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On the Performance Analysis of V2N Mixed RF
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Abstract—Vehicular communications allow vehicles to connect
with other vehicles and network infrastructures in order to facili-
tate the transfer of real-time information and dependable trans-
portation. This paper proposes a system that connects vehicles
to the network (base station) in two phases using transceivers-
equipped roadside infrastructures, such as signboards, traffic
lights, and street lights, as intermediary relay nodes. In the first
phase, the information transfer occurs from vehicles to infrastruc-
ture using a radio-frequency (RF) link. The second phase includes
establishing communication from the infrastructure to the base sta-
tion using hybrid free-space optics (FSO)/RF link. In modeling the
FSO link, we consider factors like atmospheric attenuation, point-
ing errors, and atmospheric turbulence-induced fading, which can
affect FSO performance. For this set-up, we derive the accurate
expressions for the outage probability, system throughput, average
symbol error rate, and average end-to-end delay. Numerical results
corroborate the dependency of the time allocation factor o for
the vehicle-to-infrastructure link on the vehicle transmit power.
Furthermore, the results elucidate the impact of the length of the
transmitted packet and FSO link distance on average end-to-end
delay performance. The increase in distance between infrastructure
and base station can be compensated by reducing the length of
packets to achieve desirable delay performance.

Index Terms—Free-space optics (FSQO), vehicle-to-network
(V2N) communication, performance analysis, hybrid FSO/RF
transmissions.

1. INTRODUCTION

ITH an alarming upsurge of vehicles in day-to-day
lives, the need for safe transportation and vehicular
interaction for coordination seems inevitable [1]. Technology
companies and manufacturers seek to improve road safety and
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resilience by exploiting vehicle-to-everything (V2X) connec-
tivity, citing the possibility that advanced vehicular networking
might cut over 80% of road accidents [2]. In fact, V2X com-
munication can potentially ameliorate transportation systems
in numerous ways, from collision avoidance to energy-efficient
systems [3]. With onboard communication modules, automated
vehicular networks have become a reality. The vehicles can
be made to safely communicate with each other and interact
with roadside infrastructures such as traffic lights, signboards,
etc., using appropriate wireless communication protocols [4].
The United States Federal Communications Commission (FCC)
adopted a report to establish licensing and service rules for
the dedicated short-range communications (DSRC) utilizing
5.850-5.925 GHz of 5.9 GHz band in 2003 [5]. Further, in
November 2020, the FCC reallocated the lower 45 MHz band,
i.e., 5.850-5.895 GHz for the expansion of unlicensed mid-band
spectrum operations, while continuing to dedicate the upper
30 MHz portion of the same band, i.e., 5.895-5.925 GHz for
the intelligent transportation system operations [6]. The scope
to create a large-scale network to meet the expanding needs
of vehicular communications is still a challenging task due to
the spectrum scarcity, reliability, dynamic resource allocation,
low data rates, delay, and security concerns posed by increasing
number of vehicles.

In order to address spectrum scarcity, significant efforts have
been made to enable V2X communications relying on the
mmWave frequencies [7], [8], [9], [10]. With mmWave access,
vehicular communications can be realized with huge bandwidth
and low latency, which may expedite the development of au-
tonomous driving vehicles [11]. However, the mmWave channel
faces several challenges, such as high mobility, blockages, high
transmission loss, etc. To compensate for high transmission
loss, mmWave transmitters can utilize directional transmissions,
often referred to as a mmWave beam [ 12]. Mobility management
is another prominent issue with direct transmission, especially
for mmWave-based vehicular communication. As per Release
16 of the third generation partnership project (3GPP), vehicles
face different types of mobility with mmWave transmission,
e.g., beam level and cell level mobility [12]. Still, there are
many open issues that need to be resolved before implementing
mmWave-based transmission in practical vehicular communi-
cation scenarios.

On the other hand, the traditional methods of spectrum
re-structuring and cell densification have proven inefficient
in addressing the needs of an exponential rise in emerging
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wireless technologies and applications seeking higher data
rates, leaving us in search of a new technique as a possible
solution. Optical wireless communications (OWC) can become
a potential solution for dealing with such increased data rate
requirements [13], [14]. Analogous to radio-frequency (RF)
transmission, OWC allows information transmission in an un-
guided medium, such as free space, utilizing infrared, visible
light, and ultraviolet bands. Based on the carrier, OWC can be
categorized as free-space optics (FSO), visible light communi-
cations (VLC), and ultraviolet communications. To realize FSO
transmission, it requires the presence of line-of-sight (LoS) link
between transmitter and receiver and uses a near-infrared band
for information transmission [15], [16]. Due to its operation in
the near-infrared band, FSO offers inherent advantages in terms
of increased bandwidth, thus resulting in higher achievable data
rates. Owing to the narrow laser beam used in transmission,
FSO delivers spatial confinement that allows greater frequency
reuse, better security, and immunity to electromagnetic inter-
ference. Despite several advantages, physical phenomenons,
such as atmospheric turbulence-induced fading, pointing errors,
and atmospheric attenuation, severely affect the performance of
FSO-based systems. As such, atmospheric turbulence-induced
fading appears as a sequence of variations in the refractive index
caused by temperature and atmospheric pressure changes. The
misalignment of transmitter and receiver due to the swaying of
buildings causes pointing or geometric and misalignment errors.
Further, atmospheric attenuation is present due to particles’
absorption and scattering in the atmosphere.

Due to the inherent benefits of FSO, various recent works have
considered FSO communication as one of the links in establish-
ing multi-hop end-to-end communication. In [17], the authors
have investigated a dual-hop mixed RF and FSO network consid-
ering amplify-and-forward (AF) relaying, where Nakagami-m
and double generalized Gamma distributions are assumed for
RF and FSO links, respectively. They have examined the system
performance in terms of ergodic capacity, outage probability,
and bit error rate (BER). Likewise, the authors in [18] have con-
ducted the performance analysis for a decode-and-forward (DF)
relaying based dual-hop mixed RF and FSO system assuming
Malaga distribution to model FSO link and Nakagami-m distri-
bution to model RF link. In [19], the authors have considered a
hybrid RF/FSO system in establishing a 5G radio access network
where the RF link is modeled using x — p distribution and the
FSO link is modeled via exponentiated Weibull distribution. For
the considered network, the performance has been evaluated in
terms of outage probability, BER, and ergodic capacity.

To increase the reliability of FSO communications, recent
works in [20], [21], [22] have considered an RF link as a backup
link to the primary FSO link. Specifically in [20], the authors
have evaluated the performance of a hybrid FSO/RF network in
terms of outage probability and BER by assuming Nakagami-m
distribution for the RF link and Gamma-Gamma distribution for
the FSO link. The authors in [21] have investigated a hybrid
FSO/RF network by considering generalized distributions in
modeling FSO and RF links, i.e., Malaga and « —n — xk — p
distributions for FSO and RF links, respectively. In [20] and [21],
performance analysis has been carried out by considering a
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single-user scenario. In [22], the authors have analyzed the
system’s performance in terms of outage probability and BER
for a relay-assisted multi-user hybrid FSO/RF communication
system. However, all the aforementioned works were carried out
under the assumption where all the nodes were stationary.

The works in [23], [24], [25], [26] have characterized the
mobility aspect of vehicles with the help of a first-order autore-
gressive process. In [23] and [26], the authors have considered
only the RF links for enabling communication. Whereas in [24],
the authors have introduced a mixed MIMO RF and FSO system
and investigated the performance in terms of outage probability,
BER, ergodic capacity, and asymptotic analysis. Herein, the RF
link has been modeled using the Rayleigh distribution and the
FSO link using the Gamma-gamma distribution. By consider-
ing mixed MIMO orthogonal space-time block code, and FSO
co-operative system using DF relaying, the authors in [25] have
obtained exact and asymptotic expressions of outage probability
and bit error probability.

A. Background and Motivation

The existing radio access technologies (RATs) for vehicular
communication are DSRC and cellular-V2X (C-V2X) [27],
[28], [29], [30], [31]. Both DSRC and C-V2X are undergo-
ing comprehensive improvement to support advanced vehicular
applications. The upgraded versions of these RATs are IEEE
802.11bd for DSRC and NR V2X for C-V2X, which can sup-
plement autonomous driving operations. Both are different in
the design methodology, but they have certainly similar design
objectives, e.g., better reliability of offered services, low end-to-
end latency, and the ability to support applications that require
high throughput. In a dense urban environment, the number
of vehicles occupying road space can be innumerable. As a
result, DSRC may experience substantial RF interference in
such scenarios, leading to greater re-transmissions and higher
transmission delay. Thus, to allow communication between
vehicles located farther distances apart, DSRC seems to be an
unreliable solution. On the other hand, cellular-V2X operates on
the licensed spectrum for enabling vehicular communications,
which was introduced by the 3GPP for the first time in Release
14 [28]. Further, the 5G NR V2X communication has been stan-
dardized in Release 16, where the main focus is on improving
reliability, capacity, and flexibility while minimizing latency.
The use cases for this release are not only limited to road safety
but also include advanced attributes such as platooning, extended
sensors, autonomous driving [29]. In establishing communica-
tion for vehicle-to-network (V2N), the allocation of resources
to vehicles is done at the network, i.e., eNodeB or ngnodeB,
unlike in the case of vehicle-to-vehicle, vehicle-to-infrastructure
(V2I), and vehicle-to-pedestrian communications, where vehi-
cles automatically do the resource allocation by sensing the
environment. Thus, more vehicles trying to communicate in
dense urban environments may lead to congestion in spectrum
assignment. Consequently, radio resource allocation can signif-
icantly affect the performance of cellular V2N communication.
This is not the case with FSO-based communication since it
provides enormous bandwidth. In 5G NR V2X, vehicles trying
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to access the network may compromise information security,
which demands the usage of advanced coding and encryption
for secure information transfer. Also, it increases extra packet
headers along with information leading to more significant
latency. In contrast, FSO transmission provides greater spatial
confinement and minor beam deviation, thus can achieve better
security.

Although FSO-based networks can deliver huge data rates
and ultra-low latency, their performance can be significantly
limited due to atmospheric turbulence and the necessity of LoS
if used as standalone systems. Thus, considering an RF link
as a backup for the FSO link can be a feasible solution for
reliable V2N communication. Motivated by this, we introduce
a dual-hop hybrid FSO/RF system. Herein, a standalone RF
link is utilized during the first transmission phase to facilitate
information transmission between vehicles and roadside infras-
tructure. In the next phase, a hybrid FSO/RF link operates to
enable communication between the infrastructure and the base
station. The FSO link is aided by the RF link to minimize the
impact of atmospheric turbulence, thus making the system more
reliable. The infrastructure node performs a DF operation to
relay the signal received from a vehicle to the base station.
It is assumed that the moving vehicles cause the channels
time-varying in nature, which can be modeled as a first-order
Markovian process. Further, FSO link’s irradiance fluctuates as
a sequence of atmospheric attenuation, atmospheric turbulence-
induced fading, and pointing errors. For this setup, we derive
accurate expressions for the outage probability, system through-
put, average symbol error rate (SER), and average end-to-end
delay.

B. Contributions

The primary objective of this work is to implement a robust
and reliable large-scale network to enable communication for
vehicles located at a farther distance apart. The major contribu-
tions of our paper can be summarized as follows:

® We consider mixed RF and hybrid FSO/RF transmissions
for V2N communication by taking into account all the
factors that can affect FSO performance, i.e., atmospheric
turbulence-induced fading, misalignment errors, and atmo-
spheric attenuation.

® By considering the mobility of the vehicle in modeling
the V2I link, the time selective fading nature of the V2I
link is characterized using a first-order auto-regression
process. The effect of the relative speed of the vehicle and
the vehicle transmit power on the considered performance
metrics are assessed.

® We proficiently derive the closed-form expressions for out-
age probability, average SER, and average end-to-end de-
lay of the system by considering all the intricacies involved
in obtaining the expressions for the multi-hop network.

e We disclose the impacts of various system design and
channel parameters on the considered performance metrics
of the system. Specifically, the effect of pointing errors
and atmospheric turbulence-induced fading on the average
end-to-end delay performance of the system is studied.
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Fig. 1. A V2N communication system with hybrid RF/FSO transmissions.

Also, the impact of FSO link distance and length of the
transmitted packet on delay performance is investigated.

C. Organization

The rest of the paper is organized as follows. In Section II,
we present the system model, and derive the instantaneous
SNR expression for V2I RF link and individual instantaneous
SNR expressions for FSO and RF links of hybrid FSO/RF
channel. In Section III, the closed-form expressions for the
outage probability, system throughput, average SER, and av-
erage end-to-end delay are derived. In Section IV, the numer-
ical and simulation results with a detailed discussion on the
influence of various system/channel parameters on the system’s
performance are described, followed by the conclusions in
Section V.

Notations: Throughout of this paper, we use £ to denote the
equality by definition, and E[X] denotes the expectation of a
random variable X. fx(:) and Fx(-) denote the probability
density function (PDF) and cumulative distribution function
(CDF), respectively. I'(a) and Y(a,z) denote the incomplete
Gamma function and lower incomplete Gamma function [32,
eq. (8.350)], and erf(-) and erfc(-) are the error function and
complimentary error function, respectively [32, eq. (8.250)].
K. (+) denotes the v-th order modified Bessel function of sec-
ond kind [32, eq. (8.432)] and gg@qn(:cﬁ“ N ”) represents the
Meijer-G function [32, eq. (9.301)].

II. SYSTEM MODEL

We consider a vehicular communication scenario as depicted
in Fig. 1 where a vehicle communicates to the base station using
the relay cooperation from transceiver-mounted traffic lights as
in [33]. One round of information transmission from a vehicle
to the base station is completed in two phases. First, the vehicle
communicates with the infrastructure using an RF link. Then, a
hybrid FSO/RF link is used in the second phase for establishing
information transmission from the infrastructure and the base
station. In the second phase, only one link will be involved
in communication at a time to increase the system’s energy
efficiency. In particular, the FSO link is employed as a main link
having RF link as backup. The RF link becomes active only when
the instantaneous signal-to-noise ratio (SNR) corresponding to
the FSO link drops below a specified target SNR. A feedback bit
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Fig. 2. Transmission block structure.

is used for sending information about the switching from FSO to
RF links, considering perfect channel state information (CSI).
We consider that the RF channels experience the Nakagami-m
fading. In characterizing FSO link, we use Gamma-Gamma and
Rayleigh distributions to model atmospheric turbulence-induced
fading and pointing errors, respectively [34], [35]. Further, one
transmission block of duration 7" is split into two slots of a1’
and (1 — )T duration, as illustrated in Fig. 2, where « € (0,1)
denotes time factor.

A. SNR for Vehicle-to-Infrastructure RF Link

Using an RF link, the vehicle communicates to the infras-
tructure with unit energy signal xy during the first transmission
phase. The received signal can be expressed as

y1 =/ Pyhvy zy + ni, (D

where Py represents vehicle’s transmit power, hy;; denotes
the channel gain for vehicle to infrastructure link, and n; €
CN(0,0?) is considered to be additive white Gaussian noise
(AWGN). For characterizing the mobility', iy ; can be modeled
as first-order auto-regression process [26], [37]

hy1 = phvi+ V1 — p2he,, (2)

where p is correlation coefficient between hy 1 and ?Lv’[. It can
be obtained using Jake’s model as p = Jy (M), where

Jo(+) represents zeroth-order Bessel function of first kind [32,
eq. (8.402)], f.is carrier frequency, and v, is the relative velocity.
Ty denotes transmitted symbol duration, and c represents the
velocity of light in free space. Further, h., € CA(0,€.) is the
error component of channel gain.

Now, on incorporating (2) in (1), we can get

yi =/ Pyphv iz, + v/ Py(1 — p2)hezy + ni. 3)

Following (3), the instantaneous SNR at the infrastructure can
be given as
_ PpPhwal?
FYV’I Pv(l — pQ)Qe + 0'12 ’
Further, the instantaneous capacity pertaining to the V2I link
can be expressed as Cy 1 = alogy(1 + yv 1).

“

Mt is important to note that in this work, we consider a first-order auto-
regression process to model the vehicle’s mobility with perfect channel esti-
mates, where the assumption of perfect CSI is based on the fact that the tracking
loops at the fixed infrastructure and the base station can correctly estimate the
channel coefficients related to the first transmitted symbol of each block [36].
The joint consideration of node’s mobility and imperfect channel estimates under
this system setup is left for the future study.
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B. SNRs for Infrastructure-to-Network FSO/RF Link

1) SNR for FSO Link: By assuming the direct detection
technique, the received FSO signal at the base station can be
given as

R = PunZeay, + nxe, 5)
where P, denotes infrastructure’s transmit power for FSO com-
munication, n represents a factor for the optical-to-electrical
power conversion, xy, is the unit energy symbol, nn, €
CN(0,0%,) represents the AWGN at the base station, and Zg
denotes the irradiance/intensity of the FSO link. Also, Zf is
mainly affected by the atmospheric turbulence-induced fading
(Z,), pointing errors (Z, ), and atmospheric attenuation (Z; ), and
hence can be mathematically represented as Zg = 1,7,1;.

On utilizing (5), the instantaneous SNR at the base station for
FSO transmission can be expressed as

2,272
o Bete It jeso (©)
’ TR (E{Zs})> ™
2,2 E 2
where Zp = Z,Z,7; and 4{x° = w denotes the aver-

N
age electrical SNR of the FSO link at the base station.
Moreover, the instantaneous capacity corresponding to
infrastructure-to-network (I2N) link for FSO communication
can be given as CY° = (1 — @) logy (1 + 1R°).
2) SNR for RF Link: The received RF signal at the base
station can be expressed as

yn = V Pihinry + ny, @)

where P denotes transmit power at the infrastructure node for
RF transmission, iy represents channel gain of the RF link, zvy
denotes unit energy symbol, and nxy € CA (0, 02) is the AWGN
at the base station. Using (7), the instantaneous SNR at the base
station for the RF link can be obtained as

Pi|hin|?
g = Al ®)

ON
The instantaneous capacity of I2N link for RF communication
can be expressed as CRy = (1 — a)logy (1 + fR).

III. PERFORMANCE ANALYSIS

In this section, we first obtain the CDF and PDF of |BV,1|2,
|hin|?, Za, and Z,,. We also present the modeling of atmospheric
attenuation Z;. Then, we exploit them to evaluate the expressions
for outage probability, system throughput, average SER, and
average end-to-end delay for the considered system.

A. The PDFs and CDFs of \BV71|2, |hin|?, Ta, and Z,, and
Modeling of Z;

1) The PDFs and CDFs of |hy|? and |hiy|?: 1t is worth-
while to note that the channel coefficients }_LV,I and hyN corre-
sponding to RF communication follow Nakagami-m distribu-
tion. Therefore, the channel gains |hy 1| and |hyn|? follow the
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Gamma distribution, whose CDF and PDF can be expressed as

(%) m,—1 —
fye{mv,IPAhl.N\?}(y):W@/ Tlemalt y >0, (9

o T (m“ 7331) y>0, (10)
where : = Iwhen Y = |hy|?> and : = N when Y = |hy |2

2) The PDF and CDF of Atmospheric Turbulence Induced
Fading (Z,,): We consider Z, to follow the Gamma-Gamma
distribution. Thus, we obtain Z, by finding the product of two
independent Gamma distributions, i.e., Z, = X7 X5, where X3
denotes the effect of large-scale turbulence and X5 shows the
impact of the small scale turbulence. The PDFs of X; and X
can be expressed as

Ey (a2 Jmunl2y (U) =

w—1

fx, (V) = =™ ey > 0,0 >0, (1)
I'[w]
fx, (w) = ﬁwﬂ_le_ﬁ“’,w >0,8 > 0. (12)
I[g]
Further, the PDF and CDF of Z, is obtained as per the following
proposition.

Proposition 1: The PDF and CDF expressions of Z, under
Gamma-Gamma distribution are obtained, respectively, as

2(wp) ="
o) = 3 cs@VERD, a3
2 =w+B 2737ﬁ
] L
(14)
Proof: See Appendix A. |

3) The PDF and CDF of Pointing Errors (I,): Assuming
the transmitted beam follows Gaussian distribution with the
detector’s radius of a, pointing error r. Accordingly, power
collected at the detector can be expressed as [38]

2|r|?

2
T
~ Age “Fer

Z,(r, z)

where Ag denotes peak irradiance considering r =0, w;,,
represents equivalent beam width which can be expressed as

15)

2
w? = w;::i(f ) with v = \/‘/;;i and A = erf(v)?. Further,
w, A~ wo, /14 € :ufg )2, where z denotes the FSO link distance.

Forz =0,w, ~ wo, thus wy is the beam radius of beam waist.
2
Also,e =1+ ( )2,

as po(z) = (0. 5502k:2 )73/ with C2 as the refractive index
parameter and k£ = =F as the wave number.

Further, one can get the pointing error r by performing the
sum of horizontal displacement and elevation. On assuming
that horizontal displacement and elevation follow independent
Gaussian distributions, || will follow the Rayleigh distribution,
and therefore, the PDF of |r| can be obtained as

where pg(z) is the coherence radius given

2
r
—e 207 ,r >0,
o2

S

i (r) = (16)
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where o2 represents displacement variance of pointing error.
Moreover, the PDF and CDF of pointing error, Z,,, can be
evaluated according to the below proposition.
Proposition 2: The PDF and CDF of 7, under Rayleigh
fading channels can be given, respectively, as

2

SR 17

pr(y) (Ao)gzy 3 ( )
v \*

Fr,(y) = (Ao> ) (18)

for0 <y < Ag.
Proof: Combining (15) and (16) with variable transforma-
tion, the PDF of Z,, can be expressed as

w? Ap 0 w? Ay

= < In — < In

f,0) = fir 2 ( y ) y 2 ( y) ’
w?
2 ; 62q 2
= P (n(H)) 9T 19
4y0_§ € (Ao)g2 y I’ ( )
for 0 <y < Ay, where g £ b.

Further, by applying the relatlon Fr (y fo fz,(y)dy and

utilizing (19), we can obtain the CDF of I as presented in (18).
This completes the proof. |

4) Modeling of Atmospheric Attenuation (I;): Utilizing
Lambert’s law [39], the power at a distance L can be related
to emitted power of the source as

P, L) )
P(2,0) ’

I, = (20)
where A is the wavelength, P(A,0) denotes the emitted power,
P(x, L) represents the signal power at a distance L, and Z(1.)
represents the extinction coefficient which relies on the wave-
length and can be obtained as the sum of scattering and absorp-
tion coefficients.

B. Outage Probability Analysis

For the considered system, an outage event happens if the RF
signal is not decoded successfully in the first phase at the relaying
infrastructure or instantaneous SNRs corresponding to both FSO
and RF communications in the second phase fall shorter to meet
a specific threshold SNRs. With this, the outage probability can
be defined as

Pout = 1 — Paec(1 — PrsoPrE), (21

where Pyec depicts successful decoding probability in the first
phase at the relaying infrastructure, and Prso and Pgr represent
the probabilities of link failure at the base station for FSO and
RF transmissions, respectively, in the second phase.

1) Evaluation of Pgec: The decoding probability at infras-
tructure node in the first transmission phase can be given as

Pdec =1- PI‘[CVJ < T'th]
=1—Prlalogy(1 +yv1) < Tth)
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PQ)QS + 012)

penl(Py(1 — - ] . (22)

Pyp

=1-Pr {VEVJF <

where @i, = 27 — 1 denotes the target SNR of RF link at the
relaying infrastructure, and 7y, represents the preset target data-
rate (in bps/Hz).

Now, utilizing (10) into (22), Pqec, can be obtained as

mipwn (Pv(1-p*)Qc + o7)
leva

Phec = 1 :l . (23)

1
——7T
o] [ml’
2) Evaluation of Prso: The outage event occurs for the FSO
link when the corresponding instantaneous SNR falls below the
target SNR, and thus the FSO link’s failure probability can be
mathematically formulated as

Prso = Pr [CFSO (1 - a)log, (1 + VIN ) < Tth] ,

FSO FSO} , (24)

=Pryx <o
where FSO = 2% — 1 i the target SNR of FSO transmission
at the base station. Further, Prso can be evaluated as per Theo-
rem 1.
Theorem 1: The probability of link failure of FSO link, Prso,
under Gamma-Gamma distribution can be expressed as

g2 (FSO Lg*+1
Prso = whiy | = . (25)
F[W]F[ﬁ] MR lg2 .80
A
where p = 2+1 and ’yIFEIO = %
Ng
Proof: See Appendix B for the detailed derivation. |

3) Evaluation of Pre: The probability of failure of the RF
link at the base station can be formulated as

Pi|hin|?
PRFZPF[| 5 | < %th | »
oN

(26)

2 RF
= Pr |:|hI,N|2 < LNSDth :| R

B
where pRF = 27% — 1 is the threshold SNR of RF link at the
base station. Now, exploiting the CDF of |hyx|? from (10) into
(26), we can obtain PrF as
1 mnogeRr
=——T —NFth | 27
Prr ] |:va NP, (27)
On utilizing (23), (25), and (27) into (21), one can obtain the

desired expression for outage probability of the considered
system.

C. System Throughput

Considering a delay-limited scenario, the system throughput
can be defined using outage probability expression and the
threshold data rate, as [40]

ST - (]- - ,Pout)rthv

where 7, is threshold data rate in bps/Hz.

(28)
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D. Average Symbol Error Rate (SER)

For a dual-hop DF relaying scheme by considering indepen-
dent fading channels for individual hops, the average SER can
be expressed as [18]

Pser = Pser,1 + Pser,N — 2 Pser,1 PSERN (29)
where Psgr 1 is the average SER of V2I link and Psgg n is the
average SER of I2N link. To proceed further, we first need to
obtain the average SER of V2I link Psgg 1, and the average SER
of I2N link, PSER,N-

1) Average SER of V2I RF Link: The average SER of V2I
link during non-outage event can be given as [38]

" exfe(BVE) fy ()

Pth

A
Pser,t = = (30)

with A and B are the values taken depending on the M -ary PSK
modulation scheme used for communication. For M = 2, the
parameters A = 1 and B = sin(7 ), whereas for the case when
M > 2,wehave A = 2and B = sin({7 ). Furthermore, by using
the integration by parts, we can express Psggr,1 in (30) as

A o0
Pser,1 = geffC(B\/E)/ T (z)dx
Pth

- ? 3 {8erfc(3\f)} ( L w f'yv,l(l’)dx) da.
(31)

On substituting the PDF of 7y (which can be obtained on tak-
ing the derivative of (23) with the aid of %T(a, z) = z%"le™2
[32, eq. (8.356.4)]) into (31), and carrying out the required
integration by following the same approach as used in [41] and
with the assistance of Zerfc(By/z) = — %x‘ 257 and [32,
eqs. (2.33.10), (2.33.5)] to obtain

A1 mp
Pser,1 = 2 T erfc(By/owm)I' (mh M‘Pth)
AB " 1 T (n+%7 (Bzﬂz’%é)@th) < my )"
Cam gl (B gyt nE)
(32)
where £ = Pyp”

Py(1 Qe +o’

2) Average( Sbe) of IZN Hybrid FSO/RF Link: For the 12N
communication link, the average SER depends on two events,
viz., when the FSO link is active, and when the FSO link is in
outage (i.e., the backup RF link is active). Thus, the average SER
for the I2N hybrid FSO/RF link can be expressed as [21]

PSER,N = PSFSQN + PFsoPSRé:R’N , (33)
where PSFEIS N and PglgR,N are the average SERs of FSO and
RF links for 2N communication link, respectively. To evaluate
Pser,N» we first obtain the expressions for PEEPy and P&, x.
in what follows.
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i) Evaluation of PSFEI? N

can be formulated as
:/ ple/z)f Fso( )dx.
50

The average SER of 12N FSO link

rPFSO

SER,N (34

where

ple/z) = gerfc(B\/:?).

To solve (34), we require the expression of f,YIFEIO (2), which can
be obtained by differentiating the CDF presented in (52) with
respect to x as

(35)

2 g°+1
(@) 9 L 30 T
= —— @GV [w,@u SO :|7 (36)
20[@]l[8] 2~ ° gl

where (a) is obtained by substituting the PDF expression given
in (56) and with the use of [32, eq. (9.31.5)].

Further, invoking (36) into (34), and simplifying the required
integral, the average SER of 12N FSO link can be evaluated
according to following theorem.

Theorem 2: The average SER of 12N FSO link can be ex-
pressed as

Phign =T — Ja. (37)
where
A 2w+6—492
Ji = =T
/7 Dw|l[5]
2L
6,2 wBk 1
« GY
G /~Fso 1682 ’
TN 22 9?11 m wil B Bl
L) 21 2 192 El
(38)
A2w+,374 2
Jo = J
7 I'[w]l[3]
2 1,25 ok
wBk FSO
% gg’,% &) Pth

2 > (_1)tB2t+1 1
_ﬁZm(%h )T ><Q37
t=0
2 4}, 5, O
@Bk | en’

(39)
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Proof: The detailed derivation is given in Appendix C. M
ii) Evaluation of Py - The average SER of I2N RF link
during non-outage event can be given by

Pifn = [ plefa) g (w)ds (40)
Pth
From (27), we can have
1 mNTod
F,YIRII;(.%) = 7F[mN]T [mN, QNPI :| . (41)

By taking the derivative of (41) With the help of [32, eq.
(8.350.1)], we can get the PDF of fle as

1 mn "N g _maE
fv{?ﬁ(x)—lw(> "N e one

42
Ono (42)

where 0 = P‘

to obtain (32) we can have

A 1 MN
P;EFR,N = 5 F[mN] erfc (B @5?) r (va Q @&F>

AB ™l 1F(n+§,(82+5’2’;’*@)¢§f)(mN>n
2y/m — nl (B2 4 2 )y Ono)
(43)

. Furthermore, following the similar steps as used

From the obtained expressions for PSFES]?N and PEL . one

can obtain Psgr,n using (33), and consequently invoking the
resultant expression along with (32) into (29), we can get the
average SER, Pggr, of the considered system.

E. Average End-to-End Delay

The average end-to-end delay is a measure of the average
minimum transmission time (MTT) taken by a packet of length
L in transit from vehicle to network for given system bandwidth
of W and is given by

EMTT] = E[MTTy] + E[MTTx], (44)

where E[MTT)| and E[MTTy] are the average MTTs taken by
V2I and 12N hops, respectively. The expression for MTT for
V2I link can be formulated as [42]

L
W logy (1 + i)’
where vy is the instantaneous received SNR.
Since the I2N link involves both FSO and RF links, finding
the average MTT of the I2N link requires consideration of both
cases; when the FSO link is active and when the FSO link is in

the outage. Therefore, end-to-end average MTT at network can
be expressed as

E[MTTx] = (1 — Peso) EIMTTEO] 4 Peso E[MTTRF],
(46)

MTT; = (45)

where E[MTTEC] and E[MTTRF] are the average MTT’s taken
by individual FSO and RF links of I2N link, respectively. Similar
to (45), one can formulate MTTE>© and MTTRF using the
corresponding instantaneous SNRs.
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TABLE I
OPTIMAL VALUES OF o FOR MINIMIZING OUTAGE PROBABILITY

Py (dBm) | vs (kmph) | 74 (bps/Hz) | (Pout)min ar

18 5 12 0.00009137 0.5930
21 10 1/3 0.000021847 | 0.6225
24 15 2/3 0.000046236 | 0.6665
27 20 1 0.3406 0.7135
27 20 3/2 0.7577 0.7015

TABLE II
OPTIMAL VALUES OF ce FOR MAXIMIZING THROUGHPUT

Py (dBm) | vs (kmph) | 30 (dB) | (S7)max | @

18 3 10 1.2126 0.4270
21 10 15 1.3395 0.4515
24 15 20 1.3501 0.5320
27 20 25 0.4924 0.7440

FE. Optimization

This section proposes a time allocation factor scheme that is
based on choosing o™ of o that minimizes the outage probability
and maximizes the system throughput.

1) Optimization Problem for Minimizing Outage Probability:
Here, our main objective is to minimize the outage probability
of the considered system, which can be posed as

" = argmin Py
«

subjectto: 0 < a < 1, a7

where Pgy is given in (21).

By obtaining the second derivative of P, with respect to
«, one can notice that % > 0, for o € (0, 1). This indicates
that the objective function is strictly convex function of « for
the considered range. Thus, by taking the first derivative of Py
with respect to o and equating it to zero, the optimal value of
time factor a* can be evaluated. Table I in the numerical results
section elaborates the optimal values of « that minimizes the
outage probability for different sets of parameters with ’_yE 0 =
20 dB.

2) Optimization Problem for Maximizing System Through-
put: Here, we optimize o by maximizing the system throughput
St given in (28) as

o* = argmax St
«

subject to: 0 < av < 1. (48)

Similar to the above optimization problem, we perform the
second derivative of Sy with respect to «, and observe that
‘96255 < 0 in the interval (0,1). Accordingly, setting the first
derivative of the objective function with respect to « to zero,
ie., % = (, we can obtain the optimal values of «. Table II
in the numerical results section demonstrates the optimal values
of « that maximizes the system throughput for different sets of

system/channel parameters with 7y, = 1.5.

IV. NUMERICAL RESULTS

In this section, we provide numerical and simulation results
for the outage probability, system throughput, average SER, and
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Fig. 3. System throughput versus target rate for different values of Py.

average end-to-end delay of the considered system for different
channel/system parameters. For numerical investigations, unless
explicitly mentioned, we set the values as m; = my = m = 2,
Ty =1ms, f.=1.9 GHz, ¢ = 3 x 10% mps, . = 0.5 dBm,
ot =1dBm, @w = 5.41, 3 = 3.78 [43], wo = 5 cm, 2z = 1000
m, C2 =10"13, A = 1550 nm, 0, = 10 cm, @ = 14 cm, ) =
On =1, B =80 mW, and 03 = 0.008. The typical value of
transmit power of vehicles operating with cellular-V2X and
IEEE 802.11p is considered as 23 dBm [44].

In Fig. 3, we show the system throughput behavior by chang-
ing the target rates with various values of vehicle transmit power
Py. Herein, we set yix° = 20 dB, o = 0.3, and v, = 5 kmph.
This figure shows that the system throughput increases with
the increase in target rate and reaches a maximum achievable
level for a specific target rate. After that, the system throughput
starts decreasing with a further increase in the target rate. This
is because the threshold SNR is less for smaller values of the
target rate, and thus, it attributes to better outage performance.
But when the target rate becomes higher than a particular value,
the outage probability starts dominating, ultimately reducing the
system throughput.

The deviation of outage probability and system throughput
concerning the target rate for different relative velocities are il-
lustrated in Figs. 4 and 5, respectively. For plotting these figures,
the parameters are set as Py = 30 dBm, o = 0.3, '_yf EIO =20
dB. In order to show the importance of our proposed system,
we compare its outage performance with that of the scenario
where only the FSO link operates between the infrastructure
and base station in Fig. 4. The improvement in the outage
performance is reflected because of the backup RF link that
makes communication more reliable. When the target rate is
kept lower, the gap between outage probability for both cases
is wider for different values of relative velocities. This gap
reduces when the outage probability approaches towards unity
due to increased target rates. Moreover, one can observe that
the outage performance degrades when the relative velocity of
the vehicle increases. This is because the correlation coefficient
affects the infrastructure node’s decoding probability, which
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results in a higher system outage probability. On the other hand,
it is apparent from Fig. 5 that the system throughput degrades
with a rise in relative velocity (as also illustrated in Fig. 4
for outage performance) due to variations in the values of the
correlation coefficient. In addition, one can note that the best
system performance in terms of outage probability and system
throughput is accomplished when the vehicle is not moving. The
system performance deteriorates significantly when the vehicle
drives at a higher relative velocity.

In order to reveal the impact of the average SNR of the
FSO link, we plot outage probability versus target rate curves
in Fig. 6 and system throughput versus target rate curves in
Fig. 7. For plotting the curves, we set vy = 5 kmph, a = 0.3,
and Py = 30 dBm. From Fig. 6, one can notice that the system
performance in terms of outage probability improves with an
increase in the average SNR of the FSO link. This behavior is
manifested due to the fact that the instantaneous SNR of the
FSO link rises with an increase in the average SNR of the FSO
link, which results in favorable irradiance at the base station
and consequently aids in the enhanced outage performance of
the system. From the plots of Fig. 7, we infer that the system

7361114

>
=
=
foe=]
Qo
<
)
S
—
[0
D
50
<
bt
=
o
A
L — Analytical (355° = 5 dB)
1078, —--Analytical (75° =10 dB) | ]
.;’ Analytical (7 15 dB)
— -Analytical (7;° = 20 dB)
o Simulation
10—5 L L L L -
0.5 1 15 25 3 35

T (bI;Z)S/HZ)

Fig. 6. Outage probability versus target rate for different values of "yIF E]O.
2 T T o= T T 1
PRELEN
/E \Il
181 , s _a B \ q
\
B
161 i = q
g
L P Sl i
g4 m
=3 457
= K
12 &
= &
: &
= qf 3 4
= ya
% 08 s |
+ |
0 /
> /
N 06, 1
o ~Analytical (75;° =5 dB)
04 cal (755° = 10 dB)
Analytical (755° = 15 dB) =
02f | = =Analytical (75 = 20 dB) Y 4
o Simulation LN
‘ ‘ ‘ SN
0.5 1 15 2 25 3 35
7 (bps/Hz)
Fig. 7. System throughput versus target rate for different values of "yIF EIO.

throughput performance improves by increasing the average
SNR of the FSO link, resulting from the gain in instantaneous
SNR of the FSO link by increasing the average SNR of the FSO
link.

Figs. 8 and 9 highlight the outage probability and system
throughput variations with respect to o plots for various values of
transmit power Py at the vehicle. Herein, we set the parameters
as v = 5 kmph and "yff,o = 20 dB with y, = 1 bps/Hz in Fig. 8
and ry, = 2 bps/Hz in Fig. 9, respectively. With these figures,
we highlight insights related to the optimum values of « for
which the system shows desired performance in terms of system
throughput and outage probability. From Fig. 8, we observe that
initially, the outage performance improves as the value of «
increases. Whereas, after a typical value, the outage performance
starts degrading for the higher values of «v. Likewise, from Fig. 9,
we manifestly see improvement in system throughput with the
initial increase in values of . After a certain value, system
throughput starts falling. From these two figures, one can notice
that system’s outage and throughput performance are better
when the « spans from 0.3 to 0.4 with transmit power Py = 27
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dBm. Furthermore, with Py = 21 and Py = 24 dBm, the system
exhibits desired performance for o varying from 0.4 to 0.5 and
0.35 to 0.45, respectively. As a whole, one can conclude that
when Py is set higher, the system reveals better performance
with smaller values of « and when Py is comparatively smaller,
a needs to be higher.

For obtaining SER results in Figs. 10 and 11, the value of ¢ in
(39) in the expression of average SER of the FSO link is truncated
to 30. Specifically, Fig. 10 plots the variation of average SER
of the system against average SNR of FSO link for M = 4,8,
and 16. In plotting Fig. 10, the other parameters are set as o =
0.3,7th = 1 bps/Hz, Py = 27 dBm, vy, = 5 kmph. From this
figure, it can be seen that as the average SNR of the FSO link
increases, the average SER decreases. It is due to the increase
in instantaneous SNR of FSO transmission at the base station
with an increase in average SNR of FSO link. Also, one can
note that the SER performance deteriorates when considering
a modulation scheme with lesser Euclidean distance between
signaling points, i.e., by increasing modulation order M.

The impact of atmospheric turbulence-induced fading and
pointing errors are highlighted in Fig. 11. The parameters are

IEEE PHOTONICS JOURNAL, VOL. 14, NO. 6, DECEMBER 2022

10 T T 3
~ 8-PSK
. - —-=16-PSK
10 o “\~\ o Simulation
o .
o ..
- ..,
L. - N o \m
. n. \.1~
Dﬁ 1072 F b = . o, N.\.‘ E
N .-
-
5 . =
%) -
o -
qb)D 10° b 1
< LN -
= ~ B
= " :
= N
[ §
10 F "~ 1
N
Al ~
~
5L E|
10 LS
N

106k L L L L J
5

10 15 20 25 30
Average SNR of FSO Link (dB)

Fig. 10.  Psgr versus "yf I§IO for different values of M.

102

Average SER

Analytical (w = 5.41, 3 = 3.78,9 = 1.79,0, = 0.5)
3=17,9=179,0,=05)

3 =3.78,g = 8.93,0, = 0.1)
3.99,6=1.7,9 = 8.93,0, = 0.1) o

108 - ===Analytical (= 3

(

( =
—— Analytical (@ = 5.
— - Analytical (= =

o Simulation

5 10 30 35 40

15 20 25
Average SNR of FSO Link (dB)

Fig. 11.  Psgr versus "yIF I§IO for different values of wo, 8 and o.

set as o = 0.3, 7y, = 1 bps/Hz, Py = 27 dBm, vy = 5 kmph.
From this figure, one can readily observe that the severity of
atmospheric turbulence from the channel varies by changing
values of w and 3. Particularly, higher values of @ and 3 result in
a smaller effect of turbulence. By considering different values of
w and [3 pair, it can be observed that the SER of the system shows
better performance for w = 5.41 and § = 3.78 than for the
values of w = 3.99 and 8 = 1.7. The difference in average SER
performance between the two pairs increases with an increase
in the average SNR of FSO link. However, for smaller values of
the average SNR of the FSO link, the difference in average SER
performance is negligible. This is because for smaller values
of average SNR of FSO link, the possibility of FSO link in the
outage is high. Thus, the backup RF link acts as the primary link,
and therefore, the effect of FSO parameters becomes negligible.
Similar behavior of SER can be observed for pointing errors.
Due to the direct dependency of the pointing error coefficient
(g) on irradiance of the FSO link and its inverse proportionality
with pointing error standard deviation (o), a better average SER
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performance can be attained for smaller values of pointing error
standard deviation.

Fig. 12 shows the variation of average end-to-end delay with
average SNR of FSO link for different values of source transmit
power. The parameters are set as £ = 50 KB, W = 20 MHz,
a = 0.3,y = 1 bps/Hz, vs = 5 kmph. It can be observed that
with the increase in the average SNR of the FSO link, the average
end-to-end delay decreases. Also, it can be noticed that with an
increase in source transmit power Py, the average end-to-end
delay performance improves.

InFig. 13, we plot the average end-to-end delay versus average
SNR of FSO link curves for different values of RF transmit
power of the I2N link. We set the parameters as £ = 50 KB,
W =20MHz, o = 0.3, 74, = 1 bps/Hz, Py = 27dBm, vy =5
kmph. From this figure, one can see that for smaller values of
average SNR of the FSO link, the curves with a higher value of
RF transmit power shows better performance. As we increase
the average SNR of the FSO link, the curves with different values
of RF transmit power exhibit almost the same values of average
end-to-end delay. This behavior is because of the fact that with
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smaller values of average SNR of FSO link, there is a high chance
of FSO 12N link undergoing an outage, leading to a switch over to
I2N RF link for data transmission. Thus, with the RF link being
active, higher values of RF transmit power improves the average
delay performance. However, with an increase in average SNR
of the FSO link, the I2N link switches back to the FSO link,
and there will be no influence of RF transmit power on delay
performance.

We disclose the dependency of average end-to-end delay
performance on FSO I2N link distance (z) and packet length
L in Fig. 14 for different values of average SNR of FSO
link. The parameters are set to be £ = 50 KB, W = 20 MHz,
a= 0.3,y =1 bps/Hz, Py = 27 dBm, vs = 5 kmph. This
figure shows that with an increase in FSO link distance, the
average delay increases, and a better average delay performance
can be obtained with smaller packet lengths. It can be attributed
to the dependency of irradiance of the FSO link on transmission
distance and the direct dependence of packet length on MTT.
We can infer from the figure that average delay performance
curve for L = 30 KB, z = 2 km shows better performance than
L =40 KB, z =2 km and slightly lower in performance as
compared to L = 40 KB, z = 1.5 km. This observation reveals
the deterioration in delay performance due to an increase in FSO
link distance can be compensated by using packets of relatively
smaller length. In the results of average end-to-end delay, the
inherent delay present in the system due to the conversion of RF
signal to FSO signal at infrastructure is assumed to be compar-
atively smaller and hence ignored without loss of generality.

V. CONCLUSION

In this paper, we have proposed a system to facilitate com-
munication from vehicles to the network with the help of
transceiver-mounted roadside infrastructure. Herein, we have
considered FSO transmission from infrastructure to the base sta-
tion to support massive data rates with spatial confinement. An
RF link operates as a backup for the FSO transmission to make
the communication reliable. As the performance of the FSO link
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may suffer in realistic scenarios, we have taken into account
practical phenomenons such as pointing errors, gamma-gamma
distributed atmospheric turbulence-induced fading, and atmo-
spheric attenuation. On the other hand, RF links are considered
to follow the Nakagami-m distribution. In order to analyze the
performance, we have first derived the accurate expression for
the outage probability considering mixed RF and hybrid FSO/RF
transmission. Moreover, we defined the system throughput uti-
lizing the outage probability expression. Then, we obtained the
accurate analytical formulation for the average symbol error rate.
Additionally, we acquired an expression for the average end-to-
end delay. We have provided the simulation results to verify
the accuracy of all the derived analytical findings. Numerical
results have revealed the impact of transmit power of the vehicle,
relative velocity, pointing error coefficient, modulation scheme,
packet length, and selection of time factor on outage probability,
system throughput, average SER, and average end-to-end delay
of the system.

APPENDIX

A. Proof of Proposition 1

We can formulate the CDF of Z,, as Fr, (x) = Pr[X; Xs < z],
and in an integral form as
Fr @) = [ 7 )i deds, @)
o Jo
By performing the differentiation on both sides with respect to
x and considering w = ¥ and fli—’;’ = %, we can have the PDF of
7, as
oo
fr@) = [ @) (o) do. 60)
0
By invoking the PDFs of X; and X into (50) and simplifying
the integral by utilizing [32, eq. (3.471.9)], we can obtain the
desired PDF (given as (13)) as

2(wp) =" wis

(0 = Ty
Furthermore, by utilizing the fact that F'x(z) = fom fx(z)dz,
we can obtain the CDF of Z, using (51) by exploit-
ing the transformation C,(z) = %G%g[% 5,5+ [45, eq.
(03.04.26.0008.01)] and the relation given in [45, eq.
(07.34.21.0084.01)], as presented in (14). This completes the

proof.

'K 5(2v/wB). (51)

B. Proof of Theorem 1

By using (6) and (24), we can express Prso as

2
Peso = Pr m%ﬁo < @fhso] ;
FSO E{T 2
= Fr, ( b il e B (_FS{O r}) ) (52)
YN

To evaluate the expression of Prso, we first need to obtain the
CDF of Zr and E{Zg}, as presented hereunder.
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1) The CDF of Ly By utilizing the relation Zr = 7,7, 7;, the
PDF of Zr can be represented in an integral form, considering
7, to be deterministic, as

o x 1
fr(2) :/O fz.(v) fz, (vzl> (UIl> dv.  (53)

From (17), Z,, can take a value from 0 to Ay, therefore, we
can have the boundary for v as 0 < ULL <Ayg=v> ﬁ. By
substituting the boundary of v along with the PDFs of Z, and
1, into (53), we can express the PDF of Zf as

w4+

fr(z) = /: %vwgﬂle_g (2 w,@v)

AT,

X g° AN d
(Ag)9* \ v vz )

On utilizing the representation K, () = $G5 /5[5 | %, ] [45,

eq. (03.04.26.0008.01)] in (54), one can get

(54)

w48

Wled L[
2 2 a
L@|T8] 79° AY e
120 w—-B —w+f
290’2 {wﬂv‘ 5 g }dv.

Then, using [45, (eq. 07.34.21.0085.01)], the PDF fz.(x) can
be expressed as

fr.(x) =

(35)

g° w3 =" 48
=B g
r) = —m—m——— €T 2
fr (@) T[] [A] (AOII>
2_w+pB 1
50 |@wBx|? T °
’ 56
< Gis AoLy| o wtp wop —wis (56)
2 v 2 2

Furthermore, by integrating (56) with the aid of [45, eq.
(07.34.21.0084.01)], we can express the CDF of Z as

g9’ ( wp3 ) = =L
D@|l[B] \ AoZy

1_ w;—ﬁ’ 2 w;-ﬁJrl

FIF(m> =

wphx g

3,1
X Gy'y AL,

, (57
which can be then simplified by using [32, eq. (9.31.5)], to obtain
the CDF of Zr as

1,92+1
gz,w,ﬁﬁ] .

2) Evaluation of E{Zr}: We can express the average value
of Zp as E{Z¢} = E{Z,}E{Z,}[E{Z;}. On assuming E{Z, } to
be unity with E{Z;} being deterministic signal, we can have
E{Zr} = E{Z,}T,. Further, E{Z, } can be evaluated using (17)
as

wfhx

g 3,1
G AT,

L[w]l[5] ">

Fr.(z)= (58)

E{Z,} = /on g° 29"
o (Ao)?

il (59)
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Now, we can represent the average value of Zr as

E{Ze} = Aop,, (60)

where 1 = 7 +1 Consequently, the average electrical SNR of
E{7,
the FSO link at the base station, {x° = w, can be
Ng
AopT
expressed as Y = %

Now, substituting (58) and (60) into (52), and after some
simplifications, we can obtain the probability of failure of FSO
link, Prso, as presented in (25).

C. Proof of Theorem 2
We first express the average SER given in (34) as

FSO

| vt/ ge@an— [ pe/a) fgoets.
0 0

27

FSO
PserN =

27,
(61)

Now, invoking the PDF f,yfgo (x) from (36) along with the simpli-
1
fied relation of p(e/z) = erfc(By/z) = %G%’g [8230’ ]
’ 07%

(which can be obtained by applying the transformation [45, (eq.
07.34.03.0619.01)]) into 7; of (61), we can obtain

A g° 1 002 |1
27/ A [=T[B] /0 Pt [B x’@é]

g>+1
3,0
s [wﬁk \ R

Ji =

(62)

}daz,
9%, @B

which can be simplified by using [45, (eq. 07.34.21.0013.01)]
to obtain 71, as presented in (38).
Furthermore, substituting the PDF [ rso(z) from (36) along

derfc(By/z) =
) (which can be obtained by

with the simplified transformation of p(e/x) =

By/z)2t+1
3(1- & v, e

using the relation [32, eq. (3.321.1)]) into J5 of (61), we can get

Al e g2 1 9" 1
A / 9 L1gao gk [Z dx
2o 2A@Fa MR g2 6
2 i 2t+1 92
VT = 2t -l- 1) 2I'=l[F]
ewe g>+1
x / 272630 | wpk, s dz|. (63)
0 NN lg2,0,8

Now, by simplifying the required integrals in (63) with the
help of [45, (eq. 07.34.21.0084.01)], we can obtain 7> as given
in (39). This completes the proof.
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