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Abstract—With the increasing interest in the south polar region
of the Moon, there is an urgent need for high-resolution mapping
products to support future exploration. Bundle block adjustment
(BBA) is able to improve the spatial positioning accuracy of im-
ages used to generate high-precision mapping products. However,
the impacts of weak-convergence geometry and poor illumination
conditions in lunar south pole on BBA still need to be solved. This
article proposes a large-scale robust BBA method for narrow angle
camera (NAC) images in south pole. The NAC images are taken
from the Lunar Reconnaissance Orbiter, which are scanner-type
images requiring special treatment beyond the classical BBA of
framing camera images. To handle the weak-convergence geome-
try issue of stereo NAC imagery, a topographic constraint using
reference digital elevation model is integrated into BBA with an
appropriate weighting scheme to estimate local topographic relief.
In addition, a two-stage outlier elimination strategy for BBA with
absolute-relative thresholding and iteratively reweighting methods
is presented to reject outliers caused by the poor illumination
conditions in lunar south pole. Thousands of images are used
for experimental tests and lunar orbiter laser altimeter digital
elevation models (DEMs) with different resolutions are used as
reference data. The satisfactory experimental results demonstrate
the effectiveness and reliability of our BBA method. The proposed
large-scale BBA method reduces the relative positioning errors
in block network to within 1 m, and decreases the inconsistency
between NAC images caused by the orientation errors to less than
0.5 pixel, which offers a reliable solution for large-scale controlled
mapping.

Index Terms—Large-scale bundle block adjustment (BBA),
lunar south pole, outlier elimination, topographic constraint, weak
convergence.
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I. INTRODUCTION

DUE to the abundant resources and unique environmental
characteristics of lunar south pole, many countries plan

to carry out exploration missions, including in-situ science and
resource exploration plan of CHANG’E-7 from China [1], the
Lunar Polar Exploration mission from India and Japan [2], the
Artemis program from United States [3] and the International
Lunar Research Station program at the south pole of the Moon
[4]. Therefore, it is essential to construct valuable digital el-
evation models (DEMs) and digital orthophoto maps of lunar
south pole to support these exploration missions. However, the
measurement errors in spacecraft positions and attitudes give
rise to distortions in image mosaic and DEM elevation when
constructing large-scale lunar south polar mapping products [5],
[6]. In order to diminish these errors, bundle block adjustment
(BBA) is necessarily conducted to achieve consistent geometric
accuracy of images in the block network. The adjustment solu-
tion will be used to correct the navigation data of the involved
images, which is an important requirement for the production of
gridded digital terrain models (DTMs) and orthoimage mosaics.

Lunar Reconnaissance Orbiter (LRO) carries two narrow
angle cameras (NACs, NACL, and NACR) that are capable
of providing meter-scale panchromatic images over a 5 km
swath from the 50 km orbit. Each camera is equipped with a
700-mm focal-length telescope featuring a 5000-pixel charge
coupled device (CCD) line-array, which provides an IFOV of
10μrad and a cross-track field-of-view of 2.85° [7]. NAC images
have been applied in landing site selection, small-scale safety
assessment for potential landing sites, and safe guidance and
trajectory analysis of landers [8]. Due to varying errors of LRO
orbit and attitude measurements, geographical positioning errors
will lead to the inconsistency between the calculated position of
ground point and actual position corresponding to images [9].
The Lunar Reconnaissance Orbiter Camera (LROC) operations
team corrected these geometric errors using the temperature
correction on C-matrix kernels [10]. However, south polar im-
ages still have offsets up to ∼100 m from their actual positions
because of residual errors in C-kernels that had been used [6]. In
addition, the unique design of LROC NACs brings difficulties
to the BBA of images in lunar south pole. Since off-nadir
slewing disrupts nadir measurements by other instruments on
the spacecraft, the NACs are typically of nadir direction. This

© 2023 The Authors. This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License. For more information, see
https://creativecommons.org/licenses/by-nc-nd/4.0/

https://orcid.org/0009-0009-6806-7117
https://orcid.org/0000-0002-7178-9817
https://orcid.org/0000-0001-5571-7808
https://orcid.org/0009-0000-0136-8470
https://orcid.org/0000-0002-4491-6059
https://orcid.org/0009-0008-8696-6207
https://orcid.org/0000-0003-3272-7848
https://orcid.org/0000-0002-1045-3797
mailto:1911213@tongji.edu.cn
mailto:89_yezhen@tongji.edu.cn
mailto:yusheng_xu@tongji.edu.cn
mailto:liudy@tongji.edu.cn
mailto:rong_huang@tongji.edu.cn
mailto:zmy_tj@tongji.edu.cn
mailto:huanxie@tongji.edu.cn
mailto:xhtong@tongji.edu.cn


2732 IEEE JOURNAL OF SELECTED TOPICS IN APPLIED EARTH OBSERVATIONS AND REMOTE SENSING, VOL. 17, 2024

leads to weak-convergence geometry of NAC images, which
refers to the conditions when convergence angles are less than
10° [9]. Large-scale BBA of these NAC images is subjected to
the elevation error caused by weak convergence geometry [11].
This elevation error will be more pronounced in lunar south
pole, considering the south polar region characterizes a much
more rugged terrain. On the other hand, low-quality matching
results were often caused by weak image correspondence due to
illumination changes, especially the complicated illumination
conditions of lunar south pole make the results worse. In this
case, the convergence of BBA iteration cannot be guaranteed
due to the low-quality image matching.

Regarding to the existing large-scale products in lunar south
pole, there are still some problems that need to be further
considered in BBA. Wagner et al. [12] generated a polar mosaic
covering from 85.5° to the south pole, but clear stitching lines
exist in the mosaic. Afterward, they tried their efforts to use
the JIGSAW application in integrated software for imagers and
spectrometers (ISIS) to conduct a BBA routine on LROC NAC
polar images, whereas the BBA results were not well-controlled
and not extended to the entire polar dataset with available re-
sources [6]. Therefore, a brute-force automated control method
was adopted to align images in 2-D map space [6]. The U.S.
Geological Survey Center created a near-global lunar control
network using the Kaguya terrain camera (TC) morning stereo-
scopic and monoscopic datasets. Bundle adjustment was per-
formed using the ISIS JIGSAW application when the shaded
version of the LRO Lunar Orbiter Laser Altimeter (LOLA)
DEM was used to create control networks [13]. The resolution
of mosaic product is 10m/pixel. Meanwhile, they are trying to
create geodetically controlled 1 m/pixel lunar south polar cap
mosaics with LROC NAC images, poleward from 85° latitude.
The BBA was performed with a constraint of LOLA track data
[14]. In their work, a NASA Ames application [15] was used to
match illuminated LOLA track data to images in order to provide
absolute constraints, but the performance of the coregistration
is limited by poor quality of the simulated images because of
the large sampling interval of the laser altimeter [16]. Moreover,
when LOLA points are used as an absolute constraint in BBA,
the distribution and quality of the laser points will directly affect
the accuracy of the BBA results [17], [18].

Aiming at solving the instability and uncertainty of BBA so-
lutions caused by weak-convergence geometry and low-quality
matching, a large-scale robust BBA method for images with
weak-convergence geometry is presented in this article. Com-
pared with previous studies, the following components are in-
tegrated into BBA processing. First, a topographic constraint
method is developed that aims to deal with the weak convergence
condition of LROC NACs in south pole. An appropriate weight-
ing scheme is introduced in the topographic constraint to weaken
the influence of prior elevation error. Second, to handle the mis-
match problem caused by weak texture information of images
in south polar region, a two-stage outlier elimination strategy
using absolute-relative thresholding and iteratively reweighting
method (ARW) is proposed, which is stable even for block
network with a lot of outliers caused by poor illumination.
The proposed BBA method is performed on thousands of NAC

images, and the overall geometric refinement of NAC images
is achieved, which is of great significance for enhancing the
geometric accuracy of orthomaps and DEMs generated from
NAC images.

The rest of this article is organized as follows. Section II
reviews the recent developments on BBA of orbiter imagery.
Section III describes the proposed large-scale BBA method.
Section IV presents a systematic experimental evaluation of the
proposed method using LROC NAC images covering the south
polar regions. Section V further analyzes the robustness and
limitation of the proposed method. Finally, Section VI concludes
this article.

II. RELATED WORKS

This study focuses on large-scale BBA of orbiter images with
weak-convergence geometry and poor imaging quality in lunar
south pole. The existing works on BBA of planetary orbiter
images and processing methods dealing with the issues of weak
geometry and outliers in BBA will be briefly reviewed in this
section.

A. BBA of Planetary Orbiter Images

When a stereo mapping camera is carried on the orbiter, such
as the three-line-array camera of the Chang′e-1 (CE-1) [19],
the TDI-CCD stereo camera of the Chang′e-2 (CE-2) [20], and
the high-resolution stereo camera of Mars Express [21], the
images captured by these cameras can usually be directly ad-
justed through BBA using their stereo geometric conditions. The
main limitations lie in the selection of images with appropriate
illumination conditions (e.g., incidence angles and phase angles)
[22], the lack of control points [23], and the different stereo
geometric configurations of images [24], [25]. For planetary
remote sensing imagery, most matching algorithms fail when
the images have large differences in illumination and subtle
textures. Some studies focused on dealing with these problems
and achieved good results [26], [27]. The LROC NAC images
have been used to generate featured NAC mosaics [28] and
DTM products [29] by the LROC team. Since the LROC NAC
were designed not for stereo observation, these products were
produced by stereo images at limited coverage areas.

Several researchers have studied the BBA method of LROC
NAC images. Li et al. [30] presented a BBA method to improve
the accuracy of the EO parameters of NAC stereo images. The
polynomial function with scanning time was used to model the
EO parameters, and the polynomial coefficients were adjusted
iteratively in the BBA. The residual errors have been reduced
from dozens of pixels to a subpixel level after performing BBA.
Li et al. [31] first performed a boresight calibration between
the two NAC cameras, and then, developed a LOLA integrated
bundle adjustment combining the LOLA data, tie points (TPs),
and six EO parameters. The experimental results show that the
positioning accuracy of topographic maps can be significantly
improved. Although the tilt angle between NAC-L and NAC-R is
small, the two cameras do not share the same lens and, thus, can-
not be modeled with a single rigorous camera model. Therefore,
both the deviation between two NACs and the deviation between
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the camera and orbiter should be corrected [29], [30], [32],
[33]. Lin [34] developed a rigorous photogrammetric processing
method for LROC NAC images, and separated the estimation of
boresight parameters from the traditional BBA. It was concluded
that the boresight parameters estimation may not be included
in the general BBA of image orientation parameters so as to
avoid incorrect solution as a result of the parameteric correlation
between the boresight parameters and EO parameters. Unlike the
separation of boresight parameters estimation and traditional
BBA in [34], Hu and Wu [35] proposed a single combined
free-network block adjustment for all four images, which is able
to decrease the gaps and inconsistencies caused by the inaccurate
boresight offsets between the two NAC cameras and the irregular
overlapping regions. However, these methods primarily focus on
a small number of images in local areas.

At present, planetary mapping software such as the com-
mercial software SOCET SET [36], the ISIS system [37], and
Ames Stereo Pipeline has been adopted in LROC NAC images
processing and DEMs generation [38], [39]. In the ISIS JIGSAW
application, the position and pointing of LRO NACs could be
calculated separately or simultaneously, and the 3-D positions
(latitude, longitude, and radius) of all ground points could also be
determined. Through weighting on the adjustment parameters,
these parameters can be fixed, allowed to be adjusted freely,
or constrained by a priori accuracy information [40]. However,
the performance of ISIS JIGSAW application is not satisfactory
when the TPs contain severe outliers. In addition, SOCET SET
produced a general pushbroom sensor model, which can be
applied to connect the image space with the object space. The
parameters, such as position, speed, and pointing angle, are
adjusted to minimize the root mean square (RMS) of residuals
between all ground points and TPs by multisensor triangulation
[41]. A team from DLR (German Aerospace Center) and TUB
(Technical University Berlin) developed a stereo photogram-
metric system to process LROC NAC images and to produce
2 m-resolution DEMs of the Apollo 17 landing site [32], [42],
and the lunar south pole area for the European Space Agency’s
(ESA) lunar landing missions [43].

B. BBA of Weak-Convergence Images

As previously mentioned, the existing lunar mapping re-
search works are typically based on a limited number of well-
conditioned stereo images through photogrammetric process-
ing. However, the weak convergence geometry of images is
inevitable in large-scale BBA. In order to solve this problem,
the existing control source, such as DEM, is considered to be
added to the BBA properly. The DEM is directly used as an
elevational reference [44], [45], [46]. Cheng et al. [47] took
the elevation value extracted from the DEM as the observed
value with errors, and then, built BBA model combined with
the measured image coordinates. In addition, Zhou et al. [48]
and Zhang et al. [49] conducted similar studies. Briskin et al.
[50] added the constraint of DEM as an additional term to the
BBA cost function. The terrain surface is expressed using a
second-order function. Cao et al. [51] took the DEM as constraint
on the object space coordinates of TPs. However, all these

DEM-aided BBA methods are typically used in Earth orbiter
optical images, and few examinations have been conducted to
analyze the effectiveness of the BBA of planetary orbiter optical
images. The difference between DEM-aided BBA of Earth and
planetary images mainly lies in that there are rare ground control
points on the planetary surface, so more attention needs to be
paid to the weighting strategy of BBA parameters.

C. Outlier Elimination Method Within BBA

The number of TPs obtained by automatic matching is enor-
mous when involving massive images, while there inevitably
exist a large number of mismatching TPs regarded as outliers.
This issue will directly lead to the deformation of the block
network and decrease the reliability of BBA results. Therefore,
a robust outlier detection and elimination method is essential.

The outlier elimination methods typically rely on setting a
certain threshold value. The statistical values of reprojection
residuals are usually used as the relative threshold values, which
are determined based on the difference between the measured
and calculated image coordinates. For example, Li et al. [52]
calculated the residual of each TP during each iteration in
the BBA of the HIRIC image in Tianwen-1 landing site. The
residuals whose values exceed three times the mean square error
(MSE) are considered outliers. Some studies take the TPs with
residuals over three times the rms as outliers [53].

In addition, adding a loss function in the objective function
of BBA was adopted to reduce the influence of outliers on the
solution of nonlinear least squares problems [54]. But strong
nonlinearity has been introduced into the objective function
by robustification works, which should be considered in the
optimization routine of bundle adjustment. In addition, itera-
tively reweighting is another method of eliminating outliers in
observation values by changing the weight of the observation
values appropriately [55].

For large-scale block networks, suitable strategies were still
needed for detecting and eliminating outliers. Some studies
have combined multiple methods to eliminate mismatches, such
as the multistage outlier elimination strategy, including outlier
detection and outlier rejection [56]. These methods have been
well applied to Earth satellite images [57]. However, there are
few research works focusing on the robustness of BBA methods
for lunar orbiter images, especially when numerous outliers
exist in the dataset of south pole environment. In this article,
a two-stage outlier elimination strategy in BBA is developed
by combining absolute thresholding, relative thresholding, and
iteratively reweighting method to reject outliers caused by the
poor illumination conditions in lunar south pole.

III. METHODOLOGY

This article proposes a large-scale robust BBA method for
LRO NAC images in lunar south pole based on the topographic
constraint. The overall workflow of the proposed BBA method is
shown in Fig. 1, which includes the establishment of the imaging
model, construction of the BBA model with topographic con-
straint, and outlier elimination. The input of the BBA method
is a number of NAC images, which are preprocessed from the
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Fig. 1. Overall workflow of the proposed BBA method of weak-convergence
NAC images.

original experiment data record using ISIS software [58]. This
process eliminates the noise in the NAC images and enhances
the images with the initial EO parameters extracted from the
SPICE kernel.

The basic model of large-scale BBA for NAC images is
established using the observation equation of TPs based on the
collinearity equation and the pseudo-observation equation of EO
parameters. The following characteristics are included in the
proposed method of large-scale BBA processing. To solve the
weak-convergence problem, a topographic constraint equation
with an appropriate weighting scheme is assisted in the basic
BBA model. Considering the influence of prior errors of the
reference DEM, the weight of elevation correction value is set
by estimating the prior error under different topographic relief.
Subsequently, to solve the low matching quality of images in
lunar south pole, a two-stage outlier elimination strategy is de-
veloped in BBA. The first stage is absolute-relative thresholding,
which rejects the outliers by a certain threshold, and the second
stage is iteratively reweighting, which reweights residuals based
on the results of the previous BBA iteration.

A. Basic Model of Large-Scale BBA Method

The basic function model of BBA is the linearized form of
collinearity equation, which specifies the perspective center of
camera, the image measurement point, and its corresponding
ground point lie on the same observation ray. The relationship
between 3-D ground points and the corresponding image points

is represented by the following:⎡
⎣X −XS

Y − Ys

Z − Zs

⎤
⎦ = λRJ2000

MOON_FIXEDR
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J2000 R
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where [x, y, f ]T is the focal plane coordinate of image point,
[X,Y, Z]T is the ground point coordinate corresponding to
image point, [XS , YS , ZS ]

T is the coordinate of LRO in lunar
body fixed coordinate system,RNACLR

LRO_SC_BUS is the rotation matrix
from NAC camera coordinate system to LRO coordinate system,
RLRO_SC_BUS

J2000 is the rotation matrix from LRO coordinate system
to the J2000 coordinate system, RJ2000

MOON_FIXED is the rotation
matrix from the J2000 coordinate system to the lunar fixed
coordinate system, and λ is the scale factor.

For pushbroom cameras, each scanning line has a specific set
of EO parameters, which can be modeled using a polynomial
function with imaging time. Second-order polynomials model
is applied as the interpolation function for each EO parameter⎡
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Xij
S

Y ij
S

Zij
S

ϕij

ωij

κij

⎤
⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎢⎢⎢⎣

a0 a1 a2
b0 b1 b2
c0 c1 c2
d0 d1 d2
e0 e1 e2
f0 f1 f2

⎤
⎥⎥⎥⎥⎥⎥⎦

⎡
⎣ 1
t
t2

⎤
⎦ (2)

where t is the imaging time of the image measurements at (i, j),

a0, …,fn are the coefficients, [Xij
S , Y ij

S , Zij
S ]

T
is the LRO posi-

tion at time t, [ϕij , ωij , κij ]
T is the LROC NACs rotation angle

at time t, ϕ is right ascension angles, ω is declination angles,
and κ is the angle of camera rotation around the boresight.

In this article, all TPs, ground points, and EO parameters of
images are treated as weighted observation values. In particular,
the basic error equations of our BBA model include the following
three parts:

V1 = AX1 − L1, P1

V2 = BX2 − L2, P2

V3 = C1 X1 + C2X2 + C3X3 − L3, P3 (3)

where V1 and V2 are the pseudo-observation equations for the
position and attitude angles of the orbiter, which are added to
appropriately enhance the stability of parameter adjustment,
so that the corrected parameters do not excessively deviate
from the initial value after adjustment, V3 is the observation
equation of the TPs, the coefficient matrix A, B, and Ci (i =
1, 2, 3) contains partial derivatives with respect to the unknown
parameters, X1, X2, X3 are the vector of the orbiter position,
the polynomial coefficient of the orbiter attitude angle, and the
vector of the unknown ground coordinate of the TPs, L1, L2

are the observation vectors of the corresponding EO polynomial
parameters, L3 is the observation vector of the TPs, and Pi (i =
1, 2, 3) are the weight values of equations.
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The high-resolution linear array CCD sensor has the charac-
teristics of high flight altitude, narrow imaging beam, and close
to parallel projection. As a result, there typically exists a high
correlation between the position and attitude parameters, which
will lead to the divergence or instability of the solution of BBA
equation. In order to deal with these correlations, the weighting
strategy of these parameters must be carefully considered. The
weights of the position and attitude parameters can be calculated
using the prior accuracy of the position and attitude data as

P1 =
1

σ2
pos

P2 =
1

σ2
ang

P3 =
1

σ2
TPs

∗W (4)

where σpos and σang are the prior accuracy of position and
pointing for LROC NACs, which can be set at 1 m and 0.01°.
σTPs is the prior matching accuracy of TPs,W denotes the weight
determined by the iteratively weighting method, which will be
described in Section III-C.

B. Topographic Constraint Based on Reference DEM for
Weak-Convergence Images

Most of NAC images suffer from the problem of weak con-
vergence geometry due to the specific design of the LROC,
which makes the elevation calculation unstable and reduces
the overall accuracy of BBA in lunar south pole. To solve this
problem, a topographic constraint based on reference DEM is
introduced to ensure stable estimation of the BBA parameters.
The complete mathematical expression of the spatial surface
equation corresponding to the DEM is difficult to obtain, and
is generally approximated using local fitting. In this article,
assuming the expression function of DEM is represented with
two variables as follows:

z = f (x, y) (5)

where z is the elevation of DEM, and (x, y) are the horizontal
coordinates, f(x, y) correspond to the expression of DEM at
(x, y).

The difference between the DEM and the 3-D points corre-
sponding to the TPs can be minimized as follows:

arg min ‖hTPs − fTPs (lat, lon) ‖2. (6)

wherehTPs is the elevation of TPs, and (lat, lon) are the horizontal
coordinates of TPs, fTPs(lat, lon) correspond to the expression
of DEM at latitude and longitude of TPs. The error equation is
derived as follows:

v =
∂f (lat, lon)

∂lat
Δlat +

∂f (lat, lon)
∂lon

Δlon

−Δh− (h0 − f (lat0, lon0)) , P4 (7)

where ∂f(lat,lon)
∂lat and ∂f(lat,lon)

∂lon are the slope of DEM in the north–
south and east–west directions, hDEM(lat0, lon0) is the elevation
of the DEM at (lat0, lon0), (lat0, lon0, h0) is the coordinate

of 3-D point, (Δlat, Δlon, Δh) is the correction of 3-D point
coordinate. The slope of DEM is, then, calculated pixel-by-pixel
with a 3 × 3 sample grid based on Horn’s algorithm [59].

Finally, the topographic constraint error equation V4 based on
the (7) can be expressed as follows:

V4 = DX3 − L4, P4 (8)

where the coefficient matrix D contains partial derivatives with
respect to the unknown parameters, X3 is the vector of the
unknown ground coordinate of TPs, L4 is the coordinate of 3-D
point, and P4 is the weight value of the topographic constraint
error equation.

An appropriate weighting scheme is essential to a successful
BBA solution. If there is a large prior geographic reference error
in DEM, it may lead to an obvious error in the initial altitude of
TPs in the area with large topographic relief. The influence of
the prior elevation error under different topographic relief can be
weakened through reducing the weight of elevation correction
in BBA. The weight is determined based on the slope, which is
manifested as the larger the local terrain undulation (slope) in the
DEM, the smaller the weight. In this article, in order to weaken
the influence of prior error of reference DEM, the weight of
elevation correction value is set by estimating the prior error of
different topographic relief. The mean value Dh of local terrain
is calculated as follows:

Dh =

∑n
i=1 H

P
i

n
, P ∈ 11× 11 grid (9)

where HP
i is the elevation of the ith grid from the reference

DEM. Standard deviation σh of local terrain is then calculated
with Dh as follows:

σh =

√∑n
i=1 (H

P
i −Dh)

2

n
. (10)

For the complicated topography in lunar polar region, espe-
cially in the steep slopes and craters, the fitting or interpola-
tion accuracy of elevation varies frequently when constructing
DEMs, whereas the changes in lunar mare are relatively gentle.
Therefore, the greater the topographic relief, the lower the
elevation reliability. The weight P4 of elevation correction value
considering the topographic relief information is set as follows:

P4 =
1

σh
. (11)

According to (7), the error equation term for a single 3-D
ground point is denoted as vi. The gradient of this term is given
by (∂vi

∂lat ,
∂vi

∂lon ,
∂vi

∂h )1×3
that relates to a 3-D ground point. The

optimization of the BBA is based on the Schur complement trick
and Cholesky factorization [60].

C. Two-Stage Outliers Elimination Strategy of TPs

Large-scale block network in BBA often contains a large
number of outliers due to weak image correspondence caused
by illumination changes, especially for images in lunar south
pole with varying illumination conditions. This will seriously
decrease the performance of BBA. A threshold of the repro-
jection residual values can be set based on prior knowledge
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Fig. 2. Proposed two-stage outlier elimination strategy.

to find and remove outliers. However, the large-scale block
network involves a large number of image TPs, and the TPs
corresponding to the same ground point may exist on multiple
images. The iteratively reweighting method can reweight the
observation values based on the results of the previous iteration.
Therefore, a two-stage outlier elimination strategy combining
ARW method is proposed to eliminate the mismatching points
in the BBA, as shown in Fig. 2.

1) Absolute-Relative Thresholding: In each iteration of
BBA, if the residual of a TP exceeds a certain absolute threshold,
it will be rejected. For orbiter imagery captured from high
altitude, the residual vectors of the TPs without outliers on the
same image should have good consistency in terms of magnitude
and direction [61]. Therefore, three times rms calculated by all
pixels in a single scene image are used as the relative threshold to
detect the outliers. When the difference between the residual of
a TP and the mean value of residuals is greater than the relative
threshold, the TP is considered an outlier [58].

2) Iteratively Reweighting: The iteratively reweighting
method uses a slowly growing function instead of the quadratic
sum of the residuals to reduce the weight of gross error and
attenuate the effect on the BBA result. The remaining small-
scale outliers are eliminated through the iteratively reweighting
strategy in each iteration. The IGG weighting function [62] is
utilized, which is expressed as follows:

Wi =

⎧⎨
⎩
pi, |vi| ≤ k0
pi

k0

|vi| , k0 < |vi| ≤ k1
0, k1 < |vi|

(12)

where Wi is the weight of the measurements of the TPs, pi is
the obtained weight for the previous iteration, the initial weight
matrix p0 is the unit matrix, vi is the reprojection residual of the
TPs, and k0, k1 are endpoints of the intervals. Generally, take
k0 = 1.5σ and k1 = 2.5σ, σ is the root MSE of the residuals.

Fig. 3. Overview of the south pole area including the locations of the four
experimental areas and LROC NAC footprints of the four areas. (Different
colors of image footprints represent footprints of different images. To distinguish
footprints between Groups 1 and 2, set the colors to red and cyan, respectively.
The base map is the Moon LROC WAC global morphology mosaic provided by
NASA [65].)

IV. EXPERIMENTAL RESULTS AND ANALYSIS

A. Experimental Details

The images used in experiments were collected from LROC
NACs in lunar south pole. To make it easier to obtain high-quality
TPs, images with similar resolution and better illumination con-
ditions were selected to validate the performance of BBA pro-
cessing. Ground sampling distance ratio and delta solar azimuth
angle in [63] are used to select images with similar resolution
and illumination. The incidence angle is limited within 40°–90°,
not 40°–65° in [63], due to the complex illumination conditions
in lunar south pole. The other criteria used for finding image
candidates with better illumination conditions is calculated by
the percentage of illuminated area within the overlapping area of
the image pair. A feature matching algorithm for orbiter images
was applied to generate accurate TPs automatically [64].

This article sets up four experimental areas in lunar south pole,
and Fig. 3 shows an overview of the south pole area including
the locations of these experimental areas. The main information
of the used experimental data is listed in Table I. Two of the
experimental areas are the potential landing sites (connecting
ridge and Shackleton crater rim) for ESA Lunar Lander and
Artemis III of NASA. The connecting ridge includes 16 images
and 15 256 TPs, and the Shackleton Crater Rim includes 14
images and 10 253 TPs. There are no outliers in the TPs of these
two groups. The other two large experimental areas contain
thousands of images in lunar south pole. Laveran is a lunar
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TABLE I
MAIN INFORMATION OF LROC NAC IMAGES USED IN THE EXPERIMENTS

TABLE II
MAIN INFORMATION OF PARAMETERS SOLVED IN THE BBA

impact crater located on the lunar far side near the southern
pole, which is in the third experimental area. Boguslawsky was
selected as the primary landing site for the Russian Luna-Glob
mission, which is in the fourth experimental area. The Laveran
Area includes 1240 images and more than 296 000 TPs, and the
Boguslawsky area includes 2541 images and more than 453 000
TPs. There exist a considerable number of outliers in the TPs of
these two groups.

The statistical data are added in Table II to show the TPs con-
necting and the number of observations and unknown parameters
to be solved for in the BBA.

The reference DEM used for experiments with images of
Groups 1 and 2 is the improved 5 m LOLA DEM for south
pole landing sites [66], and the reference DEM used for Groups
3 and 4 is the 30 and 60 m LOLA DEM downloaded from the
NASA Planetary Data System.

A primary objective of the proposed large-scale BBA with
topographic constraint is to reduce the inconsistency induced
by errors in the initial EO parameters of the NAC images. To
demonstrate the effectiveness of the proposed method, a series
of experiments are conducted based on four groups of datasets.
The reprojection residuals, relative positioning errors, elevation
deviation and orthomaps are used to evaluate the performance
of BBA.

The reprojection residuals in image space are calculated by
the difference between the matched image coordinates and the
reprojected image coordinates. The relative positioning errors
are calculated by the difference of 3-D ground points intersected
by the TPs from different image pairs. In order to calculate
the relative positioning errors, the 3-D ground coordinates of
TPs should be first determined. According to the intersection
angle of TPs in the block network, the TPs are divided into two

Fig. 4. Illustration of manners to calculate 3-D ground coordinates. (a) Ray-
tracing estimation. (b) Triangulation.

types, i.e., weak intersection TPs (intersection angle < 10°) and
strong intersection TPs (intersection angle ≥ 10°). Regarding
these two types, various manners are adopted to calculate their
corresponding initial 3-D ground coordinates, as shown in Fig. 4.

The calculation manner for weak intersection TPs is using
the ray tracing method [67] that obtains two ground positions
on the existing DEM and calculates the midpoint of them.
Therefore, relative positioning errors of weak intersection TPs
can be calculated by the difference between two ground positions
obtained from ray tracing with DEM. The calculation manner
for the strong intersection TPs is using the triangulation method
[68] that the triangulated point is located in the middle of the
shortest line segment connecting two rays. There are multiple
observation rays for multiview TPs, so that two or more ground
positions will be calculated by the triangulation method. The
relative positioning errors of strong intersection TPs can finally
be calculated by the difference between these calculated ground
positions.

Meanwhile, the elevation deviation between the measured 3-
D points and DEM, the elevation deviation of DEMs conducted
from different stereo image pairs, and the deviation of orthomap
mosaic are calculated to analyze the absolute accuracy.

B. Overall Performance of the Proposed BBA Method

In this section, the proposed large-scale BBA method is tested
using the images in Groups 3 and 4. The performance of our BBA
method is quantitatively evaluated by the reprojection residuals
of TPs and the relative positioning errors of images. In addition,
the elevation deviation between the measured 3-D points and
reference LOLA DEM is calculated to demonstrate the absolute
elevation accuracy of the proposed BBA method. These results
before BBA are computed by the initial EO parameters of images
and initial ground coordinates of TPs, whereas the results after
large-scale BBA are computed by the adjusted EO parameters
of images and optimized ground coordinates of TPs.

The rms and maximum absolute (Max) value of the repro-
jection residuals are calculated in both directions. As shown in
Table III, the RMS of reprojection residuals before BBA in the
sample (cross-track) and line (along-track) directions are both
worse than 10 pixels. After performing our BBA method, it is
improved to less than 0.5 pixels in two directions. Moreover, the
Max value of reprojection residuals is reduced from hundreds
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TABLE III
STATISTICS OF REPROJECTION RESIDUALS FOR LARGE-SCALE BBA METHOD

TABLE IV
STATISTICS OF RELATIVE POSITIONING ERRORS FOR LARGE-SCALE BBA

METHOD

Fig. 5. Histogram of elevation deviation after performing BBA. (a) Results of
Group 3. (b) Results of Group 4.

of pixels to within 2 pixels. The RMS in cross-track direction is
slightly larger than that in along-track direction after our BBA.
The main reason is that elevation changes affect cross-track
(sample) reprojection more than along-track (line) due to the
intersection angles of TPs in cross-track are obviously larger
than those in along-track direction.

Table IV lists the relative positioning errors that are estimated
through the ray tracing method of weak intersection TPs in
Groups 3 and 4. The relative positioning errors reflect the consis-
tency between 3-D points corresponding to the TPs on different
image pairs. Before BBA, there exist obvious systematic relative
positioning errors in three directions. The relative positioning
errors are reduced to within 1 m in all three directions after
performing our BBA method. The total relative positioning
errors are less than 1.5 m.

The elevation deviation between the measured 3-D points
obtained after BBA and the LOLA DEM are calculated, and
the histogram of elevation deviation is shown in Fig. 5. After
performing our BBA method, the measured 3-D point should be
located on the surface of LOLA DEM. Therefore, the statistical
value of the elevation deviation should be relatively small.
The mean value and the rms of the elevation deviation are
–0.004 and 1.757 m, respectively, in Group 3. In Group 4, the
mean value and the rms of the relative elevation deviation are

TABLE V
STATISTICS OF REPROJECTION RESIDUALS FOR DIFFERENT BBA METHODS

0.011 and 4.606 m, respectively. The possible reason for the
larger rms value in Group 4 is the lower resolution of the LOLA
DEM.

C. Performance of Topographic Constraint With Reference
DEM

To demonstrate the effectiveness of topographic constraint
with reference LOLA DEM, the BBA methods without and with
the topographic constraint are conducted on images in Groups
1 and 2 for comparison. In addition to the evaluation metrics
mentioned in Section IV-B, profiles are drawn on the LOLA
DEM and photogrammetric DEMs. Photogrammetric DEMs are
generated from image pairs before and after BBA. Subsequently,
the elevation derived from the profiles indicates the absolute
positioning accuracy of the adjusted EO parameters in BBA.
Orthomaps are generated to illustrate the geometric differences
of the image pairs.

The reprojection residuals of TPs are exported, and the
detailed statistics are summarized in Table V. The rms and
Max value of the reprojection residuals are quite large before
BBA. After constructing the BBA method without the topo-
graphic constraint, the rms in sample direction is smaller than
in line direction due to the strong convergence geometry of
images. After constructing the BBA method with the topo-
graphic constraint, the rms of reprojection residuals is limited
to within 0.3 pixel in sample and line directions. Due to the
addition of topographic constraint, the rms in line direction of
the BBA with topographic constraint method is slightly larger
than that of the BBA method without the topographic con-
straint. In plane direction, the results of BBA with topographic
constraint method outperform the BBA method without the
constraint.

The relative positioning errors are calculated by triangulating
3-D points from the strong intersection TPs in Groups 1 and 2.
The statistical values of relative positioning errors are shown in
Table VI. Before BBA, obvious systematic errors can be found
in Z direction. After BBA without the constraint of DEM, the
relative positioning errors are reduced to about 1.5 m in all
three directions. After BBA with topographic constraint, the
relative positioning errors are reduced to less than 1 m in all
three directions.
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TABLE VI
STATISTICS OF RELATIVE POSITIONING ERRORS FOR DIFFERENT BBA

METHODS

Fig. 6. Histogram of Elevation Deviation. (a) Results of Group 1 after BBA
without topographic constraint. (b) Results of Group 2 after BBA without
topographic constraint. (c) Results of Group 1 after BBA with topographic
constraint. (d) Results of Group 2 after BBA with topographic constraint.

The elevation of 3-D points after BBA is compared with the
LOLA DEM in Groups 1 and 2. The histogram of elevation
deviation after BBA is shown in Fig. 6. After BBA without the
constraint of LOLA DEM, the mean value and the rms of the
elevation deviation are 8.400 and 44.642 m in Group 1, and are
4.244 m and 12.641 m in Group 2, as shown in Fig. 6(a) and
(b). The lack of DEM control in BBA results in large elevation
deviation. After BBA with the topographic constraint, the mean
value and the rms of the elevation deviation are –0.003 and 0.313
m in Group 1, as shown in Fig. 6(c). In Group 2, the mean value
and the rms of the elevation deviation are –0.003 and 0.461 m,
as shown in Fig. 6(d). The distribution of elevation deviation
follows a normal distribution with the aid of the topographic
constraint.

To further assess the performance, the elevation deviation
of different DEMs is displayed. DEMs with a resolution of 2
m/pixel were derived from the selected image pairs in Groups 1
and 2, as shown in Fig. 7(a) and (d), and the reference 5 m/pixel
LOLA DEM was used for comparison. The generated DEMs
and profiles drawn on DEMs are given in Fig. 7(b), (c), and
(e). The elevation of the profiles on DEMs generated before and

after BBA is shown in Fig. 8. The results of profile comparisons
reemphasize that the elevation values of DEMs generated from
the images after BBA are close to the elevation values of refer-
ence LOLA DEM. The local areas are enlarged and displayed
in Fig. 8(b) and (d). There exists a small deviation between the
elevation of these profiles. The possible explanations for these
differences could be as follows:

1) the details revealed in photogrammetric DEM are missed
by the 5 m LOLA DEM because of the resolution differ-
ence;

2) remained errors are contained in the LOLA DEM after
processing of laser points; and

3) small misregistration still exists between the generated
DEM and the LOLA DEM.

In order to compare the elevation between DEMs generated
from different image pairs in the same region, three images
were selected in Group 1. The elevation of profiles shown in
Fig. 8(b) illustrates a satisfied consistency. Furthermore, the
absolute lateral positioning of the images compared with LOLA
DEM is able to be reflected by the profiles. It can be inferred
that the lateral positioning of the images is consistent with LOLA
DEM.

To demonstrate the improvement of geometry consistency
between images, the deviation of orthomap mosaics is analyzed.
Four image pairs were selected in Groups 1 and 2, respectively.
Image pairs were orthorectified and sampled to orthomaps,
and craters were used as features for comparison. Figs. 9 and
10 illustrate a qualitative validation by visually comparing the
deviations of the plane position of the orthomaps generated using
the images before and after our BBA. In each image pair of
Figs. 9 and 10, the two left images are orthomaps before BBA,
and the two right images are orthomaps after BBA. It can be seen
that orthomap mosaics generated before BBA present obvious
geometric differences, which are almost completely corrected
after performing the BBA with topographic constraint.

D. Performance of Two-Stage Outlier Elimination Strategy

To assess the performance of the proposed two-stage outlier
elimination strategy, ARW, two outlier elimination methods are
adopted in BBA for comparison. The first method is of ISIS
6.0 JIGSAW application, and the second is the absolute-relative
threshold (AR) method. The reprojection residuals of TPs are
estimated to demonstrate the effect of the outlier elimination
method within BBA, and the vectors of reprojection residuals
before and after BBA are displayed, respectively, to reflect the
BBA results.

Experiments were conducted using images of Groups 1 and
4. The detailed statistics of reprojection residuals before and
after BBA are summarized in Tables VII and VIII. When little
outlier exists in the block network of Group 1, the ISIS JIGSAW
application achieves decent results, but once there exist outliers
in the block network of Group 4, the results of the ISIS JIGSAW
application are not satisfactory. After BBA with the AR method,
there is a significant reduction in the residuals of TPs. In addition,
it is obvious that the residuals of TPs after BBA with the ARW
strategy are smaller than the results of BBA with other two outlier
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Fig. 7. Images and DEMs results after BBA with topographic constraint. (a) Image pairs in Group 1. (b) DEM generated by Image Pair1 of (a). (c) DEM generated
by Image Pair 2 of (a). (d) Image pairs in Group 2. (e) DEM generated by images of (d). Red lines are profile lines on DEMs.

Fig. 8. Profiles comparison of the red line marked in Fig. 7. (a) and (b) are the profiles in Group 1. (c) and (d) are the profiles in Group 2. Different colors
correspond to different DEM profiles. Profiles in red boxes of left figure are enlarged and shown in right figure.
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Fig. 9. Orthomaps generated with images before and after BBA with topo-
graphic constraint in Group 1. In each image pair, the left orthomap mosaic is
generated before BBA, and the right orthomap mosaic is generated after BBA.
(White arrow points to the splicing line.)

Fig. 10. Orthomaps generated with images before and after BBA with topo-
graphic constraint in Group 2. In each image pair, the left orthomap mosaic is
generated before BBA, and the right orthomap mosaic is generated after BBA.
(White arrow points to the splicing line.)

TABLE VII
STATISTICS OF REPROJECTION RESIDUALS FOR BBA WITH DIFFERENT

OUTLIER ELIMINATION METHODS

TABLE VIII
STATISTICS OF REPROJECTION RESIDUALS FOR BBA WITH DIFFERENT

OUTLIER ELIMINATION METHODS

Fig. 11. Distribution of reprojection residuals before and after BBA with
ARW. (a) Results of Group 1. (b) Results of Group 4. Scales of reprojection
residuals of TPs before BBA are ten or twenty times larger than after BBA.

elimination methods. The rms of the residuals after BBA with
ARW is limited to about 0.5 pixel.

Two images were selected, respectively, in Groups 1 and 4,
and the residual vectors before and after BBA with ARW are
illustrated in Fig. 11. Before BBA, the magnitudes and directions
of the residual vectors are relatively consistent, which indicates
obvious systematic errors appear in the residuals of the TPs.
After BBA with ARW, the smaller magnitudes and random
directions of the residual vectors mean that these systematic
errors are almost reduced. The reprojection residuals of TPs are
reduced from about ten or twenty pixels before BBA to less than
a pixel after BBA with ARW, which demonstrates the effect of
the proposed outlier elimination strategy. As shown in Fig. 11,
the reprojection residuals of Group 1 in cross-track direction
are larger than in along-track direction after BBA, while the
reprojection residuals of Group 4 in along-track direction are
larger than in cross-track direction. The main reason is that
the TPs in Group 1 have strong intersection geometry, and the
errors in along-track direction can be readily reduced without
the topographic constraint. However, without the topographic
constraint, errors in the along-track direction are difficult to
reduced significantly owing to the weak convergence of images
in Group 4.

E. Independent Assessment of the Proposed BBA Method

To assess the performance of the proposed BBA method
independently, 4335 and 1460 independent checkpoints (CPs)
were additionally matched in Groups 1 and 2. The performance
is quantitatively evaluated by the reprojection residuals and the
relative positioning errors of these CPs.
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TABLE IX
STATISTICS OF REPROJECTION RESIDUALS FOR BBA WITH CPS

TABLE X
STATISTICS OF RELATIVE POSITIONING ERRORS FOR BBA WITH CPS

The reprojection residuals of the CPs in the across-track and
along-track directions are listed in Table IX. After BBA, the
rms of residuals are reduced to about 0.6 pixel. The statistics
of relative positioning errors are listed in Table X. After BBA,
the relative positioning errors are approximately 2 m in both
groups. The results demonstrate that the proposed BBA method
can reduce the relative positioning errors of LROC NAC images
in lunar south pole.

V. DISCUSSION

To analyze the robustness of the topographic constraint
method to the resolution and noise of reference DEM, two sets of
experiments were performed to further discuss the performance
of the proposed method.

A. Influence of DEMs With Different Resolutions and From
Different Sources

To evaluate the influence of DEMs with different resolutions
on the proposed topographic constraint, BBA experiments were
conducted separately using different DEMs, namely,

1) 5 m LOLA DEM;
2) 20 m Chang’E-2 (CE-2) DEM [69];
3) 20 m LOLA DEM; and
4) 60 m LOLA DEM.
The BBA results are evaluated by the CPs in Section V-E.

The relative positioning errors and the elevation deviation are
calculated in Groups 1 and 2. The relative positioning errors in
three directions are shown in Table XI, and the mean error and
rms of the elevation deviation are shown in Table XII. Further-
more, sample image pairs in Groups 1 and 2 were orthorectified
to provide a qualitative comparison in Fig. 12.

With the use of the proposed BBA method, the systematic
errors can be effectively reduced. The final accuracy of the BBA
method is related to the resolution of reference DEM. It can be
seen from the results that the overall effect of BBA degrades with
the decreasing of DEM resolution. When the DEM resolution
is 60 m, the decrease in accuracy is more significant. Although

TABLE XI
STATISTICS OF RELATIVE POSITIONING ERRORS FOR BBA WITH DIFFERENT

DEMS

TABLE XII
STATISTICS OF ELEVATION DEVIATION FOR BBA WITH DIFFERENT DEMS

Fig. 12. Orthomaps generated with images before and after BBA in (a) Group
1 and (b) Group 2. In each image pair, the left orthomap mosaic is generated
before BBA, and the right orthomap mosaic is generated after BBA using 60 m
LOLA DEM. (White arrow points to the splicing line.) (a) Pairs in Group1 (b)
Pairs in Group2.

the systematic errors have been effectively reduced using the
proposed BBA method, there are still slight offsets between the
orthomaps after BBA using the 60 m LOLA DEM as shown
in Fig. 12. A possible reason is that low-resolution DEM loses
a lot of terrain details, resulting in high-resolution images not
being able to correspond to DEM in local areas. In addition, in
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Fig. 13. Slope map of 5 m LOLA DEM with different GNs. (a) 5 m LOLA DEM. (b) GN with μ = 0, σ = 5 added in 55 m interval. (c) GN with
μ = 0, σ = 10 added in 55 m interval. (d) GN with μ = 0, σ = 5 added in 25 m interval. (e) GN with μ = 0, σ = 10 added in 25 m interval. (f) Old
5 m LOLA DEM. (a) 5 m LOLA DEM (b) GN(0,5), 55 m interval (c) GN(0,10), 55 m interval (d) GN(0,5), 25 m interval (e)GN(0,10), 25 m interval (f) Old 5 m
LOLA DEM.

TABLE XIII
STATISTICS OF RELATIVE POSITIONING ERRORS FOR BBA USING DEMS WITH DIFFERENT NOISES

terms of the results of DEM from different sources, e.g., 20 m
CE-2 DEM and 20 m LOLA DEM, the discrepancy on relative
positioning accuracy is insignificant.

B. Robustness of the Topographic Constraint

In order to assess the robustness of the proposed topographic
constraint to the quality of DEM, varying degrees of Gaussian
noise (GN) were added to the 5 m LOLA DEM for conducting
BBA. Furthermore, the BBA results with initial release of 5 m
LOLA DEM, which described in [66] as “old 5 m/pix LDEM,”
was also used for comparison. The relative positioning errors
after BBA and the elevation deviation between 3-D points and
LOLA DEM for CPs were calculated for analyzing the BBA
results.

In this experiment, the GN is added to the elevation of the 5 m
LOLA DEM for Groups 1 and 2. In order to reflect the varying
degrees of noise, the GN with mean μ = 0 m and standard
deviation σ= 5 m and 10 m is added with 25 and 55 m intervals,

TABLE XIV
STATISTICS OF ELEVATION DEVIATION FOR BBA USING DEMS WITH

DIFFERENT NOISES
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respectively. Slope maps were constructed from the 5 m LOLA
DEM before and after adding noise, as shown in Fig. 13.

The relative positioning errors after BBA are shown in
Table XIII. After BBA, the relative positioning errors are re-
duced within 2.5 m in both experiment groups. The results
in Groups 1 and 2 show that using DEM with GN for BBA
achieves similar results. The elevation deviation between ground
points corresponding to the CPs and DEM before and after BBA
is shown in Table XIV. The results show that there is little
difference in elevation deviation after BBA. This indicates that
the proposed topographic constraint in BBA is robust for using
DEMs with different quality.

VI. CONCLUSION

BBA is an essential step in remote sensing image processing,
which can provide high-precision geometric models for
subsequent production of surveying and mapping products. In
this article, a large-scale BBA method is presented for LROC
NAC images in lunar south pole. To solve the problem of weak
convergence geometry of LROC NAC images, a topographic
constraint based on reference DEM is developed. To deal with
mismatching problem caused by the complex illumination
conditions of lunar south pole, a two-stage outlier elimination
strategy is presented by combining ARW method. Thousands
of images in lunar south pole were used to demonstrate the
performance of the proposed BBA method.

Through experimental analysis, reasonable consistency
among lunar south polar images is achieved via the proposed
large-scale BBA method with topographic constraint, resulting
in subpixel image residuals and submeter relative positioning
errors. The mean value of elevation deviation between the pho-
togrammetric DEMs generated from images after BBA and the
reference LOLA DEM is approximately 0.1 m, which demon-
strates the effectiveness of the topographic constraint with DEM.
The orthomap mosaics illustrate the improvement of geometry
consistency between images after DEM-constrained BBA. The
rms values of the reprojection residuals are reduced to 0.5 pixel
and outperforms the other two compared outlier elimination
methods, which reflects the reliability of the proposed two-
stage strategy. Furthermore, the robustness of the topographic
constraint was analyzed using DEM with different resolutions
and quality. The BBA results of DEM with varying noises are
close to the DEM without adding errors. However, it must be
mentioned that the resolution of DEM affects the accuracy
of BBA. The decreasing DEM resolution will deteriorate the
BBA performance, but still play a good role in adjusting EO
parameters, especially in terms of relative positioning errors.

In future, the DEM-constrained BBA method will be further
explored and applied to large-scale processing of more planetary
images, and the convergence speed of iteration will be improved.
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