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Abstract—Multihop relaying is a potential technique to mitigate
channel impairments in optical wireless communications (OWC).
In this paper, multiple fixed-gain amplify-and-forward (AF) relays
are employed to enhance the OWC performance under the com-
bined effect of atmospheric turbulence, pointing errors, and fog.
We consider a long-range OWC link by modeling the atmospheric
turbulence by the Fisher-Snedecor F distribution, pointing errors
by the generalized non-zero boresight model, and random path
loss due to fog. We also consider a short-range OWC system by
ignoring the impact of atmospheric turbulence. We derive novel
upper bounds on the probability density function (PDF) and cu-
mulative distribution function (CDF) of the end-to-end signal-to-
noise ratio (SNR) for both short and long-range multihop OWC
systems by developing exact statistical results for a single-hop
OWC system under the combined effect of F -turbulence channels,
non-zero boresight pointing errors, and fog-induced fading. Based
on these expressions, we present analytical expressions of outage
probability (OP) and average bit-error-rate (ABER) performance
for the considered OWC systems involving single-variate Fox’s H
and Meijer’s G functions. Moreover, asymptotic expressions of the
outage probability in high SNR region are developed using simpler
Gamma functions to provide insights on the effect of channel
and system parameters. The derived analytical expressions are
validated through Monte-Carlo simulations, and the scaling of the
OWC performance with the number of relay nodes is demonstrated
with a comparison to the single-hop transmission.

Index Terms—Fisher-Snedecor F distribution, foggy channel,
multihop, non-zero boresight pointing errors, optical wireless
communication.

I. INTRODUCTION

O PTICAL wireless communication (OWC) is emerging as
a key technology for backhaul connectivity in the next-

generation wireless network [1], [2], [3], [4]. The OWC system
exploits large unlicensed bandwidth to provide exceedingly
higher data rate with low latency transmissions and possesses
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narrow beam divergence for secured data links without elec-
tromagnetic interference. Despite these advantages, the OWC
technology is susceptible to atmospheric conditions such as tur-
bulence environment and foggy weather conditions and requires
line-of-sight prorogation with near-perfect beam-alignment be-
tween the transmitter and detector. Developing efficient tech-
niques to mitigate these channel fading impairments efficiently
is desirable for an effective design of OWC systems.

Multi-aperture and cooperative relaying are potential tech-
niques to mitigate the fading effect and extend the communica-
tion range. There has been extensive research on relay-assisted
OWC systems with regenerative and non-regenerative protocols
under the combined effect of atmospheric turbulence and point-
ing errors. Dual-hop relaying using both decode-and-forward
(DF) and amplify-and-forward (AF) protocols is a well-studied
topic for optical wireless channels [5], [6], [7], [8]. However,
analyzing the performance of multihop relaying is challenging
for mathematically complicated turbulence fading models, es-
pecially when the AF relaying is employed at each hop. It is
known that analyzing DF-assisted multihop system is greatly
simplified since the performance analysis decouples into each
hop independently and thus requires statistical derivation of a
single link [9], [10], [11], [12], [13], [14], [15], [16]. Further,
the DF-based multihop requires channel state information (CSI)
at each hop and becomes impractical when the number of hops
increases beyond a certain limit.

Scanning the literature, there have been studies on the AF
relaying for multihop OWC transmissions [9], [17], [18], [19],
[20], [21], [22], [23], [24], [25]. Tsiftsis et al. analyzed the exact
performance of multihop optical transmission over Gamma-
Gamma atmospheric turbulence using channel-assisted AF re-
laying [9]. However, fixed-gain relaying is desirable due to a
simpler implementation but analyzing its performance becomes
intractable for many fading channels. To circumvent this, the
end-to-end signal-to-noise ratio (SNR) of the fixed-gain mul-
tihop AF relaying is upper bounded as the product of SNR
of individual links for tractable performance analysis. This
approach was first considered in [26] to analyze the multihop
relayed communication over Nakagami-m fading channels. Dat-
sikas et al. analyzed the outage probability (OP) and average
bit-error-rate (ABER) of an AF-assisted multihop system over
Gamma-Gamma atmospheric turbulence without considering
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the impact of pointing errors [17]. Tang et al. extended the work
presented in [17] considering the combined effect of pointing er-
rors and Gamma-Gamma distributed atmospheric turbulence for
the heterodyne OWC system [20]. Zedini and Alouini developed
exact and asymptotic analysis for the OP, ABER, and ergodic
capacity for an OWC system, pointing errors and atmospheric
turbulence. Later, they extended the analysis presented in [19]
for the intensity modulation/decision-directed (IM/DD) OWC
system [18]. Alheadary et al. considered the misaligned gener-
alized Malaga turbulence and developed ABER performance for
the multihop heterodyne OWC system [22]. Ashrafzadeh et al.
used the method of induction to develope and exact analysis
for an AF-assisted multihop OWC system under the double
generalized Gamma turbulence with pointing errors [24], [25].

In the above and related literature, we find a few research
gaps in the study of the AF-assisted multihop OWC system,
which need to be addressed. Firstly, the AF-assisted multihop
transmission was limited to zero-boresight pointing errors and
random jitter. The jitter is a random offset of the beam center at
the detector plane, and the boresight is the fixed displacement
between the center of the beam and the center of the detector [6].
The nonzero boresight model generalizes the effect of pointing
errors on the OWC. Although the statistical analysis of nonzero
boresight pointing errors for OWC system has been investigated
extensively in the literature for single-link, dual-hop, and multi-
aperture, it has not been addressed for the AF-assisted multihop
transmission. Indeed, there are a few works on the impact of
generalized pointing errors but for DF-assisted multihop sys-
tems [15], [16].

Secondly, adopted models for atmospheric turbulence were
Gamma-Gamma, double generalized Gamma, and Malága dis-
tributions. These models are mathematically complicated by
including Bessel and Meijer’s G-functions in their probability
density functions (PDF). Recently, Peppas et al. proposed a new
atmospheric turbulence model for OWC, called Fisher-Snedecor
F , which provides a better fit for experimental data for all turbu-
lence conditions [27]. Further, the PDF of F turbulence is more
mathematically tractable since it includes elementary functions.
There has been an increased interest to analyze the performance
of OWC over F turbulence [28], [29], [30], [31], [32]. However,
no work has been reported even with the DF-assisted multihop
OWC system considering the F atmospheric turbulence model.

Thirdly, signal attenuation for OWC transmissions is assumed
to be deterministic and quantified using a visibility range, for
example, less attenuation in haze and more loss of signal power
in foggy conditions. However, recent measurement data con-
firm that the signal attenuation in foggy weather for terrestrial
applications is not deterministic but follows a probabilistic
model [33], [34], [35]. The authors in [36], [37] analyzed the
single-link performance of the OWC system under the combined
effect of fog and pointing errors. Esmail et al. analyzed the OP of
a multihop relay system employing the DF protocol (using the
cumulative distribution function (CDF) of the SNR for a single
link) to mitigate the effect of fog and pointing errors [36]. In our
previous work [38], we studied the DF-based dual-hop relaying
for the OWC system under the combined effect of random

fog, zero-boresight pointing errors, and atmospheric turbulence
distributed according to the double generalized gamma. To the
best of the authors’ knowledge, there are no analyses available
for AF-assisted multihop OWC system under the effect of ran-
dom fog, non-zero boresight pointing errors, and atmospheric
turbulence. In Tables I and II, we provide a summary of the
state-of-the art research on the multihop OWC system and OWC
system with fog-induced fading, respectively.

In this paper, we employ multiple fixed-gain relays in each
hop to enhance the OWC performance under the combined effect
of atmospheric turbulence, pointing errors, and fog. The major
contributions of the proposed work are listed as follows:
� We analyze the end-to-end performance of a fixed-gain

AF multihop relayed OWC system considering indepen-
dent and non-identical (i.ni.d) fading channels in each
hop distributed according to the combined statistics of
F-turbulence channels, non-zero boresight pointing errors,
and fog-induced fading.

� We develop exact statistical results for the direct link of
OWC system under the combined effect of atmospheric
turbulence, pointing errors, and random fog. We also de-
velop statistical results for a short-range OWC system by
ignoring the impact of atmospheric turbulence.

� We derive novel upper bounds on the PDF and CDF of the
end-to-end SNR for fixed gain assisted multihop relaying
for both short and long-range OWC systems involving
single-variate Fox’s H and Meijer’s G functions.

� We use the derived statistical results to analyze the OP and
ABER performance for single-hop and multihop transmis-
sions considering both short and long-range OWC systems.

� We develop diversity order of the considered system by
deriving asymptotic expressions of the OP in high SNR
region to provide insights on the design aspects of channel
and system parameters.

� We use computer simulations to demonstrate the signifi-
cance of multihop relaying for OWC systems to mitigate
the channel impairment compared with the single-hop sys-
tem.

Notations: (·)i denotes the i-th hop, (·)N denotes the
N -hop system, (·)SR denotes the short-range OWC system,
(·)LR denotes the long-range OWC system, (·)SH denotes the
single-hop system, and (·)MH denotes the multihop system.
We denote the expectation operator by E[·], Gamma function
by Γ(a) =

∫∞
0 ta−1e−tdt, upper incomplete Gamma function

by Γ(a, t) =
∫∞
t sa−1e−sds, Gaussian Q function by Q(γ) =

1√
2π

∫∞
γ e−

u2

2 du, Meijer’s G-function by Gm,n
p,q

[
z
∣∣ (ak)k=1:p

(bk)k=1:q

]
,

and the Fox’s H-function by Hm,n
p,q

[
z
∣∣ (ak,Ak)k=1:p

(bk,Bk)k=1:q

]
.

The rest of this paper is organized as follows. Section II de-
scribes the channel models for fog, non-zero boresight pointing
errors, and atmospheric turbulence for multihop OWC com-
munication. In Sections III and IV, the performance of long
and short-range OWC systems in terms of OP and ABER is
presented, respectively. Numerical and simulation results are
presented in Section V. Finally, we conclude the findings of this
paper in Section VI.
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TABLE I
RELATED LITERATURE ON AF-ASSISTED MULTIHOP OWC SYSTEMS

TABLE II
RELATED LITERATURE ON OWC SYSTEMS WITH FOG-INDUCED FADING

Fig. 1. Multihop OWC communication system.

II. SYSTEM MODEL

We consider anN -hop OWC system where a source terminal
communicates with the destination through N − 1 relay nodes
as shown in Fig. 1. The transmitted signal is impaired by the
multiplicative channel effects of atmospheric turbulence, point-
ing error, and random fog. Thus, the received signal yi for the
i-th hop under the additive noise wi with variance σ2

wi
is given

by

yi = his+ wi, (1)

where s is the transmitted signal and hi = hfihpi
hti is the

channel coefficient of the i-th hop. Here, hfi denotes the random
fog, hpi

denotes the pointing error, hti denote the atmospheric
turbulence. We use the simpler non-coherent intensity modula-
tion/direct detection (IM/DD) scheme since heterodyne detec-
tion (HD) requires complex processing of mixing the received
signal with a coherent signal produced by the local oscillator.
Assuming IM/DD technique and on-off keying (OOK) modu-
lation with x ∈ {0,√2Pi} and Pi as the average transmitted
optical power, the instantaneous received electrical SNR for the

i-th hop is given by [39]

γSHi =
2P 2

i h
2
i

σ2
wi

= γ̄ih
2
i (2)

where γ̄i is the average SNR of the i-th hop. Employing AF
relaying with fixed-gain in each hop, the SNR of the N -hop
system is given by [40]:

γMH
γN

=

(
N∑
i=1

i∏
j=1

Cj − 1

γj

)−1

(3)

where γj is the SNR of j-th hop, and Cj is a positive constant
(C0 = 1) depending on the AF gain of the j-th relay. Since the
SNR expression in (3) is intractable for statistical analysis, we
use a popular upper bound on γN [18]:

γMH
N =

1

N

N∏
i=1

C
− (N−i)

N
i γ

N+1−i
N

i (4)

If we substituteN = 1 in (4), then the SNR of a multihop system
becomes the SNR of a single hop system, as depicted in (2) (i.e.,
γMH
N = γSH

i if N = 1).
To analyze the statistical performance of the single-hop sys-

tem in (2) and the multihop system in (4), we require density
functions of the foggy channel, atmospheric turbulence, and
pointing errors, which are represented in the following.

The probability density function (PDF) of the foggy channel
is given as [35]:

fhfi
(x) =

zki
i

Γ(ki)

(
log

1

x

)ki−1

xzi−1, 0 < x ≤ 1 (5)

where zi = 4.343/βidi, di is the distance between the transmit-
ter and receiver of the i-th hop, ki > 0 and βi > 0 are the shape
parameter and the scale parameter of the fog, respectively.



7350314 IEEE PHOTONICS JOURNAL, VOL. 14, NO. 5, OCTOBER 2022

Next, we consider the Rician distribution to model non-zero
boresight and random jitter of the pointing error hpi

[6], [41]

fhpi
(x) =

ρ2i exp
(−s2i

2σ2
i

)
A

ρ2
i

i

xρ
2
i−1I0

⎛
⎝ si
σ2
i

√
w2

zeqi
ln Ai

x

2

⎞
⎠ (6)

where 0 ≤ x ≤ Ai, I0(·) is the zeroth-order modified Bessel

function of the first kind [42], Eq. 8.431.1],w2
zeqi

=
w2

zi

√
Aiπ

2vi exp(−v2
i )

,

Ai = [erf(vi)]2 with vi =

√
r2i π

2w2
zi

as the ratio of aperture radius

ri and beamwidth wzi , and ρi =
wzeqi

2σi
with σi as the standard

deviation of the jitter and equivalent beamwidth wzeqi
. Here,

si =
√
μ2
xi

+ μ2
yi

�= 0 models the non-zero boresight, where

μxi
�= 0 and μyi

�= 0 denote the horizontal and vertical dis-
placement between the center of the beam and the center of the
detector, respectively. Note that the model in (6) is a generalized
one resulting in the special case of zero boresight with si = 0
[39].

Finally, we model the atmospheric turbulence channel hti
using the F-distribution model [27]:

fhti
(x) =

aai
i (bi − 1)bixai−1

β(ai, bi)(bi − 1)ai+bi(Bix+ 1)ai+bi
(7)

where 0 < x <∞,Bi =
ai

(bi−1) , β(·) denotes the Beta function,
ai, and bi are the atmospheric refractive-index structure pa-
rameters. The atmospheric refractive-index structure parameters
ai =

1
exp(σ2

lnSi
)−1

and inner and outer scale parameter of turbu-

lence bi = 1
exp(σ2

lnLi
)−1

+ 2 depends on the small-scale σ2
lnSi

and large-scale σ2
lnLi

log-irradiance variances.
In what follows, we analyze the performance of single-hop

and multihop OWC system using the combined statistical char-
acterization of fog, non-zero boresight pointing errors, and
atmospheric turbulence, as given in (5), (6), and (7), respectively.
We analyze the single-hop system since it can have simplified ex-
pressions (requiring lesser computation time) than the multihop
system. The single-hop system can also become a benchmark for
the multihop system, validating the analytical expressions of the
multihop system with N = 1. Note that the proposed analysis
for the single-hop system with the generalized channel model
is novel, and the existing (reported in the literature) single-link
systems become a particular case of the considered model.

III. LONG-RANGE OWC SYSTEM

In this section, we analyze the performance of single-hop
and multihop OWC systems under the combined effect of at-
mospheric turbulence, pointing errors, and fog-induced fading.
This is a generalized scenario where the statistical impact of all
three channel impairments is considered for a better performance
assessment. It is argued that fog and turbulence are inversely
correlated [39], and thus the presence of one precludes the
existence of the other. However, when the density of fog is
not high, and the communication range is long, the impact of
atmospheric turbulence cannot be ignored.

To proceed with the statistical derivation, first, we find the
PDF ofF-turbulence channel combined with the non-zero bore-
sight pointing errors htp,i = hpi

hti , and then include the foggy
component to find the resultant PDF for the channel coefficient
hLRi = htp,ihfi . Further, we use the series expansion of modified

Bessel function I0(x) =
∑∞

j=0
( x
2 )

2j

(j!)2 in (6) to get

fhpi
(x) =

ρ2i exp
(−s2i

2σ2
i

)
A

ρ2
i

i

∞∑
j=0

1

(j!)2

(
s2i w

2
zeqi

8σ4
i

)j

xρ
2
i−1

(
ln
Ai

x

)j

(8)

Note that the converging series expansion in (8) facilitates in
analyzing the system performance.

A. PDF and CDF of SNR

Lemma 1: The PDF and CDF of SNR for a single-hop OWC
system with the combined effect of F-turbulence channels, fog-
induced fading and generalized pointing errors are given as:

fLRγi
(γ) =

aai
i z

ki
i ρ

2
i exp

(−s2i
2σ2

i

)
2Aai

i β(ai, bi)(bi − 1)ai
√
γγ̄i

∞∑
j=0

1

j!

(
s2i w

2
zeqi

8σ4
i

)j (√
γ

γ̄i

)ai−1

G2+j+ki,1
2+j+ki,2+j+ki

[
1− ai − bi, {1 + ρ2i − ai}j+1

0 , {1 + zi − ai}ki
1

0, {ρ2i − ai}j+1
0 , {zi − ai}ki

1

∣∣∣∣Bi

Ai

√
γ

γ̄i

]
(9)

FLR
γi

(γ) =
aai
i z

ki
i ρ

2
i exp

(−s2i
2σ2

i

)
Aai

i β(ai, bi)(bi − 1)ai

∞∑
j=0

1

j!

(
s2i w

2
zeqi

8σ4
i

)j

(√
γ

γ̄i

)ai

G2+j+ki,2
3+j+ki,3+j+ki[

1− ai − bi, 1− ai, {1 + ρ2i − ai}j+1
0 , {1 + zi − ai}ki

1

0, {ρ2i − ai}j+1
0 , {zi − ai}ki

1 ,−ai∣∣∣∣Bi

Ai

√
γ

γ̄i

]
(10)

Proof: See Appendix A. �
It can be seen that (9) and (10) generalizes the analysis

presented in [43] for zero boresight pointing errors. Further, stan-
dard functions are available in MATLAB and MATHEMATICA
to compute Meijer’s G function.

For ease of presentation, we denoteφi = N + 1− i andψi =

C
− (N−i)

N
i in (4), and use the method described in [44] for terahertz

(THz) multihop system to develop the PDF of SNR for N -hop
OWC system:

fγN
(γ) =

1

γ

1

2πj

∫
L

1

N

N∏
i=1

ψiE[γui ]γ
−udu (11)
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where E[γui ] is the u-th moment of the SNR for the i-th hop
given by

E[γui ] =

∫ ∞

0

γu
φi
N fγi

(γ)dγ (12)

Theorem 1: The PDF and CDF of SNR for a multihop OWC
system with the combined effect of F-turbulence channels, fog-
induced fading and generalized pointing errors are given as:

fLRγN
(γ) =

N∏
i=1

ψia
ai
i z

ki
i ρ

2
i exp

(−s2i
2σ2

i

)
NγBai

i β(ai, bi)(bi − 1)ai

∞∑
j=0

1

j!

(
s2i w

2
zeqi

8σ4
i

)j

H2+j+ki,1
2+j+ki,2+j+ki

[
(1− bi, 2

φi

N ), {(1 + ρ2i , 2
φi

N )}j+1
0 , {(1 + zi, 2

φi

N )}ki
1

{(ρ2i , 2φi

N )}j+1
0 , {(zi, 2φi

N )}ki
1 , (ai, 2

φi

N )∣∣∣∣∣
N∏
i=1

(
Bi

Ai
√
γ̄i

)2
φi
N

γ

]
(13)

FLR
γN

(γ) =

N∏
i=1

ψia
ai
i z

ki
i ρ

2
i exp

(−s2i
2σ2

i

)
NBai

i β(ai, bi)(bi − 1)ai

∞∑
j=0

1

j!

(
s2i w

2
zeqi

8σ4
i

)j

H2+j+ki,2
3+j+ki,3+j+ki

[
(1, 1), (1− bi, 2

φi

N ), {(1 + ρ2i , 2
φi

N )}j+1
0 , {(1 + zi, 2

φi

N )}ki
1

{(ρ2i , 2φi

N )}j+1
0 , {(zi, 2φi

N )}ki
1 , (ai, 2

φi

N ), (0, 1)∣∣∣∣∣
N∏
i=1

(
Bi

Ai
√
γ̄i

)2
φi
N

γ

]
(14)

Proof: See Appendix B.
The PDF and CDF of the multihop system in Theo-

rem 1 have a complex representation. However, the PDF of
the simpler single-hop system can be used to validate the
PDF of the multihop system analytically using N = 1 in
(13). The steps are as follows: With N = i in (13), φi = 1.

Next, we apply the identity Hm,n
p,q

[
(α1, C), . . . , (αp, C)
(β1, C), . . . , (βq, C)

∣∣∣∣z
]
=

1
CG

m,n
p,q

[
α1, . . . , αp

β1, . . . , βq

∣∣∣∣z 1
C

]
, C > 0, [45], p. 50, Eq. 20] to get

fLRγN=i
(γ) =

ψia
ai
i z

ki
i ρ

2
i exp

(−s2i
2σ2

i

)
2γBai

i β(ai, bi)(bi − 1)ai

∞∑
j=0

1

j!

(
s2i w

2
zeqi

8σ4
i

)j

G2+j+ki,1
2+j+ki,2+j+ki

[
c1− bi, {1 + ρ2i }j+1

0 , {1 + zi}ki
1

ai, {ρ2i }j+1
0 , {zi}ki

1

∣∣∣∣Bi

Ai

√
γ

γ̄i

]
(15)

Finally, we apply the identity

Gm,n
p,q

[
a1, . . . , an, an+1, . . . , ap
b1, . . . , bm, bm+1, . . . , bq

∣∣∣∣z
]
=

z−αGm,n
p,q

[
α+ a1, . . . , α+ an, α+ an+1, . . . , α+ ap
α+ b1, . . . , α+ bm, α+ bm+1, . . . , α+ bq

∣∣∣∣z
]

,

[46], Eq. 07.34.17.0011.01] in (15) with α = −ai and simplify
to get the PDF for the single-hop OWC system in (9).

B. Outage Probability

Outage probability is defined as the probability that the in-
stantaneous SNR γ falls below a certain threshold SNR γth and
is given as

Pout = P (γ < γth) = Fγ(γth) (16)

Substituting (10) in (16), we can get OP for the single-hop
transmissions. We can apply the series expansion of Meijer’s
G function to derive the asymptotic expression for the OP in
high SNR regime γ̄i → ∞, ∀i:

OPLR,∞
i =

aai
i z

ki
i ρ

2
i exp

(−s2i
2σ2

i

)
Aai

i β(ai, bi)(bi − 1)ai

∞∑
j=0

1

j!

(
s2i w

2
zeqi

8σ4
i

)j (√
γth
γ̄i

)ai

2+j+ki∑
j′=1

∏2+j+ki

i′=1,i′ �=j′ Γ(Vi′ − Vj′)Γ(ai + bi + Vj′)Γ(ai + Vj′)∏3+j+ki

i′=3 Γ(Ui′ − Vj′)Γ(1 + ai + Vj′)(
Bi

Ai

√
γth
γ̄i

)Vj′

(17)

where U′
i = U′

j = {1− ai − bi, 1− ai, {1 + ρ2i − ai}j+1
0 ,

{1 + zi − ai}ki
1 } and V′

i = V′
j = {0, {ρ2i − ai}j+1

0 , {zi −
ai}ki

1 ,−ai}. Compiling the exponent of γ̄i = γ̄,∀i, the diversity

order is derived as DOLR
i = min{ zi

2 ,
ρ2
i

2 ,
ai

2 }. Note that the
diversity order is independent of the boresight parameters.

Similarly, we can substitute the CDF (as given in (14)) of
multihop link in (16) to get the OP for the short-range multihop
transmissions. We can apply the series expansion of single-varite
Fox’s H function [47], Eq. 1.8.4] to derive the asymptotic
expression for the OP in high SNR regime γ̄i → ∞, ∀i:

OPLR,∞
N =

N∏
i=1

ψia
ai
i z

ki
i ρ

2
i exp

(−s2i
2σ2

i

)
NBai

i β(ai, bi)(bi − 1)ai

∞∑
j=0

1

j!

(
s2i w

2
zeqi

8σ4
i

)j

2+j+ki∑
j′=1

1

Sj′

∏2+j+ki

i′=1,i′ �=j′ Γ
(
Ri′ − Rj′

Si′
Sj′

)
Γ
(
1− Pi′ +Rj′

Qi′
Sj′

)
∏2+j+ki

i′=2 Γ
(
Pi′ − Rj′

Qi′
Sj′

)
Γ
(
1 +

Rj′
Sj′

)
(

N∏
i=1

(
Bi

Ai
√
γ̄i

)2
φi
N

γth

)R
j′

Sj′

(18)

where Pi′ = Pj′ = {1, 1− bi, {1 + ρ2i }j+1
0 , {1 + zi}ki

1 }, Qi′

= Qj′ = {1, 2φi

N , {2φi

N }j+1
0 , {2φi

N }ki
1 }, Ri′ = Rj′ =
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{{ρ2i }j+1
0 , {zi}ki

1 , ai, 0}, and Si′ = Sj′ = {{2φi

N }j+1
0 ,

{2φi

N }ki
1 , 2

φi

N , 1}. Similarly, the diversity order is given as

DOLR
N =

∑N
i=1 min{ zi

2 ,
ρ2
i

2 ,
ai

2 }. Comparing the diversity or-
ders for single with the multihop transmissions, the performance
scaling withN can be clearly observed. Thus, the use of multiple
relays enhances the OWC performance mitigating the effect of
pointing errors and path loss due to fog.

C. ABER

The ABER for a variety of binary and non-binary modulation
schemes can be written using the CDF of SNR (γ) [48], Eq.
(40)] as:

P̄e =
qp

2Γ(p)

∫ ∞

0

γp−1 exp(−qγ)FLR
γN

(γ)dγ (19)

Substituting (10) in (19), applying the definition of Mei-

jer’s G-function, and using
∫∞
0 γ

2p+ai+u

2 −1 exp(−qγ)dγ =

q−(
2p+ai+u

2 )Γ( 2p+ai+u
2 ), we get the ABER for long-range OWC

system for the single hop

P̄LR
e,i =

1

2Γ(p)

aai
i z

ki
i ρ

2
i exp

(−s2i
2σ2

i

)
(Ai

√
qγ̄i)

ai β(ai, bi)(bi − 1)ai

∞∑
j=0

1

j!

(
s2i w

2
zeqi

8σ4
i

)j

H3,2+j+ki

3+j+ki,4+j+ki

[
UiVi

∣∣∣∣Ai
√
qγ̄i

Bi

]

(20)

where Ui = {(1, 1), {(1− ρ2i + ai, 1)}j+1
0 , {(1− zi +

ai, 1)}ki
1 , (1 + ai, 1)} and Vi = {(ai + bi, 1), (ai, 1), (p+

ai

2 ,
1
2 ){(ai − ρ2i , 1)}j+1

0 , {(ai − zi, 1)}ki
1 }.

Similarly, substituting (14) in (19) with∫∞
0 γp−u−1 exp(−qγ)dγ = q−p+uΓ(p− u), we get the ABER

for long-range OWC system for multihop systen

P̄LR
e,N =

1

2Γ(p)

N∏
i=1

ψia
ai
i z

ki
i ρ

2
i exp

(−s2i
2σ2

i

)
NBai

i β(ai, bi)(bi − 1)ai

∞∑
j=0

1

j!

(
s2i w

2
zeqi

8σ4
i

)j

H2+j+ki,3
4+j+ki,3+j+ki

[
UN

VN

∣∣∣∣∣
N∏
i=1

(
Bi

Ai
√
γ̄i

)2
φi
N 1

q

]

(21)

where UN = {(1, 1), (1− p, 1), (1− bi, 2
φi

N ), {(1 + ρ2i ,

2φi

N )}j+1
0 , {(1 + zi, 2

φi

N )}ki
1 } and VN = {{(ρ2i , 2φi

N )}j+1
0 ,

{(zi, 2φi

N )}ki
1 , (ai, 2

φi

N ), (0, 1)}.
Note that an asymptotic expression for the ABER can be sim-

ilarly derived by applying the series expansion of single-variate
Fox’s H function [47], Eq. 1.8.4], as done for the OP.

IV. SHORT-RANGE OWC SYSTEM

The atmospheric turbulence is the effect of change in the
refractive index of the medium when the optical signal is trans-
mitted. It is customary to neglect the atmospheric turbulence
for short-range communications, especially in foggy weather

conditions [39]. Moreover, the derived statistical results (in Sec-
tion III) for the long-range system consist of Mellin-Bernes inte-
gral. A simpler mathematical representation for the short-range
system might be possible due to the absence of the atmospheric
turbulence channel component. Although short-range perfor-
mance can be obtained from the long-range performance by
invoking ai → ∞ and bi → ∞ in the corresponding analytical
expressions, computing the limit on Mellin-Bernes integral is
not trivial, necessitating independent analysis for the short-range
system. In this section, we analyze the performance of short-
range OWC system over the foggy channel with generalized
pointing errors.

A. PDF and CDF of SNR

Lemma 2: The PDF and CDF of SNR for a single-hop OWC
system over fog-induced fading with non-zero boresight point-
ing errors are given as:

fSRγi
(γ) =

zi
kiρi

2 exp
(

−si
2

2σi
2

)
2Γ(ki)A

ρ2
i

i

√
γγ̄i

∞∑
j=0

1

(j!)2

(
si

2 w2
zeqi

8σ4
i

)j

(√
γ

γ̄i

)ρ2
i−1 j∑

n=0

(
j
n

)
(−1)n

(
ln
Ai

√
γ̄i√
γ

)j−n

m−n−ki

[
Γ(n+ ki)− Γ

(
n+ ki,mi ln

Ai
√
γ̄i√
γ

)]
(22)

F SR
γi

(γ) =
zi

kiρi
2 exp

(−s2i
2σ2

i

)
Γ(ki)

∞∑
j=0

1

(j!)2

(
s2i w

2
zeqi

8σ4
i

)j

j∑
n=0

(
j
n

)
(−1)n

mj+ki+1
i

[
Γ(n+ ki)Γ

(
1 + j − n, ρ2i ln

Ai
√
γ̄i√
γ

)
(

ρ2
i

mi

)j−n+1

−
(n+ ki − 1)!Γ

(
1 + j − n+ l,

(
ρ2
i

mi
+ 1
)
mi ln

Ai
√
γ̄i√
γ

)
(

ρ2
i

mi
+ 1
)j−n+l+1

]

(23)

where 0 ≤ γ ≤ A2
i γ̄i.

Proof: See Appendix C. �
It can be seen that (22) and (23) generalizes the analysis

presented in [36] for zero boresight pointing errors. Thus, sub-
stituting s = 0 in (22) and (23), we can get PDF and CDF for
the zero boresight OWC system, respectively.

Similar to the previous subsection, We use (11) to develop
statistical results for the short-range multihop transmissions.

Theorem 2: The PDF and CDF of SNR for a multihop OWC
system over fog-induced fading with non-zero boresight point-
ing errors are given as:

fSRγN
(γ) =

N∏
i=1

ψiz
ki
i ρ

2
i exp

(−s2i
2σ2

i

)
Nγmj+ki+1

i Γ(ki)

∞∑
j=0

1

(j!)2
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×
(
s2i w

2
zeqi

8σ4
i

)j j∑
n=0

(
j
n
)(−1)n [Γ(n+ ki)Γ(1 + j − n)

×Hn−j−1,0
n−j−1,n−j−1

[
{(1 + ρ2

i

mi
, 2φi

miN
)}n−j−1

n=0,j=0

{( ρ2
i

mi
, 2φi

miN
)}n−j−1

n=0,j=0

∣∣∣∣∣
N∏
i=1

γ

(A2
i γ̄i)

φi
N

]

− (n+ k − 1)!

×
n+k−1∑
l=0

1

l!
Γ(1 + j − n+ l)Hn−j−l−1,0

n−j−l−1,n−j−l−1

[
{(2 + ρ2

i

mi
, 2φi

miN
)}n−j−l−1

n=0,j=0,l=0

{(1 + ρ2
i

mi
, 2φi

miN
)}n−j−l−1

n=0,j=0,l=0

∣∣∣∣∣
N∏
i=1

γ

(A2
i γ̄i)

φi
N

]]
(24)

F SR
γN

(γ) =
N∏
i=1

ψiz
ki
i ρ

2
i exp

(−s2i
2σ2

i

)
Nmj+ki+1

i Γ(ki)

∞∑
j=0

1

(j!)2

×
(
s2i w

2
zeqi

8σ4
i

)j j∑
n=0

(
j
n

)
(−1)n

[
Γ(n+ ki)Γ(1 + j − n)

×Hn−j−1,1
n−j,n−j

[
(1, 1), {(1 + ρ2

i

mi
, 2φi

miN
)}n−j−1

n=0,j=0

{( ρ2
i

mi
, 2φi

miN
)}n−j−1

n=0,j=0, (0, 1)

×
∣∣∣∣∣
N∏
i=1

γ

(A2
i γ̄i)

φi
N

]

− (n+ k − 1)!

n+k−1∑
l=0

1

l!
Γ(1 + j − n+ l)Hn−j−l−1,1

n−j−l,n−j−l

[
(1, 1), {(2 + ρ2

i

mi
, 2φi

miN
)}n−j−l−1

n=0,j=0,l=0

{(1 + ρ2
i

mi
, 2φi

miN
)}n−j−l−1

n=0,j=0,l=0, (0, 1)

∣∣∣∣∣
N∏
i=1

γ

(A2
i γ̄i)

φi
N

]]

(25)

(26) shown at the bottom of this page, where Ai′ = Aj′ = {1,
{1 + ρ2

i

mi
}n−j−1
n=0,j=0}, Bi′=Bj′ = {1, { 2φi

miN
}n−j−1
n=0,j=0}, Ci′=Cj′=

{{ ρ2
i

mi
}n−j−1
n=0,j=0, 0}, Di′=Dj′={{ 2φi

miN
}n−j−1
n=0,j=0, 1}, Pi′=Pj′=

{1, {2 + ρ2
i

mi
}n−j−l−1
n=0,j=0,l=0},Qi′=Qj′={1, { 2φi

miN
}n−j−l−1
n=0,j=0,l=0},

Ri′ = Rj′ = {{1 + ρ2
i

mi
}n−j−l−1
n=0,j=0,l=0, 0}, and Si′ = Sj′ =

{{ 2φi

miN
}n−j−l−1
n=0,j=0,l=0, 1}.

Proof: See Appendix D. �

B. Outage Probability

Substituting (23) in (16), we can get an exact OP for the single-
hop transmissions. Further, we apply Γ(s,x)

xs−1 exp(−x) → 1 as x→
∞ in (23) to find the asymptotic expression of the OP at high
SNR

OP SR,∞
i =

zi
kiρi

2 exp
(−s2i

2σ2
i

)
Γ(ki)

∞∑
j=0

1

(j!)2

(
s2i w

2
zeqi

8σ4
i

)j

×
j∑

n=0

(
j

n

)
(−1)nΓ(n+ ki)

mj+ki+1
i

×
[(
ρ2i ln

Ai
√
γ̄i√

γth

)j−n (
Ai

√
γ̄i√

γth

)−ρ2
i

(
ρ2
i

mi

)j−n+1

−
(
zi ln

Ai
√
γ̄i√

γth

)j−n+l (
Ai

√
γ̄i√

γth

)−zi

(
zi
mi

)j−n+l+1

]
(27)

Compiling the exponent of γ̄i, the diversity order for the single-

hop transmission is DOSR
i = min{ zi

2 ,
ρ2
i

2 }. It can be seen that
the diversity order for the single-hop OWC system is exactly
the same as that of the OWC, with zero boresight pointing
errors [49]. Thus, there is no impact of non-zero boresight
parameter s �= 0 on the diversity order of the system.

Similarly, we can substitute the CDF (as given in (25)) of
multihop link in (16) to get the OP for the short-range multihop
transmissions. We can apply the series expansion of single-
variate Fox’s H function [47], Eq. 1.8.4] to derive the asymptotic
expression for the OP in high SNR regime γ̄i → ∞, ∀i in (26).

Using (26), we can find the diversity order as DOLR
N =∑N

i min{ zi
2 ,

ρ2
i

2 }, which is a special case for the long-range
multihop communications. Thus, the use of multiple relays
provides the capability to mitigate the effect of pointing errors
and signal attenuation due to the fog.

OP SR,∞
N =

N∏
i=1

ψiz
ki
i ρ

2
i exp

(−s2i
2σ2

i

)
Nmj+ki+1

i Γ(ki)
(A2

i γ̄i)
u

φi
N

∞∑
j=0

1

(j!)2

(
s2i w

2
zeqi

8σ4
i

)j j∑
n=0

(
j

n

)
(−1)nΓ(n+ ki)

[
Γ(1 + j − n)

n−j−1∑
j′=1

(
N∏
i=1

γth

(A2
i γ̄i)

φi
N

) C
j′

D
j′ 1

Dj′

∏n−j−1
i′=1,i′ �=j′ Γ

(
Ci′ − Cj′ Di′

Dj′

)
Γ
( Cj′

Dj′

)
∏n−j

i′=2 Γ
(
Ai′ − Cj′ Bi′

Dj′

)
Γ
(
1 +

Cj′
Dj′

) −
n+k−1∑
l=0

1

l!
Γ(1 + j − n+ l)

n−j−l−1∑
j′=1

(
N∏
i=1

γth

(A2
i γ̄i)

φi
N

)R
j′

S
j′

1

Sj′

∏n−j−l−1
i′=1,i′ �=j′ Γ

(
Ri′ − Rj′

Si′
Sj′

)
Γ
(Rj′

Sj′

)
∏n−j−l

i′=2 Γ
(
Pi′ − Rj′

Qi′
Sj′

)
Γ
(
1 +

Rj′
Sj′

)
]

(26)
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C. ABER

The ABER for a variety of binary modulation schemes can
be written using the PDF of SNR as

P̄e = p

∫ ∞

0

Q(
√
qγ)fγi

(γ)dγ (28)

where the constants p, q, provide flexibility to design various
modulation schemes. Using (22) in (28) with the series expan-
sion Γ(a, t) � (a− 1)!e−t

∑a−1
m=0

tm

m! , we get

P̄ SR
e,i = p

∫ A2
i γ̄i

0

Q(
√
qγ)

zki
i ρ

2
i exp

(−s2i
2σ2

i

)
2Γ(ki)A

ρ2
i

0

√
γγ̄i

∞∑
j=0

1

(j!)2

(
s2i w

2
zeqi

8σ4
i

)j (√
γ

γ̄i

)ρ2
i−1 j∑

n=0

(jn)(−1)n

(
ln
Ai

√
γ̄i√
γ

)j−n

m−n−ki
i

[
Γ(n+ ki)− (n+ ki − 1)!

(
Ai

√
γ̄i√
γ

)−mi n+ki−1∑
l=0

(
mi ln

Ai
√
γ̄i√
γ

)l
l!

]
dγ (29)

Applying Q(
√
qγ) = G2,0

1,2[
1

0, 12
| q2γ] = 1

2πi

∫
L

Γ(−u)Γ( 1
2−u)

Γ(1−u)

( q2γ)
u and substituting ln Ai

√
γ̄i√
γ = t and dγ = −2A2

i γ̄i exp

(−2t)dt in (29), we solve the integrals
∫∞
0 tj−n exp[−(ρ2i +

u)t]dt = Γ(1 + j − n)(
Γ(ρ2

i+2u)

Γ(1+ρ2
i+2u)

)n−j−1 and
∫∞
0 tj−n+l

exp[−(zi + u)t]dt = Γ(1 + j − n+ l)( Γ(zi+2u)
Γ(1+zi+2u) )

n−j−l−1.
Using these integral, we apply the definition of Fox’s H-function
in (29) to get a analytical expression for the ABER for the
single-hop OWC system as:

P̄ SR
e,i =

zki
i ρ

2
i exp

(−s2i
2σ2

i

)
2Γ(ki)A

ρ2
i

0

√
γγ̄i

∞∑
j=0

1

(j!)2

(
s2i w

2
zeqi

8σ4
i

)j

(√
γ

γ̄i

)ρ2
i−1 j∑

n=0

(
j
n
)(−1)n

(
ln
Ai

√
γ̄i√
γ

)j−n

m−n−ki
i

[
Γ(n+ ki)H

n−j−1,2
n−j+1,n−j

[
(1, 1), ( 12 , 1), {(1 + ρ2i , 2)}n−j−1

{(ρ2i , 2)}n−j−1, (0, 1)

∣∣∣∣ 2

qA2
i γ̄i

]
− (n+ ki − 1)!

n+ki−1∑
l=0

Γ(1 + j − n+ l)

l!
Hn−j−l−1,2

n−j−l+1,n−j−l

[
(1, 1), ( 12 , 1), {(1 + zi, 2)}n−j−l−1

{(zi, 2)}n−j−l−1, (0, 1)

∣∣∣∣ 2

qA2
i γ̄i

] ]
(30)

To derive the ABER for the multihop system, we substitute

(24) in (28), apply Q(
√
qγ) = G2,0

1,2[
1

0, 12
| q2γ] = 1

2πj

∫
L

Γ(−u1)Γ(
1
2−u1)

Γ(1−u1)
( q2γ)

u1 and definition of Fox’s H-function, we
get

P̄ SR
e,N = p

∫ A2
i γ̄i

0

1

2πj

∫
L

Γ(−u1)Γ( 12 − u1)

Γ(1− u1)

(q
2
γ
)u1

N∏
i=1

ψiz
ki
i ρ

2
i exp

(−s2i
2σ2

i

)
Nγmj+ki+1

i Γ(ki)

∞∑
j=0

1

(j!)2

(
s2i w

2
zeqi

8σ4
i

)j

j∑
n=0

(
j
n
)(−1)n[Γ(n+ ki)Γ(1 + j − n)

1

2πj

∫
L

⎛
⎝ Γ

(
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i

mi
+ 2φi

miN
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)
Γ
(
1 +

ρ2
i
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+ 2φi

miN
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⎞
⎠

n−j−1(
γ

(A2
i γ̄i)

φi
N

)−u2

− (n+ k − 1)!

n+k−1∑
l=0

1

l!
Γ(1 + j − n+ l)

1

2πj

∫
L

(
Γ(1 +

ρ2
i

mi
+ 2φi

miN
u2)

Γ(2 +
ρ2
i

mi
+ 2φi

miN
u2)

)n−j−l−1(
γ

(A2
i γ̄i)

φi
N

)−u2

]dγ

(32)

Solving the above inner integral
∫ A2

i γ̄i

0 γu1−u2−1dγ =
(A2

i γ̄i)
u1−u2

u1−u2
= Γ(u1−u2)

Γ(1+u1−u2)
and substituting u2 → −u2, and ap-

plying the definition of bivariate Fox’s H-function [50], we get
the ABER in (31), shown at the bottom of this page

P̄ SR
e,N = p

N∏
i=1

ψiz
ki
i ρ

2
i exp

(−s2i
2σ2

i

)
Nmj+ki+1

i Γ(ki)

∞∑
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ρ2
i
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, 2φi

miN
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∣∣∣∣∣
N∏
i=1

A2
i γ̄iq

2
,

N∏
i=1

(A2
i γ̄i)

1−φi
N

]]
(31)
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TABLE III
SIMULATION PARAMETERS

V. SIMULATION AND NUMERICAL ANALYSIS

In this section, we investigate the performance of multihop
OWC system over atmospheric turbulence and fog with general-
ized pointing errors using both numerical and Monte Carlo (MC)
simulation (averaged over 107 channel realizations) approaches.
We use 20 terms of the series expansion to numerically evaluate
the derived expressions. We consider two simulation scenarios:
short-range (link distance limited to 500 m) communication
over fog with generalized pointing errors and long-range (link
distance above 1000 m) communication over atmospheric tur-
bulence and fog with generalized pointing errors. To ensure that
each hop of long-range is higher than the short range system, we
have limited the short-range to 500 m. We validate our derived
analytical expressions (depicted with corresponding equation
numbers) with numerical and simulation results. We demon-
strate the significance of multihop relaying as compared with the
single-hop transmission for various link distances and channel
impairments (turbulence, fog, and pointing errors). We list the
simulation parameters in Table III. The fixed gain relaying
factor is obtained using statistics of the received signal of the
previous hopCi = (E(1 + γi)

−1)−1 withC0 = 1 and E denotes
the expectation operator. We denote the acronyms used in the
legend of figures as SH to single-hop, MH to multihop, SR to
short-range, and LR to long-range.

In Fig. 2, we demonstrate the convergence of the PDF of the
non-zero boresight pointing errors (as expressed using infinite
series in (8)) to the exact within a few terms. The figure shows
that the error between the exact PDF and its series representation
is indistinguishable when the number of terms is more than 10.
In all the following plots, we use 20 terms to reduce the error in
computation.

We illustrate the impact of probabilistic attenuation compared
with the deterministic attenuation in a typical foggy condition,
as shown in Fig. 3. There is a gap of around 3 dB when the
average SNR using probabilistic path loss is compared with the
deterministic path loss for the visibility range of 800 m. The gap
becomes higher when the visibility range is reduced to 600 m.
Thus, the probabilistic path loss model can provide a realistic
estimate of the performance of OWC over foggy conditions.

Fig. 2. Convergence of the PDF for non-zero boresight pointing errors.

Fig. 3. Average and random realizations of the SNR with probabilistic and
deterministic path loss.

Further, random realizations in Fig. 3 shows a huge variation in
the channel fading under foggy weather.

In Fig. 4, we demonstrate the significance of multihop re-
laying for the OWC system under the combined effect of at-
mospheric turbulence, pointing errors, and random fog. We
consider different atmospheric turbulence conditions (weak,
moderate, and strong) with light fog and compare the OP with the
single-hop, two hops, and three hops OWC system, as depicted in
Fig. 4(a). The impact of turbulence intensity is not significant if
the performance degradation with strong turbulence is compared
with the weak one. Further, multihop relaying with N = 3
significantly improves the OP.

We take two scenarios where the inverse correlation between
turbulence and fog has been adopted by considering strong
turbulence with light fog and moderate turbulence in the high-
density moderate fog condition. We plot the ABER performance
of the direct link, two hop, and three hop OWC system, as
shown in Fig. 4(b). The ABER performance is extremely poor
for both moderate and light foggy conditions with the direct
transmission for the link distance of 1500 m. However, the
ABER is significantly improved when the multihop relaying is
employed. A dual-hop transmission is sufficient to achieve an
acceptable ABER of 10−3 at a transmit power in light fog, where



7350314 IEEE PHOTONICS JOURNAL, VOL. 14, NO. 5, OCTOBER 2022

Fig. 4. Performance for long-range OWC systems over random fog, atmospheric turbulence with pointing error parameters wz
ar

= 6 and σs = 5cm.

a few additional hops are required to achieve the same perfor-
mance in moderate fog conditions. In Fig. 4(c), we describe the
impact of the number of hops on the ABER performance for
different turbulence conditions (weak, moderate, and strong).
The figure shows the performance scaling with the number of
hops achieving an acceptable ABER of 10−3 within 5 hops at a
10 dBm transmit power.

In Fig. 5, we demonstrate the performance of OWC for short-
range communication under the combined effect of random fog
and pointing errors with negligible atmospheric turbulence. We
plot the OP of the OWC system for short-range communication,
as depicted in Fig. 5(a). We demonstrate the impact of fog
density and pointing errors on the performance of multihop
OWC system by considering a single hop (direct link), two
hops, and three hops scenarios. It can be seen from Fig. 5(a)
that there is a significant improvement in the OP performance
with an increase in the number of hops. The figure shows that
single hop transmission is not useful even at a transmit power of
40 dBm with OP more than 10−2. The dual-hop and triple-hop
transmissions attain an acceptable OP in the range of 10−4 and
10−6, respectively. We can also observe the impact of pointing
errors parameters (wz

ar
= {3, 6} and σs = {5− 20} cm) on the

OP. In Fig. 5(b), we plot the OP versus the number of hops
at a transmit power 10dBm to show the scaling of performance
considering light and moderate fog with different pointing errors
parameters (wz

ar
= {3, 6} and σs = {5− 20} cm). The figure

shows that the OP improves as we increase the number of
hops. The number of hops required is less in the light foggy
condition than the moderate fog to achieve an acceptable OP
of 10−3.

In Fig. 5(c), we illustrate the ABER performance for short-
range OWC system over the foggy channel with pointing er-
rors. We demonstrate the effect of multihop relaying on the
ABER performance for moderate foggy conditions and pointing
errors (wz

ar
= 6 and σs = 5 cm) at two link distances ({d =

0.8, 1} km). The figure shows that the ABER is too high for
practical practices in a single hop transmission for moderate fog
conditions. However, the use of two relays (i.e., N = 3 hops)
significantly improves the ABER performance of the OWC
system.

In Figs. 4 and 5, we validate the derived analytical expressions
with simulations for both single and multihop systems. It can
be seen that there is an excellent match between analytical
and simulation results for the single-hop system. However,
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Fig. 5. Performance for short-range OWC systems over random fog and pointing errors.

there is a gap between the derived upper bound (applying the
inequality between geometric mean and harmonic mean) and
Monte Carlo simulation for the multihop system. The figures
show that the difference between simulations and upper bounds
increases when the number of hops increases. However, it can
be seen that a few hops are sufficient to achieve desirable
performance. Fig. 4(a) shows that the upper bound overestimates
the performance by 10dBm forN = 2 and 20 dBm forN = 3 in
the case of long-range transmission, whereas the gap between
analytical and simulation results for the short-range system is
less (overestimated by 5dBm forN = 2 and 10 dBm forN = 3)
compared with the long-range system. Further, the derived upper
bound enables the development of asymptotic expressions at a
high SNR, which can help adapt efficient design parameters for
practical deployment scenarios.

VI. CONCLUSION

We analyzed the performance of a fixed-gain AF relaying
based multihop OWC system over atmospheric turbulence and
non-zero boresight pointing errors with fog-induced fading.
We also analyzed a particular multihop system for short-range
communication without considering atmospheric turbulence.
We presented the OP and ABER performance for both multihop
systems by deriving analytical expressions for the PDF and

CDF of the end-to-end SNR. We also developed performance
metrics for the single-hop system to compare with the multihop
transmission. The diversity order of the considered systems is
presented using asymptotic analysis in high SNR to provide
better insight into the performance dependency with various
channel and system parameters. We presented extensive simula-
tion results to demonstrate the significance of multihop relaying
to extend the communication range. The single-hop transmis-
sion does not provide acceptable performance for a longer link
over 1500 m under foggy conditions. Further, there exists a
gap between the derived upper bounds and simulation results
when the number of hops increases. However, the OWC system
requires a few hops only to achieve acceptable performance for
a typical terrestrial communication advocating the significance
of analytical bounds. A dual-hop transmission is sufficient to
achieve an acceptable outage and error performance in light
fog, where a few additional hops are required to achieve the
same performance in moderate fog conditions.

We envision that the proposed multihop transmission con-
sidering generalized fading scenarios would be helpful to as-
sess the deployment of the OWC system for terrestrial back-
haul/fronthaul applications. Further, a quantitative comparison
between energy consumption with additional relays and com-
munication performance for the multihop transmission can be
investigated as the future scope of the proposed work.
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APPENDIX A
LEMMA 1 (LONG-RANGE AND SINGLE-HOP)

Applying the theory of product distribution, the PDF ofhtpi
=

hpi
hti can be expressed as

fhtpi
(x) =

∫ Ai

0

1

|hpi
|fhti

(x/hpi
)fhpi

(hpi
)dhpi

(33)

We use the identity 1
(pt+1)q = G1,1

1,1[
1− q
0

∣∣∣∣pt] [[51], Eq.

(8.4.2.5)] in (7), we express the PDF of F distribution fhti
(x)

by

fhti
(x) =

aai
i x

ai−1

β(ai, bi)(bi − 1)ai
G1,1

1,1

[
1− (ai + bi)

0

∣∣∣∣Bx
]
(34)

Substituting (8) and (34) in (33), and applying the definition
of Meijer’s G-function, we get

fhtpi
(x) =

aai
i ρ

2
i exp

(−s2i
2σ2

i

)
xai−1

β(ai, bi)(bi − 1)aiA
ρ2
i

i

∞∑
j=0

1

(j!)2

(
s2i w

2
zeqi

8σ4
i

)j

(
1

2πj

∫
L
Γ(−u)Γ((ai + bi) + u) (Bix)

u du

)
I1 (35)

where I1 =
∫ Ai

0 h
ρ2
i−ai−ui−1

pi (ln Ai

hpi
)jdhpi

. Substituting log

Ai

hpi
= t, we get I1 = A

ρ2
i−ai−ui

i

∫∞
0 e−(ρ2

i−ai−ui)ttjdt =

A
ρ2
i−ai−ui

i
Γ(1+j)

(ρ2
i−ai−ui)1+j = A

ρ2
i−ai−ui

i
Γ(1+j)[Γ(ρ2

i−ai−ui)]
1+j

[Γ(1+ρ2
i−ai−ui)]1+j .

Thus, using I1 in (35) and applying the definition of Meijer
G-function, we get the combine PDF of F-turbulence with the
non-zero boresight pointing error

fhtpi
(x) =

aai
i ρ

2
i exp

(−s2i
2σ2

i

)
Aai

i β(ai, bi)(bi − 1)ai

∞∑
j=0

1

j!

(
s2i w

2
zeqi

8σ4
i

)j

xai−1G2+j,1
2+j,2+j

[
1− ai − bi, {1 + ρ2i − ai}j+1

0

0, {ρ2i − ai}j+1
0

∣∣∣∣BxAi

]
(36)

Note that (36) generalizes the result presented in [28] for zero
boresight model.

Similarly, we apply the product distribution of two random
variables inhi = htpi

hfi to get the PDF of the combined channel
fhi

(x). Using the transformation on γi = γ̄i|hi|2, we get the
PDF of SNR for the combined channel in (9). We use (9) in
FLR
γi

(γ) =
∫ γ

0 f
LR
γi

(γ)dγ to derive the CDF of SNR for the
combined channel given in (10), which concludes the proof of
Lemma 1.

APPENDIX B
THEOREM 1 (LONG-RANGE AND MULTIHOP)

First, we use (9) in (12) and substitute
√
γ = t to get the u-th

moment of SNR as:

E[γui ] =
aai
i z

ki
i ρ

2
i exp

(−s2i
2σ2

i

)
(Ai

√
γ̄i)aiβ(ai, bi)(bi − 1)ai

∞∑
j=0

1

j!

(
s2i w

2
zeqi

8σ4
i

)j

∫ ∞

0

t2u
φi
N +ai−1G2+j+ki,1

2+j+ki,2+j+ki[
1− ai − bi, {1 + ρ2i − ai}j+1

0 , {1 + zi − ai}ki
1

0, {ρ2i − ai}j+1
0 , {zi − ai}ki

1∣∣∣∣ Bi

Ai
√
γ̄i
t

]
dt (37)

Using the identity [46], Eq. 07.34.21.0009.01] in (37), we get

E[γui ] =
aai
i z

ki
i ρ

2
i exp

(−s2i
2σ2

i

)
(Ai

√
γ̄i)aiβ(ai, bi)(bi − 1)ai

∞∑
j=0

1

j!

(
s2i w

2
zeqi

8σ4
i

)j

[
Γ(ρ2

i+2
φi
N u)

]j+1[
Γ(zi+2

φi
N u)

]ki
Γ(ai+2

φi
N u)Γ(bi−2

φi
N u)

[
Γ
(
1+ρ2

i+2
φi
N u

)]j+1[
Γ
(
1+zi+2

φi
N u

)]ki

(
Bi

Ai
√
γ̄i

)−2u
φi
N −ai

(38)

Substituting (38) in (11), applying the definition of Fox’s H-
function and using the transformation on γi = γ̄i|hi|2, we get
the PDF of SNR for long-range multihop transmission in (13).
Integrating the derived PDF FLR

γi
(γ) =

∫ γ

0 f
LR
γi

(γ)dγ with the
standard mathematical procedure, we get the CDF of end-to-end
SNR in (14).

APPENDIX C
LEMMA 2 (SHORT-RANGE AND SINGLE-HOP)

Using the product distribution in hfpi
= hfihpi

for the joint
PDF of the foggy channel and generalized pointing errors, we
represent

fhfpi
(x) =

∫ 1

hfpi
/Ai

1

|hfi |
fhpi

(x/hfi)fhfi
(hfi)dhfi (39)

Substituting (5) and (8) in (39), we get

fhfpi
(x) =

zki
i ρ

2
i exp

(−s2i
2σ2

i

)
Γ(ki)A

ρ2
i

i

∞∑
j=0

1

(j!)2

(
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8σ4
i
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2
i−1

∫ 1

hfpi
/Ai

hm−1
fi

(
log

1

hfi

)ki−1(
ln
Aihfi
x

)j

dhfi (40)

wheremi = zi − ρ2i . Substituting log(1/hfi) = t and using bi-

nomial expansion (1− x)n =
∑n

j=0(
n
j
)(1)n−j(−x)j in (40),

and using the definition incomplete Gamma function, we get

fhfpi
(x) =

zki
i ρ

2
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(−s2i
2σ2
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)
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ρ2
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(
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8σ4
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xρ
2
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j∑
n=0

(
j
n

)
(−1)n

(
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Ai

x

)j−n
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−n−ki

[
Γ(n+ ki)− Γ

(
n+ ki,mi ln

Ai

x

)]
(41)



RAHMAN et al.: MULTIHOP OPTICAL WIRELESS COMMUNICATION OVER F-TURBULENCE CHANNELS 7350314

Using the transformation γi = |hfpi
|2γ̄i in (41), we get the

PDF of SNR for OWC system over the foggy channel with
generalized pointing errors in (22). The CDF of SNR for foggy
channel with generalized pointing errors can be obtained using
(22) in F SR

γi
(γ) =

∫ γ

0 f
SR
γi

(γ)dγ, which results into (23).

APPENDIX D THEOREM 2 (SHORT-RANGE AND MULTIHOP)

Using (22) in (12) and substituting mi ln
Ai

√
γ̄i√
γ = t

and dγ = − 2
mi
A2

i γ̄i exp(− 2
mi
t)dt and applying the series

expansion of incomplete Gamma function Γ(a, t) � (a−
1)!e−t

∑a−1
l=0

tl

l! [42], we get

E[γui ] =
zki
i ρ

2
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0
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(
2u

φi
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+
ρ2i
mi

+ 1

)
t

)
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]
(42)

To represent the u-th moment in terms of Gamma functions, we
solve (42) using the identity

∫∞
0 ta exp(−bt)dt = b−a−1Γ(a+

1) and 1
u = Γ(u)

Γ(1+u) as:

E[γui ] =
zki
i ρ

2
i exp

(−s2i
2σ2

i

)
mj+ki+1

i Γ(ki)
(A2

i γ̄i)
u

φi
N
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1
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i
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(43)

Thus, invoking (43) in (11) and applying the definitions of Fox’s
H-function, we get PDF of SNR for multihop transmission in
(24). The CDF is driven by applying standard mathematical steps
in F SR

γi
(γ) =

∫ γ

0 f
SR
γi

(γ)dγ to get (25), which concludes the
proof of Theorem 2.
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