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Abstract—As a promising technology, free-space optical (FSO)
communication plays an important role in the next generation of
wireless communication. A dual-hop FSO communication system
with decode-and-forward (DF) protocol is proposed in this paper,
considering the influences of the atmospheric turbulence (AT),
atmospheric absorption and pointing error impairments, in which
the Málaga distribution model is used to characterize the fading
caused by AT in each link. The end-to-end statistical expressions of
our proposed dual-hop Málaga-Málaga communication system are
derived, such as the cumulative distribution function (CDF), prob-
ability density function and moment generating function. There-
after, using the above statistical results, the accurate end-to-end ex-
pressions of outage probability, average bit error rate (ABER) and
ergodic capacity are deduced under the direct detection intensity
modulation and heterodyne detection techniques. Furthermore,
the end-to-end asymptotic expressions for CDF and the ABER at
high signal-to-noise ratio as well as simplified expressions from
simple basic functions are obtained. The effects of different AT
and pointing error impairments conditions on the proposed system
are analyzed based on theoretical and numerical results. Finally,
Monte Carlo simulation results indicate that all our novel deduced
expressions are basically consistent with the numerical results.

Index Terms—Atmospheric turbulence, average bit error
rate, decode-and-forward, ergodic capacity, Free-space optical
communication, Málaga-Málaga, pointing error impairments.

I. INTRODUCTION

FREE-space optical (FSO) [1] communication has the ad-
vantages of wide transmission band, high data rate, strong
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anti-electromagnetic interference, high confidence, and no spec-
trum license. In addition, compared with traditional radio fre-
quency communication, FSO communication has higher chan-
nel capacity. Therefore, FSO communication has received a lot
of attention and is considered as a promising technology in video
transmission, underwater communication, and disaster recovery,
among other applications [2], [3]. Nevertheless, for the links
using FSO communication technology, the performance is sig-
nificantly affected by atmospheric turbulence (AT), atmospheric
absorption, and pointing error impairments [4], [5], meaning
that the propagation distance of the FSO communication link
is extremely limited (usually several kilometers). Many studies
have been carried out on the influence of the above factors on
FSO communication [6], and the results have proved that the
propagation distance may be reduced to several hundred meters
under severe weather conditions and that the average bit error
rate (ABER) may exceed the receiver’s threshold.

As an effective solution, relaying technique has been widely
employed for FSO communication to mitigate the fading caused
by turbulence and extend the propagation distance [7]. Due to
the wide application of serial and parallel relay technology,
the propagation distance of FSO link is greatly increased [8].
Under strong AT conditions, the ABER performance of the
relay-aided FSO communication network proposed in [9] was
also improved compared to the single-hop FSO communica-
tion link. In particular, amplify-and-forward (AF) as well as
decode-and-forward (DF) relay protocols, as two basic relay
cooperation methods, have been widely employed in relaying
systems. For the AF relay protocol, the received signal is ampli-
fied at the relay node to improve the signal-to-noise ratio (SNR)
of the dual-hop FSO communication systems before being sent
to the destination [10]. In contrast, the received signal is decoded
at the relay node and then forwarded to the destination node with
the DF relay protocol, which decreases the influence caused by
the noise compared with the AF protocol for the dual-hop FSO
communication systems [11]. The ABER and ergodic capacity
(EC) of our considered dual-hop FSO systems with the AF and
DF protocols was investigated in [12] and [13], respectively. In
addition, [14] and [15] scrutinized the outage probability (OP)
of the dual-hop FSO systems for both the AF and DF relay
protocols, and the results demonstrated that a system with the
DF protocol yielded a larger SNR gain than one based on the
AF protocol.
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Although the performance of dual-hop FSO communication
systems can be improved by using relay technology, each hop
in a relay-aided FSO system still suffers from the impacts of
AT, pointing errors, and atmospheric absorption [5]. Note that
AT is an important form of motion in the atmosphere, which
leads to the exchange of momentum, heat, water and pollutants
in the atmosphere and hence produces the scintillation effect
associated with light propagation [16]. In addition, the pointing
errors are caused by dynamic wind loads, weak earthquakes,
and thermal expansion, which result in a mismatch between the
transmitter and receiver [17]. Finally, atmospheric absorption
results from gas molecules, water mist, snow and aerosols in the
atmosphere, giving rise to absorption of the optical wave [18].
In [19], the authors revealed that AT was the dominant factor re-
stricting the performance of the optical communication system.
Strong AT and severe pointing errors can greatly increase OP and
ABER for the dual-hop Gamma-Gamma (GG) communication
system [20]. Rahman et al. studied the performance of a FSO
communication system under the joint influences of pointing
error impairments, AT, and atmospheric absorption (random
fog) with heterodyne detection (HD) and intensity modulation
with direct detection (IM/DD) techniques, and proved the perfor-
mance degradation with an increase in the severity of the these
factors [21]. We note that IM/DD is an incoherent detection
method that is widely applied due to simple operation and low
cost [22], [23]. In addition, HD is an optical frequency coherence
detection method that can effectively overcome the influence
of thermal noise [24]. Zedini et al. proved that HD is superior
to IM/DD technology for both dual-hop GG communication
system and single-hop FSO communication link [20].

To portray the channel fading condition of the FSO commu-
nication link, many researchers have recently focused on inves-
tigating numerous distribution models, such as the log-normal
(LN), Rayleigh, Weibull [25], GG, negative exponential [25],
and k-distribution [26] models. In [27], the LN fading model
was adopted to evaluate the OP and ABER for a dual-hop FSO
communication system. In addition, the outage performance for
a cooperative network was investigated in [28], where Rayleigh
fading distribution model is applied for each link. It is worth
noting that while the Rayleigh fading model has advantage in
simplifying mathematical operations, the LN fading model is
used to model propagation links in indoor environments. The
Weibull fading distribution has been applied to derive the OP
in terms of the precise expressions for the dual-hop wireless
unmanned aerial vehicles communications systems, since it
gives results that are exactly consistent with the experimen-
tal measurements of the fading channel for both indoor and
outdoor environments [29]. Zedini et al. in [20] proposed a
dual-hop FSO communication system with AF relay protocol
using GG turbulence model to evaluate the impacts of AT and
pointing errors on system performance. Remarkably, the GG
distribution model was found to fit well for moderate to strong
turbulence. Tannaz et al. analyzed the OP and the ABER of
diffusion-adaptive FSO communication systems undergo strong
AT with negative exponential and k-distributions [30]. Both
types of distribution were proved to be suitable for describing
strong turbulence conditions [30].

As mentioned above, FSO communication systems utilizing
various channel models have been widely explored in pioneering
studies. Nevertheless, most of the channel models are suitable
for characterizing the fading under specific conditions. Although
the Weibull distribution model can give a good fit for various
turbulence conditions, its estimation accuracy for the statistical
parameters is low [31]. A generalized distribution model called
the Málaga fading model was proposed in [32], which could
not only simulate weak to strong turbulence but could also be
more statistically representative than other channel models [32].
In addition, the closed-form expressions obtained based on the
Málaga distribution are basically consistent with the simulation
results for various AT conditions [33]. Ansari et al. analyzed the
single-hop FSO link performance over a Málaga channel model
with pointing error impairments in [33]. Although the studies
of single-hop FSO link over AT with Málaga fading have been
presented, few have been conducted on dual-hop FSO systems
in which both links experience Málaga fading.

Highly motivated by the above analyses, we propose a dual-
hop FSO communication system with the DF relay protocol
under IM/DD and HD techniques, in which both hops employ
Málaga channel model to describe the influences of AT. In ad-
dition, the consisted dual-hop Málaga-Málaga communication
system is also subjected to atmospheric absorption and pointing
error impairments. Precise end-to-end statistical expressions for
the cumulative distribution function (CDF), probability density
function (PDF), and moment generation function (MGF) for
our proposed system with the DF protocol are derived in this
study. Capitalizing on the proposed statistical results, we also
provide the precise analytical expressions for the OP, the ABER,
and the EC for IM/DD and HD techniques of our consid-
ered dual-hop Málaga-Málaga communication system, and the
asymptotic expressions at high SNR range using brief basic
functions.

The major contributions of this paper are as follows:
1) A dual-hop FSO communication system model is estab-

lished that considers AT, pointing error impairments, and
atmospheric absorption with DF protocol under IM/DD
and HD techniques. More specially, the effects of AT in
both hops are modeled based on the Málaga turbulence
channel model. To the best of our knowledge, this is the
first time such a system model has been considered.

2) Precise end-to-end statistical expressions for the CDF,
PDF, and MGF are deduced for the system under the
DF protocol using Málaga fading model to characterize
AT. Simplified results of the CDF and MGF for our
consisted dual-hop Málaga-Málaga communication sys-
tem with brief basic functions are derived to validate the
generality of the analytical expressions.

3) Utilizing the statistical expressions above, we deduced the
precise and simplified expressions for the OP, the ABER
for various binary modulation strategies, and the EC for
two different methods of detection (i.e., HD and IM/DD
techniques) of the considered dual-hop Málaga-Málaga
communication system with DF relay protocol under the
mixed effects of AT, pointing errors, and atmospheric
absorption. The end-to-end asymptotic expressions for the
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Fig. 1. Architecture of the dual-hop FSO communication system.

OP and the ABER in the high-SNR regime are given to
obtain further useful insights for engineering applications.

The remainder of this paper is structured as follows. Section II
introduces our proposed system model and the adopted channel
model. Asymptotic and simplified expressions for the CDF, PDF,
and MGF are deduced for our considered dual-hop Málaga-
Málaga communication system in Section III. Section IV pro-
poses precise expressions for the OP, the ABER for various
binary modulation strategies, and the EC for HD and IM/DD
techniques. Furthermore, approximate formulae for the OP and
the ABER are also derived at the high SNR range. In Section V,
the numerical and analytical results are provided. Finally, our
conclusions are drawn in Section VI.

II. SYSTEM MODEL AND CHANNEL MODEL OF THE FSO LINK

A. System Model

We design a dual-hop FSO communication system in this
work, as shown in Fig. 1, under AT, pointing error impairments,
and atmospheric absorption. The whole system consists of three
parts: a source S, a relay node R, and a destination D. The S
communicates with the D via the relay node R. In particular,
the communication link between the S and R is defined as
the S −R link, and the link between the R and D as the
R−D link. Here, the FSO links are susceptible to the joint
influences of AT, pointing error impairments, and atmospheric
absorption. Furthermore, both the S −R link and R−D links
are subjected to the Málaga turbulence channel. It is worth em-
phasizing that AF and DF protocols are evaluated and compared
to select the relay protocol suitable for our proposed system.
Although AF protocol works simply and can also bring certain
SNR gain, the introduced noise will be significantly amplified,
which ultimately reduces the performance of the destination
node. In contrast, the DF relay protocol refrains the influence of
noise via decoding, which greatly improves signal transmission
quality. Moreover, the development of communication industry
technology provides great help for the wide application of DF
technology with relatively complex working modes. Therefore,
DF relay protocol is considered in our established dual-hop FSO
communication system. Hence, the end-to-end SNR for our con-
sidered dual-hop Málaga-Málaga communication system using

DF relay protocol is defined as [34].

γ = min (γ1, γ2) , (1)

where γ1 and γ2 are the instantaneous values of the SNR for the
S −R and R−D links, respectively.

B. Channel Model

AT has great influence on the transmitted signals in each FSO
communication link. As we know, the effects of atmospheric
turbulence have been described by many distribution models,
such as the LN, GG, and Weibull fading distribution. In this
paper, the Málaga turbulence fading model is selected to describe
the influence of AT on each link since its analytical distribution
is entirely consistent with simulation results for various AT
conditions [32]. As another harmful factor affecting the system
performance, pointing error impairments are normally modeled
using a Rayleigh distribution [35]. Atmospheric absorption also
significantly impacts FSO links, and is generally modeled using
an exponential Beer-Lambert law [36]. Note that atmospheric
absorption can be treated as constant for fixed transmission
conditions.The PDF of instantaneous SNR for a single-hop FSO
link considering the joint impacts of AT, pointing errors, and
atmospheric absorption with HD and IM/DD techniques can be
deduced as [33, Eq. (9)]

fγ(γ) =
Aε2

2rγ

β∑
m=1

bmG
3,0
1,3

(
B

(
γ

μr

) 1
r

| ε2 + 1
ε2, α,m

)
, (2)

where A
Δ
= 2αα/2

τ1+α/2Γ(α)

(
τβ

τβ+ψ

)β+α/2
, bm = am[αβ/

(τβ + ψ)]−(α+m)/2 and am
Δ
=
(
β − 1
m− 1

)
(τβ+ψ)1−m/2

(m−1)! (ψτ )
m−1

(αβ )
m/2. The parameters of α = [exp(0.49σ2

N/(1 +

1.11σ
12/s
R )7/6)− 1]−1 where α is positive and represents

the effective number of large-scale cells of the scat-
tering process. B = ε2αβ(τ + ψ)/[(ε2 + 1)(τβ + ψ)],
β = [exp(0.51σ2

N/(1 + 0.69σ
12/5
R )5/6)− 1]−1 where β is

a natural number and denotes the amount of fading, and m
(1 ≤ m ≤ β). σR2 = 1.23Cn

2( 2π
λ
)

7
6L

11
6 is the Rytov variance,

where C2
n is the refractive index structure parameter, λ denotes

the wavelength, and L is the propagation distance. According
to the expression of Rytov variance, atmospheric turbulence
is characterized by different values of C2

n under the fixed
wavelength and propagation distance.Then, the atmospheric
turbulence for different intensities can affect the performance
of the FSO communication systems. τ is the average power of
the scattering component received by the off-axis eddies. Γ(·)
represents the Gamma function, as defined in [37, Eq. (8.310)].
ψ denotes the average power from the coherent contributions. ε
represents the ratio between the equivalent beam radius and the
standard deviation of the receiver displacement [38]. μr is the
average value of SNR. Note that the influence of atmospheric
absorption on the system is reflected by μr. In addition, r = 1
and r = 2 represents HD and IM/DD, respectively.

Using [39, Eq. (07.34.21.0084.01)] and the integral transfor-
mation FX(x) =

∫∞
0 fX(x)dx for (2) with many algebraic ma-

nipulations, the CDF for the instantaneous SNR can be derived
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as

Fγ (γ) = D

β∑
m=1

CmG
3r,1
r+1,3r+1

(
Eγ

μr

∣∣∣∣ 1,Kk1, k2, k3, 0
)
, (3)

Proof: See Appendix A.
where B = ε2αβ(τ + ψ)/[(ε2 + 1)(τβ + ψ)], Cm =

bmr
α+m−1, D = Aε2/2r(2π)(r−1), E = Br/r2r, K =

ε2+1
r , . . ., ε2+rr , k1 = ε2

r , . . .,
ε2+r−1

r , k2 = α
r , . . .,

α+r−1
r ,

and k3 = m
r , . . .,

m+r−1
r are each made up of r terms. Hence,

the CDF and PDF for each FSO link can be obtained as in
(2) and (3), respectively. Each hop for our consisted dual-hop
Málaga-Málaga system is assumed to suffer from various
turbulence conditions with pointing error impairments. For
convenience, the subscripts i and j of the parameters in the
following sections represent the ith and jth hops, respectively.

III. STATISTICAL CHARACTERISTICS OF DUAL-HOP FSO
COMMUNICATION SYSTEMS

The precise end-to-end statistical properties of our consisted
dual-hop Malaga-Malaga communication system using the DF
protocol are introduced in this section, such as the end-to-end
CDF, PDF, and MGF. Approximate end-to-end statistical ex-
pression for the CDF and MGF are also presented to provide
helpful insights for engineering design.

A. Cumulative Distribution Function

1) Exact Analysis: Precise end-to-end statistical expression
of CDF for our considered system with the DF relay protocol
can be deduced as [34]

Fγ (γ) = 1− (1− Fγ1 (γ2)) (1− Fγ1 (γ2)) , (4)

which can be rewritten as

Fγ (γ) = Fγ1 (γ2) + Fγ2 (γ2)− Fγ1 (γ1)Fγ2 (γ2)︸ ︷︷ ︸
T1

, (5)

where

T1 = D1D2

β2∑
m2=1

Cm2

β2∑
m2=1

Cm2

·G3r,1
r+1,3r+1

[
E1

γ1
μr1

∣∣∣∣ 1,K1

k11, k12, k13, 0

]

·G3r,1
r+1,3r+1

[
E2

γ2
μr2

∣∣∣∣ 1,K2

k21, k22, k23, 0

]
, (6)

where k1x (x = 1, 2, 3) and k2y (y = 1, 2, 3) represent the
xth term of k1 and the yth term of k2, respectively. In
addition, k11 = ε12

r , . . .,
ε12+r−1

r , k12 = α1

r , . . .,
α1+r−1

r ,
k13 = m1

r , . . .,
m1+r−1

r , k21 = ε22

r , . . .,
ε22+r−1

r , k22 =
α2

r , . . .,
α2+r−1

r , and k23 = m2

r , . . .,
m2+r−1

r are each made up
of r terms, where α1 andm1 (1 ≤ m1 ≤ β1) are the turbulence
parameters of S −R link, and α2 and m2 (1 ≤ m2 ≤ β1) are
the turbulence parameters of R−D link. ε1 and ε2 represent
the pointing errors parameters of S −R link and R−D link,

respectively. Di =
Aiε

2

2r(2π)(r−1)
, with Ai =

2αi
αi/2Γ(αi)(

τβi
τβi+ψ

)βi+αi/2 .

Ei =
Bi

r

r2r
, with Bi = εi

2αiβi(τ + ψ)/[(εi
2 + 1)(τβi + ψ)].

Ki =
εi2+1
r , . . ., εi

2+r
r , where i = 1, 2. μr1 and μr2 represent

the average values of the SNR for S −R link and R−D link,
respectively.

For ease of derivation, we assume γ1 = γ2 = γ. Using [40,
Eq. (2.9.1)], the two multiplying Meijer’s G functions in T1 can
be combined into an S function as (7)

T1 = D1D2

β2∑
m2=1

Cm2

β2∑
m2=1

Cm2
S

×

⎡
⎢⎢⎢⎢⎢⎢⎣

[
0, 0
0, 0

]
(

1, 3r
r, 1

)
(

1, 3r
r, 1

)
∣∣∣∣∣
∣∣∣∣ 1,K1

1,K2

∣∣∣∣ k11, k12, k13, 0k21, k22, k23, 0

∣∣∣∣∣
E1

wμr1
E2

wμr2

⎤
⎥⎥⎥⎥⎥⎥⎦.

(7)

By replacing (3) and (7) into (5), the precise statistical expres-
sion of the CDF for the dual-hop Málaga-Málaga communica-
tion system under HD and IM/DD techniques considering the
composited impacts of AT and pointing errors can be obtained
as (8)

Fγ (γ)

=

2∑
i=1

βi∑
mi=1

DiCmiG
3r,1
r+1,3r+1

[
Ei

γ

μri

∣∣∣∣ 1,Ki

ki1, ki2, ki3, 0

]

−
2∏
i=1

·
βi∑

mi=1

DiCmiS

×

⎡
⎢⎢⎢⎢⎢⎢⎣

[
0, 0
0, 0

]
(

1, 3r
r, 1

)
(

1, 3r
r, 1

)
∣∣∣∣∣
∣∣∣∣ 1,K1

1,K2

∣∣∣∣ k11, k12, k13, 0k21, k22, k23, 0

∣∣∣∣∣
E1

wμr1
E2

wμr2

⎤
⎥⎥⎥⎥⎥⎥⎦ .

(8)

Here, S[·] is the bivariate S function [41], which is a standard
built-in function in MATLAB.

It is worth mentioning that the precise end-to-end statistical
expression for CDF in (8) can be further expressed by a bivariate
Meijer’s G function when the HD technique is employed. Then,
a simplified precise statistical expression for the CDF can be
deduced as in (9)

Fγ (γ) =
1

2

2∑
i=1

βi∑
mi=1

Aiεi
2bmiG

3,1
2,4

[
Bi

γ

μri

∣∣∣∣ 1, εi2 + 1
εi

2, αi,mi, 0

]

− 1

4

2∏
i=1

βi∑
mi=1

Aiεi
2bmiG

0,0;3,1;3,1
0,0;2,4;2,4



YU et al.: DUAL-HOP OPTICAL COMMUNICATION SYSTEMS OVER MÁLAGA TURBULENCE UNDER POINTING ERROR IMPAIRMENTS 7358215

×
[−
−
∣∣∣∣ 1, ε12 + 1
ε1

2, α1,m,1, 0

∣∣∣∣ 1, ε22 + 1
ε2

2, α2,m,2, 0

∣∣∣∣ B1

μr1
,
B2

μr2

]
.

(9)

2) Asymptotic Analysis: The derived precise statistical ex-
pression of the CDF for our considered dual-hop Málaga-Málaga
communication system in (9) is difficult to calculate with
mathematical software packages such as MATHEMATICA or
MATLAB.

For simplicity, we also propose a tight approximate end-to-
end statistical expression for the CDF of the consisted dual-
hop Málaga-Málaga communication system by using [40, Eq.
(2.9.1)], with some algebraic manipulations, for the high-SNR
range as (10), shown at the bottom of this page.

Proof: See Appendix B.
In contrast to (8), the approximate expression in (10), only

contains the sum of simple basic functions. In addition, this
result at high SNR range matches perfectly with the precise
expression.

It is worth highlighting that the approximate end-to-end statis-
tical expression for CDF is used to calculate approximate results
of the MGF and the ABER in the following sections.

B. Probability Density Function

The precise end-to-end statistical expression for PDF using
the relation fX(x) = F ′

X(x) and substituting (5) into this deriva-
tive equation can be deduced as

fγ (γ) = fγ1 (γ1) + fγ2 (γ2)

− fγ1 (γ1)Fγ2 (γ2)︸ ︷︷ ︸
T2

−Fγ1 (γ1) fγ2 (γ2)︸ ︷︷ ︸
T3

. (11)

By substituting the expressions for the PDF and CDF in (2)
and (3) into (11), T2 and T3 can be recast as

T2 =

β1∑
m1=1

A1ε1
2bm1

G3,0
1,3

[
B1

(
γ1
μr1

) 1
r
∣∣∣∣ ε12 + 1
ε1

2, α1,m1

]

·
β2∑

m2=1

D2Cm2
G3r,1
r+1,3r+1

[
E2

γ2
μr2

∣∣∣∣ 1,K2

k21, k22, k23, 0

]
,

(12)

T3 =

β2∑
m2=1

A2ε2
2bm2

G3,0
1,3

[
B2

(
γ1
μr2

) 1
r
∣∣∣∣ ε22 + 1
ε2

2, α2,m2

]

·
β1∑

m1=1

D1Cm1
G3r,1
r+1,3r+1

[
E1

γ2
μr1

∣∣∣∣ 1,K1

k11, k12, k13, 0

]
.

(13)

Using [40, Eq (2.9.1)] with γ1 = γ2 = γ, the multiplied Mei-
jer’s G function in T2 and T3 is further reduced to the bivariate
Meijer’s G function as (14) and (15), both shown at the bottom
of the page.

Then, by inserting (2), (3), (14), and (15) into (11), and
using random variable transformation, the precise closed-form
expression for the PDF of the equivalent SNR can be obtained
as (16), shown at the bottom of the page, where j = (−1)i+1 +

i, i ∈ (1, 2), and j ∈ (1, 2), Kj =
εj

2+1
r , . . .,

εj
2+r
r is made

Fγ (γ) ≈
2∑
i=1

βi∑
mi=1

DiCmi

⎡
⎢⎣ Γ(αi−εi2)Γ(mi−εi2)

εi2

(
Ei
μri

)εi2
+

Γ(εi2−αi)Γ(mi−αi)
εi2Γ(εi2+1−αi)

(
Ei
μri

)αi
+

Γ(εi2−mi)Γ(αi−mi)
miΓ(εi2+1−mi)

(
Ei
μri

)mi
⎤
⎥⎦

−D1D2

β1∑
m1

β2∑
m2

Cm1
Cm2

2∏
i=1

⎡
⎢⎣ Γ(αi−εi2)Γ(mi−εi2)

εi2

(
Ei
μri

)εi2
+

Γ(εi2−αi)Γ(mi−αi)
εi2Γ(εi2+1−αi)

(
Ei
μri

)αi
+

Γ(εi2−mi)Γ(αi−mi)
miΓ(εi2+1−mi)

(
Ei
μri

)mi
⎤
⎥⎦ (10)

T2 =

β1∑
m1=1

β2∑
m2=1

A1ε1
2D2bm1

Cm2
G0,0;3,0;3r,1

0,0;1,3;r+1,3r+1

[
−
−

∣∣∣∣∣ ε12 + 1
ε1

2, α1,m1

∣∣∣∣∣ 1,K2

k21, k22, k23, 0

∣∣∣∣∣B1

(
γ

μr1

) 1
r

, E2
γ

μr2

]
(14)

T3 =

β2∑
m2=1

β1∑
m1=1

A2ε2
2D1bm2

Cm1
G0,0;3,0;3r,1

0,0;1,3;r+1,3r+1

[
−
−

∣∣∣∣∣ ε22 + 1
ε2

2, α2,m2

∣∣∣∣∣ 1,K1

k11, k12, k13, 0

∣∣∣∣∣B2

(
γ

μr2

) 1
r

, E1
γ

μr1

]
(15)

fγ (γ) =
1

2rγ

⎧⎪⎪⎨
⎪⎪⎩

2∑
i=1

βi∑
mi=1

Aiεi
2bmiG

3,0
1,3

[
Bi

(
γ
μri

) 1
r

∣∣∣∣ εi2 + 1
εi

2, αi,mi

]
−

2∑
i=1

βi∑
mi=1

βj∑
mj=1

bmiAiεi
2CmjDj

·G0,0;3,0;3r,1
0,0;1,3;r+1,3r+1

[ −
−
∣∣∣∣ εi2 + 1
εi

2, αi,mi

∣∣∣∣ 1,Kj

kj1, kj2, kj3, 0

∣∣∣∣Bi( γ
μri

) 1
r

, Ej
γ
μrj

]
⎫⎪⎪⎬
⎪⎪⎭ (16)
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up of r terms, kj1 =
εj2

r , . . .,
εj2+r−1

r , kj2 =
αj
r , . . .,

αj+r−1
r ,

and kj3 =
mj
r , . . .,

mj+r−1
r are each made up of r terms with

1 ≤ mj ≤ βj .

C. Moment Generation Function

1) Exact Analysis: The MGF is generally defined asMγ(w)
= E[e−γw]. It can be simplified by integration by parts and
expressed in terms of CDF, as in [35]:

Mγ(w) = w

∫ ∞

0

e−γwFγ (γ) dγ. (17)

Substituting (8) into (17) and using [37, Eq. (3.381/4)]
and [42, Eq. (1.1)], the MGF using the bivariate S function is as
as in (18), shown at the bottom of the page.

Furthermore, assuming that the considered dual-hop Málaga-
Málaga communication system adopts HD technique (i.e., r =
1).

The MGF of the system can be further recast with bivariate
Meijer’s G function, defined as in (19), shown at the bottom
of the page, where μ11 and μ22 represent the average values of
the SNR under HD technique for S −R link and R−D link,
respectively.

2) Asymptotic Analysis: By inserting (10) into (17) and using
the integral identity [37, Eq. (3.381/4)] at high SNR range,
the asymptotic end-to-end statistical expression of MGF using
simple basic functions can be expressed as (20)

Mγ(w) ≈
2∑
i=1

βi∑
mi=1

DiCmi

·

⎡
⎢⎢⎢⎢⎢⎣

Γ
(
εi

2
)
Γ
(
αi − εi

2
)
Γ
(
mi − εi

2
) (

Ei
wμ1i

)εi2
+

Γ(αi)Γ(εi2−αi)Γ(mi−αi)
Γ(εi2+1−αi)

(
Ei
wμ1i

)αi
+

Γ(mi)Γ(εi2−mi)Γ(αi−mi)
Γ(εi2+1−mi)

(
Ei
wμ1i

)mi

⎤
⎥⎥⎥⎥⎥⎦

−D1D2

β1∑
m1

β2∑
m2

Cm1
Cm2

·

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Γ(ε12)Γ(α1−ε12)Γ(m1−ε12)
Γ(1+ε12)

(
E1

wμ11

)ε12

·

⎡
⎢⎢⎢⎢⎣

Γ(1+ε12+ε2
2)Γ(α2−ε22)Γ(m1−ε12)

Γ(ε12+ε22)Γ(1+ε22)

(
E2

wμ12

)ε22

+
Γ(1+ε12+α2)Γ(ε22−α2)Γ(m2−α2)

Γ(ε12+α2)Γ(1+α2)Γ(1+ε22−α2)

(
E2

wμ12

)α2

+
Γ(1+ε12+m2)Γ(ε22−m2)Γ(α2−m2)

Γ(ε12+m2)Γ(1+m2)Γ(1+ε22−m2)

(
E2

wμ12

)m2

⎤
⎥⎥⎥⎥⎦

+
Γ(α1)Γ(ε12−α1)Γ(m1−α1)

Γ(1+α1)Γ(1+ε12−α1)

(
E1

wμ11

)ε12

·

⎡
⎢⎢⎢⎢⎣

Γ(1+α1+ε2
2)Γ(α2−ε22)Γ(m1−ε12)

Γ(α1+ε22)Γ(1+ε22)

(
E2

wμ12

)ε22

+
Γ(1+α1+α2)Γ(ε22−α2)Γ(m2−α2)

Γ(α1+α2)Γ(1+α2)Γ(1+ε22−α2)

(
E2

wμ12

)α2

+
Γ(1+α1+m2)Γ(ε22−m2)Γ(α2−m2)

Γ(α1+m2)Γ(1+m2)Γ(1+ε22−m2)

(
E2

wμ12

)m2

⎤
⎥⎥⎥⎥⎦

+
Γ(m1)Γ(ε12−m1)Γ(α1−m1)

Γ(1+m1)Γ(1+ε12−m1)

(
E1

wμ11

)ε12

·

⎡
⎢⎢⎢⎢⎣

Γ(1+m1+ε2
2)Γ(α2−ε22)Γ(m1−ε12)

Γ(m1+ε22)Γ(1+ε22)

(
E2

wμ12

)ε22

+
Γ(1+m1+α2)Γ(ε22−α2)Γ(m2−α2)

Γ(m1+α2)Γ(1+α2)Γ(1+ε22−α2)

(
E2

wμ12

)α2

+
Γ(1+m1+m2)Γ(ε22−m2)Γ(α2−m2)

Γ(m1+m2)Γ(1+m2)Γ(1+ε22−m2)

(
E2

wμ12

)m2

⎤
⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

(20)

It is worth stressing that the asymptotic statistical result for the
MGF in (20) is suitable for calculating the performance indicator
of the average BER. For instance, we can easily calculate the
ABER for the dual-hop Málaga-Málaga communication system

Mγ(w) =

2∑
i=1

βi∑
mi=1

DiCmiG
3r,2
r+2,3r+1

[
Ei
wμri

∣∣∣∣ 0, 1,Ki

ki1, ki2, ki3, 0

]

+ w

2∏
i=1

βi∑
mi=1

DiCmiS

⎡
⎢⎢⎢⎢⎢⎢⎣

[
1, 0
0, 0

]
(

1, 3r
r, 1

)
(

1, 3r
r, 1

)
∣∣∣∣∣∣
Δ(1, 1),−,−
(1,K1) , (k11, k12, k13, 0)
(1,K2) , (k21, k22, k23, 0)

∣∣∣∣∣
E1

wμr1
E2

wμr2

⎤
⎥⎥⎥⎥⎥⎥⎦ (18)

Mγ(w) =
1

2

2∑
i=1

βi∑
mi=1

Aiεi
2bmiG

3,2
3,4

[
Bi
wμ1i

∣∣∣∣ 0, 1, εi2 + 1
εi

2, αi,mi, 0

]

+
1

4

2∏
i=1

βi∑
mi=1

Aiεi
2bmiG

1,0;3,1;3,1
0,0;2,4;2,4

[ −, 1
0,−

∣∣∣∣ 1, ε12 + 1
ε1

2, α1,m1, 0

∣∣∣∣ 1, ε22 + 1
ε2

2, α2,m2, 0

∣∣∣∣ B1

wμ11
,
B2

wμ12

]
(19)
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by capitalizing on the expression of MGF without calculating
the end-to-end statistical expression for PDF and CDF.

IV. PERFORMANCE ANALYSIS

In this section, we focus on deriving performance indica-
tors for our considered dual-hop Málaga-Málaga communi-
cation system, such as the OP, the ABER for various meth-
ods of modulation, and the EC for both IM/DD and HD
techniques, using the end-to-end statistical properties derived
previously.

A. Outage Probability

As an essential index to analyze the performance for our
proposed dual-hop Málaga-Málaga system, OP can be defined
as the probability that the instantaneous SNR γ is lower than
the predetermined threshold γth. By using (8) and substituting
γth into it, we can easily derive a precise expression for the
outage probability for the dual-hop Málaga-Málaga communi-
cation system over AT under pointing error impairments with
HD and IM/DD techniques, i.e., Pout = F (γth). Similarly, at
high SNR, the asymptotic expression for the OP can be easily
deduced from (10). It can be clearly seen from (10) that the OP
is determined by the turbulence conditions (i.e., αi and βi) and
the pointing error parameters (i.e., εi) for both links. In addition,
the outage probability changes with the variation of the average
SNR.

B. Average BER

1) Exact Analysis: A unified expression for the ABER with
different binary modulation strategies can be defined as [43]

Pe =
1

2Γ(p)

∫ ∞

0

Γ (p, qγ) fγ (γ) dγ, (21)

where Γ(·, ·) represents an incomplete gamma function, and the
values of p and q depend on the binary modulation strategies. For
instance, p = 1 and q = 1 represent differential binary phase-
shift keying (DBPSK), p = 1/2 and q = 1 represent coherent
BPSK (CBPSK), p = 1 and q = 1/2 represent non-coherent
binary frequency shift keying (NCBFSK), and p = 1/2 and q
= 1/2 represent coherent (CBFSK). Using [43, Eq. (12)] and
integration by parts, the expression for the average BER with
different modulation strategies is

Pe =
qp

2Γ(p)

∫ ∞

0

e−qγγp−1Fγ (γ) dγ. (22)

By inserting (8) into (22), a unified precise expression for
the considered dual-hop Málaga-Málaga system with AT and
pointing errors was deduced as (23), shown at the bottom of this
page.

Proof: See Appendix C.
Subsequently, in order to validate the generality of the de-

rived result in (23), the precise simplified expression of the
ABER for the proposed system using the HD technique (i.e.,
r = 1) under the CBPSK modulation strategy is expressed
as (24)

Pe =
1

4Γ
(
1
2

) 2∑
i=1

βi∑
mi=1

Aiεi
2bmiG

3,2
3,4

[
2Bi
μri

∣∣∣∣∣
1
2 , 1, εi

2 + 1

εi
2, αi,mi, 0

]

−D1D2

β1∑
m1=1

β2∑
m2=1

bm1
bm2

·S

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

[
1, 0

0, 0

]
(

1, 3

1, 1

)
(

1, 3

1, 1

)

∣∣∣∣∣∣∣∣
1, 0(
1, ε1

2 + 1
)
,
(
ε1

2, α1,m1, 0
)

(
1, ε2

2 + 1
)
,
(
ε2

2, α2,m2, 0
)
∣∣∣∣∣

2B1

μr1

2B2

μr2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(24)

2) Asymptotic Analysis: To further obtain helpful insights for
engineering applications, a tight asymptotic expression for the
ABER at high SNR can be deduced as a simple basic function
by substituting (10) into (22) with some algebraic manipulations
can be given as (25)

Pe ≈ 1

2

2∑
i=1

βi∑
mi=1

DiCmi

·

⎡
⎢⎢⎢⎢⎢⎣

Γ(εi2)Γ(αi−εi2)Γ(mi−εi2)Γ(p+εi2)
Γ(εi2+1−αi)Γ(εi2+1)

(
Ei
qμ1i

)εi2
+

Γ(αi)Γ(εi2−αi)Γ(mi−αi)Γ(p+αi)
Γ(εi2+1−αi)Γ(αi+1)

(
Ei
qμ1i

)αi
+

Γ(mi)Γ(εi2−mi)Γ(αi−mi)Γ(p+mi)
Γ(εi2+1−mi)Γ(mi+1)

(
Ei
qμ1i

)mi

⎤
⎥⎥⎥⎥⎥⎦

− 1

2
D1D2

β1∑
m1

β2∑
m2

Cm1
Cm2

Pe =
1

2Γ(p)

2∑
i=1

Di

βi∑
mi=1

CmiG
3r,2
r+2,3r+1

[
Ei
qμri

∣∣∣∣ 1− p, 1,Ki

ki1, ki2, ki3, 0

]
−D1D2

β1∑
m1=1

Cm1

·
β2∑

m2=1

Cm2
G1,0;3r,1;3r,1

1,1;r+1,3r+1;r+1,3r+1

[ −, p
0,−

∣∣∣∣ 1,K1

k11, k12, k13, 0

∣∣∣∣ 1,K2

k21, k22, k23, 0

∣∣∣∣ E1

qμr1
,
E2

qμr2

]
(23)
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·

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Γ(ε12)Γ(α1−ε12)Γ(m1−ε12)
Γ(1+ε12)

(
E1

qμ11

)ε12

·

⎡
⎢⎢⎢⎢⎣

Γ(p+ε12+ε2
2)Γ(α2−ε22)Γ(m1−ε12)

Γ(ε12+ε22)Γ(1+ε22)

(
E2

qμ12

)ε22

+
Γ(p+ε12+α2)Γ(ε22−α2)Γ(m2−α2)

Γ(ε12+α2)Γ(1+α2)Γ(1+ε22−α2)

(
E2

qμ12

)α2

+
Γ(p+ε12+m2)Γ(ε22−m2)Γ(α2−m2)

Γ(ε12+m2)Γ(1+m2)Γ(1+ε22−m2)

(
E2

qμ12

)m2

⎤
⎥⎥⎥⎥⎦

+
Γ(α1)Γ(ε12−α1)Γ(m1−α1)

Γ(1+α1)Γ(1+ε12−α1)

(
E1

qμ11

)ε12

·

⎡
⎢⎢⎢⎢⎣

Γ(p+α1+ε2
2)Γ(α2−ε22)Γ(m1−ε12)

Γ(α1+ε22)Γ(1+ε22)

(
E2

qμ12

)ε22

+
Γ(p+α1+α2)Γ(ε22−α2)Γ(m2−α2)

Γ(α1+α2)Γ(1+α2)Γ(1+ε22−α2)

(
E2

qμ12

)α2

+
Γ(p+α1+m2)Γ(ε22−m2)Γ(α2−m2)

Γ(α1+m2)Γ(1+m2)Γ(1+ε22−m2)

(
E2

qμ12

)m2

⎤
⎥⎥⎥⎥⎦

+
Γ(m1)Γ(ε12−m1)Γ(α1−m1)

Γ(1+m1)Γ(1+ε12−m1)

(
E1

qμ11

)ε12

·

⎡
⎢⎢⎢⎢⎣

Γ(p+m1+ε2
2)Γ(α2−ε22)Γ(m1−ε12)

Γ(m1+ε22)Γ(1+ε22)

(
E2

qμ12

)ε22

+
Γ(p+m1+α2)Γ(ε22−α2)Γ(m2−α2)

Γ(m1+α2)Γ(1+α2)Γ(1+ε22−α2)

(
E2

qμ12

)α2

+
Γ(p+m1+m2)Γ(ε22−m2)Γ(α2−m2)

Γ(m1+m2)Γ(1+m2)Γ(1+ε22−m2)

(
E2

qμ12

)m2

⎤
⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

(25)

The ABER performance of the system is affected by the
turbulence intensity and pointing error parameters of the first
and second links. Moreover, the ABER is strongly related to the
modulation scheme with combinations of p and q.

C. Ergodic Capacity

The EC for the Málaga-Málaga communication system oper-
ating with both IM/DD and HD techniques can be defined as [44,
Eq. (7.43)]

C = E [log2 (1 + ηγ)] =

∫ ∞

0

log2 (1 + ηγ) fγ (γ) dγ, (26)

where η represents a constant, that is η= 1 for the HD technique,
and η = e/(2π) for the IM/DD technique. By substituting (16)
into (26), representing log2(1 + x) using Meijer’s G function

as log2(1 + x) = (1/ln 2)G1,2
2,2

(
x| 1,1

1,0

)
, and finally using the

results derived above with many algebraic manipulations, a uni-
fied precise expression of the EC for IM/DD and HD techniques
for the considered system under AT, pointing error impairments,
and atmospheric absorption is presented as in (27), shown at the
bottom of this page, where H[·] represents Fox’s H function [42].
For the considered dual-hop Málaga-Málaga communication
system with HD (i.e., η = 1), the simplified expression for EC
with HD technique can be deduced utilizing bivariate Meijer’s
G function as in (28), shown at the bottom of the page.

In particular, the EC is a measure of the maximum capacity
of a channel to transmit information, which depends on the
turbulence conditions, pointing error impairments, and detection
method for the dual-hop FSO system. Furthermore, the EC
fluctuates with the variation of the average SNR.

V. NUMERICAL RESULTS

In this section, some numerical experiments are conducted
to verify the derived expressions and prove their correctness
utilizing Monte Carlo simulations. For all the simulations, we
set ψ = 20.03 [33] and assume that the S −R and R−D
links experience different AT conditions, i.e., strong AT (α =
1.600;β = 1), moderate AT (α = 2.296;β = 2), and weak AT
(α = 4.300;β = 3). Moreover, each link is subjected to the same
pointing error impairments and the Monte Carlo simulation is
run 105 times.

Fig. 2 shows the ABER for the single FSO link and our
proposed dual-hop Málaga-Málaga communication system for
various pointing errors under moderate turbulence with the
IM/DD technique. The propagation distance of the single FSO
link is 1800 m. In addition, for the dual-hop FSO system, we have
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Fig. 2. Average BER for the single FSO link and the dual-hop system for
different pointing error impairments under moderate turbulence.

Fig. 3. Average BER for the single FSO link and the dual-hop system for
different pointing error impairments under moderate turbulence.

LS−R = LR−D = 900 m. The simulation results are basically
consistent with the analytical results. In addition, the ABER
increases for a smaller pointing errors parameter both the single
FSO link and the dual-hop communication system. More specif-
ically, for the same pointing errors and moderate AT conditions,
the ABER performance of the dual-hop communication system
is greatly improved compared with the single FSO link. For
instance, the ABER for the dual-hop system for SNR = 20 dB
is 1× 10−4 with ε1 = ε2 = 6, but this increases to 1× 10−3 for
the single FSO link. This phenomenon arises from the use of DF
relay technology, where the error probability of the received opti-
cal signal is significantly reduced in the decoding and forwarding
process, which further improves the ABER performance of the
Málaga-Málaga communication system. Finally, the asymptotic
expression for the ABER in the high-SNR regime is highly
consistent with the derived closed-form expression.

Fig. 4. Outage probability for the dual-hop system when the S −R and R−
D links experience different turbulence conditions.

Fig. 3 illustrates the influence of the pointing error impair-
ments on the EC of the single FSO link and the dual-hop
Málaga-Málaga communication system. The distance of the
single FSO communication link is assumed as 1800 m over
moderate turbulence, andLS−R = LR−D = 900 m for our con-
sisted Málaga-Málaga communication system under the same
turbulence conditions. Clearly, the dual-hop Málaga-Málaga
communication system requires a smaller SNR than the single
FSO link to achieve the same EC. For example, for ε1 = ε2 =
6, the end-to-end SNR required by the dual-hop system is
only 10 dB, while the SNR required by the single FSO link
is 14 dB when the EC reaches 4 b/s/Hz. Conversely, for a
consistent SNR, the dual-hop Málaga-Málaga communication
system can achieve a larger EC than the single FSO link. The
performance improvement arises from the implementation of
relay technology, where optical signals are transmitted from
source to destination through intermediate relay nodes, which
significantly mitigates the impacts of AT, atmospheric absorp-
tion, and pointing error impairments. The simulation results
reveal that the theoretical results are basically consistent with
the above analysis results. Fig. 4 demonstrates the impacts for
different turbulence conditions on the OP for our considered
dual-hop Málaga-Málaga communication system. In this figure,
the S −R link is constrained to weak and strong turbulence.
In contrast, the R−D link successively experiences three AT
conditions, namely weak, moderate, and strong. In the case
where the S −R link experiences weak turbulence, the OP
increases with the turbulence severity of theR−D link, result-
ing in deterioration of the OP performance as shown in Fig. 4.
For instance, we can observe that the OP reaches 1× 10−5 at
SNR = 20 dB under HD for an R−D link experiencing weak
turbulence. The OP are 1× 10−3 and 0.1 when the R−D link
experiences moderate and strong turbulence, respectively. In
contrast, the increasing trend of the OP is significantly reduced
when the S −R link experiences strong turbulence. The OP is
almost the same (i.e., both cases are 0.01) at SNR = 20 dB when



7358215 IEEE PHOTONICS JOURNAL, VOL. 14, NO. 6, DECEMBER 2022

Fig. 5. Average BER for the dual-hop system in the case where the S −R
and R−D links experience different turbulence conditions.

the R−D link experiences moderate and weak turbulence,
and decreases to 0.07 for strong turbulence. Compared with
weak turbulence, strong turbulence in the S −R link causes
the optical intensity to undergo serious deterioration, which
significantly affects the outage probability performance of the
FSO communication system when the received optical signal
passes through the S −R link. Hence, the OP performance of
our proposed system mainly depends on the AT condition of
S −R link.

The influences of the turbulence conditions on the ABER of
our consisted dual-hop Málaga-Málaga communication system
are presented in Fig. 5. Both hops are assumed to experience
different turbulence conditions with the same pointing errors.
Obviously, the ABER decreases as the turbulence intensity of the
R−D link decreases, resulting in a performance improvement
when theS −R link experiences weak turbulence. For example,
at SNR = 20 dB, the ABER of our proposed system with HD
technique is 0.01 when the R−D link undergoes strong turbu-
lence, and this decreases to 1× 10−4 for weak turbulence. Simi-
lar to Fig. 4, when theS −R link experiences strong turbulence,
the ABER remains constant as the turbulence intensity of the
R−D link increases. This interesting phenomenon indicates
that the turbulence of the S −R link plays a dominant role, and
further confirms the results in Fig. 4. Moreover, these numerical
results for the ABER are entirely consistent with our theoretical
analysis. Fig. 6 plots the influence of various turbulence con-
ditions on the EC for the considered dual-hop Málaga-Málaga
communication system. Clearly, the EC of our proposed system
increases as the turbulence intensity of theR−D link increases
when the S −R link experiences weak turbulence. However,
the EC hardly changes when the S −R link undergoes strong
turbulence. For example, at a value of SNR = 12 dB and when
the S −R link experiences weak turbulence, the EC decreases
from 5 to 4.8 b/s/Hz when the turbulence intensity of theR−D
link is increased from weak to moderate. In the case where
the S −R link experiences strong turbulence, the EC is almost

Fig. 6. Ergodic capacity of the dual-hop system in case where the S −R and
R−D links undergo different turbulence conditions.

Fig. 7. Outage probability for various turbulence conditions of the dual-hop
system with IM/DD and HD techniques.

always 4.5 b/s/Hz. This performance improvement is due to the
weak turbulence condition of the S −R link providing a perfect
fading environment. These results reveal that the turbulence
conditions of theS −R link play a dominant role in the dual-hop
Málaga-Málaga communication system, and hence more studies
on the S −R link should be conducted to improve the EC
performance. Finally, the analytical and theoretical results are
perfectly identical, thus proving the correctness of our derived
ergodic ability results.

Fig. 7 depicts the OP performance of the considered dual-hop
Málaga-Málaga communication system with various AT condi-
tions under IM/DD and HD techniques. The S −R and R−D
links are assumed to experience the same turbulence conditions
simultaneously (i.e., α1 = α2, β1 = β2), and that both links are
subjected to the same pointing errors (i.e., ε1 = ε2 = 6). Clearly,
the analysis results are basically consistent with the simulation
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Fig. 8. Average BER for the dual-hop system using IM/DD and HD techniques
under different turbulence conditions.

results. Moreover, the OP for the dual-hop Málaga-Málaga com-
munication system gradually increases with turbulence intensity.
For instance, in the case where ε1 = ε2 = 6 with heterodyne
detection and at SNR = 20 dB, the OP for our proposed system
over weak AT increases from 1× 10−4 to 0.2 compared with
strong turbulence. This is because, in the case of strong AT,
the scintillation index become larger, which causes fast fading
channels and ultimately leads to a larger OP. Furthermore, the
asymptotic expression for the OP in the high-SNR range is
entirely consistent with the analytical expression.

The ABER for the consisted dual-hop Málaga-Málaga com-
munication system under the IM/DD and HD techniques for
varying turbulence intensity is plotted in Fig. 8. We assume that
α1 = α2, β1 = β2 and ε1 = ε2 = 6. The ABER declines with
a decrease in the turbulence intensity of the S −R and R−D
links. For example, at 30 dB, the turbulence intensity changes
from strong to weak, and the ABER with IM/DD technique
decreases from 0.01 to 1× 10−3. This performance improve-
ment is due to the fact that weaker turbulence conditions lead
to a smaller scintillation index for the dual-hop Málaga-Málaga
communication system, which reduces the channel fading in-
tensity. In addition, it can be seen from Fig. 8 that in the high
SNR range, the simulation results of the asymptotic expression
of the ABER obtained in (25) and the theoretical expression are
basically the same.

Fig. 9 illustrates the impacts of different turbulence conditions
on the EC for the IM/DD and HD techniques. Similar to Fig. 8,
the S −R and R−D links are assumed to undergo the same
turbulence conditions simultaneously, and we have ε1 = ε2 = 6.
We find that the simulation results match perfectly with those of
the theoretical analysis. The EC decreases with an increase in the
turbulence intensity. For instance, at 10 dB and under IM/DD,
for moderate turbulence, the EC is 3 b/s/Hz, but this decreases to
2 b/s/Hz in the case of strong AT. It can therefore be inferred that
the EC performance of the considered dual-hop Málaga-Málaga
communication system significantly improves with a decrease
in the turbulence intensity of the S −R and R−D links.

Fig. 9. Ergodic capacity of the dual-hop system under strong, moderate, and
weak turbulence with IM/DD and HD techniques.

Fig. 10. Outage probability of the dual-hop system for varying pointing errors
under the HD and IM/DD techniques with asymptotic results in the high-SNR
regime.

Fig. 10 presents the OP for the proposed dual-hop Málaga-
Málaga communication system for different pointing errors
under moderate AT condition. It is assumed that the pointing
error parameters of the S −R and R−D links are the same,
simultaneously (i.e., ε1 = ε2). This figure depicts the OP in-
creases with an increase in the pointing error impairments (i.e.,
a smaller value of the pointing error parameter). In addition, the
HD technique is superior to the IM/DD technique for various
pointing errors conditions in the dual-hop system. For instance,
at SNR = 30 dB and ε1 = ε2 = 1.6, the OP of the dual-hop
system with HD is 1× 10−5, and this increases to 0.01 for
IM/DD. This performance improvement arises from the fact
that the heterodyne detection technique has a higher conversion
gain and better filtering performance for background light. As
expected, the analytical results are consistent with the simulation
results. In addition, in the high SNR region, the asymptotic
results of OP are closely aligned with the analytical results in
Fig. 10.
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Fig. 11. Average BER of the dual-hop system for different pointing errors
under the HD and IM/DD techniques, with asymptotic results in the high-SNR
regime.

Fig. 12. Ergodic capacity of the dual-hop system using the HD and IM/DD
techniques for varying pointing errors, with asymptotic results in the high-SNR
regime.

Fig. 11 shows the ABER for our consisted dual-hop Málaga-
Málaga communication system for different pointing error im-
pairments with the HD and IM/DD techniques. Each link is
supposed to experiences moderate AT condition with ε1 = ε2.
The results show that the theoretical results are basically consis-
tent with the analytical expressions. In addition, severe pointing
errors (i.e., smaller values of the pointing error parameters)
result in a worse ABER performance. For weak AT condition,
to achieve an ABER of 1× 10−4, the SNR of ε1 = 1.6 is 20 dB,
while for ε1 = 1.2 is 30 dB. We can also conclude that the
ABER of the dual-hop Málaga-Málaga communication system
using HD scheme is lower than IM/DD scheme. The asymptotic
expression for the ABER at high SNR obtained from (25)
is consistent with the analytical expression, which proves the
accuracy of above derived results for the ABER.

Fig. 12 shows the EC of the dual-hop Málaga-Málaga com-
munication system with the HD and IM/DD techniques for
various pointing errors. Similar to Fig. 11, we have pointing

error parameters of ε1 = ε2 = 1.2, 1.6, and 6. Each link is
also assumed to experience moderate turbulence. As shown in
this figure, the system’s EC increases as the influence of the
pointing errors gets weaker (i.e., the larger the value of ε1, the
larger the EC). For instance, at SNR = 14 dB, the value of
the EC is 4.5 b/s/Hz for ε1 = ε2 = 1.6, and this decreases to
5 b/s/Hz for ε1 = ε2 = 6. In particular, the EC performance of
our considered system is significantly enhanced for ε1 = ε2 = 6
under moderate AT conditions.

As discussed in our simulation results, the performance of
the dual-hop FSO communication system is better than that
of the single-hop FSO communication system. In addition, our
proposed dual-hop FSO communication system has great met-
rics for the OP, ABER, and EC for weak turbulence and minor
pointing error impairments. Furthermore, it is more beneficial to
use HD technology rather than IM/DD technology to improve
the system’s performance. Therefore, the dual-hop Málaga-
Málaga communication system can be applied to inter-satellite
communication because the proposed system is less affected by
the space transmission environment. In addition, the proposed
system is suitable for military applications for immunity to
electromagnetic interference. In particular, our proposed system
can also provide users with more convenient services because it
can provide high-speed and flexible connections in a small area
to achieve seamless connection of various systems.

VI. CONCLUSION

This paper proposes a dual-hop Málaga-Málaga communica-
tion system with DF protocol that considers the influences of
AT, atmospheric absorption and pointing error impairments, in
which the Málaga fading distribution is adopted for each hop.
To analyze the performance of the DF-based dual-hop Málaga-
Málaga communication system, we deduce the precise statistical
expressions for end-to-end CDF, PDF, and MGF under HD and
IM/DD techniques. Using these statistical results, the OP, the
ABER for various methods of modulation, and the EC for both
IM/DD and HD techniques for this communication system using
unified precise expressions. Furthermore, asymptotic results for
the end-to-end CDF and the ABER are derived for the high-SNR
range to provide further useful insights for engineering applica-
tions. Our numerical results indicate that the performance of
the considered dual-hop system is improved compared to the
single-hop FSO link. In addition, the turbulence condition of
S −R link has a much greater impact on the performance of
the proposed system than that of theR−D link. Finally, Monte
Carlo simulation is carried out to verify the correctness of the
derived formula, and the results show that the theoretical analysis
is basically consistent with the numerical results.

APPENDIX A
CDF FOR THE INSTANTANEOUS SNR

Using the definition of the CDF, we have the integral equation
between CDF and PDF as

FX(x) =

∫ ∞

0

fX(x)dx (A1)
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By replacing (2) into (A1), the expression for the CDF of the
single link can be derived as

Fγ (γ) =

∫ ∞

0

Aε2

2rγ

β∑
m=1

bmG
3,0
1,3

(
B

(
γ

μr

) 1
r
∣∣∣∣ ε2 + 1
ε2, α,m

)
dγ

(A2)
To facilitate the derivation, we perform some algebraic oper-

ations on (A2). The expression of the CDF for the single link
can be further written as

Fγ (γ) =
Aε2

2rγ

β∑
m=1

bmG
3,0
1,3

∫ ∞

0

1

γ
G3,0

1,3

(
B

(
γ

μr

) 1
r
∣∣∣∣ ε2 + 1
ε2, α,m

)
dx

︸ ︷︷ ︸
T

(A3)

Using [39, Eq. (07.34.21.0084.01)] and transformation of a
random variable, we can deduce the expression of T as

T = G3r,1
r+1,3r+1

(
E
γ

μr

∣∣∣∣ 1,Kk1, k2, k3, 0
)

(A4)

Finally, by substituting (A4) into (A3), the expression of the
CDF for the single FSO link can be deduced as (3).

APPENDIX B
ASYMPTOTIC ANALYSIS FOR END-TO-END CDF

Applying [42, Eq. (1.1)] and [40, Eq. (1.8.4)], the asymptotic
end-to-end statistical expression for Meijer’s G function in (3)
at high SNR is given as in (B1), shown at the bottom of this
page, where kn represents the nth term of k1, and Kt denotes
the tth term of K. Using some algebraic manipulations, (B1)
can be rewritten as in (B2), shown at the bottom of this page.

Furthermore, we can obtain concrete approximate expressions
with the HD technique (i.e., r = 1) as follows:

Fγ (γ) ≈ Γ
(
α− ε2

)
Γ
(
m− ε2

)
ε2

(
E

μr

)ε2

+
Γ
(
ε2 − α

)
Γ (m− α)

ε2Γ (ε2 + 1− α)

(
E

μr

)α

+
Γ
(
ε2 −m

)
Γ (α−m)

m1Γ (ε2 + 1−m)

(
E

μr

)m
. (B3)

Similarly, an asymptotic expression for the two multiplying
Meijer’s G functions in T1 in (7) in the high SNR range derived

as

T1 ≈
β1∑
m1

β2∑
m2

D1D2Cm1
Cm2

·
2∏
i=1

⎡
⎢⎢⎢⎢⎣

Γ(αi−εi2)Γ(mi−εi2)
εi2

(
Ei
μri

)εi2
+

Γ(εi2−αi)Γ(mi−αi)
εi2Γ(εi2+1−αi)

(
Ei
μri

)αi
+

Γ(εi2−mi)Γ(αi−mi)
miΓ(εi2+1−mi)

(
Ei
μri

)mi

⎤
⎥⎥⎥⎥⎦. (B4)

Finally, we can get an asymptotic end-to-end statistical ex-
pression for CDF in the high-SNR range by substituting the
asymptotic results in (B3) and (B4) into (5), as shown in (10).

APPENDIX C
DERIVATION OF THE AVERAGE BIT-ERROR RATE

By inserting (8) into (22), an analytical expression for the
ABER of the dual-hop system is written as

Pe =
qp

2Γ(p)

2∑
i=1

⎡
⎢⎢⎢⎣

βi∑
mi=1

DiCmiT4

−
β∑

m1=1

β2∑
m2=1

D1D2Cm1
Cm2

T5

⎤
⎥⎥⎥⎦, (C1)

where

T4 =

∫ ∞

0

exp (−qr)γp−1

·G3r,2
r+2,3r+1

[
Ei
μri

∣∣∣∣ 1,Ki

ki1, ki2, ki3, 0

]
dγ, (C2)

T5 =

∫ ∞

0

exp (−qr)γp−1

·G3r,1
r+1,3r+1
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γ
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We first integrate γ separately in (C2), to obtain

T4 =

∫ ∞

0

exp (−qr)γp−1dγ

·G3r,2
r+2,3r+1

[
Ei
μri

∣∣∣∣ 1,Ki
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]
. (C4)

Then, using [37, Eq. (3.381)] and [37, Eq. (9.301)], T4 can be
further recast as

T4 = q−pG3r,2
r+2,3r+1

[
Ei
μri

∣∣∣∣ 1− p, 1,Ki

ki1, ki2, ki3, 0

]
. (C5)

Fγ (γ) ≈
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E
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(B1)

Fγ (γ) ≈
3r∑
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t=1;t �=n Γ (kt − kn)Γ (kn)
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γ
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)kn
(B2)
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T5 =

(
1
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Γ(s)Γ (k11 − s) Γ (k11 − s) Γ (k11 − s)

Γ (K1 − s) Γ (s+ 1)

(
E1

μr1

)s
Γ(t)Γ (k21 − t) Γ (k21 − t) Γ (k21 − t)

Γ (K2 − s) Γ (t+ 1)

(
E2

μr2

)t
dsdt

(C7)

T5 =
1
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,
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]
(C8)

Similarly, we can also simplify T5 by first integrating γ
separately

T5 =

∫ ∞

0

exp (−qr) γp−1dγ

(
1

2πi

)2

·
∫
c1

∫
c2

Γ(s)Γ (k11 − s) Γ (k11 − s) Γ (k11 − s)

Γ (K1 − s) Γ (s+ 1)

(
γE1

μr1

)s

· Γ(t)Γ (k21 − t) Γ (k21 − t) Γ (k21 − t)

Γ (K2 − s) Γ (t+ 1)

(
γE2

μr2

)t
dsdt.

(C6)
Capitalizing on [37, Eq. (9.301)] and [37, Eq. (3.194/3)], the

expression in (C6) can be given as in (C7), shown at the top of
this page.

Then, utilizing [42, Eq. (1.1)] with many algebraic manipula-
tions, the expression in (C7) can be presented as in (C8), shown
at the top of this page.

Finally, by substituting (C5) and (C8) into (C1) and with
some algebraic manipulations, the ABER for various modula-
tion schemes using unified precise expressions can be obtained
as in (23).
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