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Constructing Spin Density Vector Twists With
Spin Density Singularity
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Abstract—In this article, we propose a non-orbital angular
momentum (OAM) method for constructing the spiral twists of
spin density (SD) vectors in three-dimensional (3D) optical fields.
This is realized by generating strings of SD singularities in a
longitudinal plane of a strongly focused HG10 mode beam with
circular polarization. We demonstrate that in this plane, the SD
singularities manifest themselves as the Gouy phase difference.
Through observing the Gouy phase difference, the strings of the
SD singularities and their topological reactions are examined. It is
found that the spiral twists of SD vectors are constructed in the
two-dimensional (2D) space between two strings and their twisting
behaviors can be adjusted by the topological reactions of the strings.
This finding shows that the spiral twists can be formed in a 2D
space rather than the 1D space in previous studies, which provides
a more flexible way to utilize this rotational degree of freedom. Our
result also clarifies that although the spiral twists of SD vectors
can be a result of spin-orbital angular momentum interaction,
the OAM is not a necessary condition for the generation of these
twists. Our theoretical proposal for structuring SD vectors may
have applications in 3D optical manipulation.

Index Terms—Spin density, optical singularity, orbital angular
momentum, spin angular momentum, Gouy phase.

I. INTRODUCTION

EXPLORING new freedoms of optical fields and con-
trolling them is one of the main aims in optical stud-

ies, ranging from utilizing intensity in lighting, applying
phase/polarization/coherence (the nowadays well-known free-
doms) in holography, liquid-crystal displays, optical coherence
tomography, etc [1]–[3], to employing optical momenta, includ-
ing linear momentum and angular momentum in optical manipu-
lation [4]–[7]. New freedom always opens up novel capabilities
of light. Spin angular momentum (SAM) density, also called
spin density, is usually a scalar quantity in two-dimensional
(2D) fields to express the density of the SAM with direction,
while in a three-dimensional (3D) vector field, it becomes a
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vector, and the spin density (SD) vector supplies a new freedom
in structuring 3D vector fields [8]–[12]. Studies on SD vectors
have become a field with rapidly growing interest [13]–[26],
and the new features have been found in 3D nano-optics, such
as their effect in controlling light–matter interaction on the
level of individual atoms [27], in the emission directivity of a
dipole-like nano-particle [28]. The transverse component of the
SD vector has been demonstrated to have a close connection with
geometrical spin Hall effect of light [29]–[36], and when the SD
vectors are purely transverse, the ‘photonic wheel’ phenomenon
occurs, which has promising applications in on-chip and inter-
chip optical circuitry and optical quantum computing [13], [14],
[17], [24]. Especially, it is interesting to find that the SD vectors
can rotate along the propagation direction, i.e. the spiral twists
of SD vectors can be constructed in 3D space [19]. Since the
spiral twists of SD vectors can provide a new rotational degree
of freedom in 3D optical manipulation, a number of 3D vector
fields have been proposed for generating the spiral twists of
SD vectors [20]–[22], [25], [26]. However, there may exist two
problems in these reported researches. In all these fields, the
orbital angular momentum (OAM) is used for generating the
twists, and it is also found that the spiral twist of SD vectors is a
result of the spin-orbital interactions (SOIs) [19]–[21], [37]. So,
one problem is: there seems a misunderstanding that the OAM
is a necessary condition for the generation of the spiral twist of
SD vectors. The other problem is the tiny space of the spiral
twists, i.e., the spiral twists are generated along one optical axis
in all previous researches. This means that the spiral twists only
exist in a very narrow region, i.e., in the one dimensional (1D)
space, which may limit the application of this rotational degree
of freedom. Here we will propose a new way to construct these
spiral twists and show that the OAM can be absent from the
generation of these spiral twists, and these twists can occur in a
wide region, i.e, in a 2D space.

When 3D optical fields are observed from the topological
view, there will exhibit distinctive scenes. Around a C point
the long axes of the polarization ellipses compose Möbius
strips [38]–[40], a fully structured optical field can exhibit topo-
logical 3D skyrmionic hopfion [41], and the phase/polarization
singular lines may be knotted in different shapes [12], [42],
[43]. Although the topological behaviors of these singularities
obey the sign rule [44], they will do some ‘disordered’ reactions
locally because of the Berry’s paradox [45]–[47]. Very recently,
it is found some new optical singularities hidden in 3D vector
fields and unique to these fields [48]. They are SD singularities,
including SD phase singularity and SD vector singularity, which
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characterize the phase distribution and the vector structure of
the 3D vector fields respectively. The SD singularities also
follow the topological rules of singular optics and have a close
connection with the conventional optical singularities [48]. The
complexity of the SD singularities usually causes them hard to be
observed. Here we will show that under certain circumstances,
the SD singularities can express themselves through another
physical quantity, which is more convenient to examine. More
importantly, it will be seen in this article that the SD singularities
are the essential ingredient for constructing the spiral twists of
SD vectors.

II. THEORY

A. SD Vector and SD Singularity

In general, an electromagnetic field is 3D, and a fully polar-
ized electric field can be expressed as (the time-dependent is
suppressed)

E =

⎛
⎝ ex

ey
ez

⎞
⎠ =

⎛
⎝ |ex| eiφx

|ey| eiφy

|ez| eiφz

⎞
⎠ , (1)

where φi (i = x, y, z) denotes the phase of the Cartesian field
component ei. At a point of this 3D electric field, the polarization
ellipse can lie in any plane in the 3D space. The SD vector, sE as
a quantity describing the 3D polarization state, is given by [9],
[14], [19]:

sE =
ε0
4ω

Im(E∗ ×E) =

⎛
⎜⎝ s

(x)
E

s
(y)
E

s
(z)
E

⎞
⎟⎠

=
ε0
2ω

⎛
⎝ |ey||ez| sinφzy

|ex||ez| sinφxz

|ex||ey| sinφyx

⎞
⎠ , (2)

where ω denotes the angular frequency and ε0 is the permittivity
of free space. Im represents the imaginary part and ∗ means the
complex conjugate. φij = φi − φj , (i, j = x, y, z) is the phase
difference between two components. In many optical fields,
such as the fields in a high numerical aperture (NA) system,
the phase difference φij is actually the Gouy phase difference
δij , i.e.,φij = δij = δi − δj [19], [49]–[51]. Here δi is the Gouy
phase of the field component ei, which is defined as the phase
difference between the actual optical field and the ideal field
(without diffraction) [1], i.e.

δi = arg[ei]− kR, (i = x, y, z) (3)

where arg means the phase/argument of the field component,
k = 2π/λ is the wave number and R is the distance between the
observed point and the focus.

SD singularities are characteristic singularities of the 3D
vector field [48], including the SD phase singularity and the
SD vector singularity. A SD phase singularity occurs when the
complex SD field, s(ij)E (i, j = x, y, z; i �= j) expressed as

s
(ij)
E = s

(i)
E + is

(j)
E ,

(i, j = x, y, z; ˜˜i �= j) (4)

Fig. 1. Schematic illustration of a high NA system.

has null intensity. That is |s(i)E | = |s(j)E | = 0, thus the phase of

s
(ij)
E is undefined. The SD vector singularity means that the

direction of the SD vector is undefined, which happens if the
(total) SD is zero. So a SD vector singularity is formed at the
point with |s(x)E | = |s(y)E | = |s(z)E | = 0. The definitions of these
two types of SD singularities also indicate that when two kinds
of SD phase singularities, for example the phase singularities of
s
(xy)
E and s

(yz)
E coincide at one point, this point must be a SD

vector singularity.

B. 3D Optical Field in a High NA System

In this section a non-vortex beam with circular polarization is
considered as the incident beam of a high NA system for forming
strings of SD singularities in the focal region.

First, this incident beam is a beam of the HG10 mode which
is left-handed circularly polarized (LCP), and at the beam waist
plane it can be expressed as [52]:

E(in)(x, y) =

(
e
(in)
x

e
(in)
y

)
= xe−(x2+y2)/w2

0

(
1
i

)
, (5)

where w0 is the waist size. (5) also can be written in polar
coordinates by usingx = r cosφ, y = r sinφ. Note this incident
beam only carries SAM but not OAM.

Second, consider a high NA system with the focal length f and
a semi-aperture angle α (see Fig. 1). The focus of this system is
set at the origin of the coordinate system. Assume that the HG10
beam expressed by (5) is incident upon this focusing system
with its the waist plane coincident with the entrance plane of
the system. Then the 3D electric field at point (ρs, φs, zs) in the
focal region can be derived through applying the Richards-Wolf
vectorial diffraction theory [53], as

E(f) (ρs, φs, zs) = x̂e(f)x + ŷe(f)y + ẑe(f)z , (6)

and

e(f)x (ρs, φs, zs) = −ik

∫ α

0

P (θ)Ix(θ; ρs, φs)e
ikzs cos θdθ,

(7)

e(f)y (ρs, φs, zs) = −ik

∫ α

0

P (θ)Iy(θ; ρs, φs)e
ikzs cos θdθ,

(8)

e(f)z (ρs, φs, zs) = −ik

∫ α

0

P (θ)Iz(θ; ρs, φs)e
ikzs cos θdθ,

(9)
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where

P (θ) =
√
cos θ(f sin θ)2e−(f sin θ)2/w2

0 , (10)

Ix(θ; ρs, φs)

=
1

4
[(1− cos θ) sinφs + i (3 cos θ + 1) cosφs]

J1 (kρs sin θ)

+ i
1

4
(1− cos θ) ei3φsJ3 (kρs sin θ) , (11)

Iy(θ; ρs, φs)

=
1

4
[i (cos θ − 1) sinφs − (3 + cos θ) cosφs]

J1 (kρs sin θ)

+
1

4
(1− cos θ) ei3φsJ3 (kρs sin θ) , (12)

Iz(θ; ρs, φs)

=
1

2
sin θ

[−J0 (kρs sin θ) + ei2φsJ2 (kρs sin θ)
]
.

(13)

In the equations above Jn(x) represents the Bessel function
of first kind with order n. Since the incident field is LCP, it is
convenient to re-write the transverse component of the focused
field into a sum of orthogonal circularly polarized components,
i.e., a LCP component and a right circularly polarized (RCP)
component. Thus (6) can be written as:

E(f)(ρs, φs, zs) =

⎡
⎣ 1i
0

⎤
⎦ e

(f)
LCP +

⎡
⎣ 1
−i
0

⎤
⎦ e

(f)
RCP +

⎡
⎣ 00
1

⎤
⎦ e(f)z ,

(14)
with

e
(f)
LCP(ρs, zs, φs)

=
k

2

∫ α

0

P (θ) (1 + cos θ) cosφsJ1 (kρs sin θ) e
ikzs cos θdθ,

(15)

e
(f)
RCP(ρs, zs, φs) =

k

4

∫ α

0

P (θ) (cos θ − 1)

× [eiφsJ1 (kρs sin θ)− ei3φsJ3 (kρs sin θ)
]
eikzs cos θdθ.

(16)

The analyses and the results in the following are mainly based
on the expressions of this 3D field.

In this section, we introduce a method to generate a 3D vector
field by focusing a HG10 beam without OAM in a high NA
system. As it will be seen in the following, by present method
the spiral twists of the SD vectors can be constructed and their
behaviors are closely related to the SD singularities.

III. RESULTS AND DISCUSSIONS

From (16), we can find that when φs = ±90◦, e(f)LCP = 0,

which means that only e
(f)
RCP and e

(f)
z components left in the

ysOzs-plane. As we will see soon, because of this special
property very interesting phenomena can be observed in this
plane.

A. SD Singularity and Gouy Phase

Here we will discuss the SD singularity in the ysOzs-plane.
By puttingφs = ±90◦ into Eqs. (7–13), we can get e(f)x = ie

(f)
y .

This implies: ∣∣∣e(f)x

∣∣∣ = ∣∣∣e(f)y

∣∣∣ , (17)

δ(f)yx = δ(f)y − δ(f)x =φ(f)
y − φ(f)

x = −π/2, (18)

here δ(f)ij is the Gouy phase difference between the e(f)i and the

e
(f)
j (i, j = x, y, z) components of the focused field. Also since

δ
(f)
zy = δ

(f)
z − δ

(f)
y = −(−δ

(f)
xz + δ

(f)
yx ) = −δ

(f)
xz + π/2, the SD

vector in the ysOzs-plane becomes

sE =

⎛
⎜⎝ s

(x)
E

s
(y)
E

s
(z)
E

⎞
⎟⎠ =

ε0
2ω

⎛
⎜⎜⎜⎝
∣∣∣e(f)x

∣∣∣ ∣∣∣e(f)z

∣∣∣ cos δ(f)xz∣∣∣e(f)x

∣∣∣ ∣∣∣e(f)z

∣∣∣ sin δ(f)xz

−
∣∣∣e(f)x

∣∣∣2

⎞
⎟⎟⎟⎠ . (19)

From the definition of the SD singularity and (19), we can get
that in the ysOzs-plane the SD phase singularity will be found
at the point with |e(f)z | = 0, and the SD vector singularity will
be seen at the point with |e(f)x | = 0 (note this point also is a SD
phase singularity). Thus, we can conclude that if

|e(f)x ||e(f)z | = 0, (20)

the SD singularity will happen. Let us recall the meaning of
the Gouy phase difference δ

(f)
xz . δ(f)xz is exactly the phase of the

expression e
(f)
x e

∗(f)
z , i.e.

δ(f)xz = arg
[
e(f)x e∗(f)z

]
, (21)

which means that if (20) is satisfied, the Gouy phase difference
δ
(f)
xz is undefined, i.e. the singularity of δ(f)xz will happen. Thus we

can get an conclusion: In the ysOzs-plane the SD singularities
can manifest themselves as the singularities of the Gouy phase
difference δ

(f)
xz . Therefore, the SD singularity can be analyzed

through a more convenient way i.e., observing the Gouy phase
difference δ(f)xz , the more direct physical quantity. This also can
be seen clearly in Fig. 2.

In Fig. 2(a), the SD vectors of the focused field forφs = ±90◦

(in the ysOzs-plane, with 2λ < zs < 6λ and −2λ < ys < 2λ)
are drawn, and their projection on the ysOzs-plane is displayed
in Fig. 2(b), where the arrows in small scale (such as the arrows
near points (3,0) and (5,0)) indicate that the s

(x)
E is the leading

component there. The corresponding Gouy phase difference δ(f)xz

is drawn in Fig. 2(c), where δ
(f)
xz is set between −π to +π.

In all plots α = 60◦, f/w0 = 2. In Fig. 2(c), the intersections
of different contours are the singularities of δ

(f)
xz , which also

represent the SD singularities. It is quite clear that the SD
singularities are easier to identify in the phase-type illustration,
for example the singular points ‘A’ and ‘B’ are the intersections
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Fig. 2. Distribution of the SD vectors in the ysOzs-plane of the focused field.
(a) The SD vectors in the 3D space, (b) the projection of the SD vectors on the 2D

space, the ysOzs plane, (c) the Gouy phase difference δ(f)xz in the ysOzs-plane,
where the intersections of different contours indicate the singularities of the
Gouy phase difference, and also the SD singularities. Here α = 60◦.

Fig. 3. SD singularity strings in the ysOzs-plane for α = 60◦.

of contours in Fig. 2(c), while in Fig. 2(a) and (b) these two
points need more SD vectors to identify their local topological
structures. Therefore, from here on, the Gouy phase difference
δ
(f)
xz is used to examine the behaviors of the SD singularities.

The Gouy phase difference δ
(f)
xz in the ysOzs-plane with a

wide region is illustrated in Fig. 3, where the parameters are
the same as in Fig. 2. It is interesting to see that there exist
‘strings’ of SD singularities in the ysOzs-plane (the singularities
in the same string are connected by a blue curve in Fig. 3),
and since the infinite propagation distance, these SD singularity
strings are theoretically infinite in length. The strings appear
in pair as the singularities do, and the topological charge for
each SD singularity along the longer string in upper space (ys >
0, labeled by ‘String1’) is −1 which is opposite to the charge
of any singularity on the corresponding string in lower space
(ys < 0, labeled by ‘String2’). The charges of the first five pairs
of singularities along String1 and String2 are marked in white.

Here we will see that as the semi-aperture angle α changes,
the SD singularity strings are ‘plucked’. For α = 65◦ and 70◦,
the distributions of the SD singularities are shown in Fig. 4. We
can find that with the increase of α, more singularities ‘crowd’

Fig. 4. SD singularity strings in theysOzs-plane for (a)α = 65◦, (b)α = 70◦.

into the region near focus, in other words there are more SD
singularities in the same region. For instance there exist 7 pairs
of singularities along String1 and String2 in Fig. 3 for α = 60◦,
while there are more than 8 pairs in Fig. 4(b) for α = 70◦. At
the same time, as α increases (from 60◦ to 70◦), the annihilation
occurs topologically. The SD singularity A with charge −1
annihilates with point B with charge +1 (see Figs. 3 and 4).
Such a topological event will continue to happen when α keeps
increasing, which means that the pairs of the SD singularities
along two long strings (String1 and String2) will annihilate one
by one ifαgets bigger and bigger. Additionally, whenαbecomes
larger, one also can find that the positions of the SD singularity
strings move slightly closer to the optical axis, for instance
when α = 60◦ the second singularity in Sting1 is located at
ys = 0.72λ, while when α = 70◦ it is located at ys = 0.63λ.

These phase structures around the SD singularities, as we will
see in the following, can induce the twists of SD vectors, and
the positions of the strings will decide the shapes of the twists.

B. SD Vector Twists

From (19), one can find that s(z)E only depends on the absolute

value of e(f)x , thus the longitudinal component of the SD vector
always points to −zs direction in the ysOzs-plane (except the
points with |e(f)x | = 0), while s

(y)
E /s

(x)
E = tanδ

(f)
xz implies that

the trajectory of the transverse component of the SD vector can
be a circle. These two factors lead to a result: the twists of SD
vectors can be constructed in the ysOzs-plane, especially when
δ
(f)
xz is a monotonic function, the SD vectors will form a helical

structure, otherwise they will create ‘waves’.
Here we observe the SD vectors along oblique rays in the

ysOzs-plane with θb denoting the oblique angle from the +zs
axis to the ray. In Fig. 5, the oblique rays are shown, where
the dashed black lines represent the rays with θb = ±5◦ and the
dashed white lines are the rays with θb = ±3◦ (here α = 60◦).
We can find that when the rays pass through the region between
a pair of SD singularities, for instance the ray with θb = ±3◦,
δ
(f)
xz decreases monotonically. This can be seen more directly

in Fig. 6 where δ
(f)
xz is plotted as a function of zs along the

oblique rays. Fig. 6 shows that when θb = 3◦, the Gouy phase
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Fig. 5. Illustration of oblique rays in the ysOzs-plane. Here θb denotes the
oblique angle between the oblique ray and the +zs axis.

Fig. 6. Gouy phase difference δ
(f)
xz along oblique rays in the ysOzs-plane.

(a)θb = 3◦, (b)θb = 5◦. Here α = 60◦.

Fig. 7. SD vector twists along oblique rays in the ysOzs-plane. (a)θb = ±3◦,
(b)θb = ±5◦. Here α = 60◦.

difference δ
(f)
xz is a monotonic function of zs in the range of

0 < zs < 16λ, whereas the monotonic property of δ(f)xz does not
hold in 10λ < zs < 12λ as θb increases to 5◦. Note that δ(f)xz is
a periodic function, and the ‘monotonic’ here means that in its
each period δ

(f)
xz decreases/increases monotonically.

The SD vectors along the oblique rays corresponding to
the dashed lines in Fig. 5 are shown in Fig. 7, where the

Fig. 8. Gouy phase difference δ
(f)
xz along oblique rays in the ysOzs-plane.

(a)θb = 3◦, (b)θb = 5◦. Here α = 70◦.

blue arrows denote the SD vectors and the red curves around
them indicate the envelope of the SD vectors. One can see
that in the monotonic region, the SD vectors rotate clockwise
along the propagation direction (see Fig. 7(a) for θb = ±3◦),
while in the non-monotonic region, for instance in the range of
10λ < zs < 12λ for θb = ±5◦ (Fig. 7(b)), the SD vectors ‘wave’
(i.e. move back and forth) there. Combined with analyses above,
we can get that in the ysOzs-plane there can be multi-twists of
SD vectors along a group of oblique rays (for instance the rays
between points A and B in Fig. 5), namely the spiral twists in
the monotonic region and the wave twists in the non-monotonic
region. This implies that in the present focused field the spiral
structure of SD vectors can exist in a wider region, a 2D space,
rather than only along one fixed direction, i.e. the 1D propagation
axis in previous studies [19]–[22], [25], [26]. Furthermore, the
present 3D field is constructed without optical vortex, and this
also indicates that although the spiral structure of SD vectors can
be a result of SOIs [19]–[21], [37], the OAM is not a necessary
condition for this special structure (despite the fact that the OAM
were used in all previous studies).

Next, we show that these twists of SD vectors can vary with
the strings of SD singularities. As it is discussed in sec. 3.1, if
α changes, the topological reaction of the SD singularities can
take place and the strings of SD singularities will move. When
α increases to 70◦, the curves of the Gouy phase difference
δ
(f)
xz along the oblique rays θb = 3◦, 5◦ are illustrated in Fig. 8,

and the SD vectors along the oblique rays of θb = ±3◦,±5◦ are
drawn in Fig. 9. First, by observing Fig. 8 and Fig. 4(b), we can
see that since the annihilation of the SD singularities (points A
and B), the range (about) 0 < zs < 2λ becomes non-monotonic
(see Fig. 8(a) and Fig. 8(b)), thus there the SD vectors exhibit the
wave twists (see Fig. 9(a) and (b)). Second, because the positions
of the SD strings move closer to the axis, the non-monotonic
range for θb = 5◦ becomes wider. This can be seen in Fig. 8(b)
where the non-monotonic range is 8λ < zs < 16λ. While for
α = 60◦ the non-monotonic range is only 10λ < zs < 12λ in
Fig. 6(b). So, in Fig. 9(b) the ‘wave’ structure of the SD vectors
is longer than that in Fig. 7(b). Third, the Gouy phase difference
δ
(f)
xz along the ray with θb = 3◦ changes faster in α = 70◦ than it

does in α = 60◦. In other words, the absolute value of the slope



6523508 IEEE PHOTONICS JOURNAL, VOL. 14, NO. 3, JUNE 2022

Fig. 9. SD vector twists along oblique rays in the ysOzs-plane. (a)θb = ±3◦,
(b)θb = ±5◦. Here α = 70◦.

Fig. 10. The rotation behaviors expressed by the parametric plots. (a)θb = 3◦,
α = 60◦; (b)θb = 5◦, α = 60◦; (c)θb = 3◦, α = 70◦; θb = 5◦, α = 70◦. The
numbers 2, 4,... 16 represent the values of zs (unit: λ).

of δ(f)xz for α = 70◦ is generally bigger than that for α = 60◦.
This is caused by the emergence of more SD singularities when
α increases from 60◦ to 70◦. This is obvious in Fig. 9(a) that
along each oblique ray the spiral twist has more circles (about 8
circles) than them in Fig. 7(a) (about 7 circles).

The rotation behavior of the SD vector twists can also be
observed conveniently by a 2D parametric curve with zs as
the parameter. This is shown in Fig. 10, where xp = zs ∗ s(x)E ,

yp = zs ∗ s(y)E , i.e., the radius of the curve reflects the propaga-
tion distance and the azimuthal angle denotes the rotation angle
with respect to the oblique ray (four plots in Fig. 10 correspond
to the twists in Figs. 7 and 9). Note that the xp and yp are not

Fig. 11. SD vector twists along rays parallel with the zs-axis in the ysOzs-
plane. Here the plotting range is 0 < zs < 16λ, α = 60◦.

real physical quantities, thus their units are not shown. Here
the curves are plotted from zs = 0 to zs = 16λ, and positions
at zs = 2, 4, 6, . . ., 16 (unit: λ) are marked out by blue circles.
The regions for the spiral twists are painted in red, while for the
wave twists they are in green. It is obvious: when α increases
from 60◦ to 70◦, for the small oblique angle (θb = 3◦), the SD
vectors rotate ‘faster,’ while for the big oblique angle (θb = 5◦),
the spiral twisting region shrinks. Note in Fig. 10(d), there is
a ‘discontinuity’ at point zs = 12λ. This is caused by a SD
singularity there.

In all above analyses, the twists of SD vectors are formed
along oblique rays. Actually, this is not the only way to get the
twisting structure of SD vectors in the ysOzs-plane. As we dis-
cussed previously, if the observation rays go through the region
between two strings of SD singularities, the spiral structures of
SD vectors can be constructed. So, at last, we show some other
twists of SD vectors along different rays, see Fig. 11, where
we still choose α = 60◦ and 0 < zs ≤ 16λ. The observation
rays there are not oblique but parallel with the zs-axis. They
are located at ys = 0.5λ, 0.1λ,−0.3λ,−0.7λ. We can see firstly
that the spiral structures are formed on all these four rays, and
the SD vectors rotate clockwise along the propagation direction
in the spiral region. Secondly, for the rays of ys = 0.5λ,−0.3λ,
the spiral twists occupy almost the whole range of the rays. This
is because that the most ranges of these rays are located between
String1 and String2 (see Fig. 3). Thirdly, the wave twists of SD
vectors have relatively long ranges at the tail of the ray with
ys = 0.1λ and at the head of the ray with ys = −0.7λ. This is
caused by the fact that in these ranges the rays are not between
two strings of SD singularities.

In addition, all the results in this article are obtained and
analyzed theoretically, while they also can be observed experi-
mentally. The 3D vector field here can be generated by using a
common high NA system [10], [20], [36], [39], [40], and the
behaviors of SD vectors can be obtained through measuring
total polarization states and the phases of the observed field
via vectorial full-field reconstruction method [41] or by the
nanoprobe scanning measurement [10], [20], [36].
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IV. CONCLUSION

We propose a new and simple way to generate the spiral twists
of SD vectors in a 3D focused field. In our method, the OAM
is not used, which is different from and much easier than all
reported methods. The spiral twists here can be formed in a
wider space, a 2D space, instead of the 1D space in previous
studies. The current method is based on constructing the spiral
twists between the strings of SD singularities in a longitudinal
plane, which is realized by focusing an HG10 beam with left-
handed polarization in a high NA system. It is interesting to find
that there the SD singularities can express themselves through a
more direct physical quantity, the Gouy phase difference, which
supplies us a convenient way to observe the SD singularities.
The topological behaviors of the SD singularity strings and their
effect on the twisting structures of SD vectors are also analyzed,
and it is found that by increasing the semi-aperture angle α, the
topological annihilation of the SD singularities will occur and
the singularity strings will be closer to the central axis, so that
the spiral structures of SD vectors will change into the wave
structures in the annihilation region, while the spiral circles will
increase along the rays closer to the axis.

The finding in this article suggests that the complicated sin-
gularities can manifest in an obvious way in optics. Our work
will supply a new approach for controlling SD vectors in the
3D space, which may have applications in particle manipulation
schemes, such as in the spin-dependent optical manipulation and
in controlling light-matter interactions on the level of individual
atoms [14], [20], [27], [28]. The present study may also be
useful in applications for highly efficient spin-direction couplers
[35]–[37].
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