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Robust Geometric Phase of Bloch Sphere
Deformation in Quasiphase Matched Structures
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and Yongyao Li

Abstract—We consider the adiabatic geometric phase (AGP) in
the sum frequency generation process under the undepleted pump
approximation. The Bloch sphere is stretched or compressed by
adjusting the modulation wave vector,Δ, which is one of the control
parameters of quasiphase matching (QPM). In this paper, two
kinds of parametric rotation schemes on the sphere are studied:
elliptical rotation and elliptical wedge rotation. We find that the
AGP generated in the elliptical rotation is related to the length of
the Δ axis of the ellipse, but there is a certain point where the AGP
is independent, while the AGP in the elliptical wedge rotation shows
great stability and does not depend on the shape of the ellipsoid.
The results further demonstrate the superior flexibility of the wedge
scheme, which helps to suppress the uncertainty in the generation
of AGPs.

Index Terms—Geometric phase, sum frequency generation,
quasiphase matching.

I. INTRODUCTION

NONLINEAR frequency conversion is an important tech-
nology to broaden the range of the laser spectrum and plays

an important role in the development of highly efficient coherent
light sources. It is well known that it is necessary to compen-
sate for the wave vector mismatch to obtain high frequency
conversion efficiency. In gas materials [1], [2], the refractive
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index can be changed by material ionization to meet the phase
matching. However, crystals or waveguides cannot withstand
super ionization, so phase matching based on ionization is not
suitable. At present, the two most commonly used techniques
in crystal materials are birefringence phase matching [3], [4]
and quasiphase matching (QPM) [5]–[9]. Birefringence phase
matching is carried out by using the constructive interference
between signals [1]. This approach mixes different polariza-
tion states but may introduce unnecessary deviation between
the interacting beams [10]. QPM technology can change the
crystal structure periodically on the micron scale [11], and
its high conversion efficiency and broadband robustness [12],
[13] make it of wide concern. Optical frequency conversion
in second-order and third-order nonlinear crystals using the
QPM technique has caused extensive research, such as white
femtosecond lasers [14], [15], infrared light sources [16], [17],
ultrawideband chirped pulse amplifiers [18], and higher-order
harmonic generation [19]–[22].

In the past decade, adiabatic frequency conversion [23] has
developed rapidly due to its superiority in terms of bandwidth,
efficiency and robustness. And it is more and more closely
related to adiabatic geometric phase (AGP) in quantum mechan-
ics. When the parameters of the Hamiltonian slowly transport
along a circular trajectory, the quantum system in an eigenstate
will obtain a geometric phase factor in addition to the inherent
dynamic phase [24]. The phase factor is widely used for tunable
beam switching [25], reconfigurable holography [26], beam
shaping [27]–[29], optical data storage and communication [30],
optical amplification [31], and so on. In the field of nonlinear fre-
quency conversion, by using QPM technology, the input beams
periodically polarize along the nonlinear crystal and accumulate
AGPs. Karnieli and Arie [32] found that in the sum frequency
generation (SFG) of the undepleted pump approximation, a
controllable AGP can be accumulated when the QPM parameters
rotate around the surface of the Bloch sphere. Then, based on this
theory, they realized nonreciprocal transmission and wavefront
shaping experimentally [33]. Recently, an accurate method [34]
for calculating the AGP of pump depletion was proposed. This
method is also applicable to the case of the undepleted pump
and has been extended to calculate the AGP in the process of
four wave mixing [35]. Based on this method, Ref. [36] found
a constant AGP under different pump depletion levels in three
wave mixing, while the other locations show a noticeable light
intensity dependence. This light intensity dependent geometric
phase can be used to rotate the local optical axis and modulate
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the self-focusing transport of light in the medium [37]. Very
recently, a new scheme of wedge rotation [38] in second-order
nonlinear frequency was proposed. Moreover, the adiabatic and
nondiabatic variations in the QPM parameters play an important
role in whether the geometric phase is dependent on the pump
depletion levels. However, to date, all the proposed rotation
schemes have been carried out on the surface of the sphere. When
the Bloch sphere is compressed or stretched, can these results
be applied to this case? This is a question worth studying.

Based on this question, in this paper, we study the AGP
accumulated when QPM vectors follow a closed trajectory on
the ellipsoid in the undepleted pump approximation. The Bloch
sphere is longitudinally compressed or stretched by adjusting
the modulation wave vector, Δ. Two rotation schemes, elliptical
rotation and elliptical wedge rotation, are compared. We find that
the AGP in the elliptical rotation scheme depends on the shape
of the sphere, but all the curves intersect to the same point; that
is, there is a special value at which the AGP is independent of the
shape of the sphere. The result in elliptical wedge rotation shows
a gratifying stability. Regardless of how the long axis of the
sphere changes, the accumulation of the AGP does not change,
which effectively eliminates the uncertainty of generating AGPs
in nonlinear frequency conversion. The rest of this paper is
structured as follows. The calculation principle of the AGP in
three-wave mixing with an undepleted pump approximation is
briefly described in Section II. In Section III, we present the
representation of two trajectories and discuss the main results of
the AGP in elliptical and elliptical wedge rotation. The paper is
summarized in Section IV.

II. MODEL AND PRINCIPLE

The coupled wave equations (CWEs) of the sum frequency
with a slowly varying envelope, undepleted pump field and
diffraction-free propagation are given by [5]:

∂zAi = i
2d(z)ωi

cni
A∗

pAse
−iΔk0z (1)

∂zAs = i
2d(z)ωs

cns
ApAie

iΔk0z (2)

where Ai,p,s are the slowly varying envelopes of the idler,
pump and signal waves, respectively;Δk0 = ki + kp − ks is the
phase mismatch; and d(z) is the spatial variation amplitude of
the second-order nonlinear susceptibility applied with adiabatic
modulation, which can be expanded by the Fourier series with
slowly varying components as:

d(z) = dij

∞∑
m=−∞

|dm(z)| × eim[
∫ z
0 KΛ(z′)dz′+φd(z)]

with

dm(z) =

{
(2/mπ) sin [mπD(z)] m �= 0

2D(z)− 1 m = 0
(3)

where dij is the corresponding nonlinear susceptibility tensor.
KΛ(z), 0 < D(z) < 1 and φd(z) are three QPM parameters,
which represent the modulation wave vector, duty cycle, and

phase factor of the modulation, respectively. In (3), only the
terms of m = ±1 can provide the best compensation for the
phase mismatch, and other terms can be dropped from the
expansion.

We use the rotating wave approximation [32], which charac-
terises the transformations from Ai,s to qi,s.

qi =

√
ni

ωi
e

i
2 [Δk0z−

∫ z
0 KΛ(z′)dz′]Ai

qs =

√
ns

ωs
e−

i
2 [Δk0z−

∫ z
0 KΛ(z′)dz′]As (4)

Equations (1) and (2) can be simplified to a dimensionless SU(2)
symmetry [10], [39] as:

∂
∂τ

(
qi

qs

)
= i

[
Δ(τ) g(τ)e−iφ(τ)

g(τ)eiφ(τ) −Δ(τ)

](
qi

qs

)
(5)

with the following rescaling definitions:

I = |qi|2 + |qs|2

Ap = |Ap|eiφp ≡ const

deff =
dij
cπ

η = 4deff |Ap|
√

ωiωs

nins

τ = ηz

g(τ) = sin [πD(z)]

Δ(τ) =
Δk0 −KΛ(τ)

2η

φ(τ) = φp − φd(τ) (6)

where I is the total photon flux of idle and signal light. Here, we
assume that the pump is nearly lossless in the whole conversion
process, so Ap ≡ const. For convenience, the initial inputs
of idler and signal light are set to qi(0) = 1 and qs(0) = 0,
respectively. In addition, deff is the normalized first-order QPM
modulation strength, η is the rescaling coefficient to the length
of the crystal, τ is the dimensionless time coordinate, g(τ)
is the effective duty cycle, Δ(τ) is the effective modulation
wave vector, and φ(τ) is the phase of the QPM parameter.
Subsequently, we numerically calculate the relevant parameters.
The idler, signal and pump wavelengths are chosen as λi =
600 nm, λs = 432.6 nm, and λp = 1550 nm, respectively. The
idler wave is incident on a LiNbO3(dij = 27pm/V) crystal
of centimetre scale length, pumped with a uniform intensity of
Ip = 100mW/cm2.

The variation in these three QPM parameters can be denoted
by the motion of a vector Q = (g cosφ, g sinφ,Δ) in the pa-
rameter space; see Figs. 1 and 2.

III. GEOMETRICAL REPRESENTATION AND CALCULATION

To describe the geometric motion of (5), we define a
parameter space for the QPM vector as (XQ, YQ, ZQ) =
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Fig. 1. (a, b) Trajectories of vector Q on the surfaces of spheres in the QPM
parameter space. The circular rotation (green dashed curves) on the Bloch sphere
(yellow sphere) is stretched or compressed longitudinally (Δ-axis direction) to
form elliptical rotation (red dashed curves). Here, Θ is the angle between the
normal vector Θ̂ of the trajectory plane and the Δ axis. Θ̂′ is the new normal
vector of the trajectory surface after the deformation of the sphere. (a) Prolate
spheroid (blue one) formed by longitudinal stretching of the Bloch sphere,
in which the ratio of the length of axes is (gr :gi :Δ) = (1:1:1.5), and the
oblateness α of the ellipsoid is 0.33. (b) Oblate spheroid (blue one) formed by
longitudinally compressing the Bloch sphere, in which the ratio of the length of
axes is (gr :gi :Δ) = (1:1:0.5), and the oblateness α of the ellipsoid is 0.5.

Fig. 2. (a, b) Elliptical wedge trajectories (red dashed curves) of vector Q on
the surfaces of two ellipsoids in the QPM parameter space. Here, Δφ is the
wedge angle. (a) Prolate spheroid with axial length ratio of 1:1:1.5, and the
oblateness α of the ellipsoid is 0.33. (b) Oblate spheroid with axial length ratio
of 1:1:0.5, and the oblateness α of the ellipsoid is 0.5.

(g cosφ, g sinφ,Δ). In this paper, we consider the vector Q
to follow elliptical rotation and elliptical wedge rotation.

A. Elliptical Rotation

The elliptical rotation of vector Q can be constructed as [32]:

Δ(τ) = κ(sin2 Θcosωτ + cos2 Θ)

g(τ) =

√
1− (sin2 Θcosωτ + cos2 Θ)2

φ(τ) = arctan
sinωτ

cosΘ(1− cosωτ)
(7)

In the above formula,Θ is the angle between the normal vector
of the elliptical trajectory plane and theΔ-axis, 0 ≤ Θ ≤ π/2;ω
is the angular velocity, which satisfiesω = 2π/T (T = ηL is the
period of modulation, and L is the crystal length). In addition, κ
is a variable modulation wave vector coefficient, which can con-
trol the compression or stretching of the long axis of the Bloch
sphere and then change the evolution trajectory of the QPM
parameters (see Fig. 1). Fig. 1(a) shows the trajectory variation
diagram on the surface of the sphere after longitudinal stretching
when the modulation wave vector coefficient, κ, changes from
1 to 1.5, while Fig. 1(b) shows the trajectory variation diagram

of the sphere after compression when κ changes from 1 to 0.5.
The circular rotation (green dashed curve) on the Bloch sphere
changes to an elliptical rotation (red dashed curve). Fig. 1 shows
the misalignment of the normal vector Θ̂ after the Bloch sphere
has been deformed.

B. Elliptical Wedge Rotation

For the elliptical wedge rotation, the trajectory of vector Q
can be defined as [38]:

Δ(τ) = κ cosωτ

g(τ) = | sinωτ |
φ(τ) = H(τ − T/2)Δφ (8)

where H(τ − T/2) is the Heaviside step-function. Δφ is the
wedge angle. Similarly, when the sphere is stretched (see
Fig. 2(a)) or compressed (see Fig. 2(b)) by adjusting κ, the
wedge rotation (green dashed curve) formed by the vector Q on
the sphere also becomes an elliptical wedge rotation (red dashed
curve). All trajectories on different spheres have the same wedge
angle Δφ.

C. Calculation of the AGP

When light propagates along a periodically modulated crystal,
in addition to the inherent dynamic phase D, it also produces a
geometric phase γ that depends on the geometric properties of
the path [40]. For the system, the dynamic phase can be obtained
by the integral of the eigenvalue of the system in the whole
evolution, which is defined as:

D =

∫ L

0

μdτ (9)

Here,μ =
√
Δ(τ)2 + g(τ)2 is the eigenvalue of the symmet-

ric matrix in (5). By replacing the definitions of Δ(τ) and g(τ)
of the two rotation schemes into it, we can obtain the expression
ofμ. Then, the geometric phase γ can be obtained by subtracting
the dynamic phase D from the total phase Φ:

γ = Φ−D (10)

D. Results and Discussion

For a set of known parameters, (Δ, g, φ), we can design a
certain geometric phase plate. When the input beams propagate
along the plate, the geometric phase accumulates. Then, the
current problem is how to select an appropriate angle (Θ or
Δφ) to make the geometric phase more robust. Therefore, we
need to study how these angles affect the accumulation of the
geometric phase.

When κ = 1, the geometric phase generated in the circular
rotation scheme satisfies [32], [34], [36]:

γ = −π(1− cosΘ) (11)

By adjusting the value of κ, the sphere is stretched or com-
pressed into an ellipsoid, and the trajectory of vector Q on it be-
comes an ellipse. In this situation, the curve of the accumulated
geometric phase with respect to the angle Θ no longer conforms
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Fig. 3. (Color online) (a, b) Geometric phase, γ/π, versus the angles,
Θ/π and Δφ/π, under different modulation vector coefficients, κ. Here,
κ = 0.5, 1, 1.5, 2. (a) Θ is the angle between the normal vector of the elliptical
trajectory plane and the Δ-axis. (b) Δφ is the wedge angle.

Fig. 4. Typical example of geometric phase accumulation at a specific angle,
Θ, on an elliptical modulated crystal. (a, b, c) Geometric phase, γ/π, versus the
time coordinate, τ/T , with different κ values, where the angles, Θ, are 0.25π,
0.3π, and 0.35π.

to (11). The results are shown in Fig. 3(a). All the γ(Θ) curves of
different κ values separate, but they intersect at a common angle
of Θ (approximately 0.3π). Typical examples of the geometric
phase accumulated near the specific angle,Θ = 0.3π, are shown
in Fig. 4. We selected three values of Θ, which are located
on the left (Θ = 0.25π, see Fig. 4(a)), near (Θ = 0.3π, see
Fig. 4(b)) and right (Θ = 0.35π, see Fig. 4(c)) of the intersection.
In Fig. 4(a) and (c), the accumulated geometric phase at the end
of the crystal shows clear divergence under different values of κ.
Although there is some divergence at different positions of the
crystal for various shapes of the Bloch sphere, the curves reach
nearly the same point after the light travels through the whole
nonlinear crystal (see Fig. 4(b)).

Therefore, we can conclude that when the QPM vector un-
dergoes elliptical rotation, the accumulation of the geometric
phase is related to the oblateness (determined by the length
of the long axis, κ) of the ellipsoid. However, under different
values of oblateness, there is a constant geometric phase, which
is located at Θ ≈ 0.3π. This means that variable selection at
this point is more flexible, while other points do not have this
feature. To make the accumulation of the geometric phase more
controllable, we consider the elliptical wedge rotation scheme.

For the wedge trajectory, when κ = 1, the geometric phase
satisfies [32], [38]:

γ = −Δφ (12)

Our research shows that when κ changes, the accumulated
geometric phase does not change, and the γ(Θ) curves still
satisfy (12). The results are shown in Fig. 3(b). Typical examples
of geometric phase accumulation at a specific angle, Δφ, on an

Fig. 5. Typical example of geometric phase accumulation at a specific angle,
Δφ, on an elliptical wedge-modulated crystal. (a-b) Geometric phase, γ/π,
versus the time coordinate, τ/T , with different values, where the angles, Δφ,
are 0.4π and 0.6π, respectively.

elliptical modulated crystal are shown in Fig. 5. The results show
perfect consistency.

In fact, previous studies have shown that the geometric phase
γ is related to the solid angle Ω surrounded by the trajectory
on the sphere [24], [32], [40]. The result of elliptical rotation
is inconsistent because the solid angle of the trajectory surface
changes after stretching or compressing the sphere, while Ω in
the elliptical wedge rotation remains invariant. According to the
definition of the solid angle, Ω = S/R2 (where S is the area
enclosed by the closed trajectory and R is the distance from the
trajectory surface to the center of the sphere), we calculate the
solid angle surrounded by the wedge trajectory corresponding
to the same wedge angle Δφ in sphere Ωs and ellipsoid Ωe.

The solid angle Ωs in the sphere satisfies:

Ωs =
4πr2

r2
Δφ

2π
= 2Δφ (13)

and Ωe satisfies:

Ωe =
4πR2

R2

Δφ

2π
= 2Δφ (14)

where R =
√

ab+bc+ac
3 , where a, b, c are the three axial lengths

of an ellipsoid. This theoretically explains why the simulation
results are the same.

In addition, comparing the results in the two schemes, we find
that there is a point of correlation between the elliptical wedge
and the elliptical trajectory, i.e., Θ = π/2. At this point, the
normal vector Θ̂ of the elliptical trajectory lies on the equator
as in the elliptical wedge scheme, when a longitudinal change
in the sphere does not change the direction of the normal vector.
Instead, there is a spatial rotation (see Fig. 1) at the remaining
positions, which in turn causes a change in the accumulation of
geometric phases. This illustrates the robustness of the wedge
rotation.

Indeed, limited by the current level of polarization, it is
still challenging to control all three variables: modulation wave
vector, duty cycle and modulation phase, simultaneously on a
centimetre-sized crystal, so that they obey a specific relationship.
In terms of scheme design, the design of the function for the
elliptical rotation scheme is more complex than for the elliptical
wedge scheme. If there is an error in one of the variables (in
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the case of the modulated wave vector), according to the results
of this paper, it does not affect the wedge scheme, but clearly
affects the results of the circular scheme. This also reflects the
significance of our study.

IV. CONCLUSION

The purpose of this work is to create a robust and well-
predicted geometric phase in the three wave mixing process
with an undepleted pump approximation by changing the co-
efficient κ of the modulated wave vector Δ, which is one of the
quasi-phase-matching parameters. We find that the AGPs cor-
responding to two typical parameter trajectories have different
performances when the Bloch sphere is deformed. Compared
with the elliptical rotation, the results in the elliptical wedge
rotation are more flexible, and the accumulated AGPs do not
depend on the shape of the sphere. Previous studies have shown
that the magnitude of AGP is related to the solid angle of the
closed surface. Based on this result, we calculate the solid angle
surrounded by the trajectory surface on the Bloch sphere and find
that the solid angle in the elliptical wedge scheme remains fixed
during the stretching or compression of the axis length of the
sphere. In addition, we also find that although the geometric
phases in the elliptical rotation depend on the wave vector
parameters as a whole, there is an intersection point where the
AGPs are fixed at a certain value. The result is also related to
the change in the solid angle, but what kind of change has taken
place needs further research and summary. Moreover, there is
one point where two schemes are degenerate, i.e., Θ = π/2
corresponding to Δφ = π.

In short, the geometric phase provides a unified description
of a wide range of phenomena in quantum physics and non-
linear optics, and its robust controllability is of great signifi-
cance for many fields, examples include geometric phase-based
lenses [41], wavefront surface tailoring [42], [43], intracavity
laser shaping of structured beams [44], the improvement of
the depth-of-field in microscopy [45], even a new approach
to generate entangled photons [46]. We believe that the re-
sults of this study can provide some reference and guidance
for geometric phase manipulation experiments using photonic
devices.
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