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Abstract—Hyperspectral unmixing which intends to decom-
pose mixed pixels into a collection of endmembers weighted
by their corresponding fraction abundances, has been widely
utilized for remote sensing image exploitation. Recent studies
have revealed that spatial context of pixels is important comple-
mental information for hyperspectral image processing. However,
many well-known endmember finding (EF) algorithms identify
spectrally pure spectra from hyperspectral images according
to spectral information only, resulting in limited accuracy of
hyperspectral unmixing application since they ignore spatial
distribution or structure information in the image. Therefore,
in this paper, several novel spatial exploiting (SE) strategies are
proposed to improve the performance of the well-known spectral-
based EF (sEF) algorithms by integrating spatial information.
Three different spatial exploiting strategies are designed to use
pixel spatial context, by which the spectral variation of pixels
can be alleviated to improve the performance of hyperspectral
unmixing. Specifically, in pixel domain, the pixels are linearly
reconstructed using their neighbors in which the spatially derived
factor to weight the importance of the spectral information
is generated using Local Linear Representation (LLR) and
Local Sparse Representation (LSR), while in the feature domain,
pixels are revised using dominated features of neighboring pixels
in Singular Value Decomposition (SVD). The proposed spatial
exploiting strategies can not only be used as a pre-processing
stage to revise pixels for sEF algorithms, but also be used as
a post-processing step to revise endmembers found via sEF
algorithms. Finally, experimental results on both synthetic and
real hyperspectral data sets demonstrate that the proposed SE
strategies can certainly improve the performance of several well-
known sEF algorithms, and obtain more accurate unmixing re-
sults than several state-of-the-art spatial pre-processing methods.

Index Terms—Hyperspectral Unmixing, Endmember Extrac-
tion, Singular Value Decomposition, Sparse Representation, Spa-
tial pre-processing, Spatial post-processing.

I. INTRODUCTION

THE development of imaging sensor technologies has
made hyperspectral remote sensing data widely available,

providing a large amount of detailed information about the
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spectral characteristics of the materials that are present in
the scene [1]–[3]. However, most of the pixels acquired
by hyperspectral remote sensors are composed of several
inhomogeneous ground objects, which are well known as
mixed pixels or mixtures. The phenomenon is caused by low
spatial resolution of the sensor, which would combine distinct
materials into homogenous or intimate mixture, making it
difficult to separate different pure ground objects [4], [5]. The
wide presence of mixtures not only influences the performance
of image classification and target recognition, but also is an
obstacle to quantitative analysis of hyperspectral images [6].
Therefore, Spectral Mixture Unmixing (SMU) is proposed to
solve such mixed-pixel problems for quantitative analysis of
hyperspectral remote sensing images.

Generally, SMU techniques can be divided into three step-
s: 1) the estimation of virtual dimension that defined as
the number of spectrally distinct signatures in hyperspec-
tral data [7], [8], where several typical methods have been
proposed, including Neyman-Pearson detection theory-based
thresholding method (HFC) [9], noise-whitened HFC (NWH-
FC) [10], Hyperspectral Signal Identification with Minimum
Error (HySime) [11], and etc.; 2) endmember extraction that
extracts spectrally virtual signatures of ground objects or end-
member finding (EF) that seeks for the hypothetically existed
pure signatures; 3) abundance estimation (AE) which express-
es each image pixel in terms of linear/nonlinear combinations
of spectral signatures, known as fully constrained least squares
(FCLS) method [12], multichannel Hopfield neural network
(MHNN) [13], and etc.. Selecting an appropriate endmember
set plays an extremely important role in SMU since the
ultimate aim of SMU is to provide an accurate composition of
ground objects and a poorly constructed endmember set leads
to incorrect interpretations.

Over the decades, many algorithms have been developed for
automatic or semiautomatic finding of spectral endmembers
[14]. By assuming the presence of pure pixels in the image,
many EF algorithms aim to identify endmembers directly from
the image, such as Orthogonal Subspace Projection (OSP)
algorithm [15], Pixel Purity Index (PPI) algorithm [16], N-
FINDR algorithm [17], automatic target generation process
(ATGP) [18], Vertex Component Analysis (VCA) [19], and
Simplex Growing Algorithm (SGA) [20]. However, when such
pure-pixel assumption does not hold, virtual endmembers,
which are not necessarily present in the pixel set comprised
of input data samples, are extracted by adopting an opti-
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mization strategy. The minimum volume assumption [21] has
been widely utilized to extract such virtual endmembers by
determining a simplex of minimum volume enclosing the data,
such as the Minimum Volume Simplex Analysis (MVSA) [22]
and Minimum-Volume Enclosing Simplex (MVES) [23].

In addition, many blind unmixing algorithms are proposed
to extract virtual endmembers by performing EF and AE iter-
atively, such as Minimum Volume Constrained NMF (MVC-
NMF) [24], Minimum endmember-wise Distance Constrained
NMF (MewDC-NMF) [25], Minimum Dispersion Constrained
NMF (MiniDisCo-NMF) [26], sparse constrained NMF algo-
rithms [27], [28], robust collaborative NMF algorithm [29],
deep NMF algorithms [30], to name a few. Other linear un-
mixing methods based on nonnegative projection [31], convex
geometric approach [32], [33] and collaborative sparse [34]
have also been well developed. All of these EF algorithms
identify endmembers according to the spectral only, which
denoted as spectral-based EF (sEF) algorithms.

Due to the inevitable presence of spectral variation in hyper-
spectral images, unmixing results based on the endmembers
identified in the sEF algorithms may be of limited accuracy
[35]. In order to achieve better performance in SMU, many
spatial-spectral-based EF algorithms are proposed to extract
endmembers by taking both spatial distribution and spectral
discrimination into account, such as Automated Morphological
Endmember Extraction (AMEE) algorithm [36], the spatial-
spectral endmember extraction tool (SSEET) [37], and S-
patial Purity based EF (SPEE) algorithm [35]. It has been
demonstrated that the performance of spatial-spectral-based
EF algorithms clearly outperforms that of traditional sEF
algorithms.

Recently, the performance of traditional sEF algorithms is
improved by exploiting spatial information at a pre-processing
stage. Many spatial pre-processing methods have been pro-
posed for this purpose [38]–[44], which can be categorized into
two groups. The first one alleviates the influence of spectral
variation on a specific pixel by smoothing the spectra using its
neighbors, such that a modified simplex is formed, using not
only the spectral signature but also spatial information [38].
However, its performance is generally sensitive to noise. The
second group refines original pixel set to a small subset for
sEF by integrating spatial and spectral information [39]–[44].
Such pre-processing algorithms can reduce the computational
load of successive sEF algorithms, as well as improving the
accuracy of EF. However, they tend to neglect small targets or
anomalous areas that may be present in the image, and guide
the subsequent sEF algorithm to homogenously mixed areas
that do not contain pure pixels.

In this paper, several novel spatial exploiting (SE) strategies
are proposed as a pre-processing or post-processing step for
the sEF algorithms. In the pixel domain, similar to SPP
algorithm [38], each pixel in a hyperspectral image is modified
by exploiting its spatial context. Specifically, in this paper, the
spatially derived factor to weight the importance of spectral
information is generated conveniently, instead of the complex
parameterized scalar factor generation in [38]. Moreover,
spectral variation within a local spatial neighborhood is also
alleviated in the feature domain by reconstructing pixels using

dominated features. Particularly, three SE algorithms, which
are based on Singular Value Decomposition (SVD), Local
Linear Representation (LLR) and Local Sparse Representa-
tion (LSR), are designed. More importantly, the proposed
SE algorithms are utilized as either a pre-processing step
or post-processing step for the traditional sEF algorithms.
Geometric interpretation is further conducted for the proposed
SE algorithms as a pre-processing and postprocessing step
for sEF algorithms. Finally, experimental results over both
synthetic and real hyperspectral data sets indicate that, our
proposed SE strategies can improve the performance of sEF
algorithms in both pre-processing and post-processing manner.
Moreover, compared with other available strategies for spa-
tial pre-processing, the anomalous endmembers can be well
preserved by the proposed SE strategies for further spectral
mixture analysis.

The remainder of this paper is organized as follows. Section
II proposes the spatial context exploiting techniques, and their
pre-processing combination and post-processing combination
with existing sEF algorithms. Experimental results on both
synthetic and real hyperspectral data are reported in Section
III. Finally, Section IV concludes the paper with some remarks.

II. PROPOSED METHOD

In a hyperspectral image, spectral information treats a pixel
as an individual unit which is independent of its neighboring
pixels, while spatial distribution accounts for the correlation
between pixels and their neighbors. The sEF algorithms ignore
the spatial distribution of pixels when finding endmember for
SMU, which means the data is not handled as an image but
as an unordered list of spectral signatures [36]. It has been
demonstrated that in the spatial-spectral-based EF algorithms
spatial information is helpful to alleviate the influence of
spectral variation and thus improve the performance of sEF
[35], [36]. Therefore, in this paper, spatial information is
exploited a prior or a posteriori to improve their performance.

A. Spatial exploring (SE) strategies

According to the linear mixture assumption, pixels in a
hyperspectral image often fall into a simplex determined by
endmembers. Therefore, the intrinsic dimensionality of hyper-
spectral data is much lower than its observed dimensionality
defined by the number of bands, indicating that the subspace
other than the simplex is occupied by spectral variation and
noises. If the hyperspectral data is projected to its intrinsic
signal space, the influence of spectral variation and noises can
be alleviated.

On the other hand, classical sEF algorithms only explore
spectral information but do not adequately incorporate spatial
information into hyperspectral images. Using spatial infor-
mation can alleviate the influence of spectral variation and
thus improve the performance of unmixing. Therefore, in this
paper, each pixel is refined by its spatially neighboring pixels
or in the feature domain. In order to alleviate the spectral
variation within pixels, LLR and LSR are used to revise
pixels in the pixel domain by assuming that pixels can be
linearly reconstructed by some of their neighboring pixels,
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while SVD is used to extract dominated features of the spatial
neighborhood around pixels to revise pixels in feature level
by assuming that non-dominated features account for spectral
variance and noises [45].

1) Local Linear Representation (LLR) based SE strategy:
Recent studies have shown that many real world data is
actually sampled from a nonlinear low-dimensional manifold
which is embedded in a high-dimensional ambient space [46].
Therefore, each pixel in an image together with pixels in its
spatial neighborhood (SN) are expected to lie on or close to
a locally linear patch of the manifold. By characterizing such
local geometry of these patches, each pixel can be linearly
reconstructed by pixels in its SN. Let r = (r1, r2, . . . , rb)

T

represents a b-band pixel in a hyperspectral image. The coef-
ficients that reconstruct pixel r by its neighboring pixels can
be obtained by the following minimization problem:

w = argminw
∑

rj∈SN(r)
‖r−

∑
j

wjrj‖2, (1)

in which rj represents the j-th neighbor pixel in SN(r)
and the weight wj represents the contribution of rj to the
reconstruction of r. As for w, it is a vector composed of
weight wj , which just like the spatially derived factor to weight
the importance of the spectral information of neighbor pixels.
Since the noises can be alleviated by characterizing such
locally linear patch to reconstruct pixels, we can implement
SE by reconstructing pixel r according to LLR as:

r̂ = N · w, (2)

in which r̂ represent the revised version of pixel r, N ∈ Rb×p

represents all the pixels in the spatial neighborhood of pixel
r, and p denotes the number of pixels in the spatial neigh-
borhood. By replacing r with r̂, the performance of sEF and
even unmixing can be improved since local spectral variation
is alleviated using spatial context of pixels.

2) Local Sparse Representation (LSR) based SE strategy:
Sparse representation has been developed in many fields [47]–
[49], and it has also received some attention in the field
of unmixing. Generally, pixels of homogeneous components
are most likely present in neighboring areas. Therefore, if
a pixel is reconstructed by its neighboring pixels that own
homogeneous components, the local spectral variation can be
alleviated. However, pixels in a spatial neighborhood may
belong to heterogeneous categories, indicating that pixels of
homogeneous components may be sparsely present in a spatial
neighborhood. In order to alleviate the influence of local
spectral variation over SMU problems, sparse representation
is used to improve spectral signature of a pixel using its
neighboring pixels.

The main idea of the LSR-based strategy is to find the
optimal sparse representation of each input pixel by its spatial
neighbors. Therefore, the LSR of pixel r can be formulated as

v = argminv∗

1

2
||r− Nv∗||22 + λ||v∗||1, (3)

while v represents a sparse vector of their corresponding
weights and λ is a regularization parameter. The first term in
(3) represents that pixel r can be linearly reconstructed by its

neighboring pixels while the second term in (3) guarantees a
sparse reconstruction that only selects pixels of homogeneous
components for representation. In this paper, the L1 Homotopy
MATLAB Toolbox [50], which is available online1, is used
to solve the representation coefficient v. Consequently, in the
proposed LSR-based strategy, pixel r can be refined as

r̂ = N · v. (4)

3) Singular Value Decomposition (SVD) based SE strategy:
In order to exploit its spatial context, all the pixels in its spatial
neighborhood are taken into account. The SVD of pixels in a
spatial neighborhood N is defined as [51]:

N = S · V · D (5)

where D ∈ Rp×p contains the unit row eigenvectors of NT N
sorted in descending significance, S is a b×b matrix containing
the unit column eigenvectors of NNT , and V ∈ Rb×p is of
the following form

V =


V11 · · · 0

...
. . .

...
0 · · · Vpp
...

. . .
...

0 · · · 0

 , (6)

with Vii(i = 1, 2, . . . , p) being the square roots of nonzero
eigenvalues of NT N sorted in descending order.

It has been pointed out that the greater singular vectors come
about as a result of endmembers while the smaller singular
vectors come about as a result of the noise such as spectral
variation, measurement error, and etc. [51], [52]. Therefore,
if we can discriminate the singular vectors responsible for
endmembers, the influence of noises and spectral variation
on pixels can be alleviated by only utilizing singular vectors
of endmembers. Since the importance of singular vectors is
represented by their corresponding eigenvalues, the number
of singular vectors for endmembers is identified as:

q = argmin
k

∑k
i=1 Vii∑p
i=1 Vii

< TSV D, (7)

where TSV D is a threshold. As a result, the first q singular
vectors come as a result of endmembers, and thus a revised
data matrix is reconstructed as:

N̂ = S · V̂ · D, (8)

where V̂ is determined as:

V̂ =



V11 · · · 0 · · · 0
...

. . .
... · · ·

...
0 · · · Vqq · · · 0
0 · · · 0 · · · 0
...

. . .
... · · ·

...
0 · · · 0 · · · 0


. (9)

According to (8), the spatial context can be exploited to
alleviate the influence of spectral variation and noises on
pixels.

1https://intra.ece.ucr.edu/ sasif/homotopy/
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B. Implementing spatial information into sEF algorithms

Fig. 1: The flowchart of SMU by using the proposed SE
strategies as a pre-processing stage.

1) Pre-processing by the SE strategy: According to the
proposed SE strategy, the influence of spectral variation and
noises on single pixels can be alleviated. Thus, a refined hyper-
spectral image can be obtained by implementing the proposed
SE strategies pixel by pixel. As a result, the performance of
traditional sEF algorithms can be improved by implementing
them on such revised hyperspectral data. The flowchart of
adopting the proposed SE algorithms as a pre-processing step
for SMU is shown in Fig. 1. Similar to the SPP algorithm
[38], the proposed SE algorithms are directly performed on
the original hyperspectral image to alleviate the influence of
spectral variation and noises. Traditional sEF algorithms are
then implemented on the revised hyperspectral image to find
endmembers. The combination of the pre-processing by SE
and sEF (shown in the red rectangular in Fig. 1) can be viewed
as a spatial-spectral-based EF algorithm to find endmembers.
In such way, the performance of traditional sEF algorithms
can be improved by considering spatial context. Finally, the
AE algorithms are adopted to estimate abundance maps for
endmembers. It should be noted that the AE algorithms can be
implemented on either the original or the revised hyperspectral
image.

2) Post-processing by the SE strategy: The proposed SE
algorithms can also be implemented as a post-processing step
to improve the performance of traditional sEF algorithms. As
shown in Fig. 2, the proposed SE algorithms are performed
after the endmember finding step by the sEF algorithms.
Under such circumstance, only the spatial context of the
found endmembers are exploited. Thus, the performance of
traditional sEF algorithms can also be improved. Similarly,
the combination of sEF and post-processing by SE (shown
in the red rectangular in Fig. 2) can be viewed as a spatial-
spectral-based EF algorithm to find endmembers. Since the
number of pixels to be revised by SE in post-processing is
much smaller than that in pre-processing, the computation
complexity of the proposed SE strategies as a post-processing

Fig. 2: The flowchart of SMU by using the proposed SE
strategies as a post-processing step.

step is much lower than that as a pre-processing step. Finally,
the AE algorithms are adopted to estimate abundance maps
for the revised endmembers.

3) Geometric illustration: Fig. 3 shows a geometric inter-
pretation of the proposed SE algorithms as a pre-processing
and post-processing step for SMU. According to geometric
analysis of hyperspectral images in previous studies [53], [54],
all the pixels in an image fall into a simplex whose vertexes
are determined by endmembers. As shown in Fig. 3 (a), in a
2-dimensional space, all the pixels (denoted as blue solid dots)
fall into a triangle determined by endmember 1, 2, and 3. In
the pre-processing steps, all the pixels are revised pixel by
pixel by exploiting their spatial context through SE-LLR, SE-
LSR, or SE-SVD. And then EF step is applied to the revised
image. As a result, all the revised pixels (denoted as red solid
dots) fall into a new triangle determined by endmember 7′,
4′, and 3′. The revised versions of original endmembers may
not be the vertexes of the new triangle, indicating that the
pixels to be endmembers vary after pre-processing by the
SE algorithms. However, as shown in Fig. 3 (b), the non-
endmember pixels remain the same when SE strategies are
adopted as a post-processing step. Under such circumstance,
the proposed SE algorithms are performed after the EF step
by the sEF algorithms, where only the spatial context of the
found endmembers are exploited to revised the endmembers.
The new simplex (triangle 1′ − 2′ − 3′) can be viewed as a
revised version of the original simplex that enclosing the pixels
(triangle 1− 2− 3).

C. Improvement over anomalous endmembers

Similar to many existing spatial-spectral-based EF algo-
rithms (such as AMEE [36] and SPEE [35]) and the SPP
algorithm [38], when our proposed SE algorithms are adopted
as a pre-processing step for sEF, the combined spatial-spectral-
based EF algorithm penalizes the selection of anomalous
pixels and increases the probability of selecting the majority
of pixels that are homogeneous in nature. Even if the proposed
SE strategies are adopted in post-processing that does not
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(a) Pre-processing

(b) Post-processing

Fig. 3: Geometric interpretation of the proposed SE strategies
for: (a). Pre-processing, (b). Post-processing.

influence the finding of anomalous endmembers by the sEF
algorithms, the spectral signature of anomalous endmembers
may be smoothed excessively by its inhomogeneous neigh-
boring pixels. In order to solve this problem, the proposed SE
step can be turned on or off by checking the spectral similarity
between pixels r and its spatially revised signature r̂, which
can be formulated as follows:

r̂ =

{
r, if SAD (r, r̂) > T
r̂, if SAD (r, r̂) ≤ T (10)

where SAD (r, r̂) is the Spectral Angle Distance (SAD)
between r and r̂ and T is an adjustable threshold. When
the revised pixel is significantly different from its original
pixel, we believe there are abnormal pixels in its spatial
neighborhood or the current pixel is the abnormal one. Then,
our proposed SE strategies would choose to turn off the
revision of the current pixel.

III. EXPERIMENTS

In this section, extensive experiments are conducted to
verify the performance of the proposed SE strategies as a pre-

Fig. 4: The five synthetic images used in experiments, where
spatial patterns were generated using fractals.

Fig. 5: The USGS library signatures used in the synthetic data
set labeled as ‘Fractal 1’ and the abundance maps associated
to each reference USGS signatures [40].

processing or post-processing step for several well-known sEF
algorithms, including OSP [15], N-FINDR [17], ATGP [18]
algorithms, and VCA [19]. For that purpose, we test the same
set of algorithms with and without spatial pre-processing (so-
called ’ORI’). Several state-of-the-art spatial pre-processing
algorithms are adopted for comparison, including SPP [38],
RBSPP [39], SSPP [40], and RCSPP [44]. Meanwhile, one
typical spatial-spectral-based EF algorithm, i.e., Spatial Purity
based EE (SPEE) algorithm [35], is also selected. All exper-
imental results in this section are the average of 10 random
tests.

A. Data sets

1) Synthetic data set: The data set of five 100× 100-pixel
synthetic hyperspectral scenes that used in [40] is adopted
in this experiment. These images are simulated using spectra
of minerals from a spectral library compiled by the U.S.
Geological Survey (USGS) 2 under linear mixture assumption,

2http://speclab.cr.usgs.gov/spectral.lib06
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Fig. 6: Parameter Analysis of the proposed SE algorithms through several sets of simulated experiments, including ws for all
three SEs, λ for SE-LSR, and T for SE-SVD.

shown in Fig. 4. In all the five synthetic images, the number
of endmembers is fixed as p = 9. Moreover, zero-mean
Gaussian noise was added in order to simulate contributions
from ambient (clutter) and instrumental sources by following
the procedure described in [15]. As a result, the signal-to-noise
ratio (SNR) of the synthetic data set is varied from 10 : 1 to
70 : 1. Specially, the nine spectra from the USGS spectral
library that is used to simulate a scene labeled as ‘Fractal 1’,
together with their corresponding abundance maps are shown
in Fig. 5. Note that the fractional abundances in each pixel of
the data set are positive and add up to unity, ensuring that all
pixel instances in the synthetic fractal image strictly adhere to
a fully constrained linear mixture model.

2) Cuprite data set: The well-known AVIRIS data set over
the Cuprite areas in Nevada, USA 3, which has 224 channels
ranging from 370 to 2510 nm with a ground instantaneous
field of view of 20 m, is used in this experiment. This
data set has been widely used to validate the performance
of endmember finding algorithms. The cropped image cor-
responds to a 350 × 350 pixel subset of the sector labeled
as f970619t01p02r02sc03.a.rfl in the online data. In this
experiment, only 186 reflectance bands are adopted after
removing bands 1−4,105−115,150−170, and 223−224 due to
water absorption and low SNR in those bands. The Cuprite site
is well understood mineralogically, and has several exposed
minerals of interest included in the USGS spectral library. A
few selected spectra from the USGS library, corresponding to
highly representative minerals in the Cuprite mining district,
are utilized as ground-truth spectra to substantiate endmember
signature purity, including Alunite, Andradite, Buddingtonite,

3http://aviris.jpl.nasa.gov/html/aviris.freedata.html.

Dumortierite, Jarosite, Kaolinite, Montmorillonite, and Mus-
covite. For the number of endmembers, the HySime [11]
provided an estimation of 16, as same as that by HFC [9]
method using the input false-alarm probability PF = 10−5.

3) Urban HYDICE data set: The second real-world data
set is the Urban HYDICE 4 hyperspectral image. The image
is of size 307×307 over 210 spectral channels, with a spectral
resolution of 10 nm covering a spectral range from 400 to 2500
nm. After low SNR bands are removed (channels 1−4, 76, 87,
101−111, 136−153, and 198−210), only 162 bands remain to
be used in the experiment. The number of endmembers to be
found is set to 9 in all experiments after the consensus reached
between HySime [11] and the HFC [9] method, implemented
using PF = 10−3 as the input false-alarm probability [7]. In
subsequent qualitative assessment, we just adopt four distinct
targets of interest, including asphalt, grass, roof, and tree.

B. Evaluation metrics

Two quantitative metrics are adopted to evaluate the perfor-
mance of our different SE strategies to improve well-known
sEF algorithms. The first metric is the Spectral Angle Distance
(SAD) values (in degrees) between the found endmembers
and their ground-truth spectral signatures. Let Êk be a found
endmember and Ek be the most similar spectral signature in
the USGS library. The SAD between two spectral signatures
is defined as:

SAD(Êk,Ek) = arccos

(
Êk · Ek

‖Êk‖‖Ek‖

)
, (11)

4http://www.erdc.usace.army.mil/Media/Fact-Sheets/Fact-Sheet-Article-
View/Article/610433/hypercube/
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in which ‖ · ‖ represents the magnitude of vectors. Note that
low SAD scores mean high spectral similarity between the
compared vectors. This spectral similarity measure is invariant
in the multiplication of e and ê by constants and, consequently,
is invariant before unknown multiplicative scalings that may
arise due to differences in illumination and angular orientation.

Further for quantitatively evaluating the performance of our
proposed SE algorithms on real-world data experiments, the
pixel reconstruction error (ReconEr), evaluated by the root
mean square error (RMSE) between the original b-band pixel
r and its reconstructed version using the unmixing results r̂,
which is defined as

ReconEr(r, r̂) =
1

b

b∑
i=1

(ri − r̂i)2. (12)

C. Parameter Analysis

First of all, the impact of parameters, including λ for SE-
LSR, T for SE-SVD, and window size ws for all three SE
strategies, are discussed through several sets of simulated
experiments.

a) ws for SE-LLR: As the only parameter in the proposed
LLR based SE strategy, we analyzed the impact of the window
size ws considering 8-connected (3×3 window), 24-connected
(5 × 5 window) and 48-connected (7 × 7 window). The
upper part of Fig. 6 lists the results of proposed SE-LLR
as a pre-processing step for different sEF algorithms. It is
observed that, the proposed SE-LLR does not vary much when
different window size is selected. Therefore, in the following
experiment, ws is set as 3 for low computational complexity.

b) ws and λ for SE-LSR: With regard to the proposed
LSR based SE strategy, the impacts of ws and regularization
parameter λ in (3) are also analyzed by varying ws as [3,5,7]
and λ from 102 to 106. The average performance of proposed
SE-LSR with different parameters for different sEF algorithms
is shown in the middle of Fig. 6. It is observed that when
ws = 7, the value of SAD is almost at the lowest position in
most cases. As for λ, SAD may achieve a lower value when
it is set as 103.

c) ws and T for SE-SVD: In the proposed SVD based
SE strategy, the threshold T is varied from 0.80 to 0.95 at
intervals of 0.05 while ws is also seleted as [3,5,7]. The lower
part of Fig. 6 intuitively displays the subtle effect of mutative
parameters on the unmixing performance. It is observed that
SVD under ws = 5 and T = 0.90 is less sensitive to noises
and always able to maintain better performance.

D. Experiments using synthetic data set

1) Pre-processing by proposed SE strategies: In this ex-
periment, all of the three SE strategies, including LLR, L-
SR, and SVD, are considered. Table I shows the average
SAD scores (in degrees) between the ground-truth signatures
and their corresponding found endmembers pre-processed by
different algorithms over synthetic data set with different
SNRs. It is observed that, the combination of the proposed
SE strategies with the sEF algorithms generally provides
better results (lower spectral angles) over both the original

TABLE I: Average SAD scores (in degrees) between the
ground-truth signatures and corresponding found endmembers
by different pre-processing SE algorithms with different SNRs.
The best results of specific SNR for a given sEF algorithm are
in bolded while the suboptimal results are underlined.

Algorithm SNR=10:1 SNR=30:1 SNR=50:1 SNR=70:1

NFINDR

ORI 19.519 2.093 0.464 0.384
SPP 11.690 2.293 0.778 0.701
RBSPP 27.331 2.135 0.648 0.574
SSPPR 27.770 2.089 0.538 0.403
RCSPP 20.692 2.654 1.512 1.613
SE-LLR 8.634 1.413 0.467 0.401
SE-LSR 19.809 1.087 0.394 0.390
SE-SVD 20.718 2.014 0.466 0.412

OSP

ORI 20.189 2.118 0.452 0.350
SPP 11.785 2.342 0.622 0.536
RBSPP 21.213 2.182 0.638 0.948
SSPP 18.899 2.107 0.520 0.384
RCSPP 20.112 2.465 1.190 1.389
SE-LLR 11.498 2.969 0.539 0.405
SE-LSR 20.189 1.269 0.401 0.464
SE-SVD 19.875 2.151 0.460 0.432

VCA

ORI 7.665 1.199 0.426 0.350
SPP 9.388 2.271 0.455 0.327
RBSPP 20.421 0.831 0.847 0.974
SSPP 20.233 1.010 0.722 0.176
RCSPP 11.055 2.190 1.300 2.075
SE-LLR 3.935 0.882 0.436 0.560
SE-LSR 7.724 0.800 0.406 0.370
SE-SVD 6.755 1.308 0.539 0.646

ATGP

ORI 20.839 2.261 0.595 0.538
SPP 12.952 9.674 5.902 5.398
RBSPP 22.005 4.456 3.787 3.077
SSPP 19.653 3.722 2.179 1.858
RCSPP 20.793 2.741 1.579 2.195
SE-LLR 12.748 1.351 0.583 0.560
SE-LSR 20.839 1.557 0.576 0.859
SE-SVD 20.411 2.240 0.599 0.741

SPEE 10.875 6.889 4.516 4.230

TABLE II: The probability value of successfully finding
anomalous endmembers by various spatial pre-processing SE
strategies.

Algorithm ORI SPP RBSPP SSPP RCSPP SE-LLR SE-LSR SE-SVD
N-FINDR 90% 34% 14% 0% 0% 98% 99% 85%

OSP 80% 45% 16% 0% 0% 71% 90% 80%
ATGP 80% 45% 15% 0% 0% 76% 90% 78%

version of sEF algorithms and the state-of-the-art spatial pre-
processing algorithms. It is worthy to be noted that due
to the absence of pure endmembers in this synthetic data
set, the performance of pure pixel-based SPEE is limited to
some extent. In general, the improvement of our proposed
SE strategies is especially obvious when SNR level is low,
which means that the proposed SE strategies reduce noise and
variability of pixels in a local level. However, when the SNR
level is high, e.g., 70dB, the original version of sEF algorithms
can achieve satisfying results. Under such circumstances, the
spatial pre-processing strategies cannot further improve the
performance of sEF. On the contrary, they may over-smooth
the endmembers. Specifically, as for the three proposed SE
strategies, the SE-LLR achieves excellent performance among
all the considered algorithms when SNR at 10dB while SE-
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TABLE III: Average SAD scores (in degrees) between the
ground-truth signatures and corresponding found endmembers
by the proposed post-processing SE algorithms with traditional
sEF algorithms. The best results of specific SNR for a given
sEF algorithm are in bolded while the suboptimal results are
underlined.

Algorithm SNR=10:1 SNR=30:1 SNR=50:1 SNR=70:1

NFINDR

ORI 19.519 2.093 0.464 0.384
SE-LLR 9.964 1.444 0.470 0.391
SE-LSR 9.952 1.112 0.403 0.381
SE-SVD 10.671 1.126 0.411 0.381

OSP

ORI 20.189 2.118 0.452 0.350
SE-LLR 10.257 1.409 0.448 0.355
SE-LSR 10.867 1.103 0.389 0.346
SE-SVD 10.617 1.100 0.395 0.347

VCA

ORI 7.665 1.199 0.426 0.350
SE-LLR 18.383 9.455 8.714 8.709
SE-LSR 6.911 1.812 0.402 0.411
SE-SVD 7.471 2.937 0.743 0.793

ATGP

ORI 20.839 2.261 0.595 0.538
SE-LLR 20.907 1.372 0.557 0.537
SE-LSR 10.013 1.188 0.552 0.538
SE-SVD 20.624 2.189 0.582 0.765

SPEE 10.875 6.889 4.516 4.230

LSR provides comparative results under the SNR level of 30dB
and 50dB. Although the performance of SE-SVD is slightly
worse than the other two, it is still better than SPP [38] which
also aims to alleviate local spectral variation using spatial
context.

2) Extracting anomalous endmembers: In order to test
the ability of proposed SE algorithms of selecting abnormal
endmembers, we randomly select 10 spectral features from
the USGS spectral library (excluding those used in synthetic
images), and replace the synthetic spectra in the 10 random
non-adjacent locations with the spectra of the current ones.
In this experiment, we set ws = 3, SNR=30:1. Since VCA
sometimes cannot find the required number of endmembers in
this case, it is not considered further. Table II lists the prob-
ability value of successfully reserving abnormal endmembers
by various spatial pre-processing SE strategies. It is observed
that our three proposed SE based pre-processing strategies
clearly outperform other spatial pre-processing strategies in
extracting anomalous endmembers, which is even better than
the original version of sEF algorithms. This is because the
anomalous endmembers are not smoothed by turning off the
SE processing according to Eq. (10) in the proposed SE
strategies. However, those clustering-based pre-processing al-
gorithms, like SSPP and RCSPP, would penalize the selection
of anomalous endmembers.

3) Post-processing by proposed SE strategies: In this sec-
tion, our proposed SE strategies (SE-LLR, SE-LSR, and SE-
SVD) are taken as a post-processing step for traditional
sEF algorithms. Table III lists the SAD performance of the
proposed SE strategies as a post-processing step for OSP,
N-FINDR, VCA and ATGP. It is also confirmed that the
proposed SE strategies are very effective to alleviate spectral
variation even as the post-processing step of traditional sEF
algorithms. Similarly, SE-LSR gets outstanding performance
in most cases, mainly owing to its well robustness to noise.

This is coincided with that when the proposed SE strategies
as the pre-processing step of traditional sEF algorithms.

E. Experiments over Cuprite data set

Fig. 8: The classification maps in the 350×350 pixel AVIRIS
Cuprite data set produced by the USGS Tricorder algorithm.

Fig. 9: Qualitative comparison of fractional abundance maps
inversed by found endmembers pre-processed by SE strategies
and comparison algorithms in the 350 × 350 pixel AVIRIS
Cuprite data set.

The experimental results of unmixing on the original
AVIRIS Cuprite data set and the revised images by the
proposed SE algorithms as both pre-processing and post-
processing steps are listed in Table IV. Two well-known sEF
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(a) Alunite (b) Buddingtonite

(c) Montmorillonite (d) Muscovite

Fig. 7: Comparison of the USGS library spectra with the corresponding signatures found in Cuprite data set by different spatial
pre-processing algorithms, taking (a) Alunite, (b) Buddingtonite, (c) Montmorillonite, (d) Muscovite as an example.

TABLE IV: Average SAD scores (in degrees) and average pixel-reconstruction error (ReconEr) obtained after comparing the
original AVIRIS Cuprite data set with a reconstructed version of the same image by the pre-processing and post-processing
SE strategies. Note that the best results of specific spectra and sEF algorithm are in bolded.

Algorithms Alunite Buddingtonite Kaolinite Montmorillonite Muscovite Jarosite Andradite Dumortierite Average SAD ReconEr

NFINDR

ORI 4.616 3.864 5.851 3.869 5.934 9.687 9.500 5.997 6.165 61.856
SPP 5.827 5.107 6.724 4.478 5.707 10.682 10.286 4.356 6.646 61.754
RBSPP 3.931 5.949 5.851 3.200 6.003 10.289 12.778 4.475 6.560 60.037
SSPP 5.530 3.864 6.977 3.094 4.594 10.573 9.443 8.849 6.115 59.417
RCSPP 3.443 6.231 7.029 3.401 5.524 11.078 8.887 5.200 6.349 53.385
SE-LLR§ 4.153 5.636 5.379 4.361 6.111 9.979 10.378 5.466 6.507 45.559
SE-LSR§ 3.433 4.728 5.087 4.079 6.113 9.689 9.441 6.951 6.190 52.652
SE-SVD§ 4.270 3.872 5.860 4.025 6.091 9.685 8.235 5.825 5.983 58.041
SE-LLR† 4.641 4.115 5.881 3.694 5.930 9.979 9.539 5.947 6.216 61.115
SE-LSR† 4.612 3.871 5.875 3.822 5.940 9.689 9.498 5.976 6.160 61.057
SE-SVD† 4.700 3.869 5.858 3.831 5.939 9.702 9.496 5.984 6.172 61.521

VCA

ORI 3.906 4.852 8.568 3.945 5.970 9.583 6.274 5.516 6.077 51.729
SPP 4.214 7.312 6.768 6.536 6.157 10.648 8.831 4.908 6.922 51.203
RBSPP 4.246 5.515 5.844 3.240 6.079 10.448 9.504 4.444 6.165 43.925
SSPP 6.431 4.627 7.510 3.088 4.594 10.576 9.450 3.991 6.283 57.060
RCSPP 7.201 6.438 7.561 3.352 5.692 11.140 8.885 5.313 6.948 45.992
SE-LLR§ 5.958 6.565 6.815 3.466 6.181 9.544 10.901 4.248 6.710 39.930
SE-LSR§ 7.204 8.040 8.274 3.938 5.490 9.698 8.113 4.946 6.963 45.216
SE-SVD§ 7.433 4.036 8.567 4.068 6.020 9.650 8.144 4.204 6.515 38.777
SE-LLR† 3.868 4.720 8.549 3.973 6.017 9.601 6.282 5.482 6.061 52.977
SE-LSR† 7.874 7.392 7.074 3.955 5.364 9.591 8.145 4.269 6.708 40.212
SE-SVD† 7.884 7.444 7.078 4.262 5.455 9.625 8.151 4.269 6.771 39.617

SPEE 5.356 7.863 6.679 5.415 6.075 7.200 4.147 4.666 5.925 58.364

§ implemented as the pre-processing step.
‡ implemented as the post-processing step.
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Fig. 10: Qualitative comparison of fractional abundance maps
inversed by endmembers post-processed by SE strategies in
the 350× 350 pixel AVIRIS Cuprite data set.

algorithms (N-FINDR and VCA) and a typical spatial-spectral-
based EF algorithm (SPEE) are adopted in this experiment.
For reference, the mean SAD values across all eight US-
GS signatures are also reported. It is observed that better
spectral approximations can be obtained for certain minerals
by the proposed SEs, mainly due to the alleviated influence
of spectral variation and noise in pixels. Specifically, pre-
processing SE-LLR tends to estimate individual mineral spec-
tra more accurately, while SE-SVD performs well in reducing
reconstruction error. Meanwhile, the SSPP and SPEE could
also extract more similar endmembers to the truth spectra.
While for the mean pixel-reconstruction error, SE-SVD clearly
outperforms all the other well-known spatial pre-processing
algorithms all the time. Fig. 7 further shows the spectral curves
for four groups of endmember signatures estimated by several
spatial pre-processing algorithms. Obviously, SE-LLR and SE-
SVD are able to fit the spectral curve well in most times, which
not give rise to an excessive smoothness that would lead to
the loss of physical meaning towards found endmembers.

In order to further evaluate the performance of unmixing,
visual results are utilized for qualitative assessment. Fig. 8
shows the corresponding ground-truth classification maps pro-
duced by Tricorder software. Based on the endmembers found
by VCA algorithm, the fractional abundance maps of four
main materials pre-processed by SE strategies and comparison
algorithms are shown in Fig. 9. It can be found that the
estimated abundance maps by the proposed pre-processing
SE strategies are more similar to the distribution of the
four materials in the classification maps. In addition, Fig. 10
illustrates the fractional abundance maps obtained by SE post-
processing strategies, which are in good accordance with the
real endmember abundances.

F. Experiments over Urban HYDICE data set

Due to the lack of real-world spectra information as a
prior, we only utilized visual results of abundance maps for
qualitative assessment in this experiment. The corresponding

Fig. 11: Referenced fractional abundance maps of the four
reference spectral signatures (Asphalt, Grass, Roof, Tree) in
the urban HYDICE hyperspectral data set.

Fig. 12: Qualitative comparison between the fractional abun-
dance maps estimated from the revised urban data set pre-
processed by SE strategies and comparison algorithms.

ground-truth classification maps is shown in Fig. 11. Here we
just adopt four distinct targets of interest, including asphalt,
grass, roof, and tree. In these images, the brightness of a pixel
denotes the abundance of the endmember under consideration
while all endmembers found by VCA algorithm. In addition,
in Figs. 12, the comparison between the estimated abundance
maps by different pre-processing algorithms is presented. It
can be observed that each algorithm can obtain a reasonable
abundance of most materials. Moreover, compared with other
methods, the abundance maps produced by the proposed SE
algorithms show better consistency. Meanwhile, the fractional
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TABLE V: Pre-processing times analysis (in seconds) over both synthetic and real data sets when N-FINDR algorithm is
selected for sEF.

Algorithm Synthetic data set Cuprite data set urban HYDICE data set
Pre-processing EF time AE time Total time Pre-processing EF time AE time Total time Pre-processing EF time AE time Total time

NFINDR

ORI - 3.944 73772 73776 - 36.536 139.581 176.117 - 6.566 18.058 24.624
SPP 0.295 3.963 10834 10838 55.660 44.542 146.211 246.413 35.109 7.446 24.319 66.874
RBSPP 0.909 4.100 9735 9740 1.694 2.824 84.292 88.81 1.649 1.913 29.086 32.648
SSPP 1.383 3.654 14269 14274 7.063 2.969 14.887 24.919 6.406 6.079 25.604 38.089
RCSPP 7.856 0.681 2156 2165 4.506 0.266 165.473 170.245 3.880 0.570 19.744 24.194
SE-LLR 20.816 3.648 886 910 48.978 46.031 128.88 223.889 78.412 6.505 18.272 103.189
SE-LSR 95.776 3.650 16378 16477 2372.500 41.259 158.481 2572.24 671.276 6.292 18.219 695.787
SE-SVD 222.890 3.666 4145 4372 508.859 27.665 136.648 673.172 356.541 6.187 18.032 380.76

Fig. 13: Qualitative comparison between the fractional abun-
dance maps estimated from the revised urban data set post-
processed by our proposed SE-LLR, SE-LSR and SE-SVD.

abundance maps obtained by SE post-processing strategies,
shown in Fig. 13, illustrate a high degree of similarity with the
reference abundances. Furthermore, the proposed SE strategies
led to a much better representation of the grass and roof
endmembers when compared to the competing algorithms.

G. Computational complexity

The computation times of different algorithms over both
synthetic and real-world images are reported in Table V. In this
experiment, N-FINDR algorithm is selected. The quantities
are measured with Inter Core i7-6700 CPU at 3400GHz with
12 GB of RAM using MATLAB R2016a on Windows 10
platform. In the synthetic experiments, though pre-processing
SE strategies (especially LLR) take more preprocessing time
than SPPs, the total computation time including AE process is
almost least. This may be because endmembers preprocessed
by proposed SE strategies are more closely to ground-truth
spectra than other preprocessing methods so that the advantage
of calculation in AE step is obvious. Due to the sparse
solution of LSR, it needs more time to find endmembers
in some scenarios. However, it has a noticeable efficiency
in improvement of unmixing accuracy. As for real data set
experiments, the computational preprocessing time of Cuprite
is greater than urban HYDICE since the spatial context of
Cuprite data set is much more complex than urban. Moreover,
the number of pixels in Cuprite image is larger than urban

data set which leads to more time being spent on identifying
spatially homogenous pixels. While comparing with the SPP
under similar principle, it is found that the pre-processing
SE-LLR algorithm takes up the same order of magnitude
of running time, which also proves the effectiveness of our
proposed SE algorithms. On the other hand, RBSPP and
RCSPP significantly reduce the extremely high complexity
mainly due to the simplification refine of original image pixels
to a subset for subsequent processing.

TABLE VI: The comparative results of our proposed SE
algorithms over spectral variation.

Original Pre-processing+VCA VCA+Post-processing
SPEE VCA SE-LLR SE-LSR SE-SVD SE-LLR SE-LSR SE-SVD

SAD 0.346 0.275 0.277 0.274 0.275 0.560 0.578 0.276
RMSE 0.002 0.273 0.248 0.210 0.002 0.272 0.272 0.272

H. Experiments over spectral variation

In order to further verify that the proposed algorithm can
mitigate the effects of spectral variation, a supplementary
experiment is conducted. A 100× 100 synthetic hyperspectral
image used in [35] is adopted in this experiment. In the
simulation of this synthetic image, 10 dB Gaussian noises are
added to each row of pixels to account for spectral variation
within the global area, and additional 50 dB Gaussian noises
are added to the pixels inside a block to simulate spectral
variation within a local area. We combined the proposed pre-
processing and post-processing SE algorithms with traditional
spectral-based VCA algorithm to evaluate the performance of
alleviating spectral variation.

The detailed comparative results of the proposed SE algo-
rithms against SPEE and VCA are shown in Table VI. As
observed from Table VI, the lowest value of RMSE (shown
as coarsening) is achieved by both SPEE and pre-processing
SE-SVD. In terms of the SAD, endmembers pre-processed
by SE-LSR is more similar to their ground-truth signatures.
In general, the proposed SE algorithms could alleviate spectral
variation of larger areas, which makes it more effective to find
endmembers for SMU. Moreover, pre-processing SE strategies
are more effective on eliminating spectral variation than post-
processing in most times. This is because only the spatial
context of several selected endmembers are considered in post-
processing SE strategies, rather than all the spatial context of
all the pixels in pre-processing SE strategies.
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TABLE VII: Summary of three proposed SE strategies.

SE-LLR SE-LSR SE-SVD
Exploited SN pixels all pixels pixels within homogeneous area pixels related to greater singular vectors
Solution of weighting factor least square method L1 Homotopy method (sparse) singular value decomposition
Range of application homogeneous areas homogeneous and heterogeneous areas homogeneous and heterogeneous areas
Extra parameter none regularization parameter λ threshold T
Running time short longer long

IV. CONCLUSION

In this paper, we developed several novel SE strategies
which can be utilized as either a pre-processing step or post-
processing step for the traditional sEF algorithms. Specifically,
three pre-processing SE algorithms based on Local Linear
Representation (LLR), Local Sparse Representation (LSR),
and Singular Value Decomposition (SVD) are designed, in
which each pixel in a hyperspectral image is modified by
exploiting its spatial context. Meanwhile, the proposed spatial-
spectral SE strategies can be combined (as a separate module)
with any sEF algorithm. A systematical summary of our pro-
posed SE strategies is shown in Table VII. Generally, SE-LSR
is better than SE-LLR, especially for the mixing neighborhood
consisting of pixels from different classes. This is because
only pixels from homogeneous class will help to alleviate
spectral variation in SE-LSR while pixels from inhomoge-
neous classes in a neighborhood may over-smooth centering
pixels in SE-LLR. As for SE-SVD, if the threshold is properly
settled, its performance will be better than SE-LSR and SE-
LLR since spectral variation is alleviated in feature domain.
Experiments over both simulated and real hyperspectral data
have demonstrated that the proposed SE strategies can clearly
improve the performance of sEF algorithms by alleviating
local spectral variation using spatial context of pixels, as a pre-
processing step or post-processing step. Moreover, anomalous
endmembers can be reserved by simply turning off such SE
strategy if the pixel is over-smoothed.

In future, we will work toward the automatic identification
of anomalous endmembers and integrate this step in SE strate-
gies rather than distinguish all pixels separately. Another direc-
tion of efforts is to design endmember identification algorithms
to reliably distinguish outliers from anomalous endmembers,
so as to retain anomalous endmembers and remove outliers in
order to substantiate its potential to improve spectral unmixing
techniques. Meanwhile, recent Mixture proportion estimation
(MPE) based works [55], [56] also offer a possible solution
to enhance the accuracy of estimated fractional abundances.
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