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Abstract—This paper investigates the error bounds for position
estimation in downlink visible light communication (VLC) systems.
More precisely, we use Cramér-Rao lower bounds (CRLBs) to
study the effect of signal-dependent shot noise (SDSN) on the
error performance in visible light positioning. We consider syn-
chronous, quasi-synchronous, and asynchronous visible light posi-
tioning (VLP) systems. The system performance is assessed based
on the position estimation, and uses information from parameters
relating to the time of arrival (TOA), time difference of arrival
(TDOA), and received signal strength (RSS). The results demon-
strate that SDSN has a negative impact on the error bounds in all
considered scenarios. Moreover, the level of degradation observed
is not uniform among all cases at higher SDSN levels.

Index Terms—Cramér-Rao lower bound, signal-dependent shot
noise, visible light positioning.

I. INTRODUCTION

THERE has been great enthusiasm in the literature for
visible light communication (VLC)-based positioning and

localization techniques. Visible light positioning (VLP) systems
have demonstrated better localization accuracy than radio fre-
quency (RF) based positioning, global positioning, and other
existing systems. VLP systems have many advantages due to
the inherent properties of VLC [1]. Furthermore, VLP systems
are used in scenarios where RF communication is subject to
multipath fading or RF-inappropriate environments (e.g., under-
water and underground), or in spaces where RF radiation is not
permitted (e.g., in aeroplanes and hospital magnetic resonance
imaging rooms) [1], [2].

The VLP system’s performance is traditionally evaluated
in the literature by calculating the Cramér-Rao lower bound
(CRLB), which is the benchmark for providing theoretical limits
on position estimation accuracy. The CRLB offers a lower
bound for the variance of any unbiased estimator [3]. The works
in [4]–[6] calculated the CRLBs for the distance and 3D position
estimations in synchronous VLC systems using time of arrival
(TOA) measurements, while [7] carried out a performance anal-
ysis for a technique using time difference of arrival (TDOA).
In addition, several works investigated asynchronous VLC sys-
tems using received signal strength (RSS)-based methods [6],
[8]–[14].
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Despite their powerful properties, VLP systems face numer-
ous challenges. Firstly, there is signal-dependent shot noise
(SDSN), which is noise generated by the LED’s transmitted
signal at the receiver. Secondly, there is thermal noise, which
is caused by the random motion of free electrons in a conductor.
This is usually the result of thermal agitation. It is worth mention-
ing that the largest contributor to thermal noise is the amplifier
connected to the photodetector. Next, there is the visible light
multipath effect, which is caused by reflection, refraction, and
scattering. This can occur upon interaction with a wide range of
objects, e.g., glass walls or human clothing, and it can impair
the field of view (FOV) or line of sight (LOS). Finally, there is
the possibility for errors in synchronization, primarily due to a
timing bias between the clocks at the transmitter and receiver.
There are other obstacles as well, such as LED tilt position,
signal collisions, and mobility issues [1], [2], [15].

The effect of shot noise on VLP accuracy was studied in [4],
[8], [10], [11], [14]. These works considered the shot noise as
an additive white Gaussian noise (AWGN) with fixed variance,
which does not reflect its true nature [16]. Moreover, visible light
communication systems with SDSN were studied for capacity
bounds, transceiver design, and modulation design [17]–[20].
In this work, we study the effect of ζ2n and our results represent
a benchmark that can be considered when the system operates
under the joint effects of SDSN and thermal noise. In addition,
the CRLB analysis in this paper is valid for any value of ζ2n.
The results indicate that SDSN significantly impacts the CRLBs
for all studied cases. However, it is not necessary for each
estimator to reach this bound. That said, the designer should
be able to consult a benchmark performance in the event that
SDSN does impact the system. Here, we consider synchronous,
quasi-synchronous, and asynchronous scenarios. Performance
assessment is based on position estimations employing infor-
mation from TOA, TDOA, RSS, and hybrid parameters.

To the best of the authors’ knowledge, the literature has yet
to consider the time dependency of SDSN when calculating the
error bounds for 3D positioning in VLC systems. Based on this,
and motivated by the importance and timeliness of this topic, this
paper investigates the error bounds for 3D position estimation
in downlink VLC systems. More precisely, we study the joint
effects of SDSN and thermal noise on the estimation error
bounds. When evaluating the positioning error’s CRLBs, we
consider synchronous, quasi-synchronous, and asynchronous
VLC systems. Performance assessment is done through the use
of hybrid TOA-RSS, hybrid TDOA-RSS, and RSS parameters.
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Fig. 1. VLP system model schematic diagram.

Furthermore, in the simulation and performance analysis sec-
tion, we studied the ratio between the variances of SDSN and
thermal noise, which is represented by ζ2n. Our results represent
a benchmark that can be considered when the system is under
the joint effects of SDSN and thermal noise. In addition, the
CRLB analysis in this paper is valid for any value of ζ2n. The
results indicate that SDSN significantly impacts the CRLBs
for all studied cases. However, not all the estimators need to
reach this bound, but the designer should be able to consult a
benchmark in the event that the system is affected by SDSN.

The rest of the paper is organized as follows: Section II
describes the setup of the VLP system under the effects of
SDSN and thermal noise. Section III evaluates the CRLB for
synchronous, quasi-synchronous, and asynchronous scenarios.
Simulation and performance analysis are presented in Section IV
to supplement the theoretical results. Finally, Section V provides
concluding remarks.

II. SYSTEM DESCRIPTION

This study considers a downlink VLC system with intensity
modulation direct detection (IM/DD). There are LEDs at the
transmitter and a photodetector at the receiver side, as shown
in Fig. 1. Our system is based on a LOS VLC system with no
multipath transmission, where the photodetecting receiver lies
in the FOV of the light signal emitted by the LED transmitters,
keeping in line with the VLP system models in the literature.

In order to avoid signal collision between the LED transmit-
ters, the VLC system utilizes a multiple access protocol (e.g.,
time-division multiple access (TDMA) and frequency-division
multiple access (FDMA)) [15]. Furthermore, the ith LED trans-
mitted signal is received at the photodetecting receiver, which
converts the optical signal to an electrical one. The output signal
at the receiver side is a delayed and attenuated version of the
transmitted pilot signal; it is corrupted by the thermal noise and
SDSN, which can be expressed as in [16]

ri(t) = αiRxi(t− τi) +
√

αiRxi(t− τi) ξshi
(t) + ξthi

(t),
(1)

where i ∈ {1, . . . , LT} and LT is the number of LED trans-
mitters. The optical channel attenuation factor is represented
by αi, and has a real positive value (αi > 0). R denotes the
photodetector’s responsivity, which is assumed to be constant
over the optical bandwidth of the transmitted pilot signal.
xi(t) is the transmitted pilot signal used in the position es-
timation for t ∈ [T1,i, T2,i]. Here, the observation interval is

determined by T1,i and T2,i, which completely contains the
signal emitted by the ith LED transmitter. The TOA of the
transmitted pilot signal by the ith LED at the photodetector
receiver is represented by τi.

√
αiRxi(t− τi) ξshi

(t) is the
SDSN term and ξthi

(t) is the signal-independent thermal noise.
Both noises can be modeled as AWGN, where the SDSN vari-
ance is dependent on the input signal [16]. Due to the statistics
of the additive noise, the elements (ξsh1

(t), . . . , ξshLT
(t)) and

(ξth1
(t), . . . , ξthLT

(t)) are modeled as independent and iden-
tically distributed (i.i.d.) random variables (RV), implying that
SDSN ξshi

(t) ∼ N(0, ζ2nσ
2
n),

1 where the term ζ2n > 0 describes
the ratio between the variances of SDSN and thermal noise
ξthi

(t) ∼ N(0, σ2
n) [16].

The downlink optical wireless channel attenuation factor αi

in (1) can be modeled as in [21]

αi =
(mi + 1)Ap

2πd2i
cosmi(φi) cos(θi),

αi = − (mi + 1)Ap

2πd2i

[
(P r − P i

t)
Tni

t

]mi

‖P r − P i
t‖mi

(P r − P i
t)

Tnr

‖P r − P i
t‖

,

(2)

where mi is the ith LED’s Lambertian order, which depends on
the approximate Lambertian model mi = −(ln 2/ln(cosφi 1

2
))

with an emission semiangle at half-power φi 1
2

. The photodetec-
tor’s effective area is represented by Ap. The Euclidean distance
between the photodetecting receiver and the ith LED transmitter
is represented by di = ‖P r − P i

t‖, where the positions of the
receiver and the ith LED transmitter are represented by P r =
[Pr,x Pr,y Pr,z]

T and P i
t = [P i

t,x P i
t,y P i

t,z]
T , respectively. φi

and θi are arbitrary orientation angles with respective orientation
vectors ni

t = [ni
t,x ni

t,y ni
t,z]

T and nr = [nr,x nr,y nr,z]
T for

the ith LED transmitter and the photodetecting receiver.
In (1), the TOA parameter is modeled as

τi =
‖P r − P i

t‖
c

+Δi, (3)

where c is the speed of light and the photodetecting receiver has
a timing bias Δi with respect to the ith LED transmitter’s clock.
The received signal ri(t) in (1) can be hence re-written as

yi(t) = αiRxi(t− τi) + Ωi(t). (4)

Here, Ωi(t) ∼ N(0,Γi), where Γi = σ2
n(1 + αi Rxi(t−

τi)ζ
2
n). The system model assumes that AP, R, nr, mi, P i

t ,
ni
t, and xi(t) are known at the photodetecting receiver for all

i ∈ {1, . . . , LT}.

III. CRAMÉR-RAO LOWER BOUNDS

In this section, we study the 3D positioning error bounds in
a VLC system under the effects of SDSN. We calculate the
CRLBs for synchronous, quasi-synchronous, and asynchronous
scenarios depending on information relating to τi, and αi. The
probability density function (PDF) of the received signal model

1N(μ, σ2
n) represents the Gaussian distributed RV with μ mean and σ2

n
variance.
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in (4) can be written as

f(Y (t))|Pr)=
1√
2πΓi

exp

(
− 1

2Γi
(Y (t)−αiRxi(t− τi))

2

)
.

(5)
The joint PDF for the received signal vector Y (t) �
[y1(t) · · · yLT

(t)]T can be written as

f(yi(t))|Pr)

=

(
LT∏
i=1

1√
2πΓi

)
exp

(
−1

2

LT∑
i=1

(yi(t)− αiRxi(t− τi))
2

Γi

)
.

(6)

Now, by observing the interval of the ith transmitted signal, the
log-likelihood of (6) can be given as

L (�) = − LT

2
ln (2π)

− 1

2

LT∑
i=1

∫ T2,i

T1,i

ln σ2
n

(
1 + αiRxi(t− τi)ζ

2
n

)
dt

− 1

2

LT∑
i=1

∫ T2,i

T1,i

(yi(t)− αiRxi(t− τi))
2

σ2
n (1 + αiRxi(t− τi)ζ2n)

dt, (7)

where � represents the set of unknown parameters that needs
to be estimated, including Pr and other nuisance parameters.
These depend on the considered scenarios, as investigated in the
upcoming pages.

The Fisher information matrix (FIM) of � can be obtained
from L (�) as in [3]

I(�) = E
{
(∇�L (�)) (∇�L (�))T

}
, (8)

where ∇� is the gradient operator. The CRLB is obtained
by taking the inverse of the FIM in (8). The estimation error
covariance can consequently be expressed as

E
{
(�̂− �)(�̂− �)T

} � I(�)−1. (9)

A � B means that A−B ≥ 0, where the relevant interpre-
tation of ≥ 0 is that the matrix is positive and semidefinite [3].
Now, we discuss the CRLBs for three different scenarios depend-
ing on the available τi and αi information. We have done this for
synchronous, quasi-synchronous and asynchronous estimations.

A. 3D Positioning Estimation in Synchronous System

This scenario studies a perfectly synchronous (i.e., in (3)
the timing bias Δi = 0) VLP system. In this case, the TOA
τi and the channel attenuation factor αi parameters information
are available. As a result, τi and αi are functions of P r. This
scenario is termed hybrid TOA-RSS because information from
both τi and αi is used for 3D position estimation. It is also worth
mentioning that αi is related to RSS. Now, based on (2), (3), and
(4), the vector containing the set of unknown parameters in (7)
becomes � = [Pr,x Pr,y Pr,z]

T = P r. Now, the FIM Isync can
be derived from (7) and (8) as

[Isync]v1,v2

=
R2

σ2
n

(
ζ4n σ

2
n

LT∑
i=1

(
∂αi

∂Pr,v1

∂αi

∂Pr,v2

Ei
BB+α2

i

∂τi
∂Pr,v1

∂τi
∂Pr,v2

Ei
AA

− αi

(
∂αi

∂Pr,v1

∂τi
∂Pr,v2

+
∂τi

∂Pr,v1

∂αi

∂Pr,v2

)
Ei

CC

)

+

LT∑
i=1

(
∂αi

∂Pr,v1

∂αi

∂Pr,v2

Ei
B + α2

i

∂τi
∂Pr,v1

∂τi
∂Pr,v2

Ei
A

− αi

(
∂αi

∂Pr,v1

∂τi
∂Pr,v2

+
∂τi

∂Pr,v1

∂αi

∂Pr,v2

)
Ei

C

))
,

(10)

where v1, v2 ∈ {x, y, z} and

∂xi(t− τi)

∂Pr,v(1|2)
= x′

i(t− τi)

(
− ∂τi
∂Pr,v(1|2)

)
, (11)

∂τi
∂Pr,v(1|2)

=
Pr,v(1|2) − P i

t,v(1|2)

c‖P r − P i
t‖

, (12)

∂αi

∂Pr,v(1|2)
= − (mi + 1)Ap

2π

([
(P r − P i

t)
Tni

t

]mi−1

‖P r − P i
t‖mi+3

×
(
mi n

i
t,v(1|2)(P r − P i

t)
Tnr + nr,v(1|2)(P r − P i

t)
Tni

t

)

−
(mi + 3)(Pr,v(1|2) − P i

t,v(1|2))

‖P r − P i
t‖mi+5

(
(P r − P i

t)
Tni

t

)mi

(P r − P i
t)

Tnr

)
, (13)

with the following signal energies

Ei
A �

∫ T0,i

0

(x′
i(t))

2

(1 + αiRxi(t)ζ2n)
dt,

(14a)

Ei
AA �

∫ T0,i

0

(x′
i(t))

2

(1 + αiRxi(t)ζ2n)
2
dt, (14b)

Ei
B �

∫ T0,i

0

(xi(t))
2

(1 + αiRxi(t)ζ2n)
dt, (14c)

Ei
BB �

∫ T0,i

0

(xi(t))
2

(1 + αiRxi(t)ζ2n)
2
dt, (14d)

Ei
C �

∫ T0,i

0

xi(t)x
′
i(t)

(1 + αiRxi(t)ζ2n)
dt, (14e)

Ei
CC �

∫ T0,i

0

xi(t)x
′
i(t)

(1 + αiRxi(t)ζ2n)
2
dt. (14f)

Here, it is assumed that for an observation interval of [0, To,i],
xi(t) is real and positive. The terms ∂τi/∂Pr,v(1|2) , and
∂αi/∂Pr,v(1|2) in (12) and (13) illustrate how the geometric con-
figuration of the LED transmitters and photodetecting receiver
(orientation, irradiance angle, incidence angle, and positioning)
may have an impact. Even more, Ei

A, Ei
AA, Ei

B, Ei
BB, Ei

C,
and Ei

CC in (14) denote the effect of the transmitted signals’
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energies. Then, the effective CRLB of the positioning error can
be obtained based on (9) from (10) as in [3]

CRLB � trace
{I−1

sync

}
. (15)

This expression provides the performance bounds for the 3D
positioning accuracy evaluated in a synchronous VLP system
under the effects of SDSN, which has not yet been studied in the
literature.

Remark 1: The CRLB in (15) is the inverse of the FIM
in (10). It can be observed that the ζ2n term appears in the
denominator and that as ζ2n → ∞, in this case, the second

summation
∑LT

i=1

(
∂αi

∂Pr,v1

∂αi

∂Pr,v2
Ei

B + α2
i

∂τi
∂Pr,v1

∂τi
∂Pr,v2

Ei
A −

αi(
∂αi

∂Pr,v1

∂τi
∂Pr,v2

+ ∂τi
∂Pr,v1

∂αi

∂Pr,v2
)Ei

C

)
→ 0. Consequently,

[Isync] becomes very small, which greatly increases the CRLB.

B. 3D Positioning Estimation in Quasi-Synchronous System

In this section, we study a quasi-synchronous VLP system
operating under the effects of SDSN, where Δi = Δ in (3) rep-
resents all the synchronized LED transmitters that have a timing
bias with the photodetecting receiver. Here, the TDOA param-
eter is considered instead of TOA to eliminate the unknown
deterministic parameterΔ from τi =

‖P r−P i
t‖

c +Δ. The TDOA
parameter measurements are computed by (τi − τj), where τi
and τj represent the TOA measurements at the photodetecting
receiver from the ith and jth LED transmitters, and this happens
for i, j ∈ {1, . . . , LT} and i �= j. Therefore, the scenario is
termed hybrid TDOA-RSS. Now, based on (2), (3), and (4) the
vector containing the set of unknown parameters in (7) becomes
� = [Pr,x Pr,y Pr,z Δ]T . Now, from (7) and (8), the FIM Iqsyn
can be derived by utilizing (11)–(13) and (14) as

[Iqsyn] =
[IA Ib
IT
b Id

]
, (16)

[IA]v1,v2

=
R2

σ2
n

(
ζ4n σ

2
n

LT∑
i=1

(
∂αi

∂Pr,v1

∂αi

∂Pr,v2

Ei
BB+α2

i

∂τi
∂Pr,v1

∂τi
∂Pr,v2

Ei
AA

− αi

(
∂αi

∂Pr,v1

∂τi
∂Pr,v2

+
∂τi

∂Pr,v1

∂αi

∂Pr,v2

)
Ei

CC

)

+

LT∑
i=1

(
∂αi

∂Pr,v1

∂αi

∂Pr,v2

Ei
B + α2

i

∂τi
∂Pr,v1

∂τi
∂Pr,v2

Ei
A

− αi

(
∂αi

∂Pr,v1

∂τi
∂Pr,v2

+
∂τi

∂Pr,v1

∂αi

∂Pr,v2

)
Ei

C

))
,

(17a)

[Ib]v(1|2),Δ

=
R2

σ2
n

(
ζ4n σ

2
n

LT∑
i=1

(
α2
i

∂τi
∂Pr,v(1|2)

Ei
AA − αi

∂αi

∂Pr,v(1|2)
Ei

CC

)

+

LT∑
i=1

(
α2
i

∂τi
∂Pr,v(1|2)

Ei
A − αi

∂αi

∂Pr,v(1|2)
Ei

C

))
, (17b)

[Ic]Δ,Δ =
R2

σ2
n

(
ζ4n σ

2
n

LT∑
i=1

(
α2
i E

i
AA

)
+

LT∑
i=1

(
α2
i E

i
A

))
.

(17c)

Now, in the presence of the nuisance parameter Δ, the FIM
Iqsyn can be calculated for the parameters of interest P r from
(16) based on (17) as in [22]

Iqsyn =

(
IA − IbI−1

d IT
b

)
. (18)

Consequently, the effective CRLB is derived based on (9) from
(18) after excluding the nuisance parameter Δ as

CRLB � trace
{I−1

qsyn

}
. (19)

Remark 2: It is key to note that the CRLB in (19) is larger
than or equal to that in (15) due to estimation of the additional
parameter. This can be explained by noting that [IA] = [Isync].
We can consequently affirm that

[Isync]− [Iqsyn] ≥ Z, (20)

where Z = IbI−1
d IT

b . Here Z is a positive semidefinite ma-
trix because IbIT

b and I−1
d are always positive. This means

that the quasi-synchronous scenario is always worse than the
synchronous one. It also means, though, that it approaches the
performance of the synchronous scenario ifΔ = 0 or if the terms
Ei

A, Ei
AA, Ei

C, and Ei
CC are zero.

C. 3D Positioning Estimation in Asynchronous System

This section studies the positioning error performance in an
asynchronous VLC system under the effects of SDSN. In an
asynchronous system, there exists a timing bias Δi between the
photodetecting receiver and the LED transmitters clocks, where
Δi is considered to be an unknown deterministic parameter
for all i ∈ {1, . . . , LT}. Therefore, the relationship in (3) is
unknown, meaning that the relationship betweenαi andPr from
(2) needs to be exploited in order to estimate the position. This
scenario is considered to be an RSS-based position estimation
since αi is related to RSS. Now, based on (2), (3), and (4) the
vector containing the set of unknown parameters in (7) becomes
� = [Pr,x Pr,y Pr,z τ ]T , where τ = [τ1 . . . τLT

]. Then, the FIM
I(�2) can be derived from (7) and (8) utilizing (11)–(13) and
(14) as

[Iasyn] =
[IA IB
IT
B ID

]
, (21)

[IA]v1,v2
=

R2

σ2
n

(
ζ4n σ

2
n

LT∑
i=1

(
∂αi

∂Pr,v1

∂αi

∂Pr,v2

Ei
BB

)

+

LT∑
i=1

(
∂αi

∂Pr,v1

∂αi

∂Pr,v2

Ei
B

))
, (22a)
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[IB]v(1|2),τi = − R2

σ2
n

αi
∂αi

∂Pr,v(1|2)

(
ζ4n σ

2
n E

i
CC + Ei

C

)
,

(22b)

for i, j ∈ {1, . . . , LT} with

[ID]τi,τj =

⎧⎨
⎩

R2

σ2
n

α2
i

(
ζ4n σ

2
n E

i
AA + Ei

A

)
if i = j,

0 otherwise.
(22c)

Now, in the presence of the nuisance parameter τi for i ∈
{1, . . . , LT}, the FIM Iasyn for the parameters of interest P r

can be calculated based on (21) from (22) as

Iasyn =

(
IA − IBI−1

D IT
B

)
. (23)

The effective CRLB can be subsequently derived from (9) and
(23), after excluding the nuisance parameter τi, as

CRLB � trace
{I−1

asyn

}
. (24)

Remark 3: Now, when ζ2n = 0 (i.e., suggesting no SDSN),
all the terms in (15), (19), and (24) match perfectly with those
in [6] and [13], hence validating the presented analysis.

IV. SIMULATION AND PERFORMANCE ANALYSIS

In this section, the theoretical limits of the positioning
estimation error performance are investigated with the help
of simulation. We consider an area of 8× 8× 5 m3 with a
perpendicular distance of 4 m between the LED transmit-
ters and the photodetecting receiver. There are LT = 4 LED
transmitters placed at P 1

t = [2 2 5]T , P 2
t = [6 2 5]T , P 3

t =
[2 6 5T ], and P 4

t = [6 6 5]T , respectively. The photodetecting
receiver is placed at Pr = [4 4 1]T . The LED transmitters’ ori-
entation vectors are given as ni

t, where ni
t,x = sin θi cosφi,

ni
t,y = sin θi sinφi, and ni

t,z = cos θi, for i ∈ {1, 2, 3, 4}. The
LED transmitters’ orientation angles are set to (θ1, φ1) =
(150◦, 45◦), (θ2, φ2) = (150◦, 135◦), (θ3, φ3) = (150◦,−45◦),
and (θ4, φ4) = (150◦,−135◦). The photodetecting receiver’s
orientation nr is chosen as nr = [0 0 1]T . The LED transmit-
ters’ Lambertian order is mi = 1, and the VLC photodetector’s
responsivity is assumed to be R = 1 A/W with an area AP of
3× 3 cm2. The noise variance is σ2

n = 10−10 W, ζ2n ∈ [0, 10],
and the signal xi(t) in (4) is modeled as

xi(t) = A (1− cos (2π t/To,i)) (1 + cos (2π fc t)) , (25)

where A = 30 dBm is the source optical power applied with a
signal duration of To,i = 10−5 s and a carrier frequency of fc =
100 MHz. The aforementioned parameters in Table I remain
constant unless otherwise stated.

Fig. 2 studies the effect of ζ2n on the CRLBs for synchronous,
quasi-synchronous, and asynchronous scenarios. The CRLB for
each scenario has the lowest value when ζ2n = 0 (i.e., no SDSN).
However, as ζ2n increases, SDSN impacts the estimation bounds
in all the cases, which is evident from the figure. For instance,
error bounds at ζ2 = 0 and ζ2 = 10 for the synchronous scenario
is about 8.7 cm and 10.2 cm, whereas for the quasi-synchronous

TABLE I
PARAMETERS DATA SHEET

Fig. 2. CRLB versus ζ2n for synchronous, quasi-synchronous, and asyn-
chronous scenarios.

Fig. 3. CRLB degradation % versus ζ2n for synchronous, quasi-synchronous,
and asynchronous scenarios.

scenario it is about 28.2 cm and 35 cm, and for the asynchronous
scenario it is about 55.3 cm and 70 cm.

Fig. 3 illustrates the error bound degradation in the presence
of SDSN for all considered scenarios. We calculate the CRLB
degradation as

CRLBdeg =

(
CRLBζ2

n>0

CRLBζ2
n=0

− 1

)
× 100%. (26)

The CRLBs are obtained using (15), (19), and (24) for
synchronous, quasi-synchronous, and asynchronous scenarios,
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Fig. 4. CRLB as the photodetector receiver moves inside the space for syn-
chronous scenario, where To,i = 10−4s.

respectively. The asynchronous scenario shows the worst per-
formance with a degradation level of 26.3% when ζ2n = 10,
followed by the quasi-synchronous scenario with a degradation
level of 24.01% and the synchronous scenario with a degradation
level of 17.47%. This behaviour can be explained by noting that
the asynchronous position estimation relies only on the αi pa-
rameter, which is related to RSS. So as RSS increases, the SDSN
has more of an impact on the error bounds for the asynchronous
scenario compared to the synchronous and quasi-synchronous
scenarios, which makes sense since these scenarios use both αi

and τi parameters.
Fig. 4 shows the contour plots used to study the effect of ζ2n

on the error bounds for the synchronous scenario. The photode-
tecting receiver moves inside the considered area along the edge
from the P r = [0 0 1]T to the P r = [8 8 1]T positions.

Fig. 4(a) illustrates the CRLB when ζ2n = 0 (i.e., no SDSN)
and Fig. 4(b) shows the CRLB when ζ2n = 20. The result here
agrees with the ones in the previous figure, where ζ2n has a
negative impact on the error bounds because the contour area
for each one is smaller when SDSN is present. In addition, as
the figure shows, when the photodetecting receiver is placed at
the edges, SDSN has less of an impact on the error bounds.
This is due to the fact that the signal strength decreases when
moving away from the LED transmitters. This confirms that the
impact of SDSN depends on the RSS. The quasi-synchronous

Fig. 5. CRLB versus source optical power for synchronous, quasi-
synchronous, and asynchronous scenarios.

and asynchronous scenarios demonstrated a similar trend, so
their figures were not included.

Finally, in Fig. 5, the CRLBs for synchronous, quasi-
synchronous, and asynchronous scenarios are plotted against the
source optical powerA for different values of ζ2n. As anticipated,
a higher source optical power improves the CRLBs for all
considered scenarios. Moreover, the synchronous scenario still
demonstrates the best performance for all the studied energy
and ζ2n values. However, as can be seen, the presence of SDSN
mitigates the effect of increasing optical power at the source. For
example, in the quasi-synchronous scenario, a 1.0 dBm power
loss between ζ2n = 0 and ζ2n = 10 is observed when the CRLB
= 10−1. This loss increases to more than 2.0 dBm when the
CRLB = 10−2. The same trend is observed in both the syn-
chronous and asynchronous scenarios.

Moreover, there is a point where the performance of the
quasi-synchronous scenario at ζ2n = 10 is eclipsed by that of
the asynchronous scenario at ζ2n = 0. This can be observed in
the subplot where the blue and red lines intersect (i.e., the quasi-
synchronous scenario demonstrates better performance before
a source optical power of 36.4 dBm, and poor performance
afterwards). The same behaviour can be observed between the
quasi-synchronous at ζ2n = 5 and the asynchronous scenario at
ζ2n = 0. In this case, the point of intersection shifts to the right
towards 39.2 dBm.

V. CONCLUSION

This paper presents the theoretical CRLBs for a 3D VLP
system under the effects of SDSN. We consider three different
scenarios, and it was shown that the SDSN has a severe impact
on the estimation bounds in all studied scenarios. Furthermore,
it was observed that the degradation level is higher for the asyn-
chronous scenario when the position estimation is based only on
the channel attenuation factor, which is related to RSS, and is
impacted more by the presence of SDSN. In comparison, when
the position estimation considers both the channel attenuation
factor and either the time of arrival or the time difference of
arrival parameters, the VLP systems are impacted much less.
In future works, estimators that can correspond to the CRLB’s
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performance in a system under the effects of SDSN will be
considered.
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