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Abstract—Landing in the permanently shadowed regions (PSRs)
on the Moon requires high-resolution topographic information
and accurate navigation. Owing to low Sun elevation angles, there
is no direct solar illumination in PSR, making it difficult to ac-
quire high-resolution optical images for terrain relative navigation
(TRN). Synthetic aperture radar (SAR) onboard lunar orbiter
can acquire the high-resolution digital elevation model (DEM) of
PSR with the interference phases from repeat-passes, or alterna-
tively, from multiantenna observations in a single orbit pass. In
this article, SAR images from dual-antenna observations obtained
in single orbit passes are simulated with two-scale model and
Range-Doppler algorithm for the interference phases based on the
DEM data from the lunar orbiter laser altimeter (LOLA). Hence,
we generate DEMs of PSR in two prominent lunar south polar
craters, Shoemaker and Shackleton. After geometric correction,
the influence of radar parallax in DEM data are removed. The
generated DEM data are used to illustrate the possibility of TRN
in PSR with the image-matching algorithm. The slope angle image
of the PSR from the generated DEM is taken as the reference
image for navigation, while high-resolution slope angle image from
LOLA DEM data is taken as the real-time image from the flyer. The
speeded-up robust features algorithm matches the feature points
in the reference image and real-time image. The location of the
matched points determines the position and motion vector of the
flyer. The simulation proves the DEM data from InSAR can provide
detailed topographic information and can be used for navigation
in regions of permanent shadows.

Index Terms—Digital elevation model (DEM), interferometric
synthetic aperture radar (InSAR), Moon, navigation, permanently
shadowed region (PSR), scattering.

I. INTRODUCTION

THE extremely low temperatures in permanently shadowed
regions (PSRs) on the Moon make it possible to preserve

water ice for long time [1]. Many countries have proposed
missions to explore and map the extent of the PSRs [2], [3].
In China’s Chang’e 7 mission, a mini-flyer will fly into PSR for
in-suit detection and measurement of abundances of water ice
[2].
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The flyer, which is powered by the unsymmetrical
dimethylhydrazine-fueled engine, will be released from the top
of the lander. The flying distance can reach 30 km in a round trip
[4]. Rocks and small craters in PSR will endanger the safety of
the flyer when landing. The spatial extent of the flat and smooth
regions suitable for landing in the PSR are usually less than
several hundred meters [5]. Accurate positioning is necessary
to ensure a successful landing on the small flat regions. High-
resolution topographic information is critical for terrain relative
navigation (TRN) in PSR. When landing at solar illuminated
regions, high-resolution optical images can be used for TRN
and hazard avoidance. However, high-resolution optical images
are unavailable in PSR.

A digital elevation model (DEM) acquired by the lunar orbiter
laser altimeter (LOLA) onboard lunar reconnaissance orbiter
(LRO) is available for TRN [6], [7]. The resolution of the DEM
data increases with the latitude. Owing to LRO’s polar orbit
and converging ground tracks, the effective resolution of the
LOLA DEM reaches 5 m/pixel in the high polar areas. However,
the lunar polar DEMs with 5-m resolution suffer the geometric
errors caused by the attitude uncertainty [7].

By matching the DEM data obtained by the laser imaging
sensor on the flyer and the DEM data from the laser altimeter
[8], the real-time position and motion vector of the flyer can
be determined; but as the lander descends to low altitudes and
approaches the surface, DEMs of high spatial resolution are
required. The resolution of the DEM from the laser altimeter
onboard lunar orbiter may be not sufficient to distinguish the
terrain features of the observed small area [7]. Real-time posi-
tioning at low altitude and during descending period requires
high-resolution DEM data.

Synthetic aperture radar (SAR) can acquire the detailed to-
pography information by transmitting and receiving the scat-
tered electromagnetic waves. The scattering coefficients and
its products can be used to analyze the physical properties of
the terrain [9], [10], [11], [12]. The Mini-RF onboard LRO
and dual-frequency onboard Chandrayaan-2 have obtained com-
pact polarization and fully pol SAR images [9], [10]. China’s
Chang’e 7 satellite plans to carry a dual-frequency SAR, whose
resolution can reach 0.3 m, working at L band and Ku band
for PSR detection [13]. With the repeat-pass or dual-antenna
observations of a same region, interference phases from the SAR
images can produce the DEM data of the lunar surface, whose
performance will allow for topographic mapping in PSRs at high
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Fig. 1. Basic work concept.

resolution. The resolution of the generated DEM data may reach
several meters. The generated DEM data can be used for TRN
with the image-matching algorithm.

Area-based and feature-based image registration methods
have been widely used. Area-based registration, such as match-
ing with the correlation coefficient, is one possible method
for TRN [6]. However, this method is not applicable when
the resolutions or the rotation angles of images are differ-
ent. Feature-based methods, such as SIFT [14], are applicable
even though the resolution and rotation angles have changed.
Based on SIFT, a speeded-up robust features (SURF) algo-
rithm is proposed [15]. With the combination of integral im-
age and Harris feature, the speed of the algorithm is greatly
improved.

In this article, the interferometric SAR (InSAR) images under
dual antenna observations are simulated for the interference
phases, which can produce the DEM data for TRN. The lunar
topography is constructed by the DEM data of the PSRs in
crater Shoemaker and Shackleton, which are potential deposits
of water ice near the south pole, from the LOLA onboard LRO to
model the backscattered echoes with the two-scale rough surface
model. The Range-Doppler algorithm (RDA) produce the SAR
images with the simulated radar echoes in time domain when
chirp pulses are transmitted. Then, the interference phases from
the simulation produce the DEM data after removing the phases
of flat ground. The geometric deformation in SAR images caused
by undulating topography is corrected with the generated DEM
data. The slope angle image derived from the generated DEM
data is taken as reference image and the slope angle image from
the LOLA DEM data is taken as the real-time image from the
flyer. The SURF algorithm matches the feature points in two
images to estimate the position and motion vector of the flyer.
The basic work concept is shown in Fig. 1.

The article is organized as follows. Section II introduces the
simulation of dual-antenna SAR images. Section III presents
the generation of DEM with interference phases. In Section IV,
SURF algorithm is introduced for image matching and TRN
with DEM from InSAR. Section V discusses the range of radar
incidence angle to avoid layover and shadow effect. Finally,
Section VI concludes this article.

II. SAR IMAGE SIMULATION

A. Scattering Models

The DEM data from LOLA onboard LRO are divided into
small triangle meshes to construct the lunar topography. Neigh-
boring points of the DEM data constitute the vertexes of the

divided triangle meshes [16]. The component Sn
pq of the scatter-

ing matrix of the mesh n is [17]

Sn
pq = γn

pq

√
An

4π
(1)

Sn
pq depends on the area An and the reflectivity γn

pq of the mesh n.
The subscripts present the polarization. q means the transmitted
polarization and p is the received polarization [18].

The scattering matrix ¯̄γ in the principal reference system is
[16]

¯̄γ = ¯̄U
−1
(Δ) · ¯̄γ′ · ¯̄U(Δ). (2)

whereΔ is the rotation angle of the pol-base. The rotation matrix
¯̄U(Δ) is [16]

¯̄U(Δ) =

[
cosΔ sinΔ
− sinΔ cosΔ

]
. (3)

¯̄γ′ is the scattering matrix in the local coordinate system. ¯̄γ′ can
be written as [19]

¯̄γ′ =
[
aHH 0
0 aVV

]
· w(θ). (4)

At small local incidence angle, quasi-specular scatterings
dominate. The Kirchhoff approximation (KA) can describe the
scatterings from meshes and there is [20], [21]

aHH =
1−√

εr
1 +

√
εr

. (5)

aVV =
1−√

εr
1 +

√
εr

. (6)

〈
|w(θ)|2

〉
=

1

4cos4θδ21/L
2
1

exp

[
− tan2θ

4δ21/L
2
1

]
. (7)

At large incidence angle, small-perturbation method is
adopted to simulate the scatterings from each mesh [20], [21]

aHH =
cos θ −

√
εr − sin2θ

cos θ +
√

εr − sin2θ
(8)

aVV = (εr − 1)
sin2θ − εr(1 + sin2 θ)[

εr cos θ + (εr − sin2θ)
1/2

]2 (9)

〈
|w(θ)|2

〉
= 4k4δ22cos

4θL2
2 exp

[
−(kL2 sin θ)

2
]
. (10)

Here, the real and imagery parts of the complex variable w(θ)
are two independent Gaussian random variables with zero-mean
[19]. In the simulation, it is assumed that the root mean square
slope of KA is

√
2δ1/L1 = 0.08. For SPM, the correlated length

is L2= 3/k and the surface standard deviation is δ2 = 0.3/k [18].
The relative dielectric constant of regolith is assumed to be 4,
which is in the range of the measurement [22]. When 〈|γ′

pq|2〉 of
KA is large at small incidence angles, KA is utilized to simulate
¯̄γ′. Otherwise, SPM is used [18].

B. SAR Imaging Algorithm

SAR system transmits chirp modulation pulses and receives
raw signals in time domain, which consists of the scatterings
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from each mesh in the illuminated region and can be written as
[23]

hpq(t, T ) =
∑

Sn
pqs

n(t, T ) (11)

where [24]

sn(t, T ) =
∏[

t− 2Rn/c

τ/2

]∏[
vT − xn

Ls/2

]

× exp

{
−i4π

Rn

λ
+ iπKr

(
t− 2Rn

c

)2
}

(12)

∏
(t) =

{
1 |t| ≤ 1
0 |t| > 1

. (13)

The variables are defined as follows.
1) τ is the pulsewidth.
2) t is the time.
3) vT is the azimuth coordinate of the antenna position. T is

the azimuth time. v is the velocity of the satellite.
4) xn is the azimuth coordinate of the mesh n.
5) Rn is the distance between the antenna and the mesh n.
6) c is the speed of light in vacuum.
7) Ls = λR/LA is the real antenna azimuth footprint.LA

is the azimuthal dimension of the real antenna. λ is the
wavelength.

8) Kr = B/τ is the chirp rate. B is the bandwidth.
In the simulation, the parameter of Chandrayaan-2 and DF-

SAR are utilized. The altitude of Chandrayaan-2 spacecraft is
about 100 km [10]. The incidence angles of the DFSAR is 26° at
the center of the SAR image. The incidence angles vary slightly
with range distance. The central frequency is 1.25 GHz. The
speed of the Chandrayaan-2 spacecraft is about 1.6 km/s. The
resolution in ground range direction is [18]

rg =
c

2B sin θ0
(14)

where θ0 is the incidence angle. The resolution in azimuth is

ra = LA/2. (15)

The resolutions in ground range and azimuth are both set
at 10 m/pixel in simulations. The sampling rate is set at 2B
and the spatial resolution in ground range is rg/2. The pulse
repetition frequency is 2 times of the Doppler bandwidth. The
spatial resolution in azimuth is ra/2.

Range compression is performed on the signal in frequency
domain in range, which is derived with FFT in range direction.
After applying IFFT on the signal in range, FFT is applied on the
signal in azimuth. Then, the RDA and azimuth compression are
performed before applying IFFT in azimuth to obtain the polar-
ized scattering components Ipq . In SAR imaging, the sidelobes
will influence the correlation coefficients between two SAR
images. The strong backscattering from the crater wall facing
the radar will reduce the correlation coefficients at the crater
wall facing away from the radar because of the sidelobes. Here,
Hamming window is used to suppress sidelobes. The number
of the meshes in a resolution should be more than 4 [19]. The

Fig. 2. View geometry of antennas.

backscattering coefficient is

σ0
pq =

4π|Ipq|2
A0

(16)

where A0 is the area of each resolution.

III. DEM FROM INSAR

A. Method

It is assumed that two antennas are carried by a satellite, as
shown in Fig. 2. The length of the selected area is much less
than the radius of the Moon (1737.4 km). Considering that we
work on local areas, we ignore the curvature of the lunar sphere.
The distance between antenna A1 and A2 is BL. The incidence
angle of antenna A1 is θ1 and the incidence angle of antenna
A2 is θ2. The distance between the antenna A1 and the point P
is R1 and the distance between the antenna A2 and the point P
is R2. H is the altitude of the satellite. In the simulation, it is
assumed that BL = 8 m and α = 30◦. The interference phase
between the observations from two antennas at point P is Δφ0.
The interference phaseΔφ0, which includes the flat-Earth phase,
changes with the distance in ground range direction. The flat-
Earth phase can be removed according to the distance between
each pixel and the antennas. The interference phase without flat-
Earth phase can be written as Δφ. The altitude h at the point P
can be derived with the interference phase as [25], [26], [27]

h = − ΔφλR1 sin θ1
4πBL cos(θ1 − α)

(17)

where λ is the wavelength.

B. Generation of DEM

The interiors of craters Shoemaker and Shackleton are two
potential repositories of water ice [28]. The slope angle near the
lunar south pole is shown in Fig. 3. We selected two regions of
4 km × 4 km within the two craters, which are included in the
white boxes in Fig. 3.

The LOLA DEM data of the selected PSR in crater Shoemaker
at 88.1°S, 40.2°E are shown in Fig. 4(a). The resolution of
the DEM from LOLA is 10 m/pixel [7]. The slope angles are
shown in Fig. 4(b). Linear interpretation is applied to generate
DEM data in SAR simulation with resolution of 5 m/pixel.
The resolution of the divided meshes are 5 m/pixel. The spatial
resolutions of the simulated SAR images are both 5 m/pixel in
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Fig. 3. LOLA slope angles of crater Shoemaker and Shackleton.

Fig. 4. LOLA DEM data and the simulated SAR image of PSR in crater
Shoemaker: (a) DEM data with resolution of 10 m/pixel; (b) slope angles; and
(c) simulated σ0

HH . LOLA DEM data and the simulated SAR image of PSR in
crater Shackleton: (d) DEM data with resolution of 10 m/pixel; (e) slope angles;
and (f) simulated σ0

HH . The white arrow indicates the observation direction.

azimuth and ground range directions, which are equal to ra/2
and rg/2, respectively. The simulated σ0

HH is shown in Fig. 4(c).
The satellite observes the PSR from the left. The crater walls
facing the radar have strong backscattering because of small
local incidence angles. Fig. 4(d)–(f) presents the LOLA DEM
data, the slope angle image, and simulated σ0

HH of the PSR in
crater Shackleton at 89.7°S, 130.0°E.

With the simulated SAR images from two antennas, the
interference phase Δφ0 of PSR in crater Shoemaker can be
calculated, as shown in Fig. 5(a). In the simulated SAR images,
the azimuth positions of observation are the same. Registration
of SAR images in range direction is performed before calculating
Δφ0. After removing the flat-Earth phase, the interference phase
Δφ of crater Shoemaker is shown in Fig. 5(b). Fig. 5(c) and (d)
presents the Δφ0 and Δφ of PSR in crater Shackleton. The
selected PSR locates at the flat bottom of the crater Shoemaker.
According to (17), the variance of2π inΔφ results from a change
of about 700 m in altitude. Such large change in altitude mainly
locates at the crater wall of large craters. The variances in altitude
of lunar surface are smaller than 700 m in Fig. 4(a) and (c). As
a result, the changes in Δφ in Fig. 5(b) and (d) are in the range
of −π to π. Phase unwrapping is not performed.

With (17), the DEM data can be derived from the interference
phases. An 8 × 8 sliding window with a moving gap of 4 pixel is
utilized to reduce the fluctuation in the generated DEM caused

Fig. 5. Interference phases of PSR in crater Shoemaker: (a) Δφ0 with flat-
Earth phase and (b) Δφ without flat-Earth phase. The interference phases of
PSR in crater Shackleton: (c) Δφ0 with flat-Earth phase and (d) Δφ without
flat-Earth phase.

by the noise. The spatial resolution of the generated DEM data
is 20 m/pixel. The position of a target in SAR image depends
on the distance from the antenna. The variance in altitude will
result in radar parallax in range direction. The width of the crater
wall facing away from the radar will be extended and the width
of the crater wall facing the radar will be reduced. As a result,
radar parallax makes the slopes facing the radar increase and the
slopes facing away from the radar decrease. With the generated
DEM data, the distance between each mesh and the antenna can
be calculated. Interpretation method is utilized to remove the
influence of radar parallax in DEM data (geometric correction)
[29]. Fig. 6(a) and (b) presents the generated DEM data and
slope angles of crater Shoemaker after correction. Fig. 6(c) and
(d) shows the generated DEM data and slope angles of crater
Shackleton. The slope angles from the generated DEM data are
then used in TRN.

IV. TRN IN PSR

A. SURF Algorithm

To detect feature points, the SURF algorithm utilizes the
approximated determinant of the Hessian matrix [14]. It derives
the components of the Hessian matrix by convolving the image
with the Gaussian second-order derivative, while approximating
Gaussian filters with box filters. The algorithm calculates the
determinants of the Hessian matrix using filters of different
sizes, and sets a threshold to select feature points based on their
determinants [6].

The descriptors of each feature points are constructed for
matching [15]. To ensure the descriptors are rotation invariant,
the algorithm determines the dominant orientation of each fea-
ture point. This is done by calculating the Haar wavelet responses
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Fig. 6. Generated DEM and slope angles of PSR in crater Shoemaker with a
resolution of 20 m/pixel: (a) DEM and (b) slope angles. The generated DEM
and slope angles of PSR in crater Shackleton with a resolution of 20 m/pixel:
(c) DEM and (d) slope angles.

in the horizontal and vertical directions within a circular neigh-
borhood around the interest point. The size of the neighborhood
and wavelets depend on the scale of the detected interest point.
Using the calculated vertical and horizontal responses, the algo-
rithm determines the dominant orientation.

Then, a square area around the feature point oriented along
the dominant orientation are selected [15]. The square area is
divided into 4 × 4 small subregions and Haar wavelet response
of each subregion are calculated. The size of the Haar wavelet
and the square area depend on the scale of the feature point.
The descriptor of each subregion, with size of 4 × 4 × 4, are
calculated by summing up the wavelet responses.

The algorithm uses the method of exhaustion to search for
matched points with the sum of squared difference (SSD). It
calculates the SSDs between all feature points in two images.
A threshold is used to select the potential matched feature
points. The picked pairs of feature points may still contain the
mismatched points.

The M-estimate sample consensus (MSAC) method is ap-
plied to reject the mismatched points [30]. The method picks
three pairs of feature points randomly to calculate the affine
transformation matrix between two images. The transformation
parameters can be derived with the coordinates of the matched
points. If the transformation error of two matched points is larger
than the threshold, this pair is rejected. Repeating the aforemen-
tioned steps until the cost function reaches the minimum. At
last, the mismatched points will be rejected according to the
transformation geometry.

Using the coordinates of the matched pairs in real-time and
reference images, the geometry transformation matrix would be
estimated with the least-square method [6] as follows:[

X
Y

]
=

[
m1 n1

m2 n2

] [
x
y

]
+

[
p1
p2

]
(18)

where (x, y) are the coordinates of the matched points in the real-
time image and (X, Y) are the coordinates of the matched points
in the reference image. The real-time position of the flyer in the
reference image, which is geocoded, can be obtained with the
geometry transformation matrix. The transformation parameters
m1, n1, p1, m2, n2, and p2 can be estimated with the coordinates
of three pairs of feature points. The rotation angle ϕ and scaling
factor s between two images are able to be inversed with the
transformation matrix [6][

m1 n1

m2 n2

]
=

[
cosϕ − sinϕ
sinϕ cosϕ

] [
s 0
0 s

]
. (19)

With the rotation angle ϕ, the flying direction can be esti-
mated.

B. TRN in PSR

Fig. 7(a) presents the matched images of PSR in crater
Shoemaker with SURF. The resolution of the real-time image
is 10 m/pixel and the resolution of the reference image from
InSAR is 20 m/pixel. There is no rotation angle in the real-time
image. In total, 27 pairs of matched points are extracted with
SURF. The estimated rotation angle of the real-time image from
the reference image is 0.30°. The estimated scaling factor of
the resolutions between two images is 0.50. The maximum
registration error is 1.2 pixel and the average registration error
is 0.5 pixel.

In Fig. 7(b), the real-time image is rotated by 45°. There are 23
pairs of matched points. The estimated rotation angle is 44.95°
and the scaling factor is 0.50. The maximum registration error
is 1.4 pixel, and the average registration error is 0.5 pixel.

Fig. 7(c) presents the matched images of PSR in crater
Shackleton with SURF algorithm. The rotation angle of the
real-time image is 0°. In total, 17 pairs of feature points are
matched with the algorithm. The estimated rotation angle of
the real-time image from the reference image is 0.09° and the
estimated scaling factor of the resolutions is 0.50. The maximum
registration error is 1.3 pixel, while the average registration error
is 0.7 pixel.

In Fig. 7(d), the real-time image in crater Shackleton is rotated
by 60° from the reference image. There are 23 pairs of matched
points. The estimated rotation angle is 61.5° and the scaling
factor is 0.51. The maximum registration error is 0.9 pixel and
the average registration error is 0.5 pixel. Overall, the error in
the estimated flying direction is less than 1.5° and the maximum
error in position is less than 1.5 pixel. The result indicates the
robustness of the SURF algorithm under different scales and
rotation angles.

V. DISCUSSION

In Fig. 8, if the slope angle of the crater wall DE, which is
facing away from the radar, is larger than the residual angle of the
incidence angle, the slope DE will be shaded and no information
of the shaded crater can be obtained. For crater walls CD facing
the radar, if the slope angle of the crater wall is larger than the
incidence angle, scatterings from the slope CD in Fig. 8 will lay
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Fig. 7. Right image is the reference image from InSAR with spatial resolution
of 20 m/pixel. The left image is the real-time image with spatial resolution of
10 m/pixel. The matched images of PSR in crater shoemaker: (a) rotation angle
of the real-time image is 0°; and (b) rotation angle of the real-time image is
45°. The matched images of PSR in crater Shackleton: (c) rotation angle of the
real-time image is 0°; and (d) rotation angle of the real-time image is 60°.

over the floor BC in SAR image, as shown in Fig. 8. It is difficult
to calculate the interference phase of these regions.

For craters whose diameters are in the range of 5–120 km, the
slope angles of the crater wall are in the range of nearly 0° to
31.5° [31]. Fig. 9 shows the probability density function of the
slope angles of the lunar south pole [7]. In total, 99.9% slope
angles are smaller than 35°, and 99.4% slope angles are smaller

Fig. 8. Shadow and layover in SAR image.

Fig. 9. Probability density function of slope angles at the lunar south pole.

than 30°. The slope angle of the crater Shackleton at south pole
can reach 35°.

To detect these craters with SAR, layover and shadow effects
need to be avoided. Given that the slope angle of the crater wall
is γ, the incidence angle should satisfy

γ < θi < 90− γ. (20)

To avoid layover when mapping the topography of lunar sur-
face pole, an incidence angle that is larger than 35° is suggested.

VI. CONCLUSION

In this article, the DEM data are generated with the simulated
InSAR images. With the SURF algorithm, the DEM generated
with InSAR technology can be used for TRN in PSR on the
Moon. The radar echoes from the PSRs in crater Shoemaker
and Shackleton at lunar south pole are simulated with DEM
data and two-scale rough surface model. The RDA is utilized
to produces the lunar SAR image. With the interference phases
between the simulated SAR images from two antennas, the DEM
data of PSR are generated. The slope angles are calculated with
the generated DEM data after geometric correction. For TRN,
the slope angle images from InSAR observations are taken as
reference images. The high-resolution DEM data from LOLA
are taken as the real-time image from the flyer. With the SURF
algorithm, the reference images are matched with real-time
images to determine the real-time position and motion vector
of the flyer. The results prove that InSAR technology and the
SURF algorithm will be helpful in determining the position and
motion vector of the flyer in PSR.
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