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Abstract—Spaceborne-airborne multistatic synthetic aperture
radar (SA-MuSAR) has the ability to provide high-resolution
forward-looking imagery for receivers, but it relies on careful de-
sign of the geometric configuration (GC). In this article, a forward-
looking GC optimization design method is proposed to obtain a
high-quality fused image with limited observation time. First, the
relationship between the spatial resolution and GC is illustrated by
the wavenumber spectrum distribution of SA-MuSAR. Second, GC
evaluators depending on the distribution of multiple wavenumber
spectrum data are proposed. The GC design problem of coher-
ent SA-MuSAR is transformed into a constrained multiobjective
optimization problem. An intelligent evolutionary algorithm is
adopted to optimize the wavenumber spectrum distribution. With
the proposed method, high-quality forward-looking imagery can
be obtained with a short observation time. Numerical simulations
are carried out to verify the effectiveness of the proposed method.

Index Terms—Forward-looking geometric configuration (GC)
design, spaceborne-airborne multistatic synthetic aperture radar
(SA-MuSAR), wavenumber spectrum distribution.

I. INTRODUCTION

S PACEBORNE-AIRBORNE multistatic synthetic aperture
radar (SA-MuSAR) system can provide forward-looking

capability for receivers because it has the potential of flexible
geometric configuration (GC) [1]–[4]. However, to obtain a
high-quality fused image with limited observation time, the GC
among the transmitter and receivers should be optimally de-
signed, which essentially determines the quality of reconstructed
images [5]–[7]. The ability to achieve high-quality imaging with
a short observation time is significant for the survival of receivers
in a confrontational working environment [8]. Fig. 1 shows the
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Fig. 1. Geometry model of an SA-MuSAR system.

geometry model of an SA-MuSAR system. The SA-MuSAR
system consists of one transmitter and several receivers, and
the receivers fly toward the target to provide a forward-looking
imaging ability. In applications, the GC of SA-MuSAR is diffi-
cult to be fully defined. Especially, the effective range and the
platform velocity highly depend on the practical platforms. In
this article, we only design the relative GC spacings among the
transmitter and the receivers, which is detailed in Section IV-A.

Many efforts have been done on designing the GC of SA-
MuSAR for different desired missions [9]–[13]. The GC design
methods can be divided into analytical methods [11]–[15] and
optimization methods [9], [10]. The analytical methods can
obtain the rules of the required indicators of different mis-
sions [16], [17]. In [17], a TechSat-21 system is proposed to
achieve ground moving target indicator. In [18], to observe the
height of targets by interferometric synthetic aperture radar, a
GC named interferometric cartwheel is designed to achieve clut-
ter rejection by coherently combining multiple measurements.
Furthermore, to achieve quick revisit and wide-range coverage
of the earth, a GC design method for spaceborne multistatic
synthetic aperture radar (SAR) is proposed [19], [20]. However,
the analytical methods cannot directly obtain an optimized result
for the missions.
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Fig. 2. Different WSR cases of SA-MuSAR. (a) Broken case. (b) PSF of
broken case. (c) Overlapped case. (d) PSF of overlapped case.

In order to achieve the mission of obtaining a high-quality
fused image with limited observation time, the GC of SA-
MuSAR can be designed by optimization methods. The spa-
tial resolution is one of the most important properties to be
quantitatively evaluated in the design of the GC. The point
spread functions (PSFs) of SA-MuSAR can be combined by
coherent or incoherent fusion methods [10], [21]–[24]. In [25],
the incoherent PSF of the global navigation satellite system-
based multistatic SAR system is defined. In [21], the spatial
resolution of the incoherent PSF is improved for sparse targets
by the feature extraction method, but the incoherent spatial
resolution cannot be essentially enhanced due to ignoring the
phase relationship among the multiple stations [26], [27]. In [10]
and [22], a GC optimization method is proposed by evaluating
the characteristics of the incoherently fused PSF. The method
can obtain an optimal GC for incoherent SA-MuSAR. However,
the method cannot be extended to coherent SA-MuSAR because
the −3 dB area size of the coherent PSF cannot be directly
evaluated when it presents split mainlobe phenomenon [24],
[28], [29]. As illustrated in Fig. 2(b) and [29], the split mainlobe
phenomenon presents multiple high lobes. Many methods have
been studied to suppress the split mainlobes [30]–[35]. In [33]
and [34], a magnitude error and phase error estimation method
is proposed to suppress the grating lobes in the range direction.
In [31] and [32], a generalized range-Doppler-based azimuth
reconstruction method is proposed to suppress the grating lobes
in the cross-range direction. However, the repaired mainlobe
based on these methods loses the unique mapping relationship
between the PSF and the GC, which cannot be directly applied
to evaluate the performance of the GC.

In this article, to obtain a high-quality fused image with lim-
ited observation time, a forward-looking GC optimization design
method is proposed for coherent SA-MuSAR. The proposed

method evaluates the spatial resolution in the wavenumber do-
main because the spatial resolution of the coherent PSF cannot be
truly evaluated when it presents split mainlobes. First, according
to the forward-looking GC of SA-MuSAR, the wavenumber
spectrum distribution is quantitatively deduced, which provides
the relationship between the GC and imaging spatial resolution.
Second, the quality of the GC is evaluated by establishing a
set of GC estimators for the wavenumber spectrum distribution.
The GC design problem can be transformed into a constrained
multiobjective optimization problem (CMOP). Finally, an opti-
mized forward-looking GC is obtained by solving the CMOP.
Simulations are carried out to verify the proposed method.

The rest of this article is organized as follows. In Section II,
the echo model of the SA-MuSAR system is introduced, and
its wavenumber spectrum distribution is analyzed in detail. In
Section III, the relationship between the spatial resolution and
GC is analyzed. In Section IV, the GC evaluators for SA-MuSAR
are designed by quantitatively optimizing the wavenumber spec-
trum distribution. Section V gives the simulations to verify the
designed GC. Finally, Section VI concludes this article.

II. GC DESIGN MODELING FOR SA-MUSAR

A. Echo Model

As the geometry model in Fig. 1 shows, an SA-MuSAR
system consists of one transmitter and N receivers. The trans-
mitter is located at (RT , θT , ϕT ), where RT denotes the
range between the transmitter and the target O, θT is the az-
imuthal angle, and ϕT represents the pitch angle. Similarly,
the N th receiver is located at (RN , θN , ϕN ). In Cartesian co-
ordinates, the location can be expressed as (xN , yN , zN ) =
(RNcosϕNcosθN , RNcosϕN sinθN , RN sinϕN ). The receiver
flies toward the target O with speed �vN = − �a

|�a| ∗ v, where
�a = (xN , yN , 0) and v denote the direction and the magnitude
of speed, respectively. The initial positions of the receivers in
the formation are evenly distributed between the first receiver
andN th receiver, and the maximum spacing is (Δx, 0,Δz). The
targetP is located on the ground plane at (x, y, 0). The distances
from the N th receiver and transmitter to the target P are RRNP

and RTP, respectively.
The transmitter radiates a linear frequency modulation signal

to obtain the target information. For the N th receiver, the signal
received from the target P can be expressed as

SN (τ, t) = A · rect

(
τ

Ta

)
· rect

[
t−RNP(τ)/c

Tr

]

· exp
{
−j

2πfc
c

RNP(τ) + jπKr[t−RNP(τ)/c]
2

}
(1)

where A represents the echo amplitude, which is related to the
target scattering coefficient and transmitted signal power. τ , t,
Ta, and Tr denote the sampling slow time, sampling fast time,
synthetic aperture time, and signal time width, respectively. The
range history of the target P is RNP(τ) = RTP(τ) +RRNP(τ).
c represents the velocity of the electromagnetic wave. fc and
Kr denote the carrier frequency and the frequency chirp rate,
respectively.
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The echo data can be transformed into the range frequency
domain using the principle of stationary phase [36] as

SN (ft, τ) = A · rect

(
τ

Ta

)
· rect

(
ft

KrTr

)

· exp
(
−jπ

f2
t

Kr

)
· exp

[
j
2π

c
(fc + ft)RNP(τ)

]
(2)

where ft represents the range frequency. According to coherent
processing with the echo data of the reference target O, the echo
data of point P can be represented as

SN (ft, τ) = A · rect

(
τ

Ta

)
· rect

(
ft

KrTr

)

· exp
{
j
2π

c
(fc + ft) [RNP(τ)−RNO(τ)]

}
(3)

where RNO(τ) = RT (τ) +RN (τ) denotes the range history of
the reference target. The range difference between the target P
and the target O can be deduced as

RNP(τ)−RNO(τ)

= |RTP(τ) +RRNP(τ)| − |RT (τ) +RN (τ)|
≈ x [cosϕT (τ) cos θT (τ) + cosϕN (τ) cos θN (τ)]

+ y [cosϕT (τ) sin θT (τ) + cosϕN (τ) sin θN (τ)] . (4)

The transmitter and each receiver can form a spaceborne-
airborne bistatic forward-looking SAR (SA-BiFSAR) structure.
For the N th SA-BiFSAR pair, we can define the variables of the
wavenumber spectrum in the x and y directions as⎧⎪⎪⎪⎨
⎪⎪⎪⎩

kxN =
2π(fc+ft)

c [cosϕT (τ) cos θT (τ) + cosϕN (τ) cos θN (τ)]
kyN =
2π(fc+ft)

c [cosϕT (τ) sin θT (τ) + cosϕN (τ) sin θN (τ)] .

(5)

Therefore, the echo data in the wavenumber domain can be
approximately expressed as

sN (kxN , kyN ) = A · exp [j (xkxN + ykyN )] . (6)

As (5) shows, the coordinates (kxN , kyN ) in the wavenumber
domain vary with the transmitted frequency and the spatial
position of the stations. Therefore, the wavenumber spectrum
distribution, also called the wavenumber-domain support region
(WSR), of the N th bistatic pair can be obtained by coordinate
projection of the echo data, which provides the relationship
between the spatial resolution and GC. The WSR can reflect
the spatial resolutions in different directions by analyzing its
spatial bandwidths [9], [37], [38]. For the N th bistatic pair, the
range of the WSR can be expressed as{

kxN (τ, ft) ∈ [kxminN , kxmaxN ]
kyN (τ, ft) ∈ [kyminN , kymaxN ]

(7)

where kxN (τ, ft) and kyN (τ, ft) represent the vectors of the
wavenumber spectrum variables in the x and y directions
of the N th bistatic pair, respectively. [kxminN , kxmaxN ] and
[kyminN , kymaxN ] define the analyzed range boundaries of the

WSR in the x and y directions of the N th bistatic pair, respec-
tively.

B. PSF of Coherent SA-MuSAR

The SA-MuSAR system shown in Fig. 1 consists ofN bistatic
pairs. The wavenumber spectrum distribution of the SA-MuSAR
system can be formed by several individual WSRs. However,
because the spatial locations of the receivers are distributed, the
positions of the WSRs are determined by the relative spatial sam-
pling relationship. We can define the analyzed range boundaries
of WSRs with respect to the x and y directions as⎧⎪⎪⎨

⎪⎪⎩
kxmin = min{kxmin1, . . . , kxminN}
kymin = min{kymin1, . . . , kyminN}
kxmax = max{kxmax1, . . . , kxmaxN}
kymax = max{kymax1, . . . , kymaxN}

(8)

where min{·} and max{·} denote minimum and maximum
value operations, respectively. Based on the position relationship
among the multiple stations, the echo data can be projected into a
new coordinate range. The echo data of the SA-MuSAR system
can be projected into the wavenumber domain together as

s(kx, ky) =

N∑
n=1

A′
nsn(kxn, kyn) (9)

where A′
n denotes the normalized amplitude of the fused

wavenumber spectrum.
To analyze the spatial resolution of the SA-MuSAR system,

the relationship between the wavenumber spectrum and the PSF
can be expressed by matrix Fourier transform (MFT) [23] as

σ(x, y) =

∫∫
(kx,ky)∈Ω

s(kx, ky)e
−(jxkx+jyky)dkxdky (10)

where σ(x, y) denotes the target scattering coefficient at the
(x, y) position. Ω represents the effective range defined by the
boundaries of WSRs of the SA-MuSAR system

C. GC Design Modeling for Incoherent Multistatic SAR

The incoherent multistatic SAR ignores the relative phase
differences between the multiple bistatic pairs [25], [26]. The
incoherent PSF of multistatic SAR is focused, and its quality
can be directly evaluated in the spatial domain by different
characteristics, such as the −3 dB area size and the resolution
equilibrium degree [10], [38]–[41]. The GC design problem of
incoherent multistatic SAR can be modeled as a constrained
optimization problem by several GC evaluators as [10]{

min ρ(−→g ) (i)

min η(−→g ) = ρθmax (
−→g )

ρθmin
(−→g )

(ii)

s.t. −→g ∈ Ω1

(11)

where −→g denotes the GC vector that describes the relative
locations of the transmitter and receivers. Ω1 represents the
vector space of −→g . The evaluators in (i) and (ii) represent
different requirements for the spatial resolution of SAR, and
they penalize different characteristics of the PSF to acquire
high-quality radar imagery. In evaluator (i), the area size of the
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spatial resolution ρ varies with the GC vector. Evaluator (i) aims
to obtain a high spatial resolution with small −3 dB area size.
In evaluator (ii), the spatial resolution equilibrium coefficient η
varies with the spatial resolutions in the maximum and minimum
resolution directions. Evaluator (ii) aims to obtain a balanced
spatial resolution by optimizing the shape of the −3 dB area.
However, the PSF of coherent multistatic SAR may present a
split mainlobe phenomenon when an inappropriate GC makes
the wavenumber spectrum distribution noncontinuous [24]. The
traditional analysis method in the spatial domain cannot reflect
the real spatial resolution of coherent multistatic SAR, which
results in the requirements in (11) being difficult to optimize.

III. SPATIAL RESOLUTION ANALYSIS OF COHERENT

SA-MUSAR

To design an optimized GC, the relationship between the
spatial resolution and the GC for the coherent SA-MuSAR
system can be clearly illustrated in the wavenumber domain.

A. Imaging Profile Analysis in an Arbitrary Direction

The imaging profiles of the PSF can be applied to analyze
the resolutions in different directions. In (10), the PSF is recon-
structed by the MFT method. In another way, the imaging profile
in an arbitrary direction can be conveniently obtained by utiliz-
ing the two-dimensional (2-D) projection slice theorem [42].
The imaging profile in the φi direction can be represented by
the Fourier transform of the projected slice of the wavenumber
spectrum data. The projected slice can be expressed as

ρf (kr, φ)|φ=φi
=∫∫

(kx,ky)∈Ω

s(kx, ky)δ(kr − kx cosφi − ky sinφi)dkxdky (12)

ρf (kr, φ)|φ=φi
=

N∑
n=1

∫∫
(kxn,kyn)∈Ω

sn(kxn, kyn)δ(kr

− kxn cosφi − kyn sinφi)dkxndkyn

=

N∑
n=1

ρf

(
kr − kcn
Bkn

, φi

)
. (13)

where δ(·) denotes the delta function. (kr, φ) represents the
polar coordinates of the projected wavenumber spectrum. Based
on the relationship between multiple stations, the projected
wavenumber spectrum slice can be transformed into (13), where
Bkn and kcn denote the bandwidth and center frequency of the
nth projected wavenumber spectrum, respectively.

The imaging profile in the φi direction can be obtained by

σ(r, φ)|φ=φi
=

∫
kr∈K

ρf (kr, φ)|φ=φi
e−j2πrkrdkr

=

N∑
n=1

∫
kr∈K

ρf

(
kr − kcn
Bkn

, φi

)
e−j2πrkrdkr

(14)

where r represents the relative distance with respect to the
reference target, and K denotes the range of kr.

Specifically, an SA-MuSAR system consisting of two re-
ceivers is taken as an example to analyze the spatial resolution
in detail. The imaging profile in (14) can be rewritten as

σ′(r, φ)|φ=φi
=∫

kr∈K

[
ρf

(
kr − kc1
Bk1

, φi

)
+ ρf

(
kr − kc2
Bk2

, φi

)]
e−j2πrkrdkr.

(15)

Based on the different GCs, the bandwidth and center frequency
of the projected wavenumber spectrum can present different
characteristics.

1) Imaging Profile of Discontinuously Sampled Data: In
(15), when the echo slice of the projected wavenumber spec-
trum is discontinuously sampled, the relationship between the
bandwidth and center frequency of the projected wavenumber
spectrum can be expressed as

|kc1 − kc2| > (Bk1 +Bk2) /2 (16)

where the meaning of the subscripts will not be repeated. The
gap band can be expressed as

Bg = |k1c − k2c| − |Bk1 +Bk2| /2. (17)

The recovered profile can be obtained by the fast Fourier trans-
form operation as

σ′(r − rc) = δ (r − rc)⊗[
Bk1A1(r)sinc (Bk1r) · exp (j2πkc1r)
+Bk2A2(r)sinc (Bk2r) · exp (j2πkc2r)

]
(18)

where rc represents the center distance to the reference tar-
get. ⊗ denotes the convolution operation. The bandwidth–
amplitude products of the recovered profiles are simplified as
Bk1A1(r)sinc(·) and Bk2A2(r)sinc(·).

From the coherent imaging profile in (18), it is seen that the
recovered profile is determined by the signal with the larger
bandwidth–amplitude product when the bandwidth and ampli-
tude are different. When the bandwidth–amplitude products are
similar, the imaging result is mainly determined by the phase
information. The coherent imaging profile can be transformed
into

σ′(r − rc) = δ (r − rc)⊗
{BA(r)sinc(Br) [1 + exp (j2πΔkcr)] exp (j2πkc1r)} (19)

where B = Bk1 = Bk2, A(r) = A1(r) = A2(r), and Δkc =
kc2 − kc1. The phase difference is determined by the projected
data gap. In (19), the bandwidth B determines the −3 dB width
of the amplitude envelope, and r−3 = 0.886/B [43]. The −3
dB mainlobe appears to split when the phase difference Δkc is
larger than B/0.886. As the phase difference in (19) increases,
the splitting of the PSF mainlobe becomes serious.

2) Imaging Profile of Continuously Sampled Data: In (15),
when the echo slice is continuously sampled, the projected
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wavenumber spectrum can be described by

|kc1 − kc2| � (Bk1 +Bk2) /2. (20)

The reconstructed profile can be expressed as

σ′(r − rc) = δ (r − rc)⊗
[BkoAo(r)sinc (Bkor) exp (j2πkcor)] (21)

where Bko, Ao(r), and kco denote the bandwidth, amplitude,
and center frequency of the projected continuous wavenumber
spectrum, respectively. The continuous wavenumber spectrum
slice can avoid the split mainlobe problem. According to (19)
and (21), the projected wavenumber slices can explain the reason
for the split mainlobe phenomenon. The GC design problem of
SA-MuSAR can be converted into the wavenumber domain for
easy evaluation.

B. WSR of Coherent SA-MuSAR

Based on the deduction of the imaging profile above, it is seen
that the wavenumber spectrum of SA-MuSAR is different from
that of the SA-BiFSAR system, which may not be continuous in
some cases because the GC of the multiple receivers is complex.
For example, an SA-MuSAR system consists of two receivers,
and the common cases of its wavenumber spectrum distribution
can be divided into broken and overlapped cases, as shown in
Fig. 2.

In Fig. 2(a), when the receivers are spatially distributed, the
wavenumber spectrum distribution is broken. The projected
slices of the broken case must be sampled with a data gap in
some directions. Based on the analysis of the imaging profiles,
the broken WSR is the essential reason for the split mainlobe
phenomenon, as the reconstructed PSF shown in Fig. 2(b). In
Fig. 2(c), the wavenumber spectrum distribution of the SA-
MuSAR is overlapped because the viewing angles of multiple
receivers are covered. In Fig. 2(d), the reconstructed PSF of the
overlapped case is focused.

The different distributions of the wavenumber spectrum can
directly illustrate the spatial sampling ability of the SA-MuSAR
system, which forms the relationship between the spatial res-
olution and the system GC [24]. For the broken wavenumber
spectrum, the projected slices in some directions are sampled
with gaps, which results in the undesirable split mainlobe. The
traditional −3 dB area size of the PSF [10] cannot reflect the
real spatial resolution performance of coherent SA-MuSAR. For
the overlapped wavenumber spectrum, the projected slices are
continuous, which can obtain a focused PSF. The wavenumber
spectrum distribution can straightforwardly reflect the perfor-
mance of the GC.

C. Enclosing Shape of the WSR

In addition to the relative position of the wavenumber spec-
trum, the shape of the WSR should be constrained, which deter-
mines the angle between the range and cross-range resolutions.
The angle should be nonparallel to obtain 2-D high-resolution
radar imagery. Based on the principle of the 2-D Fourier trans-
form, the angle between the range and cross-range resolutions
is related to the enclosing shape of the WSR.

Fig. 3. Relationship between the wavenumber spectrum and PSF. (a) WSR1.
(b) PSF of WSR1. (c) WSR2. (d) PSF of WSR2.

As shown in Fig. 3, the PSFs present different characteristics
depending on the WSR shape. In Fig. 3(a), the enclosing shape
of the WSR presents a parallelogram. The reconstructed target in
Fig. 3(b) presents a skewed PSF. In Fig. 3(c), the enclosing shape
of the WSR is a rectangle. The reconstructed target presents a
regular PSF, as shown in Fig. 3(d). The inclination direction of
the enclosing shape determines the resolution angle of the PSF.
For the SA-MuSAR system, a regular shape of the fused WSR
is preferred.

As in the analysis above, the relative GC of coherent SA-
MuSAR can be evaluated by the distribution of the wavenumber
spectrum. The spatial resolution characteristics of the coherent
SA-MuSAR, such as the spatial resolution size, resolution equi-
librium degree, and shape of the PSF, can be easily evaluated in
the wavenumber domain. The size of the spatial resolution can
be evaluated by that of the wavenumber spectrum distribution.
The imaging profiles can be applied to evaluate the resolution
equilibrium degree in different directions. The enclosing shape
of WSRs can be used to assess the resolution angle.

IV. GC EVALUATORS AND OPTIMIZATION DESIGN FOR

SA-MUSAR

To evaluate the spatial resolution of coherent SA-MuSAR in
the wavenumber domain, several GC evaluators are proposed by
assessing the characteristics of the wavenumber spectrum dis-
tribution. The evaluators can transform the forward-looking GC
design problem into a CMOP. The optimized forward-looking
GC can be obtained by solving the CMOP.

A. Designed Forward-Looking GC Vector for SA-MuSAR

In the SA-MuSAR system, receiver 1 serves as a leader
platform. The parameters related to the forward-looking GC of
the SA-MuSAR system are various. We take the leading receiver
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TABLE I
MAIN SYSTEM PARAMETERS

as an example. The range between the target and receiver R1

and the velocity of the receivers �v1 have different influences on
the imaging result. However, these parameters are not deeply
considered in this article because they are usually limited by
the ability of practical airborne platforms. The target range and
the velocity of receivers are directly chosen according to the
mission.

In addition, the viewing angle between the transmitter and
leading receiver Δθ = θ1 − θT , and the formation spacing
(Δx,Δz) are optimally designed in this article. For an SA-
MuSAR system, the forward-looking GC vector�g can be specif-
ically expressed as

�g = (�l, Ta)
T = (Δθ,Δx,Δz, Ta)

T (22)

where�l denotes the location vector of the SA-MuSAR system,
which describes the relative spatial relationship between the
transmitter and receivers. The forward-looking GC vector is
directly related to the imaging quality. Based on the relationship
between the spatial resolution and the GC vector, the optimized
GC of SA-MuSAR can be obtained by solving the CMOP. How-
ever, the evaluators in (11) are not applicable in the SA-MuSAR
system because the characteristics of the coherently fused PSF
are different from those of the incoherently fused PSF. The
simulated parameters of an SA-MuSAR system consisting of
two receivers are shown in Table I.

B. GC Evaluators for the Wavenumber Spectrum Distribution

To obtain the optimized GC of SA-MuSAR, the GC evaluators
in (11) can be transformed into those in the wavenumber domain
as⎧⎪⎪⎨
⎪⎪⎩

min ρg(
−→g ) (a)

min η(−→g ) (b)
min θ(−→g ) =

∣∣Δθ(−→g )− 90o
∣∣ (c)

min S ′(−→g )= max{S(1,2)(
−→g ), . . . , S(N−1,N)(

−→g )} (d)

s.t.

{
Somin(

−→g ) = min{S(1,2)(
−→g ), . . . , S(N−1,N)(

−→g )} > 0−→g = (Δθ,Δx,Δz, Ta) ∈ Ω2

(23)

where Ω2 represents the decision space of vector −→g given
in Table I. Evaluators (a) and (b) denote the optimizations
for the spatial resolution size and the resolution equilibrium

degree, respectively. Evaluator (c) constrains the degree of reg-
ulation of the PSF. Δθ(−→g ) is the angle between the range and
cross-range resolutions. Evaluator (d) represents minimization
of the overlapped area size between each wavenumber spectrum,
which constrains the echo acquisition efficiency. S(N−1,N)(

−→g )
denotes the overlapped area size of the (N − 1)th and N th
receivers. However, Somin(

−→g ) means that the minimum over-
lapped area of the wavenumber spectrum should exist, which
constrains the continuity of the wavenumber spectrum. The
proposed evaluators form a CMOP to penalize different char-
acteristics of the PSF to acquire high-quality radar imagery with
a short observation time.

1) Evaluation of the Spatial Resolution Size: From (10), it is
seen that the relationship between the PSF and the wavenumber
spectrum can be expressed by the 2-D Fourier transform. The
spatial resolution size is inversely proportional to the area size
of the wavenumber spectrum. Even if the −3 dB area size of the
PSF cannot be calculated, the inverse relationship between the
spatial resolution size and the wavenumber spectrum distribution
still holds.

To evaluate the size of spatial resolution of SA-MuSAR,
we define the generalized spatial resolution in the wavenumber
domain as

ρg(�g) =
1

Sw(�g)
(24)

where Sw denotes the area size of the WSR. The generalized
spatial resolution is not equal to the −3 dB area size of the PSF,
but a linear relationship can be formed between them.

When the synthetic aperture time is fixed at 2 s, the relation-
ship between the generalized spatial resolution and the location
vector is given in Fig. 4. The height of the leading receiver
H1 is 10 km. The range of the leading receiver R is 20 km.
As shown in Fig. 4(a), for different horizontal spacings, the
generalized spatial resolution varies with the azimuthal angle
between the transmitter and the leading receiver. When the angle
is close to zero, the spatial resolution becomes poor. As shown
in Fig. 4(b), the height spacing has a similar influence on the
generalized spatial resolution with that of the horizontal spacing.
However, their optimal solutions are different. If traditional
solution methods are adopted [44], [45], the optimized solution
may not exist.

2) Spatial Resolution Equilibrium Coefficient: For under-
standable radar imagery, the spatial resolutions of the PSF in
different directions should be balanced. To evaluate the equi-
librium property of the PSF, the resolution equilibrium degree
in (11)-ii can be evaluated by the equilibrium coefficient in the
wavenumber domain as

η(�g) =
Bk(�g, φmax)

Bk(�g, φmin)
(25)

where Bk(�g, φmax) and Bk(�g, φmin) represent the projected
bandwidth of the wavenumber spectrum in the maximum res-
olution direction φmax and the minimum resolution direction
φmin, respectively.

As shown in Fig. 5, the spatial resolution equilibrium coeffi-
cient varies with the formation spacing and the azimuthal angle.
However, the rules of the equilibrium degree are different from
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Fig. 4. Generalized spatial resolution with respect to Δθ. (a) Different hori-
zontal spacings. (b) Different height spacings.

those of the spatial resolution. In Fig. 5(a), for different spacings,
the equilibrium coefficient is nonconvex along the azimuthal
angle. In Fig. 5(b), the height spacings and the azimuthal angle
jointly determine the equilibrium coefficient.

3) Evaluation of the Shape of the WSR: To obtain a regular
PSF, the angle condition in (23) is difficult to be achieved because
the ideal orthogonal angle is not conducive to other evaluation
indicators. Because the angle between the range and cross-range
resolutions can be reflected in the wavenumber domain [46], we
can approximately evaluate the shape of the WSR. The fill factor
of the WSR can be defined as

ξ(�g) =
Sw(�g)

Sr
(26)

where Sr represents the area size of the enclosing rectangle of
the WSR.

The area size of the enclosing rectangle of the WSR can be
conveniently obtained from the projected slices as

Sr(φi) = Bρf (φi) ·Bρf (φi+π/2) (27)

where Bρf (φi) and Bρf (φi+π/2) denote the projected bandwidth
of the wavenumber spectrum in the φi direction and its or-
thogonal direction, respectively. The minimum area size of the
enclosing rectangles can be expressed as

Srmin = min {Sr(φ1), . . . , Sr(φi), . . . , Sr(φI)} (28)

Fig. 5. Spatial resolution equilibrium coefficient with respect to Δθ. (a)
Different horizontal spacings. (b) Different height spacings.

where I denotes the number of projected slices obtained by the
PST. Therefore, the maximum fill factor of the WSR can be
expressed as

ξmax(�g) =
Sw(�g)

Srmin
. (29)

Based on the optimization of the fill factor of the WSR, a regular
shape of the fused WSR can be obtained. In Fig. 6, the fill
factor varies with the azimuthal angle Δθ. In Fig. 6(a), the fill
factor decreases as the horizontal spacings increase. Comparing
Fig. 6(a) and (b), the influences of the horizontal spacing and
height spacing on the fill factor are different. The fill factor
function is not a convex function, which makes obtaining an
optimal solution difficult. Based on the defined fill factor, the
GC evaluator in (23) can be transformed as

min ξ′(−→g ) = 1− ξmax(
−→g ). (30)

4) Echo Acquisition Efficiency of SA-MuSAR: In addition to
the location vector, the synthetic aperture time has a significant
influence on the imaging quality. When the overlapped area size
of the multiple wavenumber spectrum is large, the observed
information of the targets is redundant. The overlapped area
size of the observed wavenumber spectrum can be expressed as

S(N−1,N)(
−→g ) = SwN−1(

−→g ) ∩ SwN (−→g ) (31)
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Fig. 6. Fill factor of WSR with respect toΔθ. (a) Different horizontal spacings.
(b) Different height spacings.

where SwN−1(
−→g ) and SwN (−→g ) represent the area size of

the wavenumber spectrum of the (N − 1)th receiver and N th
receiver, respectively. In applications, we aim to observe more
information with a shorter observation time. The echo acquisi-
tion efficiency coefficient can be defined as

μ(−→g ) = 1−

N−1∑
n=1

S(n,n+1)(
−→g )

Srmin
. (32)

The GC evaluator in (23) can be normally transformed into the
evaluation of the echo acquisition efficiency coefficient as

min μ′(−→g ) = 1− μ(−→g ). (33)

According to the minimization of the overlapped area size, the
echo acquisition efficiency can be improved.

C. GC Optimization Design Solution

To obtain the optimized GC of SA-MuSAR, the GC evaluators
in (23) can be transformed into⎧⎪⎪⎪⎨

⎪⎪⎪⎩
min ρg(

−→g ) = 1
Sw(−→g )

min η(−→g ) = Bk(
−→g , φmax)

Bk(
−→g , φmin)

min ξ′(−→g ) = 1− ξmax(
−→g )

min μ′(−→g ) = 1− μ(−→g )

s.t.

{
Somin(

−→g ) > 0−→g = (Δθ,Δx,Δz, Ta) ∈ Ω2.
(34)

The proposed GC evaluators form a CMOP to penalize different
characteristics of the wavenumber spectrum to acquire high-
quality radar imagery with a short observation time. However,
based on the analysis above, traditional convex optimization
methods are not applicable to the multiple objectives problem.
To solve the CMOP, the nonlinear constrained nondominated
sorting genetic algorithm II (NC-NSGA II) is adopted in this
article [47], [48]. NC-NSGA II is a fast and effective intelligent
evolutionary algorithm. The main steps of the algorithm can be
carried out as follows.

1) Initialization of the GC Optimization Design Problem:
The initialization of the GC optimization design problem con-
sists of two parts. First, the parameters of the SA-MuSAR
system are set. Second, the intelligent evolutionary algorithm
is initialized, such as the number of maximum generations
Gmax, population size KP , proportion of optimal solution Pγ ,
crossover proportion Pc, and mutation proportion Pm. The
initial population I0 = {−→g 1, . . . ,

−→g KP
} of the GC vector is

randomly generated from the decision space. The values of
the objective functions are calculated according to (34). The
parameters Pc, Pm, and Pγ are basic initial parameters of the
genetic algorithm [47], [49].Pc andPm determine the crossover
population and mutation population proportions in the optimiza-
tion algorithm, respectively. They influence the operational time
of the algorithm. The proportion Pγ and population size KP

determine the number of output solutions Pγ ∗KP .
2) Crossover and Mutation Operation: For the Gth gen-

eration, the population IG is used to generate the offspring
population OG relying on the crossover operator and mutation
operator [50]. The generated offspring population OG and par-
ent population IG are combined to obtain the population PG =
OG ∪ IG.

3) Nondominated Sorting: Based on the constraint in (34),
the solutions may be either feasible or infeasible. The concept
of constrained domination is introduced into the nondominated
sorting. A solutionPG

i is said to constrained-dominate a solution
PG

j (PG
i ≺c P

G
j ), if any of the following conditions is true [47]:

a) solution PG
i is feasible and solution PG

j is not; b) solutions
PG

i and PG
j are both infeasible, but solution PG

i has a smaller
constraint value; or c) solutions PG

i and PG
j are feasible and

solution PG
i dominates solution PG

j . Using this constrained-
domination principle, any feasible solution can have a better
nondomination rank than any infeasible solution. All feasible
solutions are ranked according to their objective function values
and constraint values. The solutions with the same nondomina-
tion level are assigned to the same nondominated front.

4) Tournament Selection: The crowding distances of the so-
lutions for each nondominated front are calculated to evaluate
its crowding degree. The Binary tournament selection based
on the crowding comparison operator and rank is utilized to
choose the generated population UG+1 [51]. The generated
population UG+1 is then assigned for crossover and mutation
to create the new parent population IG+1. The tournament size
is T = Pγ ∗KP .

5) Selection of the Optimized GC: Based on the evolutionary
update process in steps 2) to 4), multiple optimal solutions of GC
vectors can be obtained when the number of iterative generations
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Fig. 7. Flowchart of the proposed GC optimization design method.

is greater than Gmax. However, the PSFs of the solutions may
present different characteristics. To evaluate the performance
of the designed GC, the peak-to-sidelobe ratio (PSLR) and
integrated sidelobe ratio (ISLR) in different directions of the
reconstructed PSF are compared.

Based on the above analysis, the flowchart of the proposed
GC optimization design method is shown in Fig. 7.

V. SIMULATIONS AND PERFORMANCE VERIFICATION

A. Solutions of the Optimized GC

The parameters of an SA-MuSAR system are given in Ta-
ble I. The height of the leading receiver is H1 = 10 km. The
parameters of the NC-NSGA II method are set as follows, the
number of maximum generations Gmax = 200, population size
KP = 30, proportion of optimal solution Pγ = 0.1, crossover
proportion Pc = 0.8, and mutation proportion Pm = 0.2. Based
on the iterative evolutionary update, the solutions of the CMOP
are shown in Table II.

As seen in the top part of Table II, the designed parameters
can provide three feasible GCs for the SA-MuSAR system.
The designed GCs can provide different flight directions for the
receivers. In the bottom part, the performance in terms of the
optimized spatial resolution of the corresponding GC is given.
The spatial resolutions of the designed GCs present different
characteristics. The first GC can obtain a balanced PSF. The
second GC provides the most regular PSF. The third GC has
the highest spatial resolution. The target information acquisition
efficiency of all designed GCs can be greater than 90%.

B. Spatial Resolution Verification

1) PSF Verification: Based on the optimized GC solutions,
the point target is simulated to verify their effectiveness. The

TABLE II
GC SOLUTIONS OF THE CMOP AND THE SPATIAL RESOLUTION PERFORMANCE

TABLE III
PSLRS AND ISLRS OF THE FUSED PSFS

imaging results based on the designed GCs and each bistatic
pair are shown in Fig. 8.

In Fig. 8(a)–(c), the WSRs of the designed GCs are shown.
The designed WSRs are continuous based on the different GC
vectors. In Fig. 8(d)–(f), the PSFs of the leading receiver of
different GCs are given. Fig. 8(g)–(i) show the results of the
following receiver. The imaging results based on a single re-
ceiver are limited. Based on the designed GCs of the receivers,
the fused imaging results present high spatial resolution. The
fused PSFs based on the designed GCs are balanced, focused,
and regular. Based on a quantitative comparison of the imaging
results, the −3 dB area size of the fused PSF can be improved
by nearly twofold. The spatial resolution of the fused PSF is
balanced, and its equilibrium coefficient can be closer to 1. With
the same observation time, the proposed SA-MuSAR system
presents better imaging quality than the SA-BiFSAR system.
In addition, the performance of the feasible solutions is much
better than that of the inappropriate GCs shown in Figs. 2 and 3.

To evaluate the designed GCs further, the imaging profiles
of the reconstructed PSF can quantitatively reflect its mainlobe
and sidelobe performance. In this article, the imaging profiles
in different directions, such as the maximum resolution direc-
tion φmax, minimum resolution direction φmin, range direction
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Fig. 8. Imaging results of the point target using the designed GCs. (a)–(c) WSRs of different GCs. (d)–(f) Imaging results of receiver 1. (g)–(i) Imaging results
of receiver 2. (j)–(l) Fused imaging results of different GCs.

φrange, and cross-range direction φcross, are evaluated by their
PSLRs and ISLRs, which are shown in Table III.

From Table III, the PSLRs and ISLRs of the PSFs of the
designed GCs are similar. However, the third GC is slightly better
than the other two GCs. Moreover, the third GC can obtain the
highest spatial resolution. The following simulations are carried
out based on the third GC, and they operates on a GPU platform,
Nvidia MX350. The results are shown by MATLAB R2018a.

2) Distributed Targets With Two Receivers: Based on the
system parameters in Table I and the third GC, the simulated
results are shown in Fig. 9 to verify the optimized GC for
distributed targets. The echo phase errors are compensated by
wavefront curvature correction [52].

In Fig. 9(a), the strong targets in area A are buildings. The
polyline from top to bottom is a road. The strong line from
left to right in area B is a rail. The other distributed blocks are
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Fig. 9. Imaging results of distributed ground targets using the designed GC 3. (a) Imaging result of receiver 1. (b) Imaging result of receiver 2. (c) Fused imaging
result.
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Fig. 10. Imaging results of distributed sea-surface targets using the designed GC 3. (a) Imaging result of receiver 1. (b) Imaging result of receiver 2. (c) Imaging
result of receiver 3. (d) Fused imaging result.

farmland. In Fig. 9(a) and (b), the values of the image entropy
(IE) of areas A and B are higher than those in the fused image.
Besides, the ground clutter of the single receiver is strong. In
Fig. 9(c), the cluster is suppressed. Based on the fused image,
the resolution of the buildings in area A is improved. In area B,
the boundary between the rail and the ground becomes clear.

3) Distributed Targets With Three Receivers: When the SA-
MuSAR system consists of three receivers, the solution of
the CMOP for the two receivers as above can be applied to

simplify the optimization problem. First, the GC vector can be
transformed into

�g′ = (Δθ0,
�u

|�u| ∗ΔL, Ta)
T (35)

where Δθ0 is the solved flight direction of the leading receiver.
The baseline direction of the multiple receivers can be expressed
as �u = (Δx,Δz), and ΔL denotes the length of the baseline.
Based on the solution of the CMOP for the two receivers as
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Fig. 11. Relationship between the optimized synthetic aperture time and
spatial resolution of SA-MuSAR with different receivers.

above, the GC vector can be simplified by optimizing fewer
variables, e.g., ΔL and Ta.

The GC for three receivers can be designed by solving
the simplified CMOP. We select the solution with the highest
spatial resolution to verify its performance. Based on the sys-
tem parameters in Table I and the optimized GC parameters,
ΔL = 532.689 m and Ta = 1.615 s, the simulated results of the
SA-MuSAR are shown in Fig. 10.

In Fig. 10, the left part is land, and the right part is two ships
on the sea. In area C, the area size of the strong point is large
in each bistatic pair, as shown in Fig. 10(a)–(c). Based on the
designed GC, the area size of the fused point is nearly one-third
that of each individual SA-BiFSAR, as shown in Fig. 10(d). The
IEs of area C and area D are reduced in the fused image. Based
on the designed GC in this article, SA-MuSAR can coherently
fuse echo measurements to obtain a high-resolution radar image.

C. SA-MuSAR With Multiple Receivers

With an increase in the number of receivers, the coherent
fusion of SA-MuSAR data becomes a challenge to obtain a
high-quality radar imagery [53]. However, it is still necessary to
design the appropriate GC, which is a basic requirement for the
fusion of SA-MuSAR. The relationship between the optimized
synthetic aperture time and spatial resolution of SA-MuSAR
with different receivers is shown in Fig. 11.

It is seen that the optimized spatial resolution sizes of the
SA-MuSAR with different receivers are similar. However, the
synthetic aperture time decreases as the number of receivers
increases. The synthetic aperture time can be reduced to less than
1 s using five receivers. Compared with traditional SA-BiFSAR,
SA-MuSAR can obtain a high spatial resolution with a short
observation time.

VI. CONCLUSION

In this article, a forward-looking GC optimization design
method for SA-MuSAR is proposed to obtain a high-quality

image with limited observation time by coherently fusing the
measurements of multiple receivers. First, the wavenumber
spectrum distribution of SA-MuSAR is adopted to clearly eval-
uate the relationship between the spatial resolution and the GC.
Second, the forward-looking GC optimization problem can be
transformed into a CMOP. The optimized spatial resolution of
SA-MuSAR can be obtained by straightforwardly constraining
the characteristics of the wavenumber spectrum distribution.
Based on the designed forward-looking GC, the SA-MuSAR
system can efficiently obtain a focused, balanced, and regular
PSF. As the number of receivers increases, SA-MuSAR can
obtain a high forward-looking spatial resolution with a shorter
observation time.
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