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Abstract—We investigate the light transmission and reflection
spectra of parity-time (PT) symmetric dielectric metasurfaces com-
posed of high refractive index nanostructures with in-plane gain-
loss modulation through the scattering matrix and semianalytical
Cartesian multipoles methods. We find that the Kerker effects, i.e.,
the strong forward-to-backward asymmetric scattering originating
from overlapping the electric and magnetic multipolar resonances,
can be tailored by the gain and loss. In addition, we observe
another kind of high-Q resonances, i.e., quasi-bound states in the
continuum which couple to the electric and magnetic multipolar
radiations, in the transmission and reflection spectra with different
incident polarizations lights by manipulating the gain and loss in
the metasurfaces. Our results suggest the ways to achieve Kerker
effects and engineer the resonances in non-Hermitian metasurfaces
for many practical applications in nanophotonics.

Index Terms—Kerker effects, bound states in the continuum,
dielectric metasurfaces.

1. INTRODUCTION

ETASURFACES, composed of two-dimensional ar-
M rangements of ultrathin subwavelength dielectric or
metallic nanoparticles which supporting electric and magnetic
multipole resonances and localized plasmonic resonances, have
attracted a lot of interest in recent years due to the potential
applications for manipulating the polarization, phase, amplitude
and dispersion of light [1], [2]. Optical metasurfaces have been
widely recognized for their capability to realize flat optical com-
ponents and provide a playground for investigating the complex
light-matter interactions at the nanoscale. A lot of novel optical
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properties have been theoretically and experimentally demon-
strated, such as the photonic spin Hall effect 3], generalized laws
of reflection and refraction [4], lattice resonances and lattice
Kerker effects [5], generating broadband optical vortex beam
[6] and bound states in the continuum (BICs) [7], [8]. A true
BIC, including symmetry-protected and accidental BICs, is a
nonradiating photonic eigenstate of wave equations embedded
in the radiation continuum characterized by an infinite value
of the Q factor and vanishing resonance width, i.e., they are
discrete and spatially bounded, but exist at the same energy as
a continuum of states which propagate to infinity. However,
the symmetry-protected BIC can transform into quasi-BICs
with high but finite Q factors controlled by symmetry-breaking
perturbations [9]. What is more, BIC-inspired resonances are
engineered for many important applications, such as polarization
conversion [9].

Non-Hermitian physical systems, satisfying parity-time (PT)
symmetry, have drawn great interest in recent decades due to
the discovery of entire real spectra in complex Hamiltonians,
which commute with the antilinear antiunitary PT operator, i.e.,
[H, PT) = 0, where the parity and time reversal operators
amount to reversal of spatial (r — —r) and time (¢t — —t)
coordinates, respectively [10]. The notion of PT-symmetry in
non-Hermitian quantum mechanics can be extended to op-
tics suggesting the complex refractive index profile of achiral
medium with the formn () = n* (—r), implying balanced loss
and gain [11], [12]. In the context of optics and photonics, the
gain and loss in materials can be integrated and controlled with
high resolution with the advent of state-of-the-art fabrication
methods and techniques, for example, the loss can arise from
the ubiquitous materials absorption and radiation leakage to the
external environment, and gain can be achieved through optical
amplification with the aid of stimulated emission involving
optical, electrical pumping or parametric processes [13]. So far
a great deal of PT-symmetric optical systems have been theoret-
ically and experimentally explored, such as two coupled optical
resonantors [14], coupled optical waveguides [13] and photonic
waveguide lattices [15]. Accordingly, a wide range of intrigu-
ing counter-intuitive optical properties have been demonstrated,
such as unidirectional invisibility [17], exceptional points (EPs)
[13],[18], [19],1o0ss induced optical transparency [20] and single
mode laser [21].

Metasurfaces imbued with gain and loss provide an exciting
venue to study the PT-symmetry [2], [22], such as PT sym-
metry breaking in polarization space [23], negative refraction
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Fig. 1. Schematic illustration of the PT-symmetric metasurface illuminated
by normal incident linearly polarized lights, the gain-loss modulation is along
xy-plane with complex refractive indexs n = 4 + ik for loss medium (L) and
gain medium (G), respectively. The subwavelength period of square lattice is
designated as [, the side length and height of each nanoparticle are a and h,
respectively. The width of loss and gain medium is w. The dielectric metasurface
is suspended in vacuum.

and planar focusing [24], spectral singularities and asymmetric
light scattering [25]. In this work, we study the optical proper-
ties of PT-symmetric dielectric metasurfaces composed of high
refractive index nanostructures with the in-plane gain-loss mod-
ulation. By the application of scattering matrix and Cartesian
multipoles methods, we find that the gain and loss can influence
the Kerker effects, even achieving a broadband Kerker effect.
In addition, a kind of high-Q resonances (quasi-BICs) which
arising from a distortion of symmetry-protected BICs, can be
excited by plane waves with different polarizations in the PT-
symmetric metasurfaces. Our work shows that the gain and loss
play an important role in optical properties of metasurfaces.

II. METHOD

The two-dimensional PT-symmetric metasurface composed
of high refractive index nanoparticles (linear, nonmagnetic and
isotropic materials) is shown in Fig. 1, the G and L represent gain
and loss medium with complex refractive indexs n =4 — ik
and n = 4 + ik, respectively. To investigate the transmission
and reflection in the proposed reciprocal PT-symmetric meta-
surfaces, we use the scattering matrix (S-matrix which relates
the incoming and outgoing waves or channels) defined as [26],

Tu t

s-[7 1],
where the subscripts U/D denote the incident directions of
plane waves along positive z axis and negative z axis, respec-
tively. In our metasurface, the reflection amplitudes from the
positive z axis and negative z axis are equal ry =rp = r.
The transmission and reflection coefficients can be calculated
through Cartesian multipole method [27]-[29]. According to the
multipole representation (up to the second order) of the scattered
electric field for a single nanoparticle,

B () ~ [0 x (p x m)] + * m x n]

s foen)] o ()] o

where n is the unit vector of the scattering direction, k = w/c
is the wave number in vacuum, p and m are the total electric
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(ED) and magnetic dipole (MD) moments, CE) and ]\H/[ are electric
quadrupole (EQ) and magnetic quadrupole (MQ) moments,
respectively. The definitions of Cartesian multipole moments
are given at the appendix. The transmission and reflection am-
plitudes for x-polarized incident plane waves are,

ik 1 ik ik
= = 5 r T —Quz — My, |,
" E02l2€0 < Cmy * 6 Q 2c Y )
ik 1 ik ik
t =14+ ———— - - = _ M.
+ E021260 ( z + cmy 6 Q.'cz 2% yz> , (3

where Fj is the electric field of the normally incident plane
waves at the center of nanoparticle, ¢( is the vacuum permittivity
and [? is the area of a lattice unit cell. In the case of y-polarized
incident waves, we can rotate the metasurface to obtain the
transmission and reflection amplitudes. The transmission and
reflection coefficients are,

R =|r*,T =|t]*. )

The absorption coefficient can be derived through energy
conservation, i.e., A =1 — T — R. For PT-symmetric system,
the transmission and reflection coefficients obey the generalized
unitarity relation [30],

IT-1]= R. )

For T' < 1, we can obtain the more familiar conservation
relation R + 7" = 1 in optical system without gain and loss. Af-
ter diagonalization, we can obtain the eigenvalues of scattering
matrix,

Sn (W)= r+t. (6)

It is worthy to note that there are no exception points (EPs)
in the S-matrix of our metasurface [24]. When the angular
frequency w is analytically continued in the complex plane (w =
wo — 1), the eigenvalues can take any values between zero and
infinity, which correspond to the zeros (perfect absorption) and
poles (quasi-normal modes (QNMs)) of the S-matrix. A variety
of scattering phenomena relate to the positions of poles and zeros
of S-matrix, such as laser, CPA-laser and superscattering [31].

The finite element method (FEM) implemented in COMSOL
Multiphysics was employed to calculate the optical response
of the designed metasurfaces. The lattice period is fixed at 1 =
350nm which is less than the whole range of interest wavelength
suggesting that there no exist diffraction order of light. The
side length, height and width of loss and gain medium of each
nanoparticle are a = 200 nm, h = 100nm, w = 100nm, respec-
tively. Bloch boundary conditions are applied to the unit cell, and
the perfect matching layers (PMLs) are used to absorb reflected
and transmitted light in the z directions. In addition, the port
boundary conditions are also used to calculate the transmission,
reflection and absorption spectra. Different mesh sizes inside
and around the metasurface have been used in the simulations
and the deviation of the results is found to be less than 1%, which
indicates that the converged solutions are achieved.

III. RESULTS

We first consider the scattering properties of dielectric meta-
surface composed of high refractive index nanoparticles without
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(a) Spectra of transmission, reflection and absorption coefficients of the metasurface composed of high refractive index nanoparticles. The non-Hermitian

parameter is x = 0, and the lattice period is [ = 350 nm. (b) The corresponding multipole decomposition contributions.

intrinsic loss and gain, i.e., x = 0. The transmission, reflection
and absorption spectra are shown in Fig. 2(a), which are cal-
culated through full wave simulations and multipole decompo-
sition method, respectively. We can see that the results of two
methods are agreed very well. Fig. 2(b) shows the corresponding
Mie multipolar contributions. The transmission, reflection and
absorption spectra are the same for x-polarized and y-polarized
incident plane waves as the square lattice belongs to Dy, point
group. We can find that the light scattering properties of metasur-
faces are mainly contributed by the electric dipole and magnetic
dipole excited by incident plane wave, the contributions of
electric quadrupole and magnetic quadrupole moments can be
ignored, the overlapping electric and magnetic dipoles which are
in-phase can satisfy the first Kerker’s condition [32] p = m/c
at the wavelength A = 686 nm and A = 621 nm, the energies
of light at these wavelengths are almost transmitted through
the dielectric metasurface except for the changement of phase
of light. When the incident wavelength is A = 636 nm, the
overlapping electric and magnetic dipoles are out-of-phase, and
the second Kerker’s condition [33] is satisfied p = —m/c, so
the reflection coefficients approaches to unity. The overlapping
electric and magnetic resonances can achieve a complete phase
coverage from 0 to 2 7 for tailoring the wavefront of light [34].

Now we consider the transmission, reflection and absorp-
tion spectra of PT-symmetric metasurface, which are shown
in Fig. 3(a). The polarization of incident plane wave is along
x-direction, and the non-Hermitian parameter, i.e., gain-loss
modulation, is £ = 0.5. The optical gain and loss in nanopar-
ticles can be manipulated through p-type doping and quantum
dots (Qdots) doping, such as PbS Qdots-doped glass through
altering the Qdot diameter or the volume fraction [35], [36]. The
calculated multipole contributions are shown in Fig. 3(b). From
Fig. 3(c), we can see that the gain and loss play an import role in
the Kerker’s conditions, and the PT-symmetric metasurface can
achieve a broadband unitary transmission with the wavelength
varying from 621nm to 661nm due to the overlapping between
electric and magnetic multipolar resonances, which are verified
by the multipole decompositions as shown in Fig. 3(b). Fig. 3(c)
depicts the evolution of transmission spectra of the metasur-
face composed of high refractive index nanoparticles with dif-
ferent non-Hermitian parameters, we can see that the broad-
band Kerker effect is strongly affected by the non-Hermitian
parameters.

It is worthy to be noted that the absorption coefficient of
PT-symmetric metasurface is vanishing, which is the same as
the Hermitian metasurface without intrinsic gain and loss. This
can be explained from the generalized conservation relation of
PT-symmetric system, when the transmission coefficient is less
than one, the relation R + T = 1 is satisfied, so the absorption
coefficient is zero according to the conservation of energy, i.e.,
R+T+A=1.

Apart from the electric and magnetic multipolar resonances in
the transmission and reflection spectra, we can observe a sharp
Fano resonance at the wavelength A = 803 nm, i.e., quasi-BIC.
From Fig. 3(b), we can conclude that the Fano resonance results
from the profile of electric multipolar resonance. Ignoring the
other multipolar contributions, the transmission and reflection
amplitudes are,

1k
T =——5— Dy
E02l260 Pa
1k
t =1+ ———p,, 7
E02l260pm ( )
The eigenvalues of scattering matrix are,
1k
Sp (W)= 14+ —5—pg, —1. 8
( ) Eolzeopw ()

From the Egs. (7) and (8), the poles of S-matrix are the same
as the reflection amplitudes, one eigenvalue can exhibit a sharp
peak, while one eigenvalue becomes a constant, the BIC can be
achieved through moving the poles and scattering zeros (called
reflectionless scattering modes) of S-matrix closer to each other
until they get coalesced at the real frequencies [31].

To further demonstrate the sharp Fano resonance resulting
from the BICs, we perform an eigenfrequency analysis and
calculate the quality factors (Q) of resonant eigenmodes using
COMSOL, which are shown in Fig. 3(d). we can see that the
quality factor is extremely high when the non-Hermitian param-
eter is £ = 0, the bound states in the continuum becomes leaky
resonance which couples to the electric multipolar radiations
with increasing the non-Hermitian parameter. The quality factor
is (Q = 768 when the non-Hermitian parameter is x = 0.5. The
electric field intensity distribution of high-Q mode regarded as
TE mode with £, = 0 in the x-y plane and the x-z plane, is
shown in Fig. 3(e) and 3(f), respectively. we can see that it
slightly lost the in-plane symmetry which also demonstrate the
leaky feature of high-Q resonance.
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by normally incident x-polarized light. The non-Hermitian parameter is x =
decomposition contributions. (c) The transmission spectra of the metasurface
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(a) Spectra of transmission, reflection and absorption coefficients of PT-symmetric metasurface composed of high refractive index nanoparticles illuminated

0.5, and the lattice period is [ = 350 nm. (b) The corresponding multipole
composed of high refractive index nanoparticles with different non-Hermitian

parameters (k = 0.2, 0.4, 0.5, 0.6 and 0.8). (d) The quality factors of high-Q modes as a function of non-Hermitian parameters. The electric field intensity
distribution of TE high-Q mode with £ = 0.5 in the x-y plane (e) and x-z plane (f).

In the case of normally incident y-polarized light, the trans-
mission, reflection and absorption spectra of PT-symmetric
metasurface are shown in Fig. 4(a). The non-Hermitian param-
eter is also fixed at x = 0.5, and the lattice period is [ = 350
nm. The corresponding multipole decomposition contributions
are shown in Fig. 4(b). From Fig. 4(a), we also observe the
first Kerker’s condition when the incident wavelengths are at
A =611 nm and A = 671 nm, respectively. In addition, there
also exist sharp Fano resonances in the transmission and reflec-
tion coefficients at the wavelength A = 505 nm and A = 560
nm. Especially, we pay attention to the sharp Fano resonance
at the wavelength A = 560 nm. As see from Fig. 4(b), the
sharp Fano resonance results from the profile of magnetic mul-
tipolar resonances, one of eigenvalues of scattering matrix is
approximately s, (w) o m,, which demonstrates the emergence
of pole of S-matrix. We also calculate the quality factors of
high-Q mode regarded as TM mode with 1, = 0 as a func-
tion of gain and loss modulation, as shown in Fig. 4(c).When
the non-Hermitian parameter is x = 0.5, the quality factor is
@ = 349 and the quasi-BIC couples to the magnetic multipolar

radiations, the corresponding slightly asymmetric magnetic field
intensity distributions in the x-y plane and the x-z plane are
shown in Fig. 4(d) and 4(e), respectively. They also demonstrate
the high-Q resonance governed by quasi-BIC.

The BICs exhibits a topological nature associated with vortex
centers in the polarization directions of far-field radiation, i.e.,
polarization singularity, which carries the quantized topological
charges defined as [7], [37], [38],

4= 5r Pk Vup k). ©)
where the (k) is the angle of polarization vector and the
integration is taken a closed path in k-space that goes around
the BICs in the counterclockwise direction. The polarization
vector transforms back to itself after a closed loop with an
integer multiple of 27 (winding number) for the overall angle
of polarization vector. We choose a circle with |k| = 0.057/]
as an integration path and set the non-Hermitian parameter
k = 0, finally we obtain the topological charges for TE and
TM modes with ¢ = 1. To further investigate the topology of
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polarization singularity in k-space, we can project the far-fields
of Bloch mode, of which the electric field I, and E, are spatially
averaged over one unit cell on any horizontal plane outside the
metasurface, onto x-y plane and introduce the normalized Stokes
parameters,

s (k) — |, (k)|

Sl = )
B, (k)* + |E, (k)|
2Re [E,E]
SQ = D) - P
Bz (R)I” + | Ey (k)|
—2Im |E, E}
Sy = m BB (10)

Be () + By (R)”

where ¢ (k) = 1/2arg[S1(k) + iS2(k)] and V points represent
BICs with S; =Sy = S3 = 0. The far-field polarization and
quality factor distributions of TE and TM BICs are shown in
Fig. 5. It can be seen from Fig. 5a and 5b that the quality
factor of TE and TM modes with k = 0 is very large. The
polarization vortexes also indicate that the TE and TM BICs
carry a topological charge with ¢ = 1.

IV. CONCLUSION

We have studied the transmission, reflection and absorption
properties of PT-symmetric metasurfaces composed of high
refractive index nanoparticles, we find that Kerker effects, even
a broadband Kerker effect, originating from overlapping the
electric and magnetic multipolar resonances can be achieved in
non-Hermitian photonic system through adjusting the gain and
loss. The absorption coefficient of PT-symmetric metasurfaces
is vanishing. In addition, there exist sharp Fano resonances, i.e.,
quasi-BICs, in the transmission and reflection spectra which are
different from the electric and magnetic multipolar resonances.
The calculated topological charges of BICs are 1. Our work will
pave the way for studying the Kerker effect and BICs in PT-
symmetric systems and suggesting the practical applications for
optical trapping, biological sensing and quantum information.

Declaration of Competing Interest:The authors declare that
they have no known competing financial interests or personal
relationships that could have appeared to influence the work
reported in this paper.

Cartesian Multipole Moments:The multipole moments in the
Cartesian representions for electric dipole, magnetic dipole,
electric quadrupole and magnetic quadrupole, respectively, are

given as,

pz/PjO(kr)err’l“z {[T.p]r_;rzp}wdn
m= Y [p L0,
52=/{3(r®P+P®r)_2[T.pﬁ}371T(fT)dr

+6k2x/{5r®r[r-P]—(r®P

2 _ 2. HJS(IW)T
+P®r)r [r- P] I}i(kr)g’ dr,
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where j, is the m-order spherical Bessel function, P =
€o (€ — 1) E(7) is the light-induced polarization with the relative
dielectric permittivity € and total electric field E(r) inside the

nanoparticles. The time factor is e
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