technology, the specific
spatial distribution information of land-cover classes is still
uncertain [9], [10]. To address this issue, subpixel mapping
(SPM) technology is proposed as the follow-up processing step
of spectral unmixing. According to a scale factor .S, SPM first
transforms the coarse abundance image for each class to the ideal
thematic image for each class by segmenting each mixed pixel
into S x S subpixels. The final mapping result with the specific
spatial distribution information of land-cover classes is obtained
by assigning the corresponding class label to the ideal thematic

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/
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Fig. 1. Flowchart of mixed pixels processing.

images and then integrating these ideal thematic images [11].
It is worth noting that in recent years, under the background
of remote sensing big data, spatiotemporal subpixel mapping
(SSPM) utilizes the auxiliary spatiotemporal information from
the fine prior spectral image (FPSI) in the same region acquired at
T1 to produce better mapping result and shows greater potential
than the traditional SPM methods [12].

In the past two decades, SPM has been widely applied to
many fields, such as building extraction [13], flood inundation
mapping [14], burned-area mapping [15], forest cover monitor
[16], and change detection [17]. Atkinson [18] first proposed the
concept of SPM, and since then SPM has been developed into a
variety of practical methods. The traditional SPM methods are
usually based on monotemporal image and could be divided into
two main types according to the way of obtaining the mapping
result [19]. One type is the initialization-then-optimization SPM
(ITO-SPM). ITO-SPM randomly assigns land-cover classes
labels to subpixels, and then optimizes the location of each
subpixel to obtain the final mapping result. SPM methods based
on pixel swapping model [20], perimeter minimization [21],
genetic algorithm [22], and particle swarm optimization [23]
all belong to this type. The other type is the soft-then-hard SPM
(STHSPM). STHSPM improves the coarse abundance images to
produce the ideal abundance images with the land-cover classes
proportions corresponding to subpixels by subpixel sharpening,
and then assigns the land-cover classes labels to subpixels ac-
cording to these proportions, deriving the final mapping result.
SPM methods based on backpropagation neural network [24],
[25], spatial attraction model [26], [27], Hopfield neural net-
works [28], [29], interpolation algorithm [30], [31], indicator
cokriging [32], [33], object dependence [34], [35], geographical
objects [36], units of classes [37], and hybrid constraints of pure
and mixed pixels [38] all belong to this type. In addition to the
above two main SPM types, deep learning has been successfully
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applied to SPM in recent years [39], [40], [41]. However, SPM
based on deep learning usually needs a lot of fine training data
to achieve the desired performance, in the absence of a large
number of fine training data, the two main SPM types show
better performance.

Because SPM is an ill posed inverse problem [42], the
traditional SPM methods based on monotemporal image
usually lack a priori knowledge of the actual geographical
distribution to constrain the fuzziness and uncertainty of the
results, which will affect the accuracy of SPM result. In order
to solve this problem, the SSPM proposed in recent years uses
the appropriate FPSI as the prior knowledge constraint, which
is widely used to solve the ill posed inverse problem of SPM.
Therefore, SSPM as a novel SPM model shows greater potential
and application prospects. Ling et al. [43] proposed the concept
of SSPM. SSPM is then further developed and applied to the
traditional spatial attraction model, pixel swapping model, and
Hopfield neural network [44], [45], [46]. In recent years, SSPM
based on spatial-temporal dependence method is proposed,
which usually utilizes spatial-temporal dependence to establish
a spatiotemporal objective, and then optimizes the objective to
obtain a reasonable spatial distribution of land-cover classes
at subpixel scale [47], [12]. Subsequently, SSPM based on
spatial-temporal dependence method is further extended to
utilize spatial-temporal-spectral dependence to establish the
spatiotemporal objective [48]. In addition, Wang et al. [49] and
He et al. [50] utilized point spread function effect and MAP
model to improve the performance of SSPM.

However, the conventional SSPM methods generally need the
acquisition time of COSI and FPSI to be as close as possible to
ensure that the spatial distribution of the two images is similar,
so that the FPSI can provide accurate auxiliary spatiotemporal
information. Due to the periodicity of remote sensing satellite
operation and the variability of land-cover classes, there will
be some variation differences in land-cover changes between
COSI and FPSI. Especially, there is sometimes only FPSI with
large variation difference provided. Therefore, the conventional
SSPM methods are difficult to effectively identify the inaccurate
spatiotemporal information of the FPSI due to variation differ-
ences, resulting in reducing the accuracy of land-cover classes
mapping. To overcome the abovementioned problems, a SSPM
based on priori remote sensing image with variation differences
(CVDBYI) is proposed. Since the fractional images are the results
of spectral unmixing for spectral image, the variation differences
between COSI and FPSI are defined by measuring the differ-
ences between their fractional images in this article. In CVDBI,
the variation difference factor is proposed to construct a separa-
ble convex optimization model to effectively recognize the inac-
curate spatiotemporal information of FPSI, so as to improve the
accuracy of final mapping result. Experimental results show the
superiority of the CVDBI over the state-of-the-art SPM methods.

The contributions of this article are as follows.

1) The inaccurate spatiotemporal information of FPSI is
effectively recognized in CVDBI to improve the perfor-
mance of SSPM and obtain the high accuracy mapping
result.
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Fig. 2. Flowchart of CVDBIL

2) CVDBI could show the ideal performance by using the
FPSI captured at various times in order to relieve the
limitations of the close acquisition time of COSI and FPSI
in the current SSPM methods.

3) Even if there is a large variation difference between
COSI and FPSI, CVDBI also could be used to obtain
the ideal mapping result due to the variation difference
factor. Therefore, CVDBI could be effectively applied to
large variation difference scenes where the time interval
of collecting between COSI and FPSI is long, or the
frequency of disaster change between COSI and FPSI is
high.

The rest of this article is organized as follows. The proposed
method is described in Section II. The experimental results are
presented qualitatively and quantitatively in Section III. Discus-
sion is introduced in Section I'V. Finally, Section V concludes
this article.

II. METHODOLOGY

The flowchart of CVDBI is shown in Fig. 2. First, COSI
at T2 is unmixed to produce the coarse abundance images
of COSI, and FPSI at T1 is classified to obtain the classi-
fication result, which provides the fine thematic images of
FPSI. Second, the coarse abundance image of COSI for each
class is correlated with the ideal thematic image of COSI for
each class by downsampling matrix in the degradation obser-
vation model (DOM), and the fine thematic image of FPSI
for each class is correlated with the ideal thematic image of
COSI for each class by variation difference factor in the vari-
ation difference observation model (VDOM). Third, CVDBI
establishes a separable convex optimization model for DOM
and VDOM to optimize the variation difference factor and
the ideal thematic image of COSI. Finally, alternating direc-
tion method of multipliers (ADMM) is utilized to solve the
separable convex optimization problem to derive the mapping
result. This section will introduce the proposed method in
detail.

0.25 0.875 0

0.25 0 0

(a)

(b)

W class k

Fig. 3. Example of DOM. (a) Coarse abundance image of COSI for class k.
(b) Ideal thematic image of COSI for class k.

A. Observation Model Construction

Suppose ZOS! ¢ RB*N is COSI at T2, with B spectral bands
and N pixels, ZFPS! € RB*NS® i FPSI at T1, with B spectral
bands and N S? pixels, S is the scale factor of the two images.
ZOS! is unmixed to obtain the coarse abundance image of COSI
ASOST e RPN (k=1,2, ..., K, K is the number of land-cover
classes) for class k, P is the number of pure substances at the
endmember. ZFPS!is classified to provide the fine thematic image
of FPSI TEPS! € RP*NS? for class k. M{OST € RP*NS is the
ideal thematic image of COSI for class k, and the SPM result
can be considered as the result of the integration of the ideal
thematic images of COSI for all land-cover classes [51].

In CVDBI, two different types of observation models (DOM
and VDOM) are established. In the DOM, to consider the spatial
degradation between the coarse abundance image of COSI and
the ideal thematic image of COSI, the coarse abundance image
of COSI A$OS! for class k and the ideal thematic image of
COSI MO9S for class k are linked by spatial downsampling
matrix Dj, € RVS5**N with the scale factor S [50]. The DOM
isillustrated in Fig. 3 by a simple example. As shown in Fig. 3(a),
the coarse abundance image of COSI A$95! for class k includes
nine mixed pixels marked with the proportions of class &k (red
number). Fig. 3(b) shows the ideal thematic image of COSI
MO for class k. Here, the downsampling scale S is 4, and the
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downsampling matrix Dy, is an averaging filter, where all the ele-
ments are equal to 1 /52, i.e., 1/16inthis case. For instance, 0.875
in the central pixel in Fig. 3(a) indicates that 16 x 0.875 = 14
subpixels within the central pixel belong to class k in Fig. 3(b).
Therefore, in the DOM, we use the downsampling matrix Dy,
to correlate the coarse abundance image with the ideal thematic
image as follows:

AL =D M + NP (1)

where NP € RP*¥ represents the additive noise in the DOM.

In the VDOM, to consider the variation differences between
COSI and FPSI, the variation factor 6, is proposed to establish
the relationship between the fine thematic image of FPSI TPS!
for class k and the ideal thematic image of COSI M{ %! for class
k. Therefore, the VDOM can be expressed as

M;® =0, 0 T + NY )

where ® is the multiplication of the elements, N} € RF*NS* i
the additive noise in the VDOM. N}c’ and N]kD are all constructed
as Gaussian white noise, but with different sizes.

B. Separable Convex Optimization Model

A separable convex optimization model is established for (1)
and (2) to realize SSPM, as shown in

\7COSI 7
Mk‘ ,Hk

: 1 2
= argmin o [[MEO-0, © T+ R (0x)
0<M$OSI<1,0<0, <1

_"_% HA(liOSI _ DkMgOSIHi R (M(kZOSI> (3)

where R(M$O5) is the regularization term of the ideal thematic
image of COSI M$°! for class k, R(8y) is the regularization
term of the variation factor 6.

The regularization term R(MS©%!) is based on gradient Lo ;
norm to improve sparsity of the gradient across different mate-
rials, as shown in

R (ME) =g ([lgn (M|, 40 (ME ) &)

where the linear operators g, (.) and ¢, (.) calculate the ideal
thematic image of COSI M$O! for class k in the first-order
horizontal and vertical gradients, respectively. Ay balances the
contribution of the regularization term R(M$9%!) to (3).

The regularization term R(0,) is realized by gradient Lo norm
and defined as

A A
R (0x) =7 1165 =Bl +5 [[u6x ., )

where the first term controls the variation factor 8 by limiting
it to close to 1, E is a matrix with all elements of 1. The second
term enhances the smoothness of the variation factor 8 by the
differential operator u. A; and o balance the contribution of the
regularization term R(6}) to (3).
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C. Obtaining Mapping Result

Separable convex optimization model in (3) is individually
convex for each variable (the ideal thematic image of COSI
MgOSI and the variation factor @). Therefore, we use the
ADMM to solve the separable convex optimization problem
[51], [52]. ADMM implements the distributed optimization
strategy to iteratively minimize the cost function of each variable
to find the local stationary point.

In order to use ADMM, the cost function in (3) need be defined
in the following form:

min {f(x) +9(3) |Ax+By =C}  (©

where f : R — RT and g : R? — Rt are closed-convex func-
tions. x € R%nd y € R® are nonempty closed convex sets
including vector variables. A € R“*% B ¢ R<*? and C € R¢
have full column ranks.

The augmented Lagrange function is defined to use the scaled
formulation of ADMM and is given by

Lixy,7) = [(x) +9(y)+ 5 |Ax+ By ~ C 42 )

where z € R¢ is the Lagrange multipliers in a vector form and
[ is a penalty parameter.

The ADMM updates the variables x, y, and z through multiple
iterations. Suppose that x(@) y(i), and z(9 are the variables at
the ith iteration of the algorithm, the iterative scheme of ADMM
is defined as the following procedure:

x(H) = arg min L (x,y(i),z(i))

y(”l) = argmin L (x(i)7y,z(i))
y

20D = 200 4 Ax0+D) 4 By(+D) _ . (8)

It can be found that the variables x and y are updated alter-
nately. Itis worth noting that when ADMM optimizes the M§°5!
or 0, another variable is known and fixed, so each iteration
is equivalent to solving only one variable. Here, we initialize
0" = E and MSOS!1”) with SPM based on spatial attraction
model for AgOSI. This solution is presented in Algorithm 1.
Next, we introduce the optimization process for variables 6
and M§OSL

1) Optimizing 0},: Considering M$°%! fixed, the optimization
process of @, can be recast from (3) by considering only terms
that depend on 0,

) = argmin % ||M%OSI -0,0 TiPSIHi +iy (0y)

0<0,<1
A1 Ao
+ 5 16— +2 w6} ©)

where i, (.) is the indicator function of the nonnegative R
implementing a positive constraint, and is defined as iy (a) =

0,a>0
00,a <0’
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In order to be equivalent to the ADMM problem, the (9) is
re-expressed as
1

6), = argmin - HM%OSI - GHIQ: +iy (O%)
0<0,<1 2

A Ao
+ 5 106 =B+ bk (10)
where G =6, ® TEPSL

To use the augmented Lagrange function L(x, y, z), we define
the following relationship:

x = vec (0) y= vec (G)

A = —dia (vec (T;™)) B =1 (11)

where vec(.) is the vectorization version by concatenating its
columns, dia(.) is diagonal matrix with vec(TPS!) in the main
diagonal, and I is the identity matrix.

The augmented Lagrange function for (10) is written as

1 2 A A
L (04, G.2) =5 [|ME = G[ 45 04[54 ([

+§ -6 © T + G + zHi +iy (0).
(12)

When utilizing L(0}, G, z) to optimize the variable 0}, the
indicator function i (6y) is ignored for simplicity and (12) can
be re-expressed as

A

3 . A
0, = argmin 21 ||9k:_E||§‘+?2 ||u0k||12:

0<6r,<1

+§ |-6x © T + G + 2. (13)

We take the derivative 6}, in (13) and set it equal to O to derive

()»1 +aouTu+ 3 (T?)SI ® TiPSI)) 0,

=mE+ B8 (T oG+ T 0z). (14)

Equation (14) is solved efficiently due to the sparsity in the
matrices on the left-hand side. The solution 8}, by solving (14)
is introduced into (15) to obtain the ideal variation factor @,

0= max (0;,0). (15)

The optimization of L(0y, G, z) with respect to other vari-
ables G and z is described in Appendix A.
2) Optimizing MEOSI: According to (3), the optimization
process of M$9%! can be defined as (16) for a fixed 6,
NI = aramin L [M§OY - 0, & T2
0<M{oSI<1

+ % HA%OSI . DkMgOSIHIi

i ([lgn (M) [, + [l (MO ,,)

iy (MEOS) (16)
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Algorithm 1
. A COSI FPSI
Imput: A, T, parameters A,,, 4, and 4,.

Output: The ideal variation factor 8, and the ideal thematic
image of COSI M,SOSI .
Initialize 9&0 ) —E;
Initialize MEOS[(O) with SPM based on spatial attraction model
for AY™;
Seti=0;
While stopping criterion is not satisfied do:
i=i+1;
Compute e‘;” by solving (9) using MAC,OSI(i) = MfOSI(H) ;
Compute Mfosm by solving (16) using 05:) = (-)5:71) ;
end
return 6, , M{*';

The following variables are defined to represent optimization
problem (16) in the form of (6):

G = DGy Go=M{S!
Gs = gn(G2) G4=9,(G2)
G5 _ M(k:OSI. (]7)

Equation (16) is then represented as

- 1 2 .
MOt = argmin 5 HM(ISOSI —-0,0 TiPSIHF +it (Gs)

OgMiOSIﬁl
1 2
ot (1Gsl 1 HIGall,, ) +5 [ AE = Galfp.-
(18)

The following relationship is defined to use augmented La-
grange function L(x,y, z):

X = vec (MgOSI)
y = [vec (G) vec (Ga) vee (Gs) vee (Gy) vee (Gs)] T
A=[xD,1001]"

10 00 O
0-I000
0G,-100
0G,0-10
0 0 0 0-I

19)

where (D), )is defined that r(D,)vec(M{%") = D, M{OS!.
Gy, and G, are their matrices of the linear operators gy, (+) and
Go(s)-

Therefore, the augmented Lagrange function is defined as

Lixy,2) =[x = vee (6 © T
1
+§ Hvec (AgOSI) — vec (G1)||§

it (IGslly 1 +HIGally,y ) +iv (Gs)
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T Wetlands B Urban [ Vegetation B Forest
Fig. 4. Synthetic data set 1. (a) NLCD 2001. (b) NLCD 2006. (c) NLCD 2011.
Fig. 5. Abundance images of NLCD 2011: from (a)—(d): Wetlands, Urban, Vegetation and Forest (S = 8).
T
+§ [r(D},)x — vec (Gy) + 7 |2 +vec(Gs)—r(Dy) Zl—z2—Z5)~ (22)

45 evee (@) tmalfft 5 [Gavee(Ga) —vee (G ]

+§ |Gy vece (Ga)—vec(Guy)+2a |5
g 2

+ 5 IIx — vec (Gs)+2s5]|% - (20)

Since x is the vectorization of M$°%!, when minimizing
L(x,y,z) to optimize the M5!, (20) can be rewritten as

S = armin 2 [lvee (MFO) — vee (6, 0 T 2
+ Dy )vee (M) — vee (G1) + 2
+ 2 Jvee (MEOS) —vee (Go) + |2
+ g [vee (MSOST) — vec (Gs) + 2|2, @1

Taking the gradients M{OS! and setting it equal to 0 leads to
((25+1) I+5r(Dk)Tr(Dk)) vee (MSOST) =vec (0, © TS

+,8<r(Dk)Tvec (G1)+vec (Ga)

We solve (22) to obtain the solution M{°% and then introduce
into (23) to produce the ideal thematic image of COSI M¢OS!
for class k

1\7[%0512 max (MgOSI, 0) . (23)

The optimization of L(x, y, z) with respect to other variables
y and z is described in Appendix B.

According to (8), after several alternate iterations for variables
0, and M5!, the final ideal thematic image of COSI for class
k is derived. In this way, according to the steps of Algorithm
1, the ideal thematic images of COSI for all land-cover classes
are produced. We assign the corresponding class labels to these
ideal thematic images of COSI and then integrate them to obtain
the final mapping result.

It can be found that using ADMM to control the variation
factor can effectively identify the inaccurate spatiotemporal
information of FPSI, i.e., when the inaccurate spatiotemporal
information is generated in some areas of FPSI due to the large
variation difference, the value of the corresponding variation
factor will be reduced to reduce the inaccurate spatiotemporal
information of this area to be input into the process of optimizing
the ideal abundance images. On the contrary, when the spatial
distribution of some areas of FPSI is very similar to that of COSI,
the value of the corresponding variation factor will increase, so
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Fig. 6. Mapping results for NLCD 2011: SPM methods based on monotemporal image from (a)—(d): RBFI, NSAM, HNNP, and PSF. SSPM methods based on
NLCD 2001 from (e)—(h): STD, SPSF, SMAP, and CVDBI. SSPM methods based on NLCD 2006 from (i)—(1): STD, SPSF, SMAP, and CVDBI.

TABLE I
EVALUATION INDICES OF MAPPING RESULTS FOR SYNTHETIC DATA SET 1

Prior image | Method | Wetlands Urban  Vegetation Forest | OA Kappa
RBFI 85.48 74.90 66.62 80.46 | 77.76  0.6908
No image | NSAPM 87.27 74.11 67.27 82.47 | 78.88 0.7063
HNNP 71.55 68.84 61.10 91.99 | 77.26 0.6734

PSF 86.80 80.59 70.46 81.32 | 80.30  0.7262

STD 95.85 92.63 87.66 93.45 | 92.70  0.8986
NLCD 2001 SPSF 96.93 94.45 90.17 94.86 | 94.34 09213
SMAP 97.44 95.29 91.18 95.44 | 95.04 0.9310
CVDBI 98.21 96.83 93.43 96.64 | 9641 0.9501

STD 97.05 95.21 90.61 95.08 | 94.70  0.9262
NLCD 2006 SPSF 98.14 96.72 92.87 96.37 | 96.17 0.9467
SMAP 98.52 97.32 93.70 96.84 | 96.71  0.9543
CVDBI 99.19 98.40 95.61 97.83 | 97.82  0.9697
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Fig. 7.

Salient region from Fig. 6. (a) Reference image. SPM methods based on monotemporal image from (b)—(e): RBFI, NSAM, HNNP, and PSF. SSPM

methods based on NLCD 2001 from (f)—(i): STD, SPSF, SMAP, and CVDBI. SSPM methods based on NLCD 2006 from (j)—(m): STD, SPSF, SMAP, and CVDBI.

Fig. 8.

Synthetic data set 2. (a) False color image of Amazon Rainforest in 1985 (bands 3, 2 and 1 for red, green, and blue). (b) False color image of Amazon

Rainforest in 2013 (bands 4, 3, and 2 for red, green, and blue). (c) False color image of Mekong and Tonlé Sap Rivers before flood disaster (bands 5, 4, and 3 for
red, green, and blue). (d) False color image of Mekong and Tonlé Sap Rivers after flood disaster (bands 5, 4, and 3 for red, green, and blue).

that this area can accurately assist the full use of spatiotemporal
information, obtaining the better results.

III. EXPERIMENTS

Two synthetic experimental datasets and one real experimen-
tal dataset are used to qualitatively and quantitatively evaluate
the performance of the proposed CVDBI. According to the

general experimental process of SPM [18], to avoid the errors de-
rived from the registration between images and spectral unmix-
ing process, the input abundance images of COSI are generated
by downsampling the reference classification image by a .S x S
linear mean filter, and the synthetic input abundance images
of COSI are restored to the SPM result in the two synthetic
experimental datasets. In contrast, to evaluate the performance
of CVDBI on the uncertainty in a real situation, the real input
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Fig. 9.

(a) Reference classification image of Fig. 8(a). (b) Reference classification image of Fig. 8(b). (¢) Abundance image of Fig. 8(b). (d) Reference classification

image of Fig. 8(c). (e) Reference classification image of Fig. 8(d). (f) Abundance image of Fig. 8(d).

abundance images of COSI are derived from a real COSI by
spectral unmixing based on least squares support vector machine
(LSSVM) [10] in the real experimental dataset.

In CVDBI, a small value of A is selected to allow the variation
factor 0y to adequately fit the experimental data, and a large
value of A5 is set to have spectrally smooth variability. There-
fore, the regularization parameters for the proposed CVDBI
are empirically set at Ayy = 1073, A1 = 1072, and A, = 10°.
Nevertheless, the CVDBI still shows to be fairly insensitive to
the choice of parameters, the detailed discussion will be given in
Section IV-C. The alternating optimization process in Algorithm
1 is ran for at most 100 iterations or until the relative change of
MOt and 6y, is less than 1073,

The proposed CVDBI is compared with the traditional SPM
methods based on monotemporal image including SPM based
on radial basis function interpolation (RBFI) [30], SPM based
on new spatial attraction model (NSAM) [26], SPM based on
Hopfield neural network with more prior information (HNNP)
[29], and SPM based on reducing point spread function effect
(PSF) [20], as well as the state-of-the-art SSPM methods includ-
ing SSPM based on spatio-temporal dependence (STD) [12],
SSPM based on point spread function effect (SPSF) [49], and
SSPM based on MAP model (SMAP) [50]. The performances
of the eight methods are evaluated based on the classification
accuracy of each land-cover class, the overall accuracy (OA),
and the Kappa coefficient (Kappa). All experiments are tested

TABLE 1T
EVALUATION INDICES OF MAPPING RESULTS FOR SYNTHETIC DATA SET 2

Amazon Rainforest

Prior image Method PP OA Kappa
RBFI 9535 9477 0.8938
No image NSAPM | 95.62 95.07 0.8999
HNNP | 91.84 9421 0.8833
PSF 95.63 95.15 09015
STD 95.74 9521 0.9028
Landsat 5 in 1985 SPSF 96.09 95.60 09106
SMAP | 96.21 9574 0.9136
CVDBI | 97.05 96.68 0.9326

Mekong and Tonlé Sap Rivers
Prior image Method PP OA Kappa
RBFI 89.54 89.18 0.7834
No image NSAPM | 90.06 89.72 0.7942
HNNP | 81.51 88.76 0.7761
PSF 90.68 90.31  0.8059
STD 90.84 90.71  0.8080
Landsat 8 before flood disaster SPSF 91.27 9093 0.8184
SMAP | 91.70 91.42 0.8281
CVDBI | 9341 93.16 0.8630

by MATLAB 2018a software on a Pentium Dual-core Processor
(2.20 GHz).

A. Synthetic Data Set 1

The synthetic data set 1 is used to evaluate the performance
of the proposed CVDBI on FPSI captured at various times. As
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Fig. 10.
based on Landsat 5 in 1985 from (e)—(h): STD, SPSF, SMAP, and CVDBI.

Mapping results for Amazon Rainforest: SPM methods based on monotemporal image from (a)-(d): RBFI, NSAM, HNNP, and PSF. SSPM methods

[ ] Forest ] Background

Fig. 11.

Salient region from Fig. 10. (a) Reference image. SPM methods based on monotemporal image from (b)—(e): RBFI, NSAM, HNNP, and PSF. SSPM

methods based on Landsat 5 in 1985 from (f)— (i): STD, SPSF, SMAP, and CVDBI.

shown in Fig. 4, the synthetic data set 1 from National Land-
Cover Database (NLCD) includes three maps with 30-m spatial
resolution, 1000 x 1000 pixels and 4 land-cover classes (i.e.,
Wetlands, Urban, Vegetation, and Forest), which are collected
over Georgia, U.S. in 2001, 2006, and 2011, respectively. Since
the three maps are obtained by classification based on raster

method [13], they are considered as the reference classification
images. We perform the experiments twice to test the perfor-
mance of CVDBI on FPSI captured at various times, the NLCD
2001 image in Fig. 4(a) and the NLCD 2006 image in Fig. 4(b)
are selected as FPSI, respectively. Because the NLCD 2001
image and NLCD 2006 image have been classified, they could
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Mapping results for Mekong and Tonl€ Sap Rivers: SPM methods based on monotemporal image from (a)—(d): RBFI, NSAM, HNNP, and PSF. SSPM

methods based on Landsat 8 before flood disaster from (¢)—(h): STD, SPSF, SMAP, and CVDBI.

s Water

Fig. 13.

I Background

Salient region from Fig. 12. (a) Reference image. SPM methods based on monotemporal image from (b)—(e): RBFI, NSAM, HNNP, and PSF. SSPM

methods based on Landsat 8 before flood disaster from (f)—(i): STD, SPSE, SMAP, and CVDBI.

directly provide the fine thematic images of FPSI. The NLCD
2011 image in Fig. 4(c) considered as COSI is downsampled by
a 8 x 8 mean filter to produce the synthetic input abundance
images of COSI with a 240-m spatial resolution, which are
shown in Fig. 5. Although the coarse abundance images of COSI
could provide the proportion information of the mixed pixels
belonging to land-cover classes, the specific spatial distribution
information of land-cover classes is uncertain in these abundance

images. Thus, SPM is proposed to handle the abundance images
to obtain the mapping result with the specific spatial distribution
information of land-cover classes.

The mapping results of the eight SPM methods for NLCD
2011 are shown in Fig. 6. In order to facilitate observation, as
shown in Fig. 7, a salient subregion of the mapping results with
100 x 100 pixels marked in Fig. 4(c) with a black frame are
magnified. Comparing with the reference image in Fig. 7(a), the
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Real dataset. (a) False color image of Landsat 8 in 2014 (bands 5, 2, and 3 for red, green, and blue). (b) False color image of Hyperion in 2002 (bands

150, 10, and 24 for red, green, and blue). (c) Panchromatic image of Landsat 8 in 2014. (d) Reference classification image of Fig. 14(c). (c) Panchromatic image

of Landsat 8 in 2002. (d) Reference classification image of Fig. 14(e).

TABLE III
EVALUATION INDICES OF MAPPING RESULTS FOR REAL DATASET

Prior image Method | Vegetation  Soil  Built-up  Water | OA Kappa
RBFI 79.84 69.97 86.68 61.03 | 80.92 0.6962

No image NSAPM 79.99 70.00 86.72 73.85 | 81.09 0.6990
HNNP 59.34 68.72 96.15 82.56 | 79.91 0.6674

PSF 80.03 76.69 88.16 61.05 | 83.19 0.7335

STD 88.92 83.15 92.46 83.59 | 89.37 0.8308

Landsat 8 in 2014 SPSF 90.46 86.03 93.38 83.33 | 91.01 0.8570
SMAP 91.19 88.84 94.29 81.03 | 92.14 0.8752

CVDBI 93.08 91.69 96.41 88.23 | 93.89 0.9088

mapping results of the four traditional SPM methods based on
monotemporal image from Fig. 7(b)—(e) are far away from ideal.
For example, there are many boundaries of protruding burrs in
Forest class and areas of disconnected shapes in Urban class,
which was because these methods lack a priori knowledge of
the actual geographical distribution to constrain the fuzziness

and uncertainty of the mapping results. With the help of the
auxiliary spatiotemporal information provided by NLCD 2001
or NLCD 2006, the abovementioned phenomenon is alleviated
in the mapping results of SSPM in Fig. 7(f)-(1) or (j)—(m).
Since the proposed CVDBI takes into account the variation
difference between COSI and FPSI, when using the same FPSI,
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Fig. 15.
Landsat 8 in 2014 (e)—(h): STD, SPSF, SMAP, and CVDBI.

there are smoother boundaries and more continuous areas in
Fig. 7(i) and (m) than those in Fig. 7(f)-(h) or (j)—(1). Thus,
the mapping result of CVDBI is closer to the reference image
than that of the other SSPM methods. This proves that CVDBI
can perform best in the case of using FPSI captured at various
times.

In addition to visual comparison, Table I shows the three
evaluation indices of mapping result including the classification
accuracy of each land-cover class (%), OA (%), and Kappa.
The traditional SPM methods based on monotemporal image
could consider that there is unchanged land cover affect. The
SSPM methods could consider that there is changed land cover
affect. As shown in Table I, we can see that even with the
changed land cover affect, SSPM methods can still obtain the
higher evaluation indicators than traditional SPM methods. In
addition, the proposed CVDBI performs better than the other
seven SPM methods. For instance, when using NLCD 2001
as FPSI, compared with the classification accuracy of each
land-cover class (%) and OA (%) in the SMAP, the accuracy
of Wetlands, Urban, Vegetation, Forest, and OA (%) in CVDBI
increased by about 0.77, 1.54, 2.25, 1.20, and 1.37 percentage,

=3  Built-up

I Water

Mapping results for real dataset: SPM methods based on monotemporal image from (a)-(d): RBFI, NSAM, HNNP, and PSF. SSPM methods based on

respectively. According to the definition of OA (%), because
there are 1000 x 1000 pixels in the tested imagery, an increase
of 1.37% means that the mapping result of the CVDBI produces
13700 more correct mapping pixels than that of SMAP, which
represents a significant improvement.

In addition, this experiment is also be utilized to analyze the
performance of the proposed method for the different change
rates. As shown in Table I, for each SSPM method, it is worth
noting that the value of the evaluation indices by using NLCD
2001 as FPSI is lower than that by using NLCD 2006 as FPSI.
This is because NLCD 2001 is farther away from the collection
time of NLCD 2011 than NLCD 2006, the land cover change
rate between NLCD 2001 and NLCD 2011 is more obvious. This
experimental result also proves that the land cover change rate
between COSI and FPSI does affect the performance of SSPM
methods, and the greater land cover change rate results in the
more serious influence. Therefore, the lower rates of changed
land cover affect for SSPM methods could produce the better
mapping results. The CVDBI obtains the higher OA (%) of
84.82%, and Kappa of 0.7027 by using NLCD 2006 as FPSI
than that by using NLCD 2001 as FPSI. When using the same
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FPSI captured at various times, the proposed CVDBI always
has the highest OA (%) and Kappa. This proves that CVDBI
could show the ideal performance by using the FPSI captured at
various times to relieve the limitations of the close acquisition
time of COSI and FPSI in the current SSPM methods.

B. Synthetic Data Set 2

We test the synthetic data set 2 including two sets of four
multispectral images. It turns out that CVDBI could be effec-
tively applied to some large variation difference scenes where
the time interval of collecting between COSI and FPSI is long,
or the frequency of disaster change between COSI and FPSI
is high. As shown in Fig. 8(a) and (b), the first set of two
multispectral images with 30-m spatial resolution, 800 x 800
pixels and 2 land-cover classes (i.e., Forest and Background)
are collected over Amazon Rainforest in Brazil. The study area
is mainly covered by forest in Fig. 8(a) collected by Landsat 5
imager in 1985. Due to the long-term human destruction, forest
has been seriously reduced in Fig. 8(b) collected by Landsat 8
imager in 2013. Therefore, there is a large variation difference
between Fig. 8(a) and (b) due to a long-time interval of collect-
ing. Fig. 8(a) and (b) is selected as FPSI and COSI, respectively,
to test the performance of CVDBI on the scene where the time
interval of collecting between COSI and FPSI is very long.

As shown in Fig. 8(c) and (d), the second set of two multispec-
tral images with 30-m spatial resolution, 800 x 800 pixels and
2 land-cover classes (i.e., Water and Background) are acquired
along the Mekong and Tonlé Sap Rivers in Cambodia. Fig. 8(c)
is acquired by Landsat 8 before flood disaster on May 17, 2013.
However, in October, the heavy seasonal rains cause the flood
along the Mekong and Tonlé Sap Rivers, a Landsat 8 image
shown in Fig. 8(d) is acquired after flood disaster on 24 October
2013. Thus, there is a large variation difference between Fig. 8(c)
and (d) due to a high frequency of disaster change. Fig. 8(c)
and (d) is selected as FPSI and COSI, respectively, to test the
performance of CVDBI on the scene where the frequency of
disaster change between COSI and FPSI is high.

For Amazon Rainforest data, as shown in Fig. 9(a) and (b), we
use the classification method based on support vector machine
(SVM) by ENVI software to classify Fig. 8(a) and (b) to obtain
their reference classification images. Fig. 9(a) provides the fine
thematic image of FPSI for Forest class. Fig. 9(b) provides the
reference image of the mapping results and then is downsampled
by a 8 x 8 mean filter to produce the synthetic input abundance
image of COSI with a 240-m spatial resolution [as shown in
Fig. 9(c)]. For Mekong and Tonlé Sap Rivers data, we utilize
the same classification method to obtain Fig. 9(d) as the fine
thematic image of FPSI for Water class, and Fig. 9(e) as the
reference image of the mapping results. We also apply the same
8 x 8 mean filter to Fig. 9(e) to produce Fig. 9(f) as the synthetic
input abundance image of COSI.

For the experiment of Amazon Rainforest, Fig. 10(a)—(d)
shows the mapping results of four SPM methods based on
monotemporal image and Fig. 10(e)—(h) shows the mapping
results of four SSPM methods based on Landsat 5 in 1985.
It is noted that Fig. 10(e)—(h) is closer to the reference image
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in Fig. 9(b) than Fig. 10(a)—(d) due to the prior auxiliary spa-
tiotemporal information from Landsat 5. As shown in Fig. 11, a
salient subregion of the mapping results with 200 x 200 pixels
marked in Fig. 9(b) with a white frame is magnified to facilitate
observation. Comparing with the reference image in Fig. 11(a),
we could find that the Forest class is not continuous, and some
small areas are hardly mapped by using the three existing SSPM
methods (i.e., STD, SPSF, and SMAP) in Fig. 10(f)—(h). This is
because the existing SSPM methods do not effectively identify
the inaccurate spatiotemporal information of the FPSI. Espe-
cially, when there is a large variation difference between COSI
and FPSI due to the difference of nearly 30 years of capture time,
FPSI may provide wrong auxiliary information, resulting in the
unsatisfactory mapping result. In contrary, the proposed CVDBI
effectively identifies the inaccurate spatiotemporal information
of the FPSI, these phenomena are alleviated in Fig. 11(i).

For the experiment of Mekong and Tonlé Sap Rivers, the
mapping results of eight SPM methods are shown in Fig. 12. And
a salient subregion of the mapping results with 200 x 200 pixels
marked in Fig. 9(e) with a white frame is magnified to show in
Fig. 13. Similar to the experimental results of Amazon Forest,
when there is a large variation difference between COSI and
FPSI due to the high frequency of disaster change, the mapping
result of the CVDBI is the closest to the reference image among
all the obtained mapping results.

For the binary classification problem, we use producer accu-
racy (PA) (%), OA (%), and Kappa as the evaluation indices.
The definition of PA (%) is that the ratio of the number of pixels
correctly classified as Class A in mapping result to the number of
pixels of Class A in the real case in reference image. PA (%), OA
(%), and Kappa of the eight methods for the two experimental
data are given in Table II, where it can be seen that the proposed
CVDBI had the highest PA (%) of 97.05%, OA (%) of 96.68%,
and Kappa of 0.9326 for Amazon Rainforest, and the highest
PA (%) of 93.41%, OA (%) of 93.16%, and Kappa of 0.8630
for Mekong and Tonlé Sap Rivers. Therefore, when there is a
large variation difference between COSI and FPSI, the proposed
CVDBI performs better than other methods.

C. Real Dataset

In a practice situation, the real input abundance images are
derived from the spectral unmixing of COSI, and some uncer-
tainty, such as the registration error between COSI and FPSI, the
spectral unmixing error of abundance images and the classifica-
tion error of reference image, exists in the experimental process.
To further evaluate the effectiveness of the proposed CVDBI, a
real dataset are tested in experiment 3.

Fig. 14(a) and (b) have 308 x 164 pixels and 4 land-cover
classes (i.e., vegetation, soil, built-up, and water), which cover
an area in Rome, Italy. As shown in Fig. 14(a), a multispectral
image selected as FPSI with 8 spectral bands of 30-m spatial
resolution and 1 panchromatic band of 15-m spatial resolution
is obtained by Landsat 8 imager in 2014. As shown in Fig. 14(b),
a hyperspectral image selected as COSI with 198 spectral bands
of 30-m spatial resolution is obtained by Hyperion imaging
spectrometer from Earth Observing-1 in 2002.
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Salient region from Fig. 15. (a) Reference image. SPM methods based on monotemporal image from (b)—(e): RBFI, NSAM, HNNP, and PSF. SSPM

methods based on Landsat 8 before flood disaster from (f)—(i): STD, SPSF, SMAP, and CVDBI.
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The panchromatic band of 15-m spatial resolution from
Fig. 14(a) selected as FPSI is shown in Fig. 14(c). As shown in
Fig. 14(d), we still use the classification method based on SVM
to classify Fig. 14(c) to yield the reference classification image as
the fine thematic images of FPSI. The input abundance images of
COSI are obtained by unmixing the Fig. 14(b) with 30-m spatial
resolution. Thus, the scale factor S between PFSI and COSI
was 2. In addition, to obtain the reference image of the mapping
results with 15-m spatial resolution, another panchromatic band
of 15-m spatial resolution from Landsat 8 in 2002 having the
same capture time and area as Fig. 14(b) is utilized and shown
inFig. 14(e). Fig. 14(e) is also classified to produce the reference
image shown in Fig. 14(f) by the classification method based on
SVM.

Fig. 15 shows the mapping results of the eight methods for
real dataset. Similarly, for visual comparison purposes, a salient
sub-region of the mapping results with 50 x 50 pixels marked in
Fig. 14(f) with a black frame is magnified in Fig. 16. Comparing
with the reference image, similar to Experiments 1 and 2, the
proposed CVDBI achieves the more continuous and smoother
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OA (%) of the eight SPM methods in relation to different scale factors S (a) in experiment 1 and (b) in experiment 2.
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Fig. 18.  OA (%) of the eight SPM methods in relation to two spectral unmixing
methods in Experiment 3.

mapping result than the other seven methods. Table III lists
the three evaluation indices of the eight SPM methods, where
it can also be seen that the proposed CVDBI outperforms the
other seven methods, and obtains the highest values of the three
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Fig. 20.  Processing time of the eight SPM methods in the three experiments.

evaluation indices. Therefore, in practice, the proposed CVDBI
could achieve good performance due to effectively identifying
the inaccurate spatiotemporal information of the FPSI.

IV. DISCUSSION
A. Scale Factor

In experiments 1 and 2, the synthetic input abundance images
of COSI are obtained by downsampling the reference classifica-
tion image by a scale factor S' x S mean filter. Different values
of S mean that the abundance images of COSI with different
resolution are produced. Thus, the performance of the proposed
CVDBI under the influences of different values of the scale
factor S is discussed here. The eight SPM methods are tested by
repeating Experiments 1 (NLCD 2006 as FPSI) and 2 (Mekong
and Tonl€ Sap Rivers) for three values of the scale factor S (i.e.,
8, 15, and 25).

Fig. 17 shows the OA (%) values of the eight SPM methods at
different scale factors S in experiments 1 and 2. Since the higher
value of .S indicates the coarser input abundance images, the OA
(%) of the eight methods all decreases with .S, but the proposed
CVDBI still obtained the highest OA (%) value among all the
methods in all the three scale factors. Therefore, the proposed
CVDBI has good performance and certain stability under the
influences of different values of the scale factor S.
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OA (%) of the CVDBI in relation to parameters sensitivity (a) in experiment 1, (b) in experiment 2, and (c) in experiment 3.

B. Spectral Unmixing

In experiment 3, the real input abundance images of COSI
are obtained by spectral unmixing based on LSSVM. However,
the error caused by spectral unmixing will affect the mapping
result. Therefore, it is necessary to discuss the performance of
the proposed CVDBI under the influences of different spectral
unmixing. Spectral unmixing based on linear spectral mixture
model (LSMM) [53] is selected to replace LSSVM in Experi-
ment 3 to obtain the input abundance images.

The OA (%) values of the eight SPM methods in relation to
two spectral unmixing methods in Experiment 3 are shown in
Fig. 18. Since LSMM is not more effective than LSSVM [10],
the OA (%) of the eight SPM methods decreases when using
LSMM. Thus, a more effective spectral unmixing method will
produce less spectral unmixing error, resulting in the higher OA
(%). However, no matter which spectral unmixing method is
used, the proposed CVDBI always achieves the highest OA (%).
The experimental results show that the CVDBI is more robust
to the choice of spectral unmixing than other SPM methods

C. Parameter Sensitivity

The sensitivity of the proposed CVDBI for Ay, A1, and Ao is
explored in Experiments 1 (NLCD 2006 as FPSI), 2 (Mekong
and Tonlé Sap Rivers), and 3. For the experimental setup, each
parameter is varied in the range of [10~%, 10*] at an interval of
10 times, while keeping the remaining ones fixed at the values
described in Section III. In other words, each experiment only
changes the value of one parameter, and the values of the other
two parameters remain unchanged.

As shown in Fig. 19, we compute the OA (%) by the CVDBI,
and the experimental results clearly show that even if the pa-
rameter value changes in different orders of magnitude, it will
only have a relatively small impact on the resulting OA (%).
Therefore, the performance of the proposed method is not overly
sensitive to the choice of parameters.

D. Running Time

The running time is also an important index to evaluate
the performance of the SPM. The running time of eight SPM
methods in Experiments 1 (NLCD 2006 as FPSI), 2 (Mekong and
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Tonlé Sap Rivers), and 3 is recorded in Fig. 20. Observing from
the results, when comparing with the other three SSPM methods
(i.e., STD, SPSF, and SMAP), the proposed CVDBI requires the
more time to obtain the final mapping result. The main reason
is that the CVDBI utilizes ADMM to update the variables 6
and M$95! by alternate iterations. Thus, the proposed CVDBI
is to obtain the ideal mapping result at the cost of longer running
time.

V. CONCLUSION

With the help of spatiotemporal information from PFSI,
SSPM performers better than the traditional SPM based on
monotemporal image. However, the current SSPM methods
rarely identify the inaccurate spatiotemporal information of the
FPSI, affecting the accuracy of the mapping result. In this article,
a SSPM based on variation difference between images (CVDBI)
is proposed to solve the abovementioned problem. CVDBI first
obtains the coarse abundance images of COSI by unmixing
COSI and the fine thematic images of FPSI by classifying
FPSI. DOM and variation difference observation mode are then
established. Next, a separable convex optimization model is pro-
posed by integrating DOM and VDOM to optimize the variation
difference factor and the ideal thematic image of COSI. Finally,
we use the ADMM to solve the separable convex optimization
problem to derive the mapping result. Experiments on three
datasets are performed to validate the proposed CVDBI. The
proposed method is compared to the traditional SPM methods,
as well as the SSPM methods. The conclusions are as follows.

1) The proposed CVDBI provides an effective solution by
identifying the inaccurate spatiotemporal information of
the FPSI. From both visual comparison and index eval-
uation, the CVDBI can produce more accurate mapping
result than the current SSPM methods.

2) The proposed CVDBI could relieve the limitations of the
close acquisition time of COSI and FPSI in the current
SSPM methods. From the results in Experiment 1, CVDBI
show a better performance than the other SSPM methods
in the case of using FPSI captured at various times.

3) The proposed CVDBI is applicable to a large variation
difference between COSI and FPSI. From the results in
Experiment 2, the CVDBI always obtain the best result
when there is a long-time interval of collecting between
COSI and FPSI, or a high frequency of disaster change
between COSI and FPSIL.

4) The proposed CVDBI can achieve good performance in
the real situation. From the results in Experiment 3, when
there are some uncertainties in the situation, the proposed
CVDBI also performs better than other SSPM methods.

With the rapid development of remote sensing technology,
it is not very difficult to obtain FPSI at other times. As long
as there is FPSI, we can get the ideal thematic images through
classification method. Of course, when there is no ideal thematic
image, the proposed CVDBI will be affected. This is a limiting
condition for CVDBI. We will improve the CVDBI in the future
so that it can obtain better results without using ideal thematic
images.
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APPENDIX A

In this section, the optimization of the scaled augmented
Lagrange L(0y, G, z) in (12) with respect to the other variables
G and z is described.

A. Optimizing G
We write the optimization problem for G as

1 2 f 2
G = memin} [MES G2+ 0,0 TFY Gl
24)

We take the derivative with respect to G and set it equal to
zero as

1 1
(1 — ) G=0,0 T —z - MO (25)

B B

Equation (22) could be solved to obtain the solution of G.

B. Optimizing z
The alternate update is defined as

z+—z2+G—60,0TS, (26)

APPENDIX B
In this section, we introduce the optimization of the scaled
augmented Lagrange L(x,y, z) in (20) with respect to the other
variables y and z.
A. Optimizing Gy

The subproblem for G; can be written as

G = argin  [ee (AE™) —vee (G

+ g [r(Dy)vee (ML) — vec (Gy) + lei. 27)

Taking the derivative of G and setting it equal to zero, we
obtain (28). We solve (28) to derive G

(145) vec (G1) =vec (A%OSI) +Sr(D,, )vec (MgOSI) + 7.

(28)
B. Optimizing Go
The subproblem for G2 can be written as
G, = argmin b [|vec (M§OS!) — vec (Ga) + Z2||;
0<Gs<1
s 2
+3 |Gprvec (Ga) — vec (G3) + z3|p
Jrg |G, vec (Gz) — vec (Gyq) + 247 - (29)

We also take the derivative of G and set it equal to zero as
(I+ GGy + G, G,) vec(Gy) = vec (M%)
+ Gjvec(G3) + Glvec(Gy) —Gizz — Glrzy. (30)

Equation (30) is solved to produce Go.
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C. Optimizing Gs
The equivalent optimization for Gg is defined as

G = argmin A Gslly
0<G3<1

+ g |Grvec (Go)—vec (G3)+23||% . (31)

According to [52], the solution of (31) is equivalent to the
proximal operator of the L, norm. Thus, we use a block soft
thresholding soft,(b) to obtain the solution of (31). soft,(y)
is defined as

soft, (y) = max (1 - ”gyC”,O) Yy (32)
where soft,(0) = 0.
The solution of (31) is given by
Gj3 = SOft;LM/ﬁ (Ghvec (Gg) + Zg) . (33)
D. Optimizing G4
The optimization problem of G,can be given by
Gy = argmin)Ll\/1||(§4||271
0<G4<1
+ g |G vee (Go) — vec (Gy) + z4 |5 (34)

Similar to the solution of G3, the solution of G4 is defined as

Gy = SOft)LM/ﬁ (GvVCC (GQ) + Z4) . 35)

E. Optimizing Gs

The optimization problem of Gyis written as

Gs=argmini, (G5)+§ [|vec (MF5") —vec (Gs) + Z5H§ .

0<Gs5<1
(36)
The solution of Gy is referred to [52], and is defined as
G5 = max (M%OSI + vec * (z5) ,O) : (37)
F. Optimizing z
The alternate update is written as
20D 7z 4+ Ax(FD 4 By(+D _ C, (38)

Furthermore, the variable z1, z, z3, z4, and z5 are defined as
71 < 71 + (D )x — vec (Gy)
Zo <+ 79 +x — vec (Ga)
z3 < z3 + Gpvec (Gz) — vec (G3)
z4 <+ 74 + Gyvec (Ga) — vec (Gy)

Zs < Z5 + X — Vec (G5) . (39)
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