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Abstract—It is generally impossible to maintain tight focusing
over a long distance because of diffraction; this so-called Rayleigh’s
curse may be broken for a femtosecond laser if the wavefront curva-
ture varies with laser wavelength. This paper reports on a nonlinear
technique to produce a wavelength-dependent wavefront. We re-
veal a wavelength-dependent wavefront mechanism that is induced
in optical parametric chirped-pulse amplification (OPCPA) where
the crystal effect of group-velocity mismatch (GVM) dominates.
Both analytical and numerical investigations show that the sign
of the produced wavefront can be changed by GVM, and the
magnitude can be enhanced by multistage OPCPA. The results
suggest that the Rayleigh range at a fixed beam waist size can be sig-
nificantly increased by the OPCPA-induced wavelength-dependent
wavefront.

Index Terms—Optical parametric amplifiers, rayleigh range,
spatiotemporal couplings.

I. INTRODUCTION

O PTICAL superresolution and a long Rayleigh range of
tight focusing have long been desired in optics [1]–[4].

However, these desired characteristics are fundamentally limited
by the nature of light diffraction [5]. On the one hand, the
resolution of an optical imaging system, such as a camera,
telescope, or microscope, is limited by the minimum separa-
tion between two incoherent point sources [6]. Such a res-
olution limitation, also termed Rayleigh’s curse or criterion,
greatly hinders the ability to identify finer details [7]. Recently,
M. Paúr et al. demonstrated that Rayleigh’s curse can be over-
come with point spread function shaping [8]. The resolution
achieved by the optimized measurement was nearly 16 times
lower than that achieved by direct imaging. On the other hand, for
an optical focusing system, the Rayleigh range is proportional to
the square of the focal spot size, and one cannot simultaneously
achieve a long Rayleigh range and small focal spot, which limits
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applications such as laser processing [9], [10]. Nevertheless,
ultrashort lasers with a broad spectrum show potential to break
the limit of the Rayleigh range.

Pioneering work by F. Quéré [11] suggested the possibility
of increasing the Rayleigh range through the use of the spa-
tiotemporal coupling effects of ultrashort pulses. A wavelength-
dependent wavefront (WWF) deliberately induced by a chro-
matic lens makes each frequency component focus at its own
longitudinal position. Consequently, the overall Rayleigh range
for all frequency components can be greatly extended around
the focal plane. When the spectral bandwidth of a laser pulse
is much less than the angular frequency of the laser beam,
the effect of longitudinal chromatism is observed around the
focal plane; i.e., the best focus position manifests as a lin-
ear function of the laser frequency. In addition, this approach
may also be applicable for multiwavelength laser sources, such
as those generated by long-period fiber gratings [12], [13].
D. H. Froula et al. [14] extended this approach by replacing
a common chromatic lens with a Fresnel lens, resulting in
an approximately 100 times increase in the Rayleigh range.
However, such a WWF is determined by the glass dispersion
of the lens, so that cannot be adjusted under a fixed wavelength.
In this paper, we reveal that the WWF can be nonlinearly induced
by spatiotemporal couplings in optical parametric chirped-pulse
amplification (OPCPA), whose magnitude and sign can be easily
adjusted.

Broadband OPCPA under an imperfect phase-matching con-
dition can induce a nonlinear phase due to cascaded nonlin-
earity [15]. In particular, for an OPCPA that operates under
group-velocity mismatch (GVM) and a Gaussian pump beam,
such a nonlinear phase imposed on the signal is characterized
by a linear dependence on laser frequency, and simultaneously
a dependence on space [16]. The induced nonlinear spectral
phase has been reported to be a spatiotemporal distortion that is
detrimental to the OPCPA system [17]–[20]. From the view of
space, such a space-dependent spectral phase manifests as the
WWF, which is the research topic of this paper. This WWF in the
spatial-spectral domain acts as a pulse-front curvature (PFC) in
spatial-temporal domain by taking the Fourier transformation. It
is intuitive to characterize the WWF magnitude by the strength
of PFC. Fig. 1 illustrates the PFC of the signal after being
amplified by a single-stage collinear OPCPA. When the idler
travels faster than the signal (i.e., GVMsi = 1/vgs–1/vgi > 0,
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Fig. 1. Spatiotemporal illustration of the signal PFC induced in OPCPA with a
positive GVMsi. The involved idler beam is not shown, assuming the dispersion
of the stretcher and crystal acquired by the amplified signal is completely
compensated by the pulse compressor.

where vgs, vgi denote the group-velocity of the signal and idler
pulse, respectively), the signal experiences a positive value of
Kerr-like cascaded nonlinearity, which reduces the signal veloc-
ity. By considering the Gaussian beam profiles of both the seed
signal and pump, the signal beam center suffers from the largest
cascaded nonlinearity and hence the largest velocity reduction,
which results in a positive PFC, as shown in Fig. 1. Notably, a
negative PFC can be produced if GVMsi < 0.

II. THEORETICAL ANALYSIS

The WWF produced with collinear OPCPA is the conse-
quence of the space-dependent first-order spectral phase of
cascaded nonlinearity. By solving the imaginary parts of the non-
linear coupled-wave equations in the small-signal amplification
regime (i.e., pump nondepletion), the nonlinear spectral phase
over the amplified signal spectrum is found to have a simplified
form of [21]

ϕs = ϕs0 −ΔkL/2 + arctan [Δk/(2g)] , (1)

whereϕs0 is the initial phase of the signal, L is the crystal length,
Δk = kp−ks−ki is the phase mismatch among the interacting
waves (kp, ks, and ki denote the wave vectors for the pump,
signal and idler waves, respectively), and g is the small-signal
gain coefficient. For a Gaussian-profile pump beam described
by Ip=Ip0 exp(−x2/W 2

0 ), where Ip0, x and W0 denote the
peak intensity, transverse coordinate and 1/e radius of the beam
waist, respectively, the small-signal gain coefficient is space
dependent, as given by [22]

g(x) = γe−x2/2W0
2

,with γ

= 4πdeff[Ip0/(2ε0npnsnicλsλi)]
1/2, (2)

where deff denotes the effective nonlinear coefficient, n and
λ are the refractive index and wavelength, respectively, with
appropriate subscripts for the pump (p), signal (s), and idler (i).

In an OPCPA, the presence of GVM between the broadband
signal and idler waves, i.e., GVMsi�0, results in a frequency-
dependent phase mismatch as given by:

Δk(ω) = Δk0 + GVMsiΔω, (3)

where Δk0 is the wave-vector mismatch at the signal central fre-
quency ω0 and Δω = ω−ω0 is the frequency offset with respect
to ω0. Generally, the value of Δk0 is set to zero. Substituting (2)
and (3) into (1) yields:

ϕs = −GVMsiΔωL/2 + arctan {GVMsiΔω/[2g(x)]} . (4)

The first order approximation of (4) yields:

ϕs = {−GVMsiL/2 + GVMsi/[2g(x)]}Δω. (5)

In addition to a constant term, the nonlinear phase has a term
depending on x. It can be deduced from (5) that the spectral
phase varies with x at a fixed frequency. By expanding (5) with
respect to x, we have

ϕs(x) ≈ α0+αΔωx2, with α = GVMsi

/(
4γW 2

0

)
, (6)

where α0 is a space-independent phase and where the second
term indicates the WWF, which is proportional to the GVMsi

condition of OPCPA. Such a WWF can be characterized by the
frequency-dependent wavefront curvature R(Δω) as

1/R(Δω) = 2αΔω/ks. (7)

On the one hand, this frequency-dependent wavefront curvature
causes different frequency components to be focused at different
longitudinal positions. By performing an inverse Fourier trans-
form, one can obtain the PFC in space and time as

E(x, t) = A0

(
x, t− α0 − αx2

)
exp(iω0t), (8)

where A0 is the complex envelope. The strength of the induced
PFC can be characterized by the α coefficient.

Numerical simulations were performed in three dimensions
(x, t, and z), with variables of transverse position x, time t and
propagation distance z. The seed signal had a full width at half
maximum (FWHM) of 27 nm (80 THz) centered at 800 nm
and a chirped-pulse FWHM duration of 600 fs. The pump laser
adopted 1 ps, 515 nm, monochromatic pulses. The intensities of
the pump and seed were 5 GW/cm2 and 0.5 MW/cm2, respec-
tively, to ensure small-signal amplification. Both the pump and
seed had Gaussian-shaped profiles in space and time with an
equal beam waist of W0 = 2 mm (1/e radius). In practice, such a
pump laser can be achieved by second-harmonic generation of
a picosecond Yb:YAG thin-disk laser, while the broadband seed
pulse is the output of a femtosecond Ti:sapphire regenerative
amplifier system.

The fact that the nonlinear WWF [Eq. (6)] and PFC [Eq.
(8)] produced by OPCPA are both governed by GVMsi implies
that they can be canceled by adopting two OPCPA stages with
opposite GVMsi. This scheme is important for some OPCPA
applications wherein WWF and PFC exist as destructive dis-
tortions of the amplified signal, causing unacceptable degra-
dation in the focused peak intensity [21]. Fig. 2(a) shows the
schematic layout of such a two-stage OPCPA configuration. We
designed the crystals used in two OPCPA stages: a 2-mm-thick
Type-I β-BBO (θ = 22.7°, ϕ = 0°) with a positive GVMsi

= 45 fs/mm and a 1-mm-thick Type-II β-BBO (θ = 39.6°,
ϕ = 30°) with a negative GVMsi = –129 fs/mm. These two
OPCPA stages successively imprinted opposite nonlinear spec-
tral phases on the amplified signal pulse and thus canceled
each other. Both OPCPA stages operated in the collinear phase-
matching geometry and the small-signal amplification regime.

The spatiotemporal profile of the compressed signal
[Fig. 2(b)] output from the first OPCPA stage explicitly shows
the presence of PFC, as highlighted by the white dashed curve.
The spectral phase of this signal pulse was also space dependent.
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Fig. 2. Impact of the GVMsi sign on the OPCPA-induced PFC. (a) Schematic
of two-stage OPCPA with opposite GVMsi signs. (b) Spatiotemporal intensity
profile of the compressed signal. (c) Signal spectra and the nonlinear spectral
phase sampled at three different spatial positions (x = 0, 0.5 W0 and W0)
calculated for the first OPCPA stage, (d) and (e) Calculated for the second
OPCPA stage.

As shown in Fig. 2(c), the nonlinear spectral phase exhibited
mainly a first-order characteristic (i.e., linear within the spec-
trum), but with different slopes at different x positions. The
spectra at the beam center (x = 0) and beam edge (x = W0) show
a good overlap, which indicates that the nonlinear phase induced
only the WWF and had little effect on other spatiotemporal
properties, such as the pulse duration and the second-order
dispersion.

The output chirped signal of the first stage was then in-
jected into the second OPCPA stage with a negative GVMsi.
As expected, the PFC near the beam center vanished after the
second OPCPA, and a nearly ideal pulse front was obtained
[Fig. 2(d)]. That is, the pulses within the whole beam simultane-
ously reached their peak intensity. The final output spectral phase
was nearly flat for most frequency components from –40 to 40
THz [Fig. 2(e)]. These results confirm that the PFC produced by
OPCPA can be controlled by changing the GVMsi environment
through a multistage configuration.

Next, we characterize the WWF induced by OPCPA. Fig. 3
shows the calculated WWF produced by the first OPCPA with
GVMsi > 0. The central frequency component (Δω = 0) main-
tained a plane wave (black line) owing to perfect phase matching
(Δk = 0). Other frequency components were approximately
spherical waves with varied curvatures, as has been predicted
in (7). In particular, those waves of higher frequencies were
convergent and hence focused before the lens focal plane, and the
lower-frequency components were divergent and hence focused
behind the lens focal plane. As a result, the overall Rayleigh
range for all frequency components could be much larger than
that of a conventional laser beam without WWF. In other words,

Fig. 3. Calculated wavefronts at four frequencies of Δω = 0, 20, 30 and
−20 THz. The inset shows the seed signal spectrum with those four frequencies
in the calculation.

Fig. 4. (a) Tandem configuration consisting of two OPCPAs with positive
GVMsi. The signal propagates through the two OPCPA stages successively
with an intermediate attenuator. (b) Spatiotemporal intensity profile of the output
signal after pulse compression. (c) Signal spectra (dashed lines) and the nonlinear
spectral phase (solid lines) sampled at x= 0, 0.5 W0 and W0 for the output signal.

the induced WWF increases the Rayleigh range that is limited
by light diffraction.

III. ENHANCEMENT OF WWF AND RAYLEIGH RANGE

A further enhancement of the WWF is desired for obtaining
a larger Rayleigh range. To achieve this, we propose a tandem
configuration consisting of multistage OPCPAs with the same
GVMsi signs. Taking a two-stage configuration as shown in
Fig. 4(a) for example, the simulation parameters were set the
same as those for Fig. 2, except that the second OPCPA stage
here adopted a Type-I BBO crystal with positive GVMsi instead
of a Type-II BBO crystal. Additionally, a signal attenuator
was used to reduce the signal energy, which ensured that both
OPCPA stages operated in the small-signal amplification regime.
Fig. 4(b) depicts the PFC of the amplified signal beam. The
temporal delay between the pulse front at the beam center and
that at the beam edge increased to 30 fs, which was significantly
larger than that (∼15 fs) induced by the single-stage OPCPA,
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Fig. 5. (a) Schematic of the longitudinal chromatism caused by focusing the
signal beam with a WWF. (b) Calculated WWF for the signal beam output from
9-stage OPCPA, wherein GVMsi > 0 in all stages of OPCPA. The wavefronts at
the three frequency components ofω0 (central frequency),ω1 (=ω0 − 20 THz)
and ω2 ( = ω0 + 20 THz) are plotted as representatives. (c) Best focusing
position for each frequency component within the signal spectrum, where
z = 0 represents the best focusing position of the central frequency component.

as shown in Fig. 2(b). Correspondingly, the nonlinear spectral
phase increased and still maintained a first-order characteristic
[Fig. 4(c)].

Note that the WWF magnitude of each stage does not depend
on the seed intensity and remains unchanged in the small-signal
amplification regime. Therefore, by adopting a tandem configu-
ration of N-stage OPCPA, the enhanced WWF characterized by
the wavelength-dependent radius of wavefront curvature can be
evaluated by:

Λ ≈ N/R(Δω) = 2NαΔω/ks. (9)

Because of the overall temporal delay of the amplified signal,
as shown in (6), synchronization between the signal and pump is
necessary for all stages unless the pump pulse duration is large
enough.

When the signal beam with the WWF was focused by a
lens without chromatic aberration (e.g., a concave mirror), each
frequency component exhibited the best focus at different lon-
gitudinal position z, as illustrated by Fig. 5(a). That is, the
far-field exhibited longitudinal chromatism. We next simulated
the longitudinal chromatism for the output signal from a 9-stage
OPCPA tandem. All the OPCPA stages adopted the same pump
and crystal parameters as those in Fig. 4. The attenuation rate
between the two stages was set to 70%. The output signal beam
exhibited a PFC of α = 2.2 fs/cm2 in the near field. Fig. 5(b)
depicts the corresponding WWF, indicating that the red fre-
quency component acquired a divergent wavefront, while the
blue frequency component acquired a convergent wavefront.
As a result, the best focus positions linearly varied with the
signal frequency, as plotted in Fig. 5(c). This longitudinal chro-
matism then led to an extended frequency-integrated Rayleigh
length zr. By using a concave mirror of 1 m focal length

Fig. 6. (a) Calculated WWF for the signal beam output from 9-stage OPCPA,
wherein GVMsi < 0 in all stages of OPCPA. The wavefronts at the three
frequency components of ω0 (central frequency), ω1 ( = ω0−20 THz) and
ω2 ( = ω0+20 THz) are plotted as representatives. (b) Best focusing position
for each frequency component within the signal spectrum.

in simulations, the Rayleigh distance z0 of the signal beam
at the central frequency was calculated as 63 mm, while the
frequency-integrated Rayleigh length was enlarged to 258 mm.
The exceptionally large depth of focus presents an opportunity to
extend interaction lengths and overcome current limitations in
coherent imaging [23], photon accelerators [24], laser-plasma
amplifiers [25], laser-wakefield accelerators [26], high-order
frequency conversion [27] and photon-electron light sources
[28]. In addition, a further increase in zr can be achieved by
optimizing the GVMsi and the stages of OPCPA in tandem.
These results can be extended to a general situation. Assuming
an ideal lens with a focal length f, the imaging equation can
be given by 1/R′(Δω) + 1/R(Δω) = 1/f, where R′(Δω) is
the frequency-dependent wavefront curvature after the lens.
Therefore, the increased Rayleigh range by the WWF can be
described as follows [11]:

zr = R′(Δω) = 2f2αΔω/ks0. (10)

Specifically, we obtain zr = f2Λ for N-stage OPCPA tan-
dem. According to the definition of the conventional Rayleigh
distancez0 = 2f2/(ks0W

2
0 ) , the enhancement factor of the

Rayleigh range due to the WWF is thus obtained:

M = zr/z0 = GVMsiΔω/(4γ) ∝ (γL)−1/2. (11)

According to (11), the increment of the Rayleigh range due to
the WWF can be controlled by the nonlinear coupling coefficient
γ and the crystal length L.

The WWF originating from cascaded nonlinearity is deter-
mined by the sign and magnitude of the GVMsi in OPCPA.
This implies that the longitudinal chromatism resulting from
WWF can be flexibly controlled in both sign and magnitude. To
demonstrate this, we finally simulated a 9-stage OPCPA tandem
of the same simulation parameters as those used in Fig. 5, except
for adopting negative GVMsi instead of positive GVMsi for each
OPCPA stage. The amplified signal exhibited a WWF [Fig. 6(a)]
opposite to that depicted in Fig. 5(b), for which the blue (red)
frequency component acquired a divergent (convergent) wave-
front. After focusing with an ideal lens, the best focus of the
higher-frequency component was located farther from that of the
lower-frequency component, as illustrated in Fig. 6(b). These
results indicated that by simply changing the sign of GVMsi,
longitudinal chromatism with an opposite sign can be obtained.



WANG et al.: WAVELENGTH-DEPENDENT WAVEFRONT PRODUCED AND CONTROLLED IN OPCPA 3034505

In addition, the magnitude of longitudinal chromatism can also
be increased with GVMsi and/or OPCPA stages. In contrast, it
is difficult to change the sign of longitudinal chromatism in the
linear optical approach using a lens [11], [14]. The production
of such controllable longitudinal chromatism might provide a
novel approach to the design of achromatic optical systems.

IV. CONCLUSION

In conclusion, we have demonstrated that a WWF can be
produced and controlled in OPCPA. For a monochromatic com-
ponent of a broadband laser, the wavefront variation does not
affect the nature of light diffraction. However, for the overall
frequency components of a broadband ultrashort laser, the WWF
equivalently changes the behavior of light diffraction. Thus,
Rayleigh’s curse can be overcome through the WWF, resulting
in a larger Rayleigh range for a fixed beam waist size. Full
numerical simulations show that the magnitude of the WWF
can be enhanced by implementing multi-stages of OPCPA in
tandem, and the resultant WWF can be evaluated by (9). The
WWF causes a wavelength-dependent radius of wavefront cur-
vature and affects beam focusing. The feasibility of applying
the enhanced WWF to manipulate the longitudinal chromatic
is also verified, gaining four times the Rayleigh range. A
generalized conclusion on the WWF-enhanced Rayleigh range
is given, showing that the Rayleigh range can be controlled
by an appropriate design of multistage OPCPA. By reversing
the sign of GVMsi, the chromatism that is unattainable by
lenses is achieved, i.e., the red frequency components experi-
ence a converging wavefront, while the blue components ex-
perience a divergent wavefront. The results presented in this
work may solve the problem that a WWF can be induced
only by normal dispersion in a lens, indicating that the WWF
produced in OPCPA can be manipulated in a more flexible
manner.
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