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InSAR Phase Unwrapping Based on Square-Root
Cubature Kalman Filter

Xiaomei Luo , Hongtao Li, Zhilong Dong, and Shengqi Zhu

Abstract—In this article, we propose a novel phase unwrapping
method termed the square-root cubature Kalman filter phase un-
wrapping (SCKFPU) method. Specifically, as the system model of
the interferometric synthetic aperture (InSAR) phase unwrapping
can be formulated as the discrete Markovian jump system for track-
ing a maneuvering target, a phase unwrapping method is proposed
by combining the SCKF algorithm with a phase gradient estimator.
Moreover, we design a phase quality estimate function, and present
an optimal path-following strategy. The strategy ensures that the
SCKFPU method simultaneously performs noise suppression and
unwraps InSAR images along the pixels with high-reliance to the
pixels with low-reliance. Simulation results based on synthetic data,
true InSAR data, and measured (real) InSAR data show that
the proposed InSAR phase unwrapping method can achieve bet-
ter performance compared with other existing phase unwrapping
methods.

Index Terms—Optimal path-following strategy, phase quality
estimate function, phase unwrapping, quality map, square-root
cubature Kalman filter phase unwrapping (SCKFPU) method.

I. INTRODUCTION

INTERFEROMETRIC synthetic aperture (InSAR) has been
widely used in many applications, such as creating digital el-

evation models (DEMs) and monitoring surface deformation [1].
Two stages are needed in the standard processing procedure
of differential InSAR data. In the first stage, data are handled
by three steps, including filtering, coregistering, and flat-earth
phase removing, whereas in the second stage, data are processed
by two steps-phase filtering and phase unwrapping. Phase un-
wrapping is a key step to obtaining not only terrain height, but
also displacement information.

There are two common approaches to InSAR phase unwrap-
ping, one of which belongs to path-following methods and the
other consists of minimum norm methods [2]. The branch-cut
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method is a very representative path-following method [3].
Although simple and fast, it can cause error propagation when
larger noise values and more residual points exist in an image.
Numerous improved path-following methods [4]-[8] have been
proposed to overcome this weakness. One typical minimum
norm method is the weighted least-squares phase unwrapping
method [9]–[11]. Another typical minimum norm method is
the network flow method [12]. Although interferometric phase
fringes of the true phase are well consistent with those of the
rewrapped phase, the slow unwrapping velocity and the require-
ment of high-performance computers are the drawbacks of this
method.

Interferometric coherence is a very important parameter,
which has plenty of InSAR application areas [13]–[15]. Sri-
vastava et al. [13] exploited the interferometric coherence to
map forest density, which suggests coherence is a parameter
completely different from SAR backscatter and can provide
valuable information. Luca et al. [14] jointly used the intensity
and coherence to detect floodwater in urban and agricultural
areas, which causes a considerable reduction of classification
errors due to only considering intensity data. Kuma et al. [15]
analyzed the Sentinel-1 interferometric coherence to mowing
events on grasslands and concluded that afternoon acquisitions
and steeper incidence angles are more useful in the context of this
study. In this article, we will exploit the interferometric coher-
ence to design a new phase estimate function, which helps select
the unwrapping path and then guides the designed unwrapping
method to work optimally.

InSAR phase unwrapping is a complex nonlinear optimiza-
tion problem, which is extremely difficult to solve [16], [17].
Recently, there are some works studying the unwrapping prob-
lem based on nonlinear tracking filters in the Bayesian filter
framework under the Gaussian domain [18]. Loffeld et al. [19]
proposed the extended Kalman filter (EKF) phase unwrapping
(EKFPU) method based on an EKF using a sequential path-
following strategy. However, this method is not satisfactory
especially for the pixels with bad quality maps. Martinez and
Espla [20] proposed the particle filter (PF) phase unwrapping
method based on a PF. Due to the particles introduced, the
computational complexity of [20] is too high. Xie [21] pro-
posed the unscented Kalman filter (UKF) phase unwrapping
(UKFPU) method, an improved one which uses a UKF guided
by an optimal path-following strategy. Liu et al. [22] proposed
the cubature Kalman filter (CKF) phase unwrapping (CKFPU)
method. Compared with other nonlinear tracking filters, CKFs
are often capable of better tracking a maneuvering target due
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to the third-degree spherical-radial cubature rule applied to
deal with multidimensional integrals [23]. Thereby, the CKFPU
method can achieve a better performance in InSAR phase un-
wrapping. However, the phase unwrapping performance is not
satisfying as the selected parameter may prevent the CKFPU
method from running continuously.

In this article, we present a novel phase unwrapping method
based on a square-root cubature Kalman filter (SCKF). The main
contributions are as follows.

First, we propose a phase unwrapping method termed the
SCKFPU method. Although simple, EKFs and UKFs cannot
meet the demands from many complex tracing applications. It is
well known that preserving symmetry and positive definiteness
of an error covariance matrix in each cycle is very important for
most tracking algorithms. Because of the errors introduced by
finite word-length effects and Cholesky decomposition directly
applied to the error covariance matrix, CKFs [23], [24] often
lose these two basic properties, which may stop the unwrapping
process. In other words, the CKFPU method is not able to select
the parameter freely to continuously unwrap an InSAR image
and thus may not yield the correct result [22]. On the other
hand, SCKFs can make the algorithm work continuously by
using least-squares method for the Kalman gain and orthogonal
matrix-triangularization (QR) decomposition for the error co-
variance matrix. In this article, we exploit an SCKF to design
the SCKFPU phase unwrapping method which overcomes the
shortcomings of a CKF, and thus, is more suitable for the
complex InSAR phase unwrapping problem.

Second, a phase estimate function is designed to help select
the unwrapping path and guide the SCKFPU method to work
optimally. The SCKFPU method on a sequential path-following
strategy can well tackle pixels when an image is noise-free.
However, when an image is noisy, the unwrapping performance
is degraded due to error propagation. Thereby, the optimal
following path is selected by minimizing the designed phase
estimate function, which ensures the proposed method simulta-
neously performs noise suppression and unwraps InSAR images
along the pixels with high-reliance (the smaller values of the
phase estimate function) to the pixels with low-reliance (the
larger values of the phase estimate function). In this way, the
SCKFPU method can achieve a better unwrapping performance
compared with the one guided only by the coherence or by the
phase estimate function in [21], which can be proved by our
simulations.

The rest of this article is organized as follows. In Section II,
local phase-gradient estimation is described. The SCKFPU
method is presented in Section III. Extensive simulations includ-
ing synthetic data, true InSAR data, and measured (real) InSAR
data are illustrated in Section IV. Finally, Section V concludes
this article.

II. LOCAL PHASE-GRADIENT ESTIMATION

A. Complex InSAR Phase Model

For a complex noisy SAR interferogram, we can describe it
in polar form as

z̃(x, y) = ã(x, y) exp(Iφ̃(x, y))

x = 1, . . . , N, y = 1, . . . ,M (1)

where I =
√−1; x and y represent row and column indexes,

respectively; M and N represent the lengths of row and column
of the complex SAR interferogram, respectively; and ã(x, y)
and φ̃(x, y) are the complex amplitude and the interferometric
phase modulo 2π mapped of the complex signal point at pixel
(x, y).

In (1), φ̃(x, y) can be expressed by [25]

φ̃(x, y) = [φ(x, y) + eφ(x, y)]|2π

= [φ(x, y) + eφ(x, y)|2π]|2π

= [φ(x, y) + ẽφ(x, y)]|2π (2)

where φ(x, y) is the true unambiguous phase at pixel (x, y);
eφ(x, y) is the true phase error at pixel (x, y); and ẽφ(x, y) is
the mapped phase error at pixel (x, y), which satisfies ẽφ(x, y) =
[ẽφ(x, y) + 2πn]|2π = eφ(x, y)|2π, n ∈ Z.

Substituting (2) into (1), we have

z̃(x, y) = ã(x, y) [exp(I(φ(x, y) + ẽφ(x, y)))]

≈ ã(x, y) [exp(Iφ(x, y)) + I exp(ẽφ(x, y)) exp(Iφ(x, y))]

= ã(x, y) [exp(Iφ(x, y)) + v(x, y)] (3)

where the first equality is due to the invariability of exp(·) for
the phase φ(x, y) + ẽφ(x, y) and the mapped phase φ̃(x, y); the
approximation is due to the first-order Taylor of ẽφ(x, y), and
v(x, y) denotes the complex additive Gaussian noise at pixel
(x, y), with zero mean and variable variance varying with its
coherence [24].

From (2), the phase unwrapping problem, recovering φ(x, y)
from φ̃(x, y), is a complex nonconvex integer optimization
problem [26] that is difficult to solve. In order to develop our
unwrapping method, we will establish the complex InSAR phase
model in the sequel.

Assume that there is a single sinusoidal frequency set {f̂x, f̂y}
in a local interferogram observation window, where f̂x and f̂y are
the row and column mean fringe frequencies, respectively. Also
assume that the true unambiguous phase and the interferometric
phase at pixel {x0, y0} areφ(x0, y0) and φ̃(x0, y0), respectively.
Thereby, the true unambiguous phase at pixel {x, y} can be
obtained by [27]

φ(x, y) = φ(x0, y0) +

∫ y

y0

∫ x

x0

∇φ(x, y)dxdy

= φ̃(x0, y0) +

∫ x

x0

∂φ(x, y)

∂x
dx+

∫ y

y0

∂φ(x, y)

∂y
dy

= φ̃(x0, y0) + 2π

∫ x

x0

f̂xdx+ 2π

∫ y

y0

f̂ydy. (4)

Here, dx =�idx and dy = �jdy, where�i and�j are the unit vector
in x-direction and y-direction, respectively; ∇ is the gradient
operator, defined as∇ = ∂

∂x
�i+ ∂

∂y
�j. The second equality is due

to φ(x0, y0) = φ̃(x0, y0).
Assume that the noisy interferogram is not undersampled. f̂x

and f̂y can be approximated as

f̂x ≈ fx, f̂y ≈ fy (5)
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where fx and fy are the row and column mean frequencies in a
local unwrapped image, respectively.

Accordingly, (4) can be closely approximated as

φ(x, y) ≈ φ̃(x0, y0) + 2π

∫ x

x0

fxdx+ 2π

∫ y

y0

fydy

= 2πfxx+ 2πfyy. (6)

Substituting (6) into (3) with a normalized form, we establish
the complex InSAR phase model as

z̃(x, y) = exp {I2π(fxx+ fyy)}+ v(x, y). (7)

In the following section, we will establish the observation
function from (7) and then propose the SCKFPU method.

B. Local Phase-Gradient Estimation

There are many methods to estimate the local phase slope,
such as Madsen

′
s correlation Doppler estimator [28]. In what

follows, we will estimate the phase gradient of the wrapped
phase by maximum likelihood (ML) estimator combined with
linear chirp-z transform (CZT). Specifically, the central frequen-
cies of each local block InSAR image are roughly estimated by
ML estimation, followed by refined estimation using CZT.

Extract the local region with the size ofBn ×Bm that satisfies
the independent identical distribution. The rough estimation of
the row and column frequencies of the central pixel (k, h) can
be mathematically represented as

{f̄x
f̄y
} = argmax

{fx,fy}

{∑
x,y

∣∣∣∣∣z̃(x, y) exp{−I2π(fxx+ fyy)}
∣∣∣∣∣
}

k − (Bn − 1)/2 ≤ x ≤ k + (Bn − 1)/2

h− (Bm − 1)/2 ≤ y ≤ h+ (Bm − 1)/2 (8)

where k and h are the row and column numbers of the central
pixel in the local region, respectively.

Subsequently, the refined estimates f̃x and f̃y can be attained
in three steps. First, we extract a local window centering at the
rough estimates f̄x and f̄y . Second, the data in the local window
can be transformed into frequency domain by first-order CZT in
the x-axis direction, followed by in the y-axis direction. Finally,
the ML estimator is used to attain the refined estimates f̃x and
f̃y .

Cramer–Rao lower bound (CRLB) provides a lower bound
for the second-order (mean-squared) error of any estimate
method [30]. The CRLB values c(f̃x) and c(f̃y) of the local
frequency estimates f̃x and f̃y are used to compute the estimate
error variances of local phase gradient estimates, which can be
represented as [31]

c(f̃x) =
6

γBmBn(B2
m − 1)

(9)

c(f̃y) =
6

γBmBn(B2
n − 1)

(10)

TABLE I
LOCAL PHASE-GRADIENT ESTIMATION

where γ is the correlation parameter of a local interferogram,
which can be estimated using the following equation:

γ =
E(|ã(x, y)|2)
2E(|v(x, y)|2) (11)

where E represents the statistics expectation.
And the phase-gradient estimation for pixel (x, y) in the local

region with the central pixel (k, h) can be estimated as

δ̃φ(x, y) = 2πf̃x(x− k) + 2πf̃y(y − h)

− (Bm − 1)/2 + k ≤ x ≤ (Bm − 1)/2 + k

− (Bn − 1)/2 + h ≤ y ≤ (Bn − 1)/2 + h. (12)

Using (9), (10), and (12), the estimate error variances of local
phase gradient estimates for pixel (x, y) in the x-axis and y-axis
directions can be computed as

σ2
x = (2π)2(x− k)2c(f̃x) (13)

σ2
y = (2π)2(y − h)2c(f̃y)

−(Bm − 1)/2 + k ≤ x ≤ (Bm − 1)/2 + k

−(Bn − 1)/2 + h ≤ y ≤ (Bn − 1)/2 + h. (14)

The main steps of local phase-gradient estimation are given
in Table I.

III. SCKFPU METHOD

In this section, we will design a phase unwrapping method
based on the SCKF algorithm. The system model of InSAR
phase unwrapping is establish, and then an SCKFPU method is
proposed. Specifically, we propose an optimal phase estimate
function and an optimal path selection strategy. Then, a novel
phase unwrapping method is presented, which is based on the
SCKF algorithm guided by this optimal path-following strategy.

A. System Model of InSAR Phase Unwrapping

The system model of InSAR phase unwrapping can be formu-
lated as the discrete Markovian jump system (MJS) for tracking
a maneuvering target [19]. Thereby, we can use the basic state
function and observation function to describe the model, which
are depicted in the sequel.

1) Basic State Function: Suppose that the true phases are
stacked in a vector, and the basic state function of the unwrapped
pixels can be represented as [19]

φ(k + 1) = φ(k) + �δφ(k) + w(k) (15)
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where φ(k) ∈ R is the basic state, representing the true unam-
biguous phase at pixel k; �δφ(k) ∈ R is the phase slope estimate
of the true phase at pixel k; w(k) ∈ R is the corresponding
estimate error of the true phase slope at pixel k, satisfying
E[w(k)] = 0, Qk = E[w(k)w(j)T ] = σ2

wδ(k, j),Qk is the co-
variance function of the error of phase slope �δφ(k), σ2

w is the
corresponding variance, δ(k, j) is the discrete Dirac impulse,
defined as

δ(k, j) =

{
1, if k = j

0, else
(16)

where k and j are the pixel serial numbers.
2) Observation Function: Suppose that the complex mea-

surement data are stacked in a vector, and the observation
function of the true unambiguous phase normalized at pixel k
usually can be represented as [19]

z(k) =

[
Im[z̃(k)]
ã(k)

Re[z̃(k)]
ã(k)

]
=

[
sin(φ(k))
cos(φ(k))

]
+

[
v1(k)
v2(k)

]

= H[φ(k)] + v(k) (17)

where z(k) ∈ R2 is the normalized observation vector at pixel
k; H(·) denotes the observation function; v(k) ∈ R2 repre-
sents the normalized observation noise at pixel k, satisfying
E[v(k)] = 0,Rk = E[v(k)v(j)T ] = diag(σ2

v(k)δ(k, j)); and
v1(k) and v2(k) are the errors of the real and imaginary parts of
the normalized complex noise at pixel k, respectively.

B. SCKF Algorithm

Before designing the SCKFPU method, we introduce the
SCKF algorithm for InSAR phase unwrapping [29]. The no-
tations involved in the SCKF formulations are described as
follows.

1) A general triangularization algorithm is denoted by S =
Tria(A), and P = AA′ = SS′, where ′ is the conjugate
transpose, where P is some semidefinite positive matrix,
A is obtained by Cholesky factorization of P, and S is
obtained by QR decomposition of A.

2) SQ,k ∈ R and SR,k ∈ R2×2 are square-roots of covari-
ance matrices Qk ∈ R and Rk ∈ R2×2 of the process and
measurement noises, respectively.

3) Many recursive steps of the Bayesian filter are to com-
pute Gaussian weighted integrals with the form nonlinear
function × Gaussian density. The SCKF (CKF) algorithm
exploits the third-degree spherical-radial cubature rule
to deal with this kind of multidimensional integrals to
obtain better numerical accuracy. ξi ∈ R, i = 1, 2, . . . ,m
are the cubature points, which are generated from the
spherical-radial cubature rule used by the SCKF (CKF)
algorithm. Mathematically, this algorithm solves lots of
approximate equations similar to

∫
Rn

f(x)N(x;0, I) ≈
m∑
i=1

ωif(ξi) (18)

where f(x) is a nonlinear function; N(x;0, I) is the
Gaussian probability function of x with mean vector 0
and covariance matrix I; ξi is the cubature point and ωi is
the corresponding weight.

SCKF Algorithm
State prediction at pixel k: true phase prediction at pixel k.
1) Evaluate the cubature points i = 1, . . . ,m

xi,j = Sj|jξi + x̂j|j (19)

where m is the number of the cubature points, j ∈
o

U(k − 1) and
o

U(k − 1) denotes the set consisting of the
adjacent pixels of the unwrapping pixel k; xi,j ∈ R is
the state related to the cubature point ξi at the pixel j;
Sj|j ∈ R, computed by (36), denotes the square-root fac-
tor of the error covariance at pixel j; x̂j|j ∈ R, computed
by (35), denotes the updated state at pixel j; nx, set as
1, denotes the number of unwrapping pixels at one time;
m = 2nx denotes the number of cubature points; and the
cubature points ξi =

√
m/2u(i), where u(i) ∈ R belongs

to the following set of points:

u(k − 1) =
{
1 −1

}
. (20)

2) Evaluate the propagated cubature points i = 1, . . . ,m

x∗
i,k|j = xi,j + �δj (21)

where j ∈
o

U(k − 1); x∗
i,k|j is the predicted state related

to the cubature point ξi and the unwrapping pixel k from
pixel j; xi,j is the state related to cubature point ξi and
pixel j; �δj denotes the phase-gradient estimation for pixel
j, which is computed by (12).

3) Estimate the predicted state x̂
k|

o
U(k−1)

∈ R at pixel k

x̂
k|

o
U(k−1)

=

K∑
j=1

[
W̄j

1

m

m∑
i=1

x∗
i,k|j

]
(22)

where j ∈
o

U(k − 1) and K denotes the number in the set
o

U(k − 1); W̄j is the weight for j

W̄j =
SNRjUpj∑K
j=1 SNRjUpj

(23)

where SNRj denotes the signal-to-noise ratio (SNR) for
pixel j and Upj denotes the unwrapped indicator for pixel
j, which is defined as

Upj =

{
1, wrapped

0, unwrapped.
(24)

4) Estimate the square-root factor of the predicted error co-
variance S

k|
o
U(k−1)

∈ R at pixel k

S
k|

o
U(k−1)

=

K∑
j=1

W̄jTria
([

χ∗
k|j , SQj

])
(25)

where j ∈
o

U(k − 1) denotes a square-root factor of Qj

such that Qj = SQjS
′
Qj ; Qj denotes the estimated error
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variance at pixel j computed by (13) or (14); and χ∗
k|j is

the weighted, centered predicted state matrix for pixel j

χ∗
k|j=

1√
m

[
x∗
1,k|j − x̂

k|
o
U(k−1)

, x∗
2,k|j − x̂

k|
o
U(k−1)

. . . , x∗
m,k|j − x̂

k|
o
U(k−1)

]
. (26)

State update at pixel k: true phase update at pixel k.
1) Evaluate the cubature points i = 1, . . . ,m

x
i,k|

o
U(k−1)

= S
k|

o
U(k−1)

ξi + x̂
k|

o
U(k−1)

(27)

where x
i,k|

o
U(k−1)

∈ R is the repredicted state related to

ξi.
2) Evaluate the propagated cubature points i = 1, . . . ,m

z
i,k|

o
U(k−1)

= H

(
x
i,k|

o
U(k−1)

)
=

⎡
⎢⎢⎣
sin

(
x
i,k|

o
U(k−1)

)

cos

(
x
i,k|

o
U(k−1)

)
⎤
⎥⎥⎦
(28)

where z
i,k|

o
U(k−1)

∈ R2 is the predicted measurement re-

lated to ξi.
3) Estimate the predicted measurement ẑ

k|
o
U(k−1)

∈ R2 at

pixel k

ẑ
k|

o
U(k−1)

=
1

m

m∑
i=1

z
i,k|

o
U(k−1)

. (29)

4) Estimate the square-root of the innovation covariance
matrix S

zz,k|
o
U(k−1)

∈ R2 at pixel k

S
zz,k|

o
U(k−1)

= Tria

([
Z

k|
o
U(k−1)

, SR,k

])
(30)

where SR,k ∈ R2×2 denotes a square-root factor of Rk ∈
R2×2 such that Rk = SR,kS

′
R,k and Z

k|
o
U(k−1)

is the

weighted, centered predicted observation matrix

Z
k|

o
U(k−1)

=
1√
m

[
z
1,k|

o
U(k−1)

− ẑ
k|

o
U(k−1)

, z
2,k|

o
U(k−1)

−ẑ
k|

o
U(k−1)

, . . . , z
m,k|

o
U(k−1)

− ẑ
k|

o
U(k−1)

]
. (31)

5) Estimate the cross-covariance matrix P
xz,k|

o
U(k−1)

∈
R1×2

P
xz,k|

o
U(k−1)

= χ
k|

o
U(k−1)

Z′
k|

o
U(k−1)

(32)

where χ
k|

o
U(k−1)

is the weighted, centered repredicted

observation matrix

χ
k|

o
U(k−1)

=
1√
m

[
x
1,k|

o
U(k−1)

− x̂
k|

o
U(k−1)

, x
2,k|

o
U(k−1)

−x̂
k|

o
U(k−1)

, . . . , x
m,k|

o
U(k−1)

− x̂
k|

o
U(k−1)

]
. (33)

6) Estimate the Kalman gain Wk ∈ R1×2

Wk =

(
P

xz,k|
o
U(k−1)

/S′
zz,k|

o
U(k−1)

)
/S

zz,k|
o
U(k−1)

.

(34)

7) Estimate the updated state x̂k|k ∈ R

x̂k|k = x̂
k|

o
U(k−1)

+Wk(zk − ẑ
k|

o
U(k−1)

) (35)

where x̂
k|

o
U(k−1)

, ẑ
k|

o
U(k−1)

and Wk can be computed by

(22), (29), and (34), respectively.
8) Estimate the square-root factor of the error covariance

Sk|k ∈ R at pixel k

Sk|k = Tria

(
[χ

k|
o
U(k−1)

−WkZ
k|

o
U(k−1)

,WkSR,k]

)
(36)

where Z
k|

o
U(k−1)

, χ
k|

o
U(k−1)

, and Wk can be computed by

(31), (33), and (34), respectively.

C. Optimal Path-Following Strategy and Main Steps of the
SCKFPU Method

A direct application of the SCKFPU method to unwrap the
InSAR phase on a sequential path-following strategy works
very well in some cases. However, it is likely to cause error
propagation, especially for the pixels with low-quality maps.
Thereby, we design a strategy that optimally selects the path to
guide the SCKFPU method to unwrap InSAR phases.

Considering the correlation between the pixels and error
estimation of the phase gradient of each local pixel, the phase
estimate function is designed based on the coherence coefficient
and the phase derivative variance [2] of a wrapped phase image.
Just as the coherence coefficient is a quality map, so is the phase
derivative variance that is defined as the statistical variance of the
phase derivative. Mathematically, the phase estimate function is
designed as

q(x, y) = der(x, y)/[coh(x, y)]r (37)

where q(x, y) is referred to as the value of phase quality estimate
function of a wrapped phase image at pixel (x, y), coh(x, y) is
the coherence coefficient at pixel (x, y), and r is the adjustable
weight, reflecting the effect of the coherence on the phase
quality estimate function. The larger the value of the coherence,
the smaller the value of q(x, y). The selection of r is heavily
dependent on the image itself. It is worthwhile to preset the
weight r by trial to adjust the phase quality estimate function.
The range 1.1 ≤ r ≤ 2.3 is acceptable for trying. der(x, y) is
the phase derivative variance at pixel (x, y), which is computed
as

der(x, y) =

√∑
(∇1

i,j −∇1
x,y)2 +

√∑
(∇2

i,j −∇2
x,y)2

K2

(38)

where the indexes (i, j) range over theK ×K window centered
at pixel (x, y) for each sum. The terms ∇1

i,j and ∇2
i,j are

the partial derivatives of the phase (i.e., the wrapped phase
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differences). The terms ∇1
x,y and ∇2

x,y are the averages of
these partial derivatives in the K ×K window.

In this article, we select the optimal path by minimizing phase
quality estimate function (37), along which the SCKFPU method
works. The optimal path-following strategy ensures that the
SCKFPU method simultaneously reduces the noise and unwraps
the phase along the pixels with high-reliance to the pixels with
low-reliance. The main steps of the SCKFPU method are as
follows.

Step 1. Initialization: A pixel with the smallest phase quality
estimate function is selected as the beginning pixel. Then, the
four adjacent pixels of the beginning pixel are marked as waiting
pixels.

Step 2. The waiting pixel with the smallest phase quality
estimate function is marked as the current pixel and is unwrapped
using the SCKFPU method. Then, the wrapped pixels among
four adjacent pixels of the current pixel are marked as waiting
pixels. Finally, the current pixel is removed from the set of
waiting pixels.

Step 3. If there are waiting pixels to be unwrapped, return to
Step 2; otherwise, end.

IV. NUMERICAL EXPERIMENTS

A. Evaluating Metrics

We will use several metrics to evaluate the performance of
the proposed SCKFPU method. One commonly used metric
is the residue count, which is defined as the number of the
nonzero sum of the wrapped gradients in each 2× 2 region in
an InSAR phase [32]. Usually, a low-residue count indicates a
good phase unwrapping result. Another metric used to assess
the performance of InSAR phase unwrapping methods is the
mean-square error (MSE), which has two definitions, one for a
wrapped phase image and the other for an unwrapped image.
The MSE for a wrapped phase is defined as [33]

MSE = E
[| arg exp (Iϕ̂− Iϕideal)|2

]
(39)

where ϕideal is the true InSAR phase and ϕ̂ is the estimated
wrapped phase. The MSE for an unwrapped phase is defined
as [34]

MSE = E
[
|Φ̂ − Φideal|2

]
(40)

where Φideal is the true absolute phase and Φ̂ is the unwrapped
phase. The smaller the MSE, the better the performance of
InSAR phase unwrapping.

In addition, other indexes are used to evaluate the performance
of InSAR phase unwrapping methods. One is the SNR, which is
defined as the ratio of the average power of the noise-free part
to that of the noise part in the unwrapped image. The larger the
SNR, the better the noise reduction.

Another index is the number of errors larger than π
(NELP) [36] and the other difference phase. From the estimated
phase {Φ̂i, i = 1, . . . , Ns} of the phase {Φi, i = 1, . . . , Ns}
without noise, define the set of image pixels with error no larger

TABLE II
MSE VALUES FOR UNWRAPPED PHASES

than π, i.e., Is := {i : |Φ̂i − Φi| ≤ π, i = 1, . . . , Ns}, and de-
fine NELP as

NELP := Ns − |Is|. (41)

The lower the NELP, the better the discontinuity preservation.
Three definitions of the difference phase are used to evaluate

the performance of InSAR phase unwrapping methods. The
first is the difference phase, which is defined as the difference
between the unwrapped phase and the original true phase. The
second is the difference interferometric phase, which is defined
as the difference between the rewrapped phase and the original
true wrapped phase. And the third is the wrapped difference
phase, which is defined as the wrapped difference between the
original wrapped phase and the unwrapped phase [35]. The first
two definitions are applied to original true data, whereas the third
to measured data. For the first two definitions, the less the noises
and residuals, the better the unwrapping performance. For the
third, the more homogeneous the distribution of residuals and
noises, the better the unwrapping performance. Moreover, the
less the fringes, the better the unwrapping performance.

B. Synthetic Data

In the first scenario, generate a phase by using the “peaks”
function in MATLAB, xy_phase = a · peaks(N), where a =
10, N = 259. We use the methods EKFPU [19], UKFPU [21],
CKFPU [22], and the proposed method SCKFPU on a sequential
path-following strategy to unwrap the wrapped image of the
“peaks” image. The value of the adjustable weight r is set as
1.8. The MSE values for the unwrapped phases are listed in
Table II.

The wrapped phases, the unwrapped phases, and the differ-
ence phases are shown in Fig. 1 , respectively. It is obvious that
the SCKFPU method is the best whereas the EKFPU method is
the worst of all the phase unwrapping methods. From Table II
and Fig. 1, the SCKFPU method has not only the best unwrapped
image, but also the smallest MSE value and the “clearest”
difference image. Although the EKFPU method is simple, its
unwrapping performance is the worst due to the low sampling
frequency and the complex nonlinearity of the phase unwrapping
problem.

Because the unwrapped images using the CKFPU method
and SCKFPU method appear similar from Fig. 1, we compare
their performance by unwrapping the same dataset with reduced
size. Suppose thatN = 257, and the rewrapped results using the
CKFPU and SCKFPU on a sequential path-following strategy
are shown in Fig. 2.
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Fig. 1. Unwrapping results. Left: wrapped phases; center: unwrapped phases; right: difference phases.
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Fig. 2. Unwrapped images using CKFPU and SCKFPU on a sequential path-following strategy.

TABLE III
CPU TIME (S) COMPARISON

Compared with the unwrapped result obtained by the CKFPU
method, the unwrapped image using the SCKFPU method is
much better. Fig. 2(b) shows incorrect unwrapping result using
the CKFPU method, whereas Fig. 2(c) shows the correct and
superior unwrapping result using the SCKF method. The reason
why the unwrapping performance of the CKFPU method is
degraded is that we cannot randomly select the parameter to
meet the requirement of the symmetry and positive definiteness
of an error covariance matrix. Assume that the simulation is
implemented using MATLAB 7.14.0 (R2017a) on an HP PC
with eight-core CPU of Intel (R) Core (TM) i7-4790 3.60 GHz.
CPU time comparison of the methods is given in Table III.

Although the unwrapping performance of the SCKFPU
method is the best, the CPU time consumed by it is the third
least of all the methods.

In the second scenario, we unwrap the Gaussian shaped
surface using the SCKFPU method on sequential path-following
and optimal path-following strategies. The Gaussian elevation
with InSAR noise is generated randomly by a constant coherence
of 0.90 [37]. The Gaussian shaped surface is generated by
function ‘f(x, y) = top · exp(− x2

2σ2
x
− y2

2σ2
y
)′, where top is set as

7π, and the standard deviationsσx andσy alongx- and y-axis are
set as 10 and 15, respectively. The value of the adjustable weight
r is set as 1.8. The original wrapped phases, the unwrapped
phases, and the wrapped difference phases are shown in Fig. 3.

The unwrapping performance of the SCKFPU method on
an optimal path-following strategy is much better than that
on a sequential strategy. From their unwrapped images, the
SCKFPU method on a sequential path-following strategy can
cause severe error propagation and leads to the final failure to
the unwrapped image, while the SCKFPU method on an optimal
path-following strategy can circumvent the problem of error
propagation and obtain the final unwrapped image with sub-
stantially improved unwrapping performance. In addition, from

their wrapped difference images, the distribution of residuals and
noises using the SCKFPU on an optimal path-following strat-
egy is almost homogeneous and without fringes, which further
indicates the correct unwrapped result. On the other hand, the
unwrapping result of the SCKFPU on a sequential strategy is in-
correct due to the nonhomogeneous distribution of residuals and
noises.

In the following, we exploit the unwrapping performance
related to the adjustable weight. The Gaussian elevation with
InSAR noise generated by a constant coherence of 0.95 is
generated randomly. The Gaussian shaped surface is generated
by the function ‘f(x, y) = top · exp(− x2

2σ2
x
− y2

2σ2
y
)’, where top

is set as 8π, and the standard deviations σx and σy along x-axis
and y-axis are set as 10 and 15, respectively. We simulate the
effect of the adjustable weight r on the unwrapping performance
using the SCFK method on an optimal path-following strategy.
Suppose the values of the adjustable weight r are set as 1.2,
1.9, and 2.5, respectively, the unwrapping results are shown as
follows.

From the unwrapped images with r = 1.5 and r = 2.5 shown
in Fig. 4, there exist obvious errors that indicate the incorrect
unwrapping results. On the other hand, the unwrapped image
with r = 1.9 appears much better and illustrates the correct
unwrapping result. Moreover, the distribution of the residuals
and noises is almost homogeneous in the wrapped difference
phases with r = 1.9, whereas those with r = 1.5 and r = 2.5
are not. This further illustrates that the correct unwrapping
result can only be achieved with r = 1.9. Thereby, it can be
concluded that the selection of the adjustable weight r is im-
portant and an inappropriate value may yield failure to phase
unwrapping.

C. InSAR Data

In the first scenario, we consider the Longs Peak dataset [2].
This true dataset was obtained by using an InSAR simulator that
models the SAR point spread function, the InSAR geometry,
the speckle noise, and the layover and shadow phenomena.
Specifically, the dataset was generated based on a real DEM
of mountainous terrain around Longs Peak and Isolation Peak,



LUO et al.: InSAR PHASE UNWRAPPING BASED ON SQUARE-ROOT CUBATURE KALMAN FILTER 4635

Fig. 3. Unwrapped results using the SCKFPU method on different strategies. Left: original wrapped phases; center: unwrapped phases; right: wrapped difference
phases.

TABLE IV
PERFORMANCE ANALYSIS

CO, USA, using a high-fidelity InSAR simulator. The value of
the adjustable weight r is set as 1.8.

The wrapped images, the unwrapped images, and the different
wrapped images are shown in Fig. 5.

The residual counts of the original wrapped phases and the
rewrapped phases, the MSE values for the wrapped phases,
and NELP are listed in Table IV. From Fig. 5, though the
unwrapped images of all the unwrapping methods look similar,
the unwrapping performance of the SCKFPU is a bit better.
Specifically, the noise in the ellipsoidal region in difference
interferometric phase of the SCKFPU method is much smaller
than that using other unwrapping methods. The same results
can also be obtained from Table IV. It has not only the smallest
MSE value, but also the least residual counts. In addition, the
SCKFPU has the least NELP, which means this unwrapping
algorithm preserves the discontinuity best. The reason why the

TABLE V
RESIDUAL COUNTS AND MSE VALUES FOR THE WRAPPED PHASES

performance of the EKFPU and UKFPU is not satisfying lies
in the complexity and nonlinearity of InSAR phase unwrapping
problem. In addition, the CKFPU method has the worst perfor-
mance due to the constraint on the selection of parameters.

In the following, we unwrap the Longs Peak dataset using
different optimal phase estimate functions—one is our designed
function (37), and the other is (10) in [21]. The corresponding
SCKFPU methods are termed SCKFPU1 and SCKFPU2. The
value of the adjustable weight is set as 2.2. The wrapped images,
the unwrapped images, and the difference interferometric im-
ages are shown as follows. The residual counts of the rewrapped
phases and the MSE values for the wrapped phases are listed in
Table V. Compared with the SCKPU method using phase quality
estimate function (10) in [21], the unwrapping performance of
the SCKPU method using our designed phase quality estimate
function is a little bit better, which has both less residual count
and smaller MSE value though their unwrapping images look
similar.
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Fig. 4. Unwrapping effect—the adjustable weight. Left: wrapped phases; center: unwrapped phases; right: wrapped difference phases. (a) r = 1.2. (b) r = 1.9.
(c) r = 2.5.

In the second scenario, we consider the dataset based
on TerraSAR-X/TanDEM-X formation satellite InSAR image
pairs. The dataset corresponds to an irradiation area from Xi’an
and the Qinling mountain, China. The master and slave images
were acquired by Terra SAR-X/TanDEM-X on November 16,
2015. Their working mode is strip and full polarization mode.
The dataset is from HH polarization channel, whose absolute
orbit number is 45 928, observation mode is down-orbit, distance
resolution is 1.00 m, and azimuth resolution is 6.60 m. This
dataset is quite challenging as it can be perceived from the low
values of the estimated coherence shown in the right-hand side of
Fig. 7 and from the highly noisy interferometric phase shown in
the left-hand side of Fig. 8. We compare the performance of the

unwrapping methods EKFPU, UKFPU, CKFPU, and SCKFPU
on an optimal path-following strategy. The value of the ad-
justable weight is set as 2.2. The original images, the unwrapped
images, and the wrapped difference phases are shown in Fig. 8.

The number of the original wrapped phase is 12 449. The
residual counts of the rewrapped phases are listed in Table VI.

From the wrapped difference phases shown in Fig. 8, though
there are no fringes in the wrapped difference images for all
the unwrapping methods, the distribution of the residuals and
noises using SCKFPU on an optimal path-following strategy is
a little bit more homogeneous than that using other methods.
From Table VI, the SCKFPU has both the least residual count
and the best SNR value of the rewrapped image, which means
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Fig. 5. Unwrapping results using EKFPU, UKFPU, CKFPU, and SCKFPU methods on an optimal path-following strategy. Left: wrapped phases; center:
unwrapped phases; right: difference interferometric phases. (a) EKFPU. (b) UKFPU. (c) CKFPU. (d) SCKFPU.
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Fig. 6. Unwrapping results using SCKFPU methods on (37) and (10) in [21]. Left: wrapped phases; center: unwrapped phases; right: difference interferometric
phases. (a) SCKFPU_1. (b) SCKFPU_2.

Fig. 7. TerraSAR-X/TanDEM-X dataset. Left: normalized amplitude of master SAR image; center: normalized amplitude of slave SAR image; right: coherence.

TABLE VI
RESIDUAL COUNTS AND SNR

its noise reduction performance is the best. Thereby, it can be
concluded that the unwrapping performance of SCKFPU on an
optimal path-following strategy is the best.

In the following, we unwrap this dataset using the
SCKFPU method on an optimal path-following strategy based
on coherence and our designed function (37), respectively. The
corresponding SCKFPU methods are termed SCKFPUop and
SCKFPUco, respectively. Suppose that the value of the adjustable
weight is set as 2.3 and the original wrapped images, the un-
wrapped images, and the wrapped difference phases are shown
as follows.

The number of the original wrapped phase is 12 449. The
residual counts of the rewrapped phases and the corresponding
SNR of the unwrapped phases using the SCKFPUop and the
SCKFPUco are listed in Table VII.
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Fig. 8. Unwrapping results. Left: original wrapped phases; center: unwrapped phases; right: wrapped difference phases. (a) EKFPU. (b) UKFPU. (c) CKFPU.
(d) SCKFPU.
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(a)

(b)

Fig. 9. Unwrapping results based on SCKFPUop and SCKFPUco methods. Left: original wrapped phases; center: unwrapped phases; right: wrapped difference
phases. (a) SCKFPUop. (b) SCKFPUco.

TABLE VII
RESIDUAL COUNTS AND SNR

From the unwrapped images, we can see the color changes of
some pixels using the SCKFPUco method are abrupt while those
of the whole image using the SCKFPUop method are continuous,
which indicates that the SCKFPU method on (37) yields less
structured error and smaller bias. In addition, from their wrapped
difference images, both methods have the correct unwrapped
results. However, the distribution of the residuals and noises
on (37) is a little bit more homogeneous than that on coherence.
From Table VII, the SCKFPUop has less residual count and much
higher SNR value as compared with the SCKFPUco. Thereby,
it can be concluded that the unwrapping performance of the
SCKFPUop method on an optimal path-following strategy using
(37) is better compared with that using coherence alone.

V. CONCLUSION

In this article, we present a novel phase unwrapping method
termed the SCKFPU method. Specifically, as the system model
of the InSAR phase unwrapping can be formulated as the MJS
for tracking a maneuvering target, we propose the SCKFPU
method based on the SCKF. Moreover, a phase quality estimate
function is designed and an optimal path-following strategy is
proposed. From the simulations, the unwrapping performance of

the SCKFPU method is the best of all the unwrapping methods
based on the tracking filters, though the running time is not the
least. It can not only unwrap the phase efficiently, but also can
suppress the noises, eliminate the residuals, and preserve the
fringe continuity effectively.
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