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Three-Dimensional Curve Reconstruction Based on
Material Frame and Twisted Multicore Fiber

Keyuan Yang , Changjian Ke , Member, IEEE, Jinrong Tian, Jinxin Liu, Zhen Guo, and Deming Liu

Abstract—We propose a curve reconstruction model based on
material frame and twisted multicore fiber (MCF), which can
reconstruct the position and orientation of MCF simultaneously.
The twisted MCF is approximated as a ribbon, whose centerline
and surface characteristics are used to characterize the position
and orientation of MCF. Material frame corresponding to the
ribbon is established, and quantitative analysis is realized by the
differential equations between frame basis vectors and fiber defor-
mation parameters. Bending, twisting-strain model is established
according to the approximate development of the twisted MCF, and
the deformation parameters are obtained. Further, position and
orientation of MCF can be reconstructed under the interference
of twisting deformation. In simulation, the influence of curvature,
torsion of target curves and twist bias, twisting deformation of MCF
on curve reconstruction is analyzed. The results indicate that the
proposed model is applicable to curves with zero curvature and
variable curvature. With 10 rad/m sinusoidal twisting deformation,
the deterioration of reconstruction accuracy can be effectively
suppressed by introducing twist bias into MCF. For S-shaped curve
with curvature and torsion within 1–50 m−1 and−10-10 rad/m, the
tip position error and tip orientation error are less than 5 mm and
5 mrad over the length of 1 m.

Index Terms—Curve reconstruction, material frame, twisted
multicore fiber, position, orientation, bending deformation,
twisting deformation, zero curvature, variable curvature.

I. INTRODUCTION

F LEXIBLE manipulators are commonly used in minimally-
invasive surgery (MIS) for their high steerability and capa-

bility to increase the operation space within limited anatomical
regions [1], [2], [3], [4]. In MIS, the flexible manipulator is
inserted into the patient’s body via the access port and needs
to operate dexterously inside the body cavity. In addition, the
external force in the radial direction of the manipulator may
cause twisting deformation, which will affect the work of the
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effector. Therefore, obtaining the position and orientation infor-
mation of the instrument is the basis for correct manipulation
[5]. After implanting MCF into the flexible manipulator, center-
line and rotation motion of cross-section are obtained through
three-dimensional(3D) curve reconstruction, the position and
orientation of MCF can be reconstructed simultaneously, which
is a compact and efficient solution.

3D curve reconstruction technology based on MCF mainly
includes strain sensing technology, deformation-strain model
and curve reconstruction algorithm. In the part of strain sensing
technology, distributed sensing technology based on Rayleigh
scattering or Brillouin scattering, and quasi-distributed sensing
technology based on fiber Bragg grating (FBG) can be used to
obtain strain information [7], [8], [9]. The deformation-strain
model and curve reconstruction algorithm largely determine the
accuracy and applicability of the model. In [10], bending-strain
model is established based on MCF with straight cores, and
the centerline is reconstructed through Frenet-Serret frame. The
position information is obtained, but the orientation of MCF
cannot be reconstructed. To avoid the singularities of Frenet-
Serret frame at zero-curvature position, parallel transport frame
[11] and transformation matrices [12], [13] are proposed to
reconstruct the centerline, which can improve the applicability
of the algorithm, but still cannot reconstruct the orientation
of MCF. In [14], bending, twisting-strain model is established
based on MCF with straight cores. Position and orientation of
MCF are reconstructed through material frame. However, this
method requires the twisting direction of MCF to be known,
which has certain limitations. To solve the problem that the MCF
with straight cores cannot distinguish the twisting direction, a
twisted MCF with helical outer cores is used to establish the
bending, twisting-strain model. Decorrelation of bending and
twisting deformation is realized with unknown twisting direction
[15]. In [16], [17], bending, twisting-strain model is established
based on a twisted MCF, which improves the accuracy of 3D
curve reconstruction by compensating twisting deformation.
Then centerline is reconstructed through Frenet-Serret frame.
However, the orientation of MCF still cannot be reconstructed,
and Frenet-Serret frame suffers singularities at zero-curvature
position. Hence, to the best of our knowledge, current 3D
curve reconstruction methods still face challenges in obtaining
position and orientation information of MCF, reconstructing
curves with zero-curvature position and resisting interference
of twisting deformation.

In this paper, we propose a curve reconstruction model based
on material frame and twisted MCF. The proposed model
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approximates the twisted MCF as a ribbon, and the position
and orientation of the MCF are characterized by the centerline
and surface characteristics of the ribbon, respectively. Material
frame is established according to the geometric characteristics
of the ribbon, the differential equations between the frame
basis vectors and the fiber deformation parameters are obtained.
The trajectory and rotation motion of the material frame are
used to analyze the centerline and surface characteristics of
the ribbon quantitatively. Then, the twisted MCF with bending
and twisting deformation is approximately developed. Bending,
twisting-strain model is established according to the develop-
ment and the deformation parameters of the twisted MCF are
obtained. Further, by substituting the deformation parameters
into the differential equations, the trajectory and rotation motion
of the material frame are obtained to reconstruct the position and
orientation of MCF. Finally, the proposed model is verified in
the simulation.

II. THEORY

A. Material Frame for Twisted MCF

To manipulate the flexible manipulator correctly, MCF is
implanted into the manipulator, the position and orientation
are reconstructed through 3D curve reconstruction. In working
process, the flexible manipulator will be bent and twisted simul-
taneously. Twisting deformation has uncertain magnitude and
direction under the interference of external force. MCF with
straight cores cannot distinguish the twisting direction, which
will introduce large error. Therefore, MCF with helical outer
cores is used in this paper, which has different response to twist-
ing deformation with different magnitude and direction. Ac-
curate measurement of twisting deformation is realized, which
can improve the accuracy of 3D curve reconstruction. Although
the MCF with straight outer cores and helical outer cores have
different core distribution, the fibers are slender elastic rods
in overall size, whose two dimensions are comparable to each
other and much smaller than that along the length. Since the two
dimensions in the cross-section are not separated, the rotation
motion of the cross-section cannot be characterized. In this
paper, one dimension in the cross-section is ignored, and the
other dimension of the cross-section and that along the length
are retained. MCF is approximated as a ribbon with low ratio
of width to length and negligible thickness, which separates
all three dimensions from each other. Then the position and
orientation are reconstructed utilizing the centerline and surface
characteristic of the ribbon.

Fig. 1(a) shows the geometric characteristics of a twisted
MCF under different deformations. State 1 is the twisted MCF
without deformation, whose outer cores are in right-handed
helical distribution. The direction of twist bias is defined as
positive. The ribbon corresponding to the undeformed twisted
MCF is straight and flat. State 2 is the twisted MCF with pure
twisting, and the direction of twisting is negative, i.e., opposite
to the twist bias. The pitch of the outer cores increases. The
surface of the ribbon rotates around the centerline, and the
direction and rate of the rotation are the same as the twisting
deformation. However, the centerline of the ribbon is still a
straight line. On the contrary, if the twisting direction is positive,

Fig. 1. Schematic diagram of material frame for twisted MCF: (a) Twisted
MCF with different deformation and corresponding ribbon; (b) Material frame
based on the geometric characteristics of the ribbon.

the pitch of the outer cores decreases, and the surface of the
ribbon rotates in a positive direction around the centerline. State
3 is the twisted MCF with pure bending, the outer cores will
alternately be stretched or compressed. The centerline of ribbon
is an arc, and the angle between the surface of the ribbon and
the bending direction of the arc remains constant. State 4 is the
twisted MCF with bending and negative twisting. Bending and
twisting deformation are independent of each other and have an
effect on the MCF. With the influence of bending deformation,
the outer cores will alternately be stretched or compressed. Due
to the negative twisting deformation, the pitch of outer cores
will increase. The centerline of the ribbon is an arc and the
angle between the surface of the ribbon and bending direction
of the arc is constantly changing. Therefore, the centerline and
surface characteristics of the ribbon can be used to characterize
the position and orientation of the MCF.

To analysis the geometric characteristics of the ribbon quanti-
tatively, a moving frame is established along the length of ribbon.
In common methods, Frenet-Serret frame is corresponding to the
curvature and torsion of the centerline, which suffers singularity
at zero curvature position. Moreover, Frenet-Serret frame does
not evolve naturally with the ribbon’s physical rotation within the
cross section, i.e., the surface characteristics of the ribbon cannot
be characterized. To avoid the singularities at zero-curvature
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position, parallel transport frame is used to reconstruct the cen-
terline. However, parallel transport frame is still corresponding
to the centerline of the ribbon and cannot characterize the sur-
face characteristics. In this paper, material frame is established
according to the centerline and surface characteristics of the
ribbon, which will evolve naturally with the translation and
rotation motion of the ribbon. Therefore, the centerline and
surface characteristics of the ribbon can be characterized by the
trajectory and rotation motion of the material frame. Then, the
position and orientation can be reconstructed simultaneously.

The material frame corresponding to the ribbon is shown in
Fig. 1(b). s is the arc length of centerline, r(s) is the coordinate of
the centerline in global coordinate system XYZ. T(s), ex(s), ey(s)
are the basis vectors of the material frame. T(s) is the tangent
vector of centerline. The unit vector ex(s) lies on the surface
of the ribbon and will rotate with twisting deformation. The
unit vector ey(s) is perpendicular to T(s) and ex(s). {T(s), ex(s),
ey(s)} satisfy the right-hand rule. When the fiber undergoes small
strains or uniform deformations, the basis vectors T(s), ex(s)
and ey(s) remain approximately orthonormal, i.e., {T(s), ex(s),
ey(s)} deforms in a rigid manner. The material frame satisfies
the following differential equations [18]:

d

ds

⎛
⎝ T (s)

ex (s)
ey (s)

⎞
⎠=

⎛
⎝ 0 κx (s) κy (s)

−κx (s) 0 ω (s)
−κy (s) −ω (s) 0

⎞
⎠
⎛
⎝ T (s)

ex (s)
ey (s)

⎞
⎠

(1)
ω(s) is the speed at which the frame rotates around T(s), corre-
sponding to the rotation rate of the ribbon. κx(s), κy(s) are the
speed at which the frame rotates around ex(s) and ey(s), respec-
tively, corresponding to the component of bending curvature
decomposed along ex(s) and ey(s).{

κx (s) = T ′ (s) · ex (s) = κ cosα (s)

κy (s) = T ′ (s) · ey (s) = κ sinα (s)
(2)

Using the differential equations in (1), the basis vectors of
the material frame can be obtained on the premise of obtaining
the deformation parameters of the MCF. In addition, the equa-
tions in (1) contain 1 order differential of the tangent vector
T(s), so the centerline is required to be 2-times continuously
differentiable, which is applicable to curves with zero-curvature
position. However, the material frame is corresponding to the
centerline and surface characteristics simultaneously. In the
numerical solution, the translational and rotational degrees of
freedom are coupled with each other, which will deteriorate the
solution accuracy. Therefore, in this paper, reduced coordinate
formulation with a minimum number of degrees of freedom (i.e.,
parallel transport frame) is used to calculate the centerline. Then
the material frame is obtained by its angular deviation from the
parallel transport frame [19].

B. Bending, Twisting–Strain Model Based on Twisted MCF

In Section A, the premise of solving the differential equa-
tions refer to (1) is obtaining the deformation parameters κx(s),
κy(s) and ω(s). Therefore, it is necessary to calculate the fiber
deformation parameters according to the measured strain of

Fig. 2. Schematic diagram of geometric characteristics of a twisted MCF with
bending and twisting deformation: (a) 3D stereogram and cross-section diagrams
of the infinitesimal element; (b) Development of the infinitesimal element.

each core and structure parameters of the MCF, i.e., to establish
mathematic model between bending, twisting and strain. Since
the MCF with straight cores cannot distinguish the direction of
twisting deformation, the twisted MCF with helical outer cores is
utilized in this paper. Fig. 2 shows the geometric characteristics
of a twisted MCF with bending and twisting deformation. An
infinitesimal element with length of ds is selected for analysis.
Firstly, according to the definition of material frame {T(s), ex(s),
ey(s)}, a unit vector ex in the cross-section of the MCF is selected
as the basis vector. The starting point of ex is at the center point
of cross-section, and ex will rotate with the cross-section to
characterize the rotation motion of the MCF. Then, the local
coordinate system exey is established according to the right-hand
rule, as shown in Fig. 2(a). Since the length of the infinitesimal
element is extremely short, the bending and twisting deformation
are considered unchanged in this region. Λ is the core spacing.
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α is the angle between the bending direction of MCF and ex.
Φm is the angle between the m-th outer core and ex. ω0 is the
twist bias of the twisted MCF. O’ is the center of cross-section.
Os is the bending center of the infinitesimal element. r is the
bending radius. Due to the existence of twisting deformation ω,
the ending cross-section of the infinitesimal element rotates at
an angle of ωds.

When the twisted MCF is bent and twisted simultaneously,
the outer cores rotate around the bent cylinder at a non-uniform
speed, which is difficult to analyze. Therefore, the MCF is
developed from the inside of the curvature according to the ap-
proximate development of undevelopable surface [20]. Fig. 2(b)
shows the development of the twisted MCF. Bending defor-
mation of the MCF induces compression on the inside of the
curvature and stretch on the outside. The green dotted line |AB|
represents the outer core trajectory when the twisted MCF is not
deformed, and the green solid line |A’B’| represents the outer
core trajectory when the MCF is deformed. According to the
geometric relationship in Fig. 2(b), the length of the outer cores
before and after deformation can be expressed as:

|AB| = ds

√
1 + (ω0Λ)

2 (3)

|A′B′| = ds

√
[1− Λκ cos (Φm − α)]2 + [(ω0 + ω) Λ]2 (4)

Further according to the definition of strain, the strain of outer
cores εm(s) can be obtained:

εm (s)

=

√
{1−Λκ (s) cos[Φm (s)− α (s)]}2 + Λ2[ω0+ω (s)]2

1+(Λω0)
2 −1

(5)

κ(s) is the curvature of the centerline, κ = 1/r. m represents
the m-th outer core. According to the geometric relationship in
Fig. 2(a) and 2(b),Φm(0) andα(0) are the outer core azimuth and
bending direction at the beginning of MCF. Under the influence
of twist bias ω0, twisting deformation ω and torsion τ , Φm(s)
and α(s) can be expressed as:{

Φm (s) = Φm (0) + ω0s

α (s) = α (0) +
∫
[τ (s)− ω (s)]ds

(6)

The strain of outer cores with different deformation parame-
ters and structural parameters is calculated by (5) and (6). Both
twisting deformation ω and torsion τ change bending direction
α, which will affect the strain distribution of each core. If the
twisting deformation were not solved accurately, which will in-
troduce large error to the solution of torsion, and then deteriorate
the curve reconstruction accuracy. However, solving the bending
and twisting parameters by (5) is complicated and prone to
multiple solutions. So further approximation and simplification
are required.

MCF is a slender rod, whose core spacing is generally within
100 μm. In the application of flexible manipulator and contin-
uous robots, the degree of bending is limited, the curvature of
MCF is generally within 100 m−1. Therefore, under the above
premise, |ω0 + ω| � 1/Λ-κ, Taylor expansion is applied to (5),

and the following approximate results are obtained:

εm (s) ≈ −Λκ (s) cos [Φm (s)− α (s)]

+
Λ2

2
√
1 + Λ2ω2

0

[
ω(s)2 + 2ω0ω (s)

]
(7)

The first term on the right side of (7) is the strain component
caused by bending and twisting deformation. The second term
is the strain component caused by twisting deformation.

The outer cores of MCF are usually symmetrically distributed,
i.e., Φm = Φ1 + (m−1)θ. θ = 2π/M is the angle between
two adjacent outer cores. M is the number of outer cores of
MCF. Φ1(s) is the azimuth of 1st outer core distributed along
fiber length. The sum of outer cores strain εsum(s) satisfies the
following relationship:

εsum (s) =
MΛ2

2
√

1 + Λ2ω2
0

[
ω(s)2 + 2ω0ω (s)

]

+ Λκ (s) sin [ang (s)]
2 cos (θ/2) sin (Mθ/2)

sin θ

=
MΛ2

2
√

1 + Λ2ω2
0

[
ω(s)2 + 2ω0ω (s)

]
(8)

In (8), ang(s) = Φ1(s)-α(s) + (M + 1)θ/2. εsum(s) and ω(s)
satisfy quadratic function relationship, and the axis of symmetry
is ω = −ω0. When ω0 = 0, the quadratic function is an even
function, resulting in two solutions with equal magnitude and
opposite direction, i.e., MCF with straight cores cannot dis-
tinguish the direction of twisting deformation. If the twisting
deformation with indistinguishable direction is substituted into
(1), there will be errors in the solution of the frame basis vectors,
which will eventually lead to a large curve reconstruction error.
Therefore, ω0�0 is required to translate the quadratic function.
When the twisting deformation ω is in the monotonic interval
of the function, i.e., −ω0<ω<ω0, the unique solution of ω can
be obtained. ω0�0 corresponds to a twisted MCF with helical
outer cores, the typical value of twist bias is 50-60turn/m, i.e.,
100π–120π rad/m. The typical value of twisting deformation is
−10-10 rad/m, which meets the above monotonic interval con-
ditions. The solution of twisting deformation can be expressed
as:

ω (s) =

√
ω2
0 +

2εsum (s)
√
1 + Λ2ω2

0

MΛ2
− ω0 (9)

After computing twisting deformation by (9), the following
relationship can be obtained by combining (2) and (7):

εm (s) = − Λ [κx (s) cosΦm (s) + κy (s) sinΦm (s)]

+
Λ2

2
√
1 + Λ2ω2

0

[
ω(s)2 + 2ω0ω (s)

]
(10)
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By further transforming (10) with trigonometric function, the
expressions of κx and κy can be obtained:⎧⎪⎪⎨
⎪⎪⎩
κx (s) = − 2

Λ

M∑
m=1

[
εm (s)− εsum(s)

M

]
cos [Φm (0) + ω0s]

κy (s) = − 2
Λ

M∑
m=1

[
εm (s)− εsum(s)

M

]
sin [Φm (0) + ω0s]

(11)
The bending, twisting-strain model is established through (9)

and (11), which realizes the solution of deformation parame-
ters. The interference of twisting deformation ω on torsion τ
is avoided, and the robustness of curve reconstruction against
twisting deformation is effectively improved.

C. Position and Orientation Reconstruction Based on
Material Frame and Twisted MCF

After measuring strain of each core by strain sensing tech-
nology, the deformation parameters κx(s), κy(s) and ω(s) are
obtained by substituting measured strain εm(s) and structural
parameters of MCF such as core spacing Λ, azimuth Φm, twist
bias ω0 into (9) and (11). Then, the material frame basis vectors
T(s), ex(s), ey(s) can be obtained by solving the differential equa-
tions refer to (1). The centerline of MCF r(s) is reconstructed
by curve integrating on tangent vector T(s) refer to (12), and
the rotation motion of fiber cross-section is described using the
direction of unit vector ex(s), which reconstructs the position
and orientation simultaneously.

r (s) =

∫ s

0

T (s)ds+ r (0) (12)

The complete model proposed in this paper considers the
influence of twisting deformation ω on 3D curve reconstruction,
and uses a twisted MCF with twist bias ω0 to obtain the mag-
nitude and direction of twisting deformation simultaneously,
which suppresses the deterioration of the accuracy of curve re-
construction effectively. Further, material frame is used to recon-
struct the position and orientation of the MCF simultaneously,
which is applicable to curves with zero-curvature position and
variable curvature. The proposed model can be approximated
to reported models in certain conditions. When considering the
influence of twisting deformation, i.e., ω�0, using a twisted
MCF, i.e., ω0�0, and utilizing Frenet-Serret frame for curve
reconstruction, the proposed model can be approximated as I.
Floris’ model. This model can avoid the interference of twisting
deformation on curve reconstruction, but cannot describe the
rotation motion of cross section and is not applicable to curves
with zero-curvature position [16]. When considering the influ-
ence of twisting deformation, i.e., ω�0, using an MCF with
straight cores, i.e., ω0 = 0, and utilizing material frame for
curve reconstruction, the proposed model can be approximated
as V. Modes’ model. This model can reconstruct the position
and orientation of the MCF and is applicable to curves with
zero-curvature position, but has the limitation that the twisting
direction must be known in advance [14]. When not considering
the influence of twisting deformation, i.e., ω = 0, using an
MCF with straight cores, i.e., ω0 = 0, and utilizing parallel
transport frame for curve reconstruction, the proposed model

can be approximated as J. Cui’s model. This model is applicable
to curves with zero-curvature position, but cannot describe the
rotation motion of cross section. And twisting deformation will
significantly deteriorate the accuracy of curve reconstruction
[11]. When the target curve is cubic continuous differentiable,
J. Cui’s model can be further transformed into J.P. Moore’s
model, which is not applicable to curves with zero-curvature
position [21].

III. SIMULATION

The complete model for 3D curve reconstruction proposed
in this paper is verified in the simulation. Firstly, the strain
distribution of each core with different target curves is obtained
by (5). Then, the bending and twisting deformation parameters
are calculated by (9) and (11). Finally, the centerline and rotation
motion of cross section are obtained simultaneously by (1) and
(12). In MIS, the curvature and torsion of flexible manipulators
are usually not constant, but depend on the position and ori-
entation of the manipulator. Therefore, two typical curves are
selected in the simulation. S-shaped curve with zero-curvature
position corresponds to the sudden change of bending direction
in the work of the manipulator. Conical helix with variable
curvature and torsion corresponds to the dynamic curvature and
torsion of the manipulator [22], [23]. Three-core MCF with
symmetrical core distribution is used in simulation, whose core
spacing is 40 μm. Due to the physical properties of optical
fiber, the distribution of twisting deformation along the length is
random and gradual. Therefore, twisting deformation with sinu-
soidal distribution along the length is selected in the simulation
[24]. Spatial resolution of strain sensing technology is 1 mm.
Tip position error and tip orientation error are used to evaluate
the performance of curve reconstruction [23]. Performance of
different models will be compared in the simulation. Models
1-4 are curve reconstruction models reported in [10], [11], [14],
[16], respectively. Model 5 is the model proposed in this paper.

Figs. 3 and 4 shows the reconstruction results of different
models for S-shaped curve and conical helix, respectively. Twist
bias of the MCF with straight cores and helical cores are 0 and
50 turn/m. The twisting deformation of the MCF is sinusoidal
distribution with amplitude of 10 rad/m. The error introduced by
curve reconstruction models is mainly analyzed in this section.
And the strain measurement error is not considered, which takes
a value of 0 με. The black dash line represents the theoretical
curve, and the black dashed arrow represents the theoretical
rotation motion of the cross-section. Blue dash dot line, green
dash dot dot line, orange dot line, purple short dash dot and red
solid line represent the centerlines reconstructed by model 1-5,
respectively. The orange dot arrow and red solid arrow represent
the rotation motion of cross-section reconstructed by model 3
and model 5, respectively.

In Fig. 3, S-shaped curve with a total length of 1.0 m is
obtained by splicing two arcs with same curvature and opposite
torsion. The curvature of the arc is 5 m−1, and the torsion is
3 rad/m and −3 rad/m, successively. Fig. 3(a) shows the center-
lines and rotation motion of different models for S-shaped curve.
The reconstructed centerlines of model 1-4 have large deviation
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Fig. 3. Reconstruction results of different models for S-shaped curve. The
amplitude of sinusoidal twisting deformation is 10 rad/m: (a) Centerlines and
rotation motion; (b) Curvature of reconstructed centerlines; (c) Torsion of
reconstructed centerlines.

Fig. 4. Reconstruction results of different models for conical helix. The ampli-
tude of sinusoidal twisting deformation is 10 rad/m: (a) Centerlines and rotation
motion; (b) Curvature of reconstructed centerlines; (c) Torsion of reconstructed
centerlines.

from the theoretical curve. And the centerline reconstructed by
model 5 is in good agreement with the theoretical curve. Tip
position error of model 1-5 are 787.1 mm, 434.2 mm, 125.0 mm,
267.2 mm and 3.3 mm, respectively. Tip orientation error of
model 3 and 5 is 363.8 mrad and 0.24 mrad, respectively. The
reason is that model 1-3 use an MCF with straight cores, which
can measure the curvature of the twisted MCF correctly, as
shown in Fig. 3(b). However, MCF with straight cores cannot
distinguish the twisting direction, resulting in large error of
torsion, as shown in Fig. 3(c). Eventually, a large tip position
error is introduced in model 1-3. Model 4 and 5 use a twisted
MCF, which can effectively avoid the interference of twisting
deformation on curve reconstruction. However, Frenet-Serret
frame is utilized for curve reconstruction in model 4, which

suffers singularities at zero-curvature position, so the tip position
error is large. Material frame is utilized in model 5, which
is applicable to curves with zero-curvature position, resulting
in small tip position error. In addition, the rotation motion of
cross-section can be obtained by model 3 and model 5. However,
MCF with straight cores used in model 3 introduces large error
to the rotation motion of cross-section. On the contrary, the
rotation motion of cross-section obtained by model 5 is in good
agreement with the theoretical value.

In Fig. 4, the curvature of the right-handed conical helix grad-
ually changes from 50.0 m−1 to 7.0 m−1, the torsion gradually
changes from 27.5 rad/m to 0.5 rad/m, the total length is 1.0 m.
Fig. 4(a) shows the centerlines and rotation motion of different
models for conical helix. The reconstructed centerlines of model
4 and 5 are in good agreement with the theoretical curve. Tip
position error of model 1-5 are 328.7 mm, 326.8 mm, 298.3 mm,
1.5 mm and 2.8 mm, respectively. Tip orientation error of model
3 and model 5 are 363.8 mrad and 0.21 mrad, respectively. The
reason is that model 4 and model 5 use a twisted MCF, which can
measure the curvature and torsion of the twisted MCF correctly,
as shown in Fig. 4(b) and (c). Since there is no zero-curvature
position in the conical helix, model 4 using Frenet-Serret frame
and model 5 using material frame both can correctly reconstruct
the conical helix. The tip position error of conical helix is smaller
than that of S-shaped curve, because the sudden change of
bending direction in the S-shaped curve introduces additional
error. The tip position error of model 4 is smaller than model
5. The main reason is that model 4 uses Frenet-Serret frame for
curve reconstruction, whose differential equations have higher
solution accuracy. Similarly, the rotation motion of cross-section
obtained by model 5 is in good agreement with the theoretical
value.

Then, we investigate the influence of curvature and torsion of
target curve on the tip position error and tip orientation error, as
shown in Fig. 5. For the sake of convenience, S-shaped curve
is selected as the target curve. The two arcs that constituting
the S-shaped curve have equal curvature and opposite torsion.
The curvature and torsion are in the range of 1–50 m−1 and
−10-10 rad/m, respectively. The length of the curve is still 1 m.
Twisting deformation is still sinusoidal distribution along the
length with amplitude of 10 rad/m. Twist bias is set to 0, 1,
10, 50turn/m, respectively. When the twist bias is 0turn/m, the
direction of twisting deformation cannot be distinguished by
(9). The wrong root will lead to errors in curve reconstruction,
which increases the tip position error and orientation error, cor-
responding to the shadow of Fig. 5(a) and 5(b). When the twist
bias is 1turn/m, for the twisting deformation with magnitude
less than twist bias, its direction can be distinguished by (9).
However, for the twisting deformation with magnitude larger
than twist bias, there will be wrong roots during solving (9),
which will deteriorate the reconstruction accuracy, as shown
in Fig. 5(c) and 5(d). Reconstruction accuracy is higher in the
region where curvature is small and torsion, twist bias in the same
direction. The main reason is that the S-shaped curve with small
curvature tends to be a straight segment, and the deterioration of
twisting deformation on accuracy is less obvious. At the same
time, torsion of the curve will also cause the rotation of the
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Fig. 5. With different twist bias of MCF, tip position error and tip orientation
error of proposed model as a function of curvature and torsion of S-shaped curve.
The amplitude of sinusoidal twisting deformation is 10 rad/m: (a), (c), (e), (g)
tip position error; (b), (d), (f), (h) tip orientation error; (a), (b) ω0=0turn/m; (c),
(d) ω0=1turn/m; (e), (f) ω0=10turn/m; (g), (h) ω0=50turn/m.

cross section, and torsion with same direction as the twist bias
will reduce part of the interference of twisting deformation, thus
suppressing the deterioration of reconstruction accuracy. When
the twist bias is 10turn/m, the magnitude of twisting deformation
is less than the twist bias. Therefore, the magnitude and direction
of twisting deformation can be obtained, then the centerline and
rotation motion of cross-section can be reconstructed correctly,
as shown in Fig. 5(e) and 5(f). In Fig. 5(e), tip position error
increases with the increase of magnitude of torsion. The main
reason is that torsion of the curve is the derivative of the
bending direction. A higher magnitude of torsion means that
the bending direction changes faster, which introduces larger
error in the curve reconstruction. Tip position error has some
periodic fluctuation with the increase of curvature. The main
reason is that the arcs constituting the S-shaped curve have
spatial periodicity. When the curvature changes, the tip position

error will change periodically. In Fig. 5(f), tip orientation error
remains basically the same with different twist bias. The main
reason is that curvature and torsion correspond to the transla-
tional degrees of freedom, tip rotation motion corresponds to the
rotational degrees of freedom. Changes of curvature and torsion
have little effect on tip orientation error. When the twist bias
increases to 50turn/m, the tip position error and tip orientation
error in Fig. 5(g) and 5(h) are basically the same as those
with twist bias of 10turn/m. On the one hand, the increase of
twist bias will increase the demand for the spatial resolution
of strain measurement. However, the 1 mm spatial resolution
in the simulation can still meet the demand of 50turn/m twist
bias, so the curve reconstruction error does not significantly
deteriorate. On the other hand, in (8), the increase of twist bias
ω0 will make twisting deformation ω far away from the axis
of symmetry. The sensitivity of outer cores strain εsum(s) to
twisting deformation ω is improved, which can suppress the
deterioration of strain measurement error on the curve recon-
struction accuracy. Since the strain measurement error is not
considered in the simulation, the curve reconstruction error is
not significantly optimized. Therefore, the curve reconstruction
error with twist bias of 50turn/m is basically consistent with
that of 10turn/m. In addition, if the length, curvature and torsion
of the two arcs constituting S-shaped curve are different, the
error characteristics of the two arcs will be different, and the
reconstruction error of the S-shaped curve is the accumulation
of that of the two arcs. In general, with twist bias larger than
the magnitude of twisting deformation, the proposed model can
achieve tip position error less than 5 mm and tip orientation
error less than 5 mrad with curvature of 1–50 m−1 and torsion
of −10-10 rad/m.

The model proposed in this paper can reconstruct the center-
line and rotation motion of cross-section simultaneously, and is
applicable to curves with zero curvature and variable curvature.
When the twisting deformation takes a sinusoidal distribution
with amplitude of 10 rad/m, the deterioration of curve recon-
struction accuracy is effectively suppressed by introducing twist
bias into MCF. For S-shaped curve with curvature and torsion in
the range of 1–50 m−1 and−10-10 rad/m, respectively, proposed
model can achieve tip position error of less than 5 mm and
tip orientation error of less than 5 mrad over the length of
1 m, which could meet the requirements of accuracy in MIS
[25], [26]. In addition, by optimizing the numerical method
for solving the differential equations corresponding to material
frame, reconstruction accuracy of proposed model is expected
to be further improved.

IV. CONCLUSION

In this paper, we propose a curve reconstruction model
based on material frame and twisted MCF. The twisted MCF
is approximated as a ribbon, whose centerline and surface
characteristics are used to characterize the position and
orientation of the MCF. Material frame corresponding to the
ribbon is established. Differential equations between frame basis
vectors and fiber deformation parameters are obtained for quan-
titative analysis. The twisted MCF with bending and twisting
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deformation is approximately developed. Bending, twisting-
strain model is established, which obtains the deformation
parameters of the twisted MCF. Further, the deformation
parameters are substituted into the differential equations to
obtain the basis vectors of the material frame. Position and
orientation of MCF is reconstructed accurately under the
interference of twisting deformation. The simulation results
indicate that the proposed model is applicable to S-shaped curve
with zero-curvature position and conical helix with variable
curvature. When the twisting deformation takes a sinusoidal
distribution with amplitude of 10 rad/m, the deterioration of
reconstruction accuracy can be suppressed by introducing twist
bias into MCF. For S-shaped curve with curvature and torsion
in the range of 1–50 m−1 and −10-10 rad/m, respectively, the
proposed model can achieve tip position error of less than 5 mm
and tip orientation error of less than 5 mrad over the length
of 1 m. Therefore, the proposed model provides a promising
approach for the reconstruction of position and orientation in
the working process of flexible manipulators.
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