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Abstract—The study of water bodies such as rivers is an im-
portant problem in the remote sensing community. A meaningful
set of quantitative features reflecting the geophysical properties
help us better understand the formation and evolution of rivers.
Typically, river sub-basins are analyzed using Cartosat Digital
Elevation Models (DEMs), obtained at regular time epochs. One
of the useful geophysical features of a river sub-basin is that of a
roughness measure on DEMs. However, to the best of our knowl-
edge, there is not much literature available on theoretical analysis
of roughness measures. In this article, we revisit the roughness
measure on DEM data adapted from multiscale granulometries
in mathematical morphology, namely multiscale directional granu-
lometric index (MDGI). This measure was classically used to obtain
shape-size analysis in grayscale images. In earlier works, MDGIs
were introduced to capture the characteristic surficial roughness
of a river sub-basin along specific directions. Also, MDGIs can
be efficiently computed and are known to be useful features for
classification of river sub-basins. In this article, we ask the question
when does a MDGI fail to classify distinct DEMs? We provide a
theoretical analysis of a MDGI to answer this question. In par-
ticular, we identify nonrivial sufficient conditions on the structure
of DEMs under which MDGIs cannot distinguish between distinct
DEMs. These properties are illustrated with some fictitious DEMs.
We also provide connections to a discrete derivative of volume of
a DEM. Based on these connections, we provide intuition as to
why a MDGI is considered a roughness measure. We empirically
verify that MGDIs capture the topographical characteristics using
the Lower-Indus, Wardha, and Barmer river sub-basins. We show
that a simple decision tree based on MDGI features alone can suc-
cessfully distinguish between sub-basins with a high accuracy. We
obtain upto 94% accuracy while the baseline of random classifier
is around 33.34%.

Index Terms—Cartosat, digital elevation model (DEM),
granulometric index, mathematical morphology.
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I. INTRODUCTION

THE study of geophysical properties of rivers is an important
problem in the remote sensing community [7], [8], [20],

[21], [27], [29]. A study of a river sub-basin at regular time
epochs over a large span of time helps understand the evolution
of the river. The evolution of river sub-basins provides informa-
tion required to prioritize the rivers that need immediate attention
for conservation/identify natural calamities, etc. However, such
a study is highly dependent on extracting meaningful geophysi-
cal features of the river sub-basins. For example, the complexity
of the surficial roughness of a river sub-basin provides infor-
mation as to what the dominant wind directions are, in that
region. Recall that Cartosat Digital Elevation Models (DEMs)
are typically used to compute geophysical features of river
sub-basins. In literature, several studies indicate that surficial
roughness measured on DEMs is an important characteristic of
a river sub-basin and other landforms [1]–[3], [4], [5], [13],
[16]–[19], [22]–[25]. For example, roughness can be used for
upscaling hydraulic conductivity [14], when used as a function
of age helps delimit landslides of different time epochs [11],
and parametrize hydrological models for channel flow [10], etc.
Effectively, roughness measures have a strong correlation with
the natural processes acting on a landform. Hence, theoretical
analyses on roughness can provide a better understanding of the
evolution of natural processes on a landform. However, existing
studies lack a detailed theoretical analysis of the roughness mea-
sures proposed. In this article, we analyze in detail, a surficial
roughness measure that was proposed in [13] i.e., multiscale
directional granulometric index (MDGI), a special case of a
more general measure namely a multiscale granulometric index.
Multiscale granulometric index was originally proposed in [9]
to obtain a shape-size analysis of objects in greyscale images.
As grayscale images can be viewed as digital surfaces with the
grayscale intensity at each pixel representing the height of the
surface, these measures have been adapted to DEMs [24]. It
was shown experimentally that such an adaptation is indeed
useful from an application point-of-view, i.e., to classify river
sub-basins [13]. A natural question would then be to ask: When
does a MDGI fail to classify distinct DEMs? Equivalently, can
we characterize the equivalence classes of DEMs obtained by the
relation—two DEMs are equivalent if their MDGI are identical?
In other words, can we find necessary and sufficient conditions
on the structure of a DEM under which a MDGI is invariant?
In this article, we partially answer this question and provide
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Fig. 1. Nonrectangular fictitious DEM. Each circle represents a physical
square area. The values inside each of the circles are the elevations.

theoretical insights on how a MDGI varies with the structure
of a DEM. In particular, the contributions of this article are as
follows.

1) We provide an alternate visualization of the definition of
a MDGI proposed in [13].

2) Using the alternate visualization, we characterize nontriv-
ial sufficient conditions on DEMs under which a MDGI
is invariant. The invariance properties are intuitively ex-
plained and illustrated on fictitious DEMs.

3) We analyze the relation between a MDGI and a discrete
derivative of volume of a DEM. Using this analysis, we
provide an intuition as to why a MDGI is considered a
roughness measure.

4) We empirically verify that MGDIs capture the topograph-
ical characteristics using the Lower-Indus, Wardha, and
Barmer river sub-basins. We show that a simple decision
tree based on with MDGI features alone can successfully
distinguish between sub-basins upto 94% accuracy while
the baseline of random classifier is around 33.34%.

The rest of the article is organized as follows: In Section II,
we provide the definitions of basic morphological operators
and multiscale granulometric index. Also, the existing literature
on the usage of directional granulometric indices is briefly
described. Section III contains the core contributions of the
article, i.e., an alternate visualization of a MDGI, the invariance
properties, relation to discrete derivative on the volume of a
DEM, and an intuition as to why a MDGI is considered a
roughness measure. Section IV contains experiments on real
data, i.e., on watersheds of Indus, Wardha, and Barmer river
sub-basins.

II. MULTISCALE GRANULOMETRIC INDEX

In this section, we recall the formal definitions of a multiscale
granulometric index and briefly describe the existing literature.
First, we start with the basic definitions.

A. Elementary Morphological Operators

Definition 1: Let A ⊂ Z2 be a finite set. A DEM of a river
basin/sub-basin is represented as a function f : A → H , where
H ⊂ Z+ is a finite set.

Each point a ∈ A represents a small physical, square area, and
f(a) represents the discretized average height of the physical
area. Also, observe that A is possibly nonrectangular, i.e., A =
∪n2
i=n1

Ai, where Ai = {(i, j) : m1,i ≤ j ≤ m2,i}). See Fig. 1
for an illustration. This is in contrast to grayscale images, where
A is always rectangular, i.e., m1,i and m2,i are independent

Fig. 2. Left to right: Types of structuring elements used in this article. The
centre element refers to (0,0). A value of 1 indicates that the point correspond-
ing to the coordinates are present in the structuring element and a value of
0 otherwise.

of i. The number of distinct elements in H is comparable
to the number of gray levels in a grayscale image. A higher
cardinality of H indicates a finer resolution in the elevations and
is analogous to a finer spectral resolution in greyscale images.

Next, we need the definition of a structuring element. Using
the notion of a structuring element, dilation, and erosion, the
fundamental blocks of roughness measures based on multiscale
granulometric index are then defined. Note that we restrict the
definition of structuring element, i.e., assume that the structuring
element contains its origin and is symmetric. This definition
suffices for the purposes of this article.

Definition 2: A structuring element SE ⊂ Z2 is a finite set
such that: 1) (0, 0) ∈ SE, 2) (i, j) ∈ SE ⇒ (−i,−j) ∈ SE.

The different types of structuring elements used in this
article are given by B1 = {(−1, 1), (0, 0), (1,−1)}, B2 =
{(0, 1), (0, 0), (0,−1)}, B3 = {(−1,−1), (0, 0), (1, 1)}, B4 =
{(−1, 0), (0, 0), (1, 0)}, and B={(x, y)∈Z2 : −1≤x, y≤1}.
Fig. 2 provides a pictorial representation of these structur-
ing elements. Observe that each of the structuring elements
B1, B2, B3, B4 are 3 units long and are effectively one-
dimensional (1-D).

Recall that a grayscale dilation and a grayscale erosion are
defined as follows:

Definition 3: Let f : A → H be a DEM and let SE be a
structuring element, then a dilation of f by SE is given by

[f ⊕ SE] (x, y) = max
(s,t)∈SE

{f(x+ s, y + t)} (1)

where SE is a structuring element
Definition 4: Let f : A → H be a DEM and let SE be a

structuring element, then an erosion of f by SE is given by

[f 	 SE] (x, y) = min
(s,t)∈SE

{f(x+ s, y + t)} (2)

where SE is a structuring element
Next, we need the definition of a morphological opening and

a multiscale morphological opening.
Definition 5: Let f : A → H be a DEM and let SE be a

structuring element, then an opening of f is given by

[f ◦ SE] (x, y) = [[f 	 SE]⊕ SE] (x, y). (3)

Definition 6: Let f : A → H be a DEM and let SE be a
structuring element, then a multiscale opening of f is given by

[f ◦ nSE] (x, y) (4)

wherenSE = SE ⊕ SE ⊕ · · · ⊕ SE with the number of dilations
in the telescoping expression being n− 1.
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B. Directional Multiscale Granulometric Index

Before we provide a formal definition of a multiscale gran-
ulometric index, we need to define the notion of volume of a
DEM.

Definition 7: Let f : A → H be a DEM. The volume of
f , V (f) is defined as follows:

V (f) =
∑
a∈A

f(a). (5)

Intuitively, the volume of a DEM captures the physical volume
of a DEM on and above the altitude chosen to be zero. For
example, the volume of DEM shown in Fig. 1 is 46. It is easy
to see that an application of a multiscale opening results in a
DEM with lower volume as n increases. Also, it is easy to
see that there exists N0 ∈ N such that V (f ◦ nSE) = V (f ◦
(n+ 1)SE) ∀n ≥ N0. Recall that the definition of multiscale
granulometric index is given by

Definition 8:

GISE(f) = −
∞∑

n=0

pnlog(pn) (6)

where

pn =
V (f ◦ nSE)− V (f ◦ (n+ 1)SE)

V (f)
. (7)

Note that the existence of N0 ∈ N such that V (f ◦ nSE) =
V (f ◦ (n+ 1)SE) ∀n ≥ N0 ensures that the summation is fi-
nite. The terms inside the summation for n ≥ N0 have to be
interpreted as zero. When the structuring element SE is chosen to
be one ofB1, B2, B3, B4, the obtained multiscale granulometric
index is said to be a directional multiscale granulometric index or
MDGI. Intuitively, this makes sense as each of B1, B2, B3, B4

are linear and indicate four primary directions.

C. Existing Literature

Multiscale granulometric index was first introduced in [9] to
perform a shape-size analysis of objects in grayscale images.
Then, it was used to analyze textures in grayscale images [15].
Later, these ideas were generalized to analyze soil section image
analysis [26]. Multiscale granulometric index was theoretically
analyzed from the perspective of identifying shapes and sizes
of objects in grayscale images. The utility of granulometries in
grayscale images led to the development of efficient algorithms
for specialized classes of structuring elements [12], [28].

Very recently, these ideas were adapted to DEMs. It was ex-
perimentally shown in [13] that multiscale granulometric indices
obtained using specific structuring elements retain characteristic
information of the river basins. A natural question would then
be to ask: Can we find necessary and sufficient conditions on the
structure of a DEM under which the directional granulometric
index is invariant? In the next section, we partially answer this
question by identifying nontrivial sufficient conditions on DEMs
such that all DEMs satisfying such conditions have the same
directional granulometric index.

Fig. 3. Node-weighted graph constructed on the DEM given by Fig. 1. A
4-adjacency relation is used to construct the set of edges.

Fig. 4. Upper-thresholded graph constructed on the node-weighted graph
given by Fig. 3. The threshold is set at elevation 3.

III. THEORETICAL ANALYSIS OF DIRECTIONAL

GRANULOMETRIC INDICES

In this section, we analyze the MDGIs from a theoretical
perspective. First, we recall some modified definitions from
graph theory to suit the purposes of subsequent analysis on a
MDGI. Second, we provide an alternate way to view a MDGI
using graphs. Then, by building on this visualization of MDGI,
we provide intuition on sufficient conditions under which DEMs
have the MDGI. Then, we prove the main result of this article
formalizing the intuition, i.e., characterization of nontrivial suf-
ficient conditions on structure of a DEM such that the MDGI is
invariant. This is followed by a short subsection analyzing the
relation between MDGI and a discrete derivative of volume of
a DEM. Using this analysis, we provide intuition as to why a
MDGI is considered a roughness measure.

A. Some Modified Graph Definitions

Definition 9: G = (V,E,W ) is said to be a node-weighted
graph ifV denotes the set of nodes is a finite set,E ⊂ {{vi, vj} :
vi �= vj , vi, vj ∈ V } denotes the set of edges, and W : V → H
is a non-negative integer-valued function on V such that H ⊂
Z+ is a finite set.

A node-weighted graph can be used to model DEMs taking
into account the spatial relations of neighboring physical areas
on which the elevations are stored. For example, Fig. 3 shows a
node-weighted graph constructed on a fictitious DEM illustrated
by Fig. 1.

Definition 10: LetG = (V,E,W ) be a node-weighted graph.
Let W : V → H and h ∈ H . G≥h = (V≥h, E≥h,W |V≥h

) is said
to be an upper-thresholded subgraph of G = (V,E,W ) at eleva-
tion h, where V≥h = {v ∈ V : W (v) ≥ h}, E≥h = {{vi, vj} :
{vi, vj} ∈ E andW (vi) ≥ h,W (vj) ≥ h}, andW |V≥h

denotes
the restriction of the function W to V≥h

Intuitively, an upper-thresholded subgraph of a node-
weighted graph constructed on a DEM provides an abstraction of
the substructure of the the DEM that is above an elevation level.



NAGAJOTHI et al.: THEORETICAL ANALYSIS OF GRANULOMETRY-BASED ROUGHNESS MEASURES ON CARTOSAT DEMs 2839

Fig. 5. 1-D scans on the DEM in Fig. 1 required to obtain a theoretical analysis
of GIB4

(f) and GIB3
(f).

For example, Fig. 4 illustrates the upper-thresholded subgraph
at elevation 3 on the node-weighted graph given by Fig. 3.

Definition 11: LetG = (V,E,W ) be a node-weighted graph.
A subset of nodes V1 ⊂ V is said to be connected if for every
pair of nodes vs, vt ∈ V1, there exists a sequence of nodes <
vs = v0, v1, . . . , vr−1, vr = vt > such that {vi, vi+1} ∈ E for
every 0 ≤ i ≤ r − 1. A subset of nodes V1 ⊂ V is said to be
maximally connected if 1) V1 is connected, and 2) V1 ⊂ V2 ⊂ V
and V2 is connected implies V2 = V1.

We remark that given any node-weighted graph G =
(V,E,W ), the set V can be decomposed uniquely as a disjoint
union of maximally connected subsets of V . For example, the
node-weighted graph in Fig. 3 has one maximally connected sub-
set, which is the vertex set itself. Similarly, the upper-thresholded
graph in Fig. 4, which is also a node-weighted graph has two
maximally connected subsets of the vertex set.

B. Another Interpretation of a Directional Granulometric
Index

Recall from Section II-B that a multiscale granulometric index
is given by Def. 8 [see (6) and (7)]. Intuitively, a multiscale
granulometric index measures the entropy of the volume loss on
the series of morphological openings with increasing sizes of
the structuring element.

Assume that the structuring element SE is given by one of
B1, B2, B3, B4 as defined in Section II-A. Each of the four
structuring elements are effectively 1-D. Hence, a directional
granulometric index effectively measures volume loss on linear
scans (but in different directions). Fig. 5 shows an illustration of
the scans obtained for SEs B4 and B3.

Thus, same theoretical analysis on MDGI holds for each of
B1, B2, B3, B4. Let f : A → H be a DEM. In order to under-
stand the directional granulometric index better, we first try to
analyze a 1-D DEM, i.e., working with DEMs restricting the
domain to horizontal scans. The analysis for a generic 2-D set
A would be a straightforward extension with slightly involved
notation. Mathematically, such a restriction would be equivalent
to working with sets of type

Ai0 = {(i0, j) : m1 ≤ j ≤ m2} ⊂ A (8)

for a fixed i0 ∈ Z and m1 < m2 ∈ Z. In general, m1,m2 de-
pend on i0 as A is not necessarily rectangular. However, we blur
this detail to work with a simplified notation.

We now analyze a MDGI obtained by multiscale open-
ings using horizontal linear structuring elements {Ln : n ∈
Z+}, where Ln denotes a horizontal structuring element with

Fig. 6. Two DEMs different from the DEM provided by Fig. 1 with the same
MDGI GIB4

(.).

Fig. 7. Top row corresponds to one DEM and the second row corresponds
to another DEM. These DEMs have identical GIB4

(.) but they cannot be
constructed from each other using the construction provided by (14).

n consecutive 1 s. A similar analysis holds for {nB4 : n ∈
Z+} because {nB4 : n ∈ Z+} � {Ln : n ∈ Z+} (in particular
nB4 = L2n+1 for each n ∈ Z+). We are now ready to examine
GIL1

(f |Ai0
) given by (6) and (7), where f : A → H is a DEM.

Let Gf = (Ai0 , Echain, f |Ai0
) denote a node-weighted graph

with

Echain = {{(i0, j), (i0, j + 1)} : m1 ≤ j ≤ m2 − 1}. (9)

Consider the sequence of upper-thresholded subgraphs of the
node-weighted graph Gf = (Ai0 , Echain, f |Ai0

) at all possible
elevations i.e.,

{Gf
≥h}max(H)

h=min(H) = {(V f
≥h, E

f
≥h, f |V f

≥h
)}max(H)

h=min(H). (10)

Let V f
≥h = ∪nh

r=1V
f,r
≥h denote the disjoint union of maximally

connected subsets for eachh ∈ [min(H),max(H)]. Denotent,h

as

nt,h = |{V f,r
≥h : |V f,r

≥h | = t}|. (11)

Herent,h denotes the number of maximally connected subsets
of V f

≥h, which are exactly t units long. It is easy to see that the
probabilities given by (7) satisfy

pkα

max(H)∑
h=min(H)

nk,h (12)

for each k ∈ Z+. This is because Lk = kL1 is k units long for
each k ∈ Z+. An opening with kL1 removes any maximally
connected subset of length less than k units. Hence, probability
pk is proportional to the volume obtained by slices of rectangular
blocks that are k units long on the DEM f .

We are now ready to extend these ideas to a generic 2-D set
A. In the 2-D case nt,h for each horizontal scan given by (11)
would be dependent on i0, i.e., the choice of row, denoted by
n
(i)
t,h. Assuming f : A → H is the DEM on which we wish to

compute the MDGI, (12) would transform to

pk ∝
n2∑

i=n1

k

max(H)∑
h=min(H)

n
(i)
k,h. (13)
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Fig. 8. (a), (e), and (i) Cartosat DEMs of Lower Indus, Wardha, and Barmer sub-basins. The delineations highlight distinct watersheds within each of the
sub-basins. (b), (f), and (j) Watersheds classified based on normalized multiscale directional granulometric indices. The MDGIs are all scaled down within each
sub-basin and are color-coded as per the ranges: 0− 0.25: yellow, 0.26− 0.5: blue, 0.51− 0.75: green, 0.76− 1.0: red. The ranges are arbitrarily chosen. (c),
(g), and (k) high directional granulometric indices with the colors and the texture highlighting the corresponding SE for which the MDGI is highest, and (d), (h),
and (l) low directional granulometric indices with the colors and the texture highlighting the corresponding SE for which the MDGI is lowest, of 31 watersheds of
the Lower Indus, 69 watersheds of Wardha and 38 watersheds of Barmer sub-basins, respectively.

C. Invariances of Directional Granulometric Indices

Recall from Section II that a multiscale granulometric in-
dex is given by Def 8 [see (6) and (7)]. We are interested to
characterize sufficient conditions on the structure of a DEM
such that all DEMs that satisfy those conditions have the same
MDGI. Mathematically, we need to find nontrivial collections
of DEMs Fc = {f |GIB4

(f) = c}, where c > 0 is a positive
constant. A sufficient condition for a MDGI to be invariant is
that the probabilities given by (7) remain the same. On a closer
look at (12), it is easy to see that if nt,h given by (11) remains
constant for each t, h then the MDGI for each such DEM is the
same. We now state the result formally:

Theorem 1: Let f1 : A → H and f2 : A → H be distinct
DEMs. If the number of maximally connected subsets n

(i)
t,h

[given by (11)] of upper-thresholded subgraphs [given by (10)]
for every row i, every length t, and every elevationh are identical
for both f1 and f2 then GIL1

(f1) = GIL1
(f2).

The proof follows from (13), (6), and (7). To see that the suf-
ficient conditions imposed in Theorem 1 are nontrivial, consider
f : A → H . We will now construct a “large” collection of DEMs
different from f whose MDGI w.r.t. B4 is identical to that of
f . Let A = ∪n2

i=n1
Ai, where Ai = {(i, j) : m1,i ≤ j ≤ m2,i}.

Define f̂i : Ai → H as

f̂i(i, j) = f(i,m2,i − j +m1,i) (14)

for each m1,i ≤ j ≤ m2,i. Intuitively, f̂i is the mirror-reflection
of f |Ai

. Now, consider the collection FReflection(f) = {g : A →
H : g|Ai

= f |Ai
or f̂i}. It is easy to see that |FReflection(f)| =

2n2−n1+1. One of the elements of FReflection(f) is f . Hence, we
could construct 2n2−n1+1 − 1 different DEMs with the same
MDGI. Fig. 6 provides an illustration of this construction, i.e.,
two DEMs different from the DEM provided by Fig. 1 with same
MDGI GIB4

(.).
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Fig. 9. (a), (c), and (e): The histograms of the highest order-statistic among
normalized HDGIs obtained with B1, B2, B3, B4 as the structuring elements
on Lower-Indus, Wardha, and Barmer sub-basins, respectively. (b), (d), and (f):
The histograms of the lowest order-statistic among normalized HDGIs obtained
with B1, B2, B3, B4 as the structuring elements on Lower-Indus, Wardha, and
Barmer sub-basins, respectively.

In general, it is possible to construct much larger set of DEMs
with same MDGI. This is because the domain of DEMs are
usually different, i.e., arbitrary shaped DEMs are encountered in
practice. Also, the conditions characterized by (14) are relatively
more restrictive sufficient conditions compared to the sufficient
conditions provided by Theorem 1. For example, among the
DEMs illustrated in Fig. 7, one DEM cannot be constructed from
the other using the construction provided by (14). However, both
these DEMs have identical nt,h for each t, h and hence have
the same MDGI GIB4

(.). Further, the conditions provided by
Theorem 1 are sufficient but not necessary.

Next, we discuss another type of invariance, which involves
transformations on the elevation level, i.e., comparing DEMs
f1 : A → H1 and f2 : A → H2, where H1 and H2 are finite
subsets of Z+. Formally, we have the following result:

Theorem 2: Let A ⊂ Z+ and H ⊂ Z+ be finite sets. Assume
that T : H → Z+ is a scaling transformation, i.e., T (x) = kx
for some arbitrary but fixed k ∈ Z+. The DEMs f : A → H and
(T · f) : A → T (H) have identical MDGIs, i.e., GIBl

(f) =
GIBl

(T · f) for each 1 ≤ l ≤ 4. Here · denotes composition
of functions.

The proof of Theorem 2 follows from the fact that each of the
terms on right side of (13) is scaled up by the same constant and
hence has no effect on the LHS of the same equation.

D. Relation to Discrete Derivative of Volume of a DEM

In this section, we relate a discrete derivative of the volume of
a DEM to the MDGI. First, for the sake of simplified notation,
assume that we are working on horizontal slicesAi of the domain

A of the DEM f : A → H , i.e., subsets of the type (8) of A.
Define

Φh0
(f |Ai

) =

max(H)∑
h=h0

∑
v∈V f,r

≥h ⊂V f
≥h

W (v). (15)

The quantity Φh0
(f |Ai

) denotes the volume of DEM f on
and above elevation h0 on the horizontal slice Ai. In particular,∑n2

i=n1
Φmin(H)(f |Ai

) denotes the total volume of DEM f ,V (f)
given by (5). Φh0

(f |Ai
) can be rewritten as

Φh0
(f) =

max(H)∑
h=h0

∑
t

tnt,h. (16)

The discrete derivative of the volume of a DEM w.r.t. elevation
is hence given by

Φh0
(f)− Φh0+1(f) =

∑
t

tnt,h0
. (17)

Notice that this expression can be interpreted as the sum of
areas of maximally connected subsets of V f

≥h0
on the slice Ai.

In general, when we consider a 2-D domain A of the DEM f ,
(17) transforms to

Φh0
(f)− Φh0+1(f) =

n2∑
i=n1

∑
t

tn
(i)
t,h0

. (18)

E. Why is a MDGI Considered a Roughness Measure?

In this section, we provide an intuition as to why a MDGI
is regarded as a roughness measure. To accomplish this, we
consider a special class of DEMs given by

FUniPeak =

{
f : A → H :

∑
t

nt,h = 1∀ h ∈ f(A)

}
(19)

where A denotes a 1-D set, i.e., ∃m1 ≤ m2 ∈ Z such that A =
{(i0, j)|m1 ≤ j ≤ m2}. It is easy to see that in such a case the
set of discrete derivatives given by (17) would effectively be a
permutation of the probabilities given by (12). This means that
the entropy calculated on the successive discrete derivatives of
volume of a DEM is identical to the MDGI when computed on
a 1-D uni-peak DEM.

IV. EXPERIMENTS

In this section, we provide empirical evidence to show that
MDGIs capture the characteristic features of a river sub-basin.

A. Study Area and Data Used

We consider lower Indus sub-basin (fluvial), Wardha sub-
basin (denudation), and Barmer sub-basin (desert) for the exper-
iments. Catchment basins were first obtained on Shuttle Radar
Topography Mission DEM (10 m resolution) using ArcGIS
package [6]. The basins are then grouped into watersheds with
the help of domain experts. Lower Indus sub-basin, one of the
14 sub-basins lies in between the geographical coordinates of
73◦11′ to 76◦44′ East longitudes and 34◦42′ to 36◦9′ North
latitudes, is divided into 31 watersheds of sizes ranging between
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Fig. 10. Schematic diagram illustrating the pipeline of evaluation of the features obtained from MDGIs. The raw cartosat DEM data of each river sub-basin is
processed using a standard GIS tool [6] to extract the catchment areas or the watersheds. MDGIs are then computed on each of the watersheds using Def 8 using
five structuring elements described in Fig. 2. The MDGIs are then normalized as described in Section IV-C. Order statistics are then constructed using (20). A
decision tree of smallest possible depth that can classify three classes, i.e., with depth = 2 is then constructed using these features. Overall accuracy of predicted
sub-basin type is then used as the evaluation criteria. More details are described in the text.

Fig. 11. Decision tree with a depth of 2 is built using the features
X[0], . . . ,X[15] based on the MDGIs as described in the text. This decision
tree is the smallest possible classification tree that is capable of separating three
classes. This classification tree obtains a classification accuracy of ≈71% while
a random classifier can obtain a maximum classification accuracy of 33.34% on
classifying 138 watersheds.

319 sq.km and 1270 sq.km. Wardha sub-basin, one of the prin-
cipal tributaries of Godavari river, is situated in between the
geographical coordinates of 19◦18′N and 21◦58′N latitudes,
and 77◦20′E and 79◦45′E longitudes. This sub-basin has 69
watersheds. Barmer is another sub-basin of Indus Basin situated
between 69◦48′ and 71◦43′ East longitudes, and between 25◦28′

to 27◦69′ North latitudes. It is fully under Thar Desert and
is divided into 38 watersheds. Cartosat DEMs of the Lower
Indus sub-basins, Wardha sub-basins, and Barmer sub-basins
are illustrated in Fig. 8.

B. Some Preliminary Observations

We compute the MDGIs of all watersheds in each of the river
sub-basins using the structuring elements B1, B2, B3, B4. As
there is a variability in the size of each of the watersheds, i.e., the
domain of each DEM is of different cardinalities, we normalize
these MDGIs with the multiscale granulometric index obtained
by using B as the structuring element. As a first observation,

for each river, we check the order-statistics of the normalized
MDGIs. Fig. 9 shows a plot of the histograms of the maximum
and minimum of the normalized MDGIs among the four primary
directions across the river sub-basins. These histograms can be
viewed as empirical probability distributions. The maximum (re-
spectively minimum) among the normalized MDGIs is denoted
as high directional (respectively low directional) in Figs. 8 and 9.
It is easy to see that the Barmer sub-basins show a different
pattern in the order-statistics as illustrated in Fig. 9. In particular,
it is often the case that the maximum is along the direction of
B3 and the lowest is given by B2, which is not the case with
the other two river sub-basins. However, these order-statistics
do not help in identifying the differences between Wardha and
Lower-Indus sub-basins.

C. More Observations

To identify the differences between the watersheds of all three
river sub-basins, we construct features X[0], . . . , X[15] based
on the normalized MDGIs. The details of the construction are
as follows:

Let GIBi
(f)/GIB(f) = Zi for i = 1, 2, 3, 4

X[(i− 1)4 + (j − 1)] =

{
Zi if Z(j) = Zi

0 otherwise
(20)

for each i = 1, 2, 3, 4 and j = 1, 2, 3, 4, where Z(j) denotes
the jth order-statistic amongZ1, Z2, Z3, Z4, i.e.,Z(1) ≤ Z(2) ≤
Z(3) ≤ Z(4) form a permutation of Z1, Z2, Z3, Z4. As the num-
ber of watersheds (138 altogether) is small, we do not split the
data into training and test sets. Instead, we try to obtain inter-
pretable rules that can classify the watersheds into appropriate
sub-basins based on the constructed features. A simple decision
tree with a depth of 2 is constructed. The depth of the decision
tree is restricted so as to ensure that we do not over fit the
data. Also, the reason for choosing 2 as the depth is that the
minimum depth of a decision tree required to classify 3 classes
is 2. We observe that such a decision tree (see Fig. 11) is capable
of obtaining ≈71% accuracy. Note that a random classifier on
the other hand can obtain a maximum accuracy of 33.34%. A
schematic diagram summarizing the pipeline of evaluation of
the features obtained from MDGIs is provided in Fig. 10.
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This experiment indicates that the features computed from
MDGIs carry characteristic information of the sub-basins. To
explore the discernibility of MDGI-based features, we built
decision trees of larger depths until a maximum depth of 9.
We observed that the accuracies of decision trees of depths 5, 6,
and 9 are ≈86%, ≈89%, and ≈94%, respectively. This indicates
that MDGI-based features are useful for river sub-basin classi-
fication. However, these features cannot be used as standalone
features to classify sub-basins. In order to build better classifiers,
one needs to incorporate domain knowledge on the river sub-
basins through some form of remotely sensed data or otherwise.

V. CONCLUSION

In this article, we revisit the roughness measure on DEM
data adapted from multiscale granulometries in mathematical
morphology, namely MDGI. In earlier works, MDGIs were
introduced to capture the characteristic surficial roughness of
a river sub-basin along specific directions. They are known to
be useful features for classification of river sub-basins. In this
article, we provided a theoretical analysis of a MDGI thereby
answering the question when such features fail to identify dis-
tinct DEMs. In particular, we characterized nontrivial sufficient
conditions on the structure of DEMs under which MDGIs are
invariant. These properties are illustrated with some fictitious
DEMs. We also provided connections to a discrete derivative
of volume of a DEM. Based on these connections, we provided
intuition as to why a MDGI is considered a roughness measure.
Further, we experimentally illustrated on Lower-Indus, Wardha,
and Barmer river sub-basins that the proposed features capture
the characteristics of the river sub-basin.

Building on the ideas from this article, one can explore at
least two directions: 1) building on the main theorem, one
can investigate more sufficient conditions ultimately trying to
characterize sufficient and necessary conditions on the structure
of a DEM such that MDGI is invariant, 2) on the experimental
side, use the features proposed in the article alongside other
features on river sub-basins to build better classifiers.
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