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Parameter Extraction For Quantum Well DFB Lasers
Based on 1D Traveling Wave Model

Jiewen Chi, Chuanning Niu , and Jia Zhao

Abstract—Extracting the parameters of a laser from the
measured results is critical for laser design, modeling and
optimization. This work presents a parameter extraction method
for quantum well distributed feedback (DFB) lasers based on
the one-dimensional traveling wave model (1D TWM). Facet
reflectivities, grating coupling coefficient and the other parameters
can be extracted by fitting the lasing spectrum, light-current (L-I)
curve, intensity modulation (IM) response and large-signal chirp.
During the extraction progress, the 1D TWM is simplified to
improve the extraction efficiency. The feasibility of this extraction
method is verified by extracting parameters from preset simulation
results and experimental results, respectively. The 1D TWM can
reflect the physical properties of the laser profoundly and the
parameter extraction method based on 1D TWM will be a valuable
tool for laser design, optimization or processing improvement.

Index Terms—DFB lasers, parameter extraction, 1D TWM, rate
equation.

I. INTRODUCTION

QUANTUM well distributed feedback (DFB) lasers are
important light sources for high-speed optical commu-

nication systems owing to the advantages of large differential
gain, low threshold current, wide direct modulation bandwidth
and narrow linewidth [1], [2], [3]. To fulfill the growing demands
of directly modulated DFB lasers, great effort has been put into
improving the modulation bandwidth, single longitudinal mode
stability, and emission efficiency for a long time [4], [5].

Parameters, such as the cavity length, facet reflectivities,
grating coupling coefficient and differential gain coefficient,
determine the output properties of a laser, including the lasing
spectrum, light-current (L-I) curve, intensity modulation (IM)
response and so on. To put it another way, the output charac-
teristics of the laser can be predicted through simulation with a
set of already known parameters, which is an important step
in laser design. Extracting the related simulation parameters
from the measured results is also an important part in the laser
modeling and simulation process. On the one hand, the accurate
simulation parameters can ensure that the simulation results
match the experimental results. On the other hand, it can reflect
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the differences between the actual and the design parameters
of a laser, which can guide us to optimize the laser design and
improve the laser processing.

The rate equation model and the one-dimensional traveling
wave model (1D TWM) are the most common methods in the
simulation of semiconductor lasers, according to a large amount
of research on the modeling of semiconductor lasers [6], [7],
[8], [9], [10], [11], [12], [13]. The parameter extraction methods
based on the rate equation model, have gotten a lot of attention
due to the simplicity and quick simulation speed of the rate
equation model, which provide a helpful tool for laser design
[14], [15], [16], [17], [18], [19], [20]. However, the rate equation
model is a zero-dimensional approximation of the 1D TWM.
It does not contain any structure information along the cavity
such as grating period and grating coupling coefficient. Effects
like longitudinal spatial hole burning (LSHB) and forward-
and backward-going waves coupling caused by the grating are
ignored. The rate equation model is suitable for simulating
Fabry-Perot (FP) lasers with no grating along the cavity. While
for DFB lasers, the 1D TWM is more appropriate and the
parameters extracted based on 1D TWM are more accurate.
Although the 1D TWM can better reflect the physical features
of a laser, only a limited amount of work has been done on
parameter extraction using 1D TWM because of its complexity.
Among these work, most of them are focus on the extraction of
single or several parameters [21], [22].

In this paper, the parameter extraction method for DFB lasers
based on 1D TWM is presented. Almost all parameters of the
laser involved in the 1D TWM can be extracted by fitting the
laser’s output characteristics, including the L-I curve, lasing
spectrum, large-signal chirp and IM response [23]. Given the
complexity of 1D TWM in comparison to the rate equation
model, the normalized rate equation model and the analytical
expressions of effective parameters are obtained by simplifying
the 1D TWM. The value ranges of the 1D TWM parameters can
be determined according to the obtained values of the effective
parameters. The determined value ranges are helpful to acceler-
ate parameter extraction progress. We firstly apply the method to
extract the laser’s parameters from preset simulation results. The
extracted parameters are quite near to the preset parameters and
the simulation results using the extracted parameters are in good
agreement with the preset results. The method is then used in
experimental results extraction, and the simulated results using
the extracted parameters match the actual results quite closely.

The organization of this paper is as follows. The derivation of
related formulae and the specific process of parameter extraction
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are described in Section II. In Section III, the extraction method
described in Section II is applied to extract parameters from
preset simulation results and experimental results, respectively.
Finally, the overall conclusions are stated in Section IV.

II. PARAMETER EXTRACTION PROCESS

The output characteristics of the laser include L-I curve, lasing
spectrum, IM response and large-signal chirp, etc. A laser’s
output characteristics are determined by its physical or quasi-
physical parameters. In this paper, we refer to the parameters,
such as cavity length, grating period, active region volume and
facet reflectivities, which directly related to the physical struc-
ture of the laser as physical parameters. The parameters, such as
grating coupling coefficient, effective index without injection,
differential gain coefficient, transparent carrier density, nonlin-
ear gain saturation coefficient, carrier lifetime, internal loss,
linewidth enhancement factor and optical confinement factor,
which are determined by the physical structure and materials but
need to be calculated are defined as quasi-physical parameters.
This chapter introduces a method for extracting these parameters
of a DFB laser through its output characteristics.

A. Parameter Extraction Via Lasing Spectrum

The lasing spectrum of a DFB laser is related to its cavity
length, grating period, grating coupling coefficient, effective
index and facet reflectivities [24]. When the above parameters
are known, the lasing spectrum can be determined. Transfer
matrix method (TMM) is the most commonly utilized approach
to simulate the lasing spectrum [25]. The structural parameters
of the laser, including the grating period, cavity length and
active region volume, can all be obtained by cutting the laser.
Therefore, the above structure parameters are known in the
process of parameter extraction. With the given lasing spectrum,
the effective index without injection, grating coupling coeffi-
cient and facet reflectivities can be extracted preliminarily. The
following are the precise extraction steps:

a) Using established parameters for the cavity length and
grating period;

b) Assigning initial values to the effective index without
injection, grating coupling coefficient and facet reflectiv-
ities (the amplitude reflectivity of front facet rf and back
facet rr);

c) Calculating the lasing spectrum using the TMM;
d) Constructing the error function between the calculated and

the known lasing spectra;
e) Determining the final values of effective index without

injection, grating coupling coefficient and facet reflectiv-
ities by adjusting these three variables to minimize the
value of error function. The adaptive differential evolution
algorithm is the most prevalent method for minimizing the
error function value [26], [27], [28].

The effective index is expressed as neff = n0
eff −

ΓαLEFgopλ0/4π in 1D TWM. It can be seen from the above
expression that the effective index is related to the no injec-
tion effective index n0

eff, the optical confinement factor Γ, the
linewidth enhancement factor αLEF, the gain at operation gop

and the reference wavelength λ0. It’s worth noting that the

gain at operation and the internal loss are linked [29]. When
extracting the effective index without injection, the linewidth
enhancement factor and the gain at operation according to the
lasing spectrum, the problem of multiple solutions will arise.
The impact of linewidth enhancement factor on effective index
is temporarily ignored in this stage to prevent the appearance of
multiple solutions from bringing uncertainty into the following
parameter extraction process, which means that we setαLEF = 0
in this step. The linewidth enhancement factor will be extracted
by the large-signal chirp of the 1D TWM, and the effective index
without injection will be modified at the same time. The internal
loss will be obtained by fitting the L-I curve and IM response of
the 1D TWM.

B. Effective Parameter Extraction Based on Normalized Rate
Equations

For 1D TWM-based parameter extraction, if the value ranges
are too small, the fitting results will be inaccurate, and if the value
ranges are too large, the extraction progress will be too slow. In
this section, the 1D TWM will be simplified to a normalized rate
equation model. The values of the effective parameters involved
in the normalized rate equation model will be obtained from
the slope efficiency and threshold current of the L-I curve and
the relaxation oscillation frequency and quality factor of the IM
response. The values of the effective parameters are helpful to
determine the value ranges of the 1D TWM parameters. In the
1D TWM parameter extraction, the determined value ranges
can accelerate parameter extraction progress while ensuring the
fitting accuracy.

1) Normalized Rate Equations: The 1D TWM of the quan-
tum well DFB semiconductor laser is expressed as:

dN (z, t)

dt
=

ηI (t)

eV
− N (z, t)

τn
− vgPs (z, t) g (z, t)

1 + εPs (z, t)
, (1)

(
1

vg

∂

∂t
+

∂

∂z

)
F (z, t)=

{
−jδ +

1

2

[
Γg (z, t)

1 + εPs (z, t)
− α

]}

· F (z, t) + jκR (z, t)+s̃f (z, t) ,
(2)(

1

vg

∂

∂t
− ∂

∂z

)
R (z, t)=

{
−jδ +

1

2

[
Γg (z, t)

1 + εPs (z, t)
− α

]}

·R (z, t) + jκF (z, t) + s̃r (z, t) ,
(3)

where N is the carrier density, η is the current injection effi-
ciency, I is the injected current, e is the electron charge, V is
the active region volume, τn is the carrier lifetime, vg = c/ng

is the group velocity, c is the speed of light, ng is the group
index, Ps is the photon density distribution, g is the material
optical gain, ε is the nonlinear gain saturation coefficient, j
is the imaginary unit, δ is the phase detuning factor from
the Bragg wavelength, α is the internal loss, and κ is the
grating coupling coefficient. F and R are the forward and
backward traveling optical fields in the cavity. s̃f and s̃r de-
note the spontaneous emission noises. Among them, Ps can
be expressed as Ps (z, t) = neff /(2hv0)

√
ε0/μ0Γ/(dwvg) ·

[|F (z, t)|2 + |R(z, t)|2], where h is the Planck’s constant, v0 is
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the optical frequency corresponding to λ0, ε0 is the permittivity
of a vacuum, μ0 is the permeability of a vacuum, d is the thick-
ness of active region, w is the width of active region. g can be
expressed as g (z, t) = gN ln[N(z, t)/Ntr], where gN is the dif-
ferential gain coefficient, Ntr is the transparent carrier density.
δ can be expressed as δ = (2πn0

eff)/λ0 − 1/(2αLEFΓg(z, t))−
π/Λ, where Λ is the Bragg grating period.

A simplified rate equation model can be derived from the
abovementioned 1D TWM:

dS

dt
=

(
vgΓg − 1

τp

)
S + γΓvgnspg, (4)

dN

dt
=

ηI

eV
− N

τn
− ΓvggS

V
, (5)

g =
gN ln

(
N
Ntr

)
(
1 + εΓS

V

) , (6)

Pf =
0.5
(
1− r2f

)
vg�ωS

L
, (7)

where S is the photon number, τp is the photon lifetime, γ is
the Petermann factor, nsp is the population inversion factor, N
is the carrier density, Pf is the forward output power, rf is the
amplitude reflectivity of front facet, and L is the cavity length.

2) DC Analysis: Neglecting the influence of nonlinear gain
saturation effect and spontaneous emission noise at DC, the
above rate equation set degenerates into:(

vgΓg − 1

τp

)
Pf = 0, (8)

ηI

e
− NV

τn
− 2ΓgL(

1− r2f

)
�ω

Pf = 0, (9)

g ≈ gN ln

(
N

Ntr

)
= gN ln

(
NV

NtrV

)
. (10)

Since the spontaneous noise has been ignored, for the forward
output power in (8) to be a non-zero finite value, there must be:

vgΓg ≈ 1

τp
. (11)

This leads to the solution that:

N ≈ Ntre
1

vgΓgNτp . (12)

In (9), because the output power is zero at the threshold current
(spontaneous emission noise has been neglected), we have:

Ith ≈ eV

ητn
N ≈ eV

ητn
Ntre

1
vgΓgNτp . (13)

By using (13), (9) can be sorted into:

Pf

I − Ith
=

η�ω
(
1− r2f

)
vgτp

2eL
. (14)

The relationship of the parameters on the right side of (13)
and (14) can be obtained according to the threshold current and
slope efficiency.

3) AC Analysis: By making small signal assumption and per-
forming Fourier transform, the small signal modulation response
can be solved as follows:

S21 =
ω2
r

(jω)2 + (jω) ωr

Q + ω2
r

, (15)

ωr =

√
ηvgΓ

V

gN

Ntre
1

vgΓgNτp

(I − Ith)

e
, (16)

1

Q
=

εωr

vg
gN

Ntre
1

vgΓgNτp

+ τpωr +
1

τnωr
, (17)

where ωr is the relaxation oscillation frequency, Q is the quality
factor. The detailed derivation can be found in Appendix.

The relationship of the parameters on the right of (16) and
(17) can be obtained according to the relaxation oscillation
frequencies and the quality factors at different bias currents.

4) Effective Parameter Extraction Process: The extraction
process of the effective parameters based on normalized rate
equations can be concluded as follows:

a) Setting the cavity length L, the amplitude reflectivity of
front facet rf and the reference wavelength λ0. The carrier
lifetime τn is given an initial value in a reasonable range;

b) Obtaining the photon lifetime τp by (14);
c) ObtainingΓgN andVNtr by (13) and (16) at the same bias

current simultaneously;
d) Obtaining Γε/V from (17) at a different bias current from

step (c);
e) Obtaining a more accurate carrier lifetime τn from (17)

by known ΓgN , VNtr, Γε/V , as well as the relaxation
oscillation frequency ωr and the quality factor Q at the
same bias current as in step (c);

f) Repeating (a)-(e) until the parameters are stable.
The parameters in the following normalized rate equations

can be obtained.

dS

dt
=

(
vgΓg − 1

τp

)
S + γΓvgnspg

→ dS

dt
=

(
vg ḡ − 1

τp

)
S + vgγnspḡ, (18)

dN
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ηI

eV
− N

τn
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V
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dt
=

ηI

e
− N̄

τn
− vg ḡS, (19)

g =
gN ln

(
N
Ntr

)
(
1 + εΓS

V

)

→ ḡ =
ḡN ln

(
N̄
N̄tr

)
(1 + ε̄S)

, (20)

where ḡN = ΓgN is the effective differential gain coefficient,
N̄ = NV is the effective carrier number, N̄tr = Ntr V is
the effective transparent carrier number, and ε̄ = Γε/V is the
effective nonlinear gain saturation coefficient.

The values of ḡN , N̄tr, ε̄, τn and τp can be extracted by
the above steps. In the next step, the value ranges of the 1D
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TWM parameters will be determined according to the values of
the effective parameters, and the 1D TWM parameters will be
extracted.

C. Parameter Extraction Based on 1D TWM

The effective parameters of the normalized rate equations
derived in Section II.B will be plugged into the 1D TWM in
this chapter, and the L-I curve and IM response will be fitted
to separate the effective parameters and extract the 1D TWM
parameters. The internal loss will be extracted at the same time.
Because the normalized rate equations are the simplification of
the 1D TWM, the value ranges of the effective parameters are
modified to 0.5∼2 times to the extracted values. The values of the
1D TWM parameters (differential gain coefficient, transparent
carrier density, nonlinear gain saturation coefficient and carrier
lifetime) related to the effective parameters will be determined
accordingly within these ranges. These determined value ranges
are helpful to save the extraction time and ensure the fitting
accuracy. Large-signal chirp fitting will be utilized to obtain the
linewidth enhancement factor, and the effective index without
injection will be modified by fitting the Bragg wavelength. When
the temperature effect is ignored, the effective index drops as
injected current increases. As a result, the effective index without
injection extracted from the spectrum is lower than the actual
value. The spectrum extraction value and the value plus 0.1 are
set as the lower and higher limit of the no injection effective
index, respectively. The linewidth enhancement factor’s range
is set to 1∼5, the internal loss’s range is set to 0∼20/cm, and the
optical confinement factor ’s range is set to 0∼0.2. The following
is the specific extraction method. Firstly, set initial values to
effective index without injection, linewidth enhancement factor,
internal loss, optical confinement factor and effective parameters
of normalized rate equations according to their value ranges.
Since the laser’s structural parameters are known, the values of
the other parameters of the 1D TWM will be determined corre-
spondingly after the above initial values assigned. Secondly, the
L-I curve, IM response and large-signal chirp are determined
by using 1D TWM, and the Bragg wavelength is determined by
using TMM. The error function of the aforesaid output results
as well as the known results are then built. To identify the final
values, the adaptive differential evolution algorithm is used to
adjust the values of these parameters in order to discover the
numerical minimizing of the error function.

The extraction of laser parameters based on 1D TWM has
been finished at this stage. By fitting the output results, we can
obtain laser’s physical or quasi-physical parameters including
grating coupling coefficient, effective index without injection,
facet reflectivities, differential gain coefficient, transparent car-
rier density, nonlinear gain saturation coefficient, carrier life-
time, internal loss, linewidth enhancement factor and optical
confinement factor.

III. PARAMETER EXTRACTION RESULTS

A. Parameter Extraction From Preset Simulation Results

In this Section, we preset a set of laser parameters and ob-
tain the output characteristics by 1D TWM and TMM. Then,

Fig. 1. Lasing spectra with preset parameters and extracted parameters. The
“Preset” represents the simulation result with preset parameters and the “Ex-
tracted” represents the simulation result with extracted parameters.

TABLE I
PARAMETERS OF THE DFB LASER RELATED TO SPECTRUM

assuming the parameters are unknown, we extract the parame-
ters by fitting the output results using the method presented in
Section II.

1) Extraction Results Via Lasing Spectrum: By fitting the
lasing spectrum as outlined in Section II.A, we first extract the
grating coupling coefficient, effective index without injection,
and facet reflectivities. Fig. 1 shows a comparison of the pre-
set and the extracted spectra. During the extraction progress,
linewidth enhancement factor is set to zero. Table I lists the
preset parameters and the extracted parameters obtained by
fitting the lasing spectrum. As evidenced by the result, the
extracted parameters are quite close to the preset parameters
and the spectrum derived from the extracted parameters agrees
well with the preset spectrum.

2) Extraction Results of Normalized Rate Equations: The
effective parameters of the laser are then extracted using the
method outlined in Section II.B. According to the L-I curve, we
can get a slope efficiency of 0.7091 mW/mA and a threshold
current of 4.5 mA, as shown in Fig. 2. The relaxation oscillation
frequencies and the quality factors corresponding to the IM
response with the bias currents of 10 mA, 20 mA, and 30
mA are 8.8461 GHz/3.1695, 14.5925 GHz/2.1151 and 18.3551
GHz/1.7029. In Fig. 2(a) and (b), the preset results are compared
with the analytical results. The analytical L-I curve is obtained
using the slope efficiency and the threshold current, and the IM
responses are analytically calculated by (15) using the quality
factors and the relaxation oscillation frequencies. It can be seen
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Fig. 2. L-I curve and IM response comparison diagram. (a) Simulated L-I
curve with preset parameters by 1D TWM and analytical calculation L-I curve
using the extracted slope efficiency and threshold current; (b) Simulated IM
responses with preset parameters by 1D TWM and analytical calculation IM
responses by (15) using the extracted quality factors and relaxation oscillation
frequencies; (c) Simulated L-I curve with preset parameters by 1D TWM and
simulated L-I curve with extracted effective parameters by (18), (19) and (20);
(d) Simulated IM responses with preset parameters by 1D TWM and simulated
IM responses with extracted effective parameters by (18), (19) and (20).

TABLE II
EFFECTIVE PARAMETERS OF NORMALIZED RATE EQUATIONS

from the comparison results that the extracted slope efficiency,
threshold current, relaxation oscillation frequencies and quality
factors are accurate.

Table II lists the extracted parameters as well as the preset
parameters, and Fig. 2(c) and (d) depict the extracted and the
preset results. The preset photon lifetime is obtained by solving
the eigenvalue equations of the quantum well DFB laser [30].
Although there are some differences between the extracted and
the preset parameters, the overall trend of the extracted results is
similar to the preset results. The results prove that the effective
parameters derived from the slope efficiency, threshold current,
relaxation oscillation frequencies and quality factors are accu-
rate.

3) Extraction Results of 1D TWM: The effective parameters
are separated by fitting the L-I curve and IM response, and the
internal loss is extracted at the same time. Using large-signal
chirp fitting, the linewidth enhancement factor is extracted, and

TABLE III
EXTRACTED PARAMETERS OF 1D TWM FROM PRESET RESULTS

Fig. 3. (a) Lasing spectrum, (b) L-I curve, (c) IM response and (d) Large-signal
chirp comparison diagram. The “Preset” represents the simulation results with
preset parameters and the “Extracted” represents the simulation results with
extracted parameters.

the effective index without injection is corrected by fitting the
Bragg wavelength. Table III lists both the preset and the extracted
parameters, and Fig. 3 shows the comparison of output charac-
teristics. As can be seen from the results, the parameters we
extracted are quite close to the preset parameters. The simulated
laser output characteristics using the extracted parameters are
quite similar to the preset output characteristics.

B. Parameter Extraction From Experimental Results

We apply the proposed method to extract parameters from
the experimental results in this section. The measured lasing
spectrum is used to determine the grating coupling coefficient,
effective index without injection, and facet reflectivities. The
values of the effective parameters of the normalized rate equa-
tions are extracted by the threshold current and slope efficiency
of the L-I curve, as well as relaxation oscillation frequencies and
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Fig. 4. (a) Lasing spectrum, (b) L-I curve, (c) IM response and (d) Large-signal
chirp comparison diagram. The ‘Measured’ represents the experimental mea-
sured results and the “Extracted” represents the simulation results with extracted
parameters.

quality factors of the IM response at various bias currents. Then
the value ranges of the 1D TWM parameters are determined by
the effective parameters, and the related 1D TWM parameters
are extracted by fitting the L-I curve and IM response. The
linewidth enhancement factor is extracted and the effective index
without injection is modified by fitting large-signal chirp and
Bragg wavelength. Fig. 4 shows a comparison of experimental
and calculated results by using the extracted parameters. As
shown, the calculated results with the extracted parameters by
1D TWM are in good agreement with the experimental results.
The values of the extracted parameters are shown in Table IV.

IV. CONCLUSION

Based on 1D TWM, we propose a method for extracting the
physical or quasi-physical parameters of the DFB laser from its
output characteristics in this study. The effective index without
injection, the grating coupling coefficient and the facet reflectiv-
ities are firstly extracted by fitting the lasing spectrum. The 1D
TWM is then simplified to obtain the normalized rate equations
and analytical formulae of effective parameters. The effective
parameters in the normalized rate equations are extracted based
on the L-I curve’s threshold current and slope efficiency, as well
as the relaxation oscillation frequencies and quality factors at
various bias currents. After that, by fitting the L-I curve, IM
response, large-signal chirp and Bragg wavelength, the effective
parameters are separated and the 1D TWM parameters are ex-
tracted. The simulated results by using the extracted parameters
are in good agreement with the preset results, despite the fact
that there is minimal variance between the extracted parame-
ters and the preset parameters. The method is also applied in
experimental results extraction. The simulation results obtained
by 1D TWM using the extracted parameters agree well with the

TABLE IV
EXTRACTED PARAMETERS OF 1D TWM FROM EXPERIMENTAL RESULTS

experimental results, which further indicates the feasibility of
this method. The 1D TWM-based parameter extraction approach
can accurately reflect the physical features of the laser, making
it a valuable tool for laser design, optimization and processing
improvement.

APPENDIX

The photon number rate equation is

dS

dt
=

(
vgΓg − 1

τp

)
S + γΓvgnspg. (A1)

The carrier density rate equation is

dN

dt
= η

I

eV
− N

τn
− ΓvggS

V
. (A2)

The material gain model for quantum well active region is

g =
gN ln

(
N
Ntr

)
(
1 + εΓS

V

) . (A3)

For small signal analysis, we have the following assumptions:

I (t) = I0 +ΔI (t) , ΔI (t) � I0, (A4-1)

S (t) = S0 +ΔS (t) , ΔS (t) � S0, (A4-2)

N (t) = N0 +ΔN (t) , ΔN (t) � N0, (A4-3)
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where I0, S0, and N0 are defined in the steady state solutions:[
vgΓg0 − 1

τp

]
S0 + γnspvgΓ g0 = 0, (A5-1)
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)
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V
= 0. (A5-3)

By utilizing (A5-1) to (A5-3) and ignoring higher order items,
we have
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and from (A3) we have
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Ntr

) . (A7-2)

Similarly, we have

dΔN

dt
= η

I0 +ΔI

eV
− 1

τn
(N0 +ΔN)

− vgΓ

V

(
g0 +

∂g

∂N
ΔN +

∂g

∂S
ΔS

)
(S0 +ΔS)

≈ − vgΓ

V

(
S0

∂g

∂S
+ g0

)
ΔS

−
(
vgΓ

V
S0

∂g

∂N
+

1

τn

)
ΔN + η

ΔI

eV
. (A8)

By defining

A′ ≡ −
[
vgΓg0 − 1

τp
+ vgΓ (S0 + γnsp)

∂g

∂S

]

≈ vgΓg0

ΓεS0

V

1 + ΓεS0

V

, (A9-1)

B′ ≡ vgΓ (S0 + γnsp)
∂g

∂N
≈ vgΓg0

N0 ln
(

N0

Ntr

)S0, (A9-2)

C ′ ≡ vgΓ

V

(
S0

∂g

∂S
+ g0

)
=

vgΓg0
V

(
−ΓεS0

V

1 + ΓεS0

V

+ 1

)

=
vgΓg0
V

1

1 + ΓεS0

V

, (A9-3)

D′ ≡ vgΓ

V
S0

∂g

∂N
+

1

τn
=

vgΓg0

N0 ln
(

N0

Ntr

) S0

V
+

1

τn
,

(A9-4)

we can rewrite (A6) and (A8) as

dΔS

dt
= −A′ΔS +B′ΔN, (A10)

dΔN

dt
= −C ′ΔS −D′ΔN + η

ΔI

eV
. (A11)

By applying Fourier transform on (A10) and (A11), we obtain

H (ω) =
ΔS

ΔI

=
η

eV

B′

(jω)2 + jω (A′ +D′) + (A′D′ +B′C ′)

=
ηB′

eV

1

(jω)2 + (jω) ωr

Q + ω2
r

, (A12)

S21 =
H (ω)

H (0)
=

ω2
r

(jω)2 + (jω) ωr

Q + ω2
r

. (A13)

Here the relaxation oscillation frequency ωr is defined as

ω2
r = A′ D′ +B′C ′

= vg Γg0
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V

1 + ΓεS0

V

⎡
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+

1
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⎦

+
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V
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V
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N0 ln
(
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)

≈ vgS0ΓgN
τpV N0

. (A14)

By utilizing (7), (12), and (14) in the paper, we can convert
(A14) into

ωr =

√√√√2λ0ΓL

hcV

Pf(
1− r2f

)
τp

gN
N0

=

√
ηvgΓ

V

gN

Ntre
1

vgΓgNτp

(I − Ith)

e
. (A15)

The quality factor Q is defined in

ωr

Q
= A′ +D′ ≈ ΓεS0

τpV
+

vgΓgN
N0

S0

V
+

1

τn
. (A16)

By utilizing (7), (12), and (14) in the paper and (A14), we can
convert (A16) into

1

Q
=

εωr

vg
gN

Ntre
1

vgΓgNτp

+ τpωr +
1

τnωr
. (A17)
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