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Abstract—Visible light communication (VLC) has emerged as
a potential candidate for next generation wireless communication
systems. However, nonlinear characteristics of light emitting diode
(LED), user-mobility, and DC-bias fluctuations are the major fac-
tors that limit the throughput of a VLC link, and makes the overall
additive distortion as non-Gaussian distributed. To mitigate this
non-Gaussian noise processes encountered in VLC systems due to
LED nonlinearity, and user-mobility, recently a random Fourier
features (RFF) based kernel recursive maximum Versoria criterion
(KRMVC) based post-distortion algorithm is proposed, which de-
livers better performance as compared to the classical polynomial
series, and kernel recursive least squares (KRLS) algorithms due
to the incorporation of higher order statistics of error. However,
the performance of RFF-KRMVC algorithm is sensitive to the
choice of kernel-width, and results in approximation errors due
to imperfect choice of kernel-width. This paper proposes a novel
RFF-KRMVC algorithm using a kernel-width sampling (KWS)
technique called as RFF-KWS-KRMVC, which implements the
post-distortion under a hyperparameter-free finite memory budget.
Furthermore, analytical expressions for mean square error, and
error rate are quantified for the proposed RFF-KWS-KRMVC
post-distorter, and corroborated by Monte-Carlo simulations per-
formed over standard VLC channel models.
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I. INTRODUCTION

V ISIBLE light communication [1], [2] has evolved as an
attractive technology for supporting high-speed data com-

munication for the next generation wireless communication
systems. VLC relies on intensity modulation of light emitting
diode (LED) lamps according to the input message signal at a
speed imperceptible to the human eye with photodiodes (PD)
used at the receiver for conversion of optical signal to electrical
current. The advantages offered by VLC over the classical radio
frequency (RF) communication are low cost, license-free wide
spectrum, better security due to opaque boundaries, immunity
to electromagnetic interference, better spatial reusability, and
high signal-to-noise ratio (SNR) [3]. Due to the aforementioned
advantages, VLCs are used in wide variety of applications such
as light fidelity (Li-Fi) systems, smart lighting, intelligent trans-
portation systems (like vehicle-to-vehicle (V2V) communica-
tion, and vehicle-to-infrastructure communication), underwater
communication, Internet of Things (IoTs) based eco-systems,
and wearable devices.

Despite the aforesaid desirable features, performance of a typ-
ical VLC link is degraded by the following channel impairments:
(a) LED nonlinearity [4] that results in an uncorrelated additive
distortion at the receiver (stems from the Bussgang’s theorem [5]
of decomposition of nonlinear function), (b) intersymbol in-
terference due to limited modulation bandwidth of LED, (c)
user-mobility [6], [7] that leads to an effective multiplicative
distortion, which degrades the VLC link due to outages and non-
Gaussian additive distortion, and (d) fluctuations in DC-bias.
The aforementioned VLC channel impairments lowers the over-
all SNR, and degrades the error rate performance significantly.

A. Related Works

Existing works are based on classical polynomial filtering [4],
[8], reproducing kernel Hilbert space (RKHS) [9], [10], and
artificial/deep neural networks (ANN/DNN) [11], [12] based
equalizers/post-distorters for mitigating LED nonlinearity en-
countered in VLC systems. However, performance of poly-
nomial filtering based approaches is limited by approxima-
tion errors caused by finite order truncation of polynomial
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series [13]. Furthermore, the existing ANN/DNN based equal-
izers (like multilayer perceptron, radial basis functions) are
non-convex [14, Table 1.1], computationally complex, and are
sensitive to choice of various hyperparameters like number of
hidden layers, number of nodes in each layer, choice of acti-
vation function [15]. Alternatively, Alternatively, RKHS based
approaches are convex, computationally efficient, and are found
to outperform the conventional polynomial filters since the
parameterization of the inverse of LED nonlinearity (or any
nonlinear transformation in general) is guaranteed to exist in
RKHS, and to learn this parameter, the apriori knowledge of
LED characteristics at the receiver is not required [14].

However, the RKHS based approaches [9], [10] are subjected
to erroneous observations whilst learning a dictionary during the
early training phase. Furthermore, computational complexity of
dictionary-based RKHS algorithms [9], [10] cannot be estimated
apriori since cardinality of dictionary is data-dependent, which
limits its practical implementation under a finite memory bud-
get. To circumvent this limitation, further research is directed
towards developing random Fourier features (RFF) [16]–[18]
based post-distortion algorithms, which are basically Monte-
Carlo approximations of an RKHS, and have lower computa-
tional budget whilst ensuring similar convergence performance
as compared to the classical RKHS based methods.

The aforementioned RKHS/RFF based post-distorters
(namely kernel least mean square (KLMS) [19], kernel mini-
mum symbol error rate (KMSER) [9], KLMS with decision feed-
back equalizer (KLMS-DFE) [20], and RFF-KMSER-DFE [18])
are based on stochastic gradient descent (SGD) paradigms that
have lower computational complexity, however higher steady-
state mean square error (MSE). Further, the aforesaid SGD based
post-distortion algorithms considers only instantaneous error
for formulation of loss function, and hence delivers suboptimal
performance under high date rate regime [21]. Furthermore, to
achieve a trade-off between the convergence rate, and the MSE,
the existing KLMS-DFE, and RFF-KMSER-DFE based post-
distorters consider adaptive step-size, which itself are sensitive
to the choice of various hyperparameters as given in [18, eq.
(17)–(18)].

To further improve the convergence performance of RKHS
based algorithms, least-squares based kernel recursive least
squares (KRLS) [14], least KMSER [21], and kernel recursive
maximum Versoria criterion (KRMVC) [22] algorithms have
been proposed in the literature for a VLC post-distortion algo-
rithm. These algorithms consider all the previous error terms for
objective function formulation, and hence outperforms the ex-
isting SGD based approaches. Recently, Versoria criterion [23]–
[25] based RFF-KRMVC algorithm is found to outperform the
conventional minimum mean square error (MMSE) based RFF-
KRLS post-distorter due to the incorporation of order statistics,
and lower steady-state misadjustment as has been proved in the
literature [22], [25].

However, the performance of RKHS/RFF based post-
distorters [18], [21], and the Gaussian kernel based DNN (GK-
DNN) equalizers [12] are sensitive to the choice of appropriate
kernel-width, and results in degraded performance upon im-
proper choice of kernel-width. There are several methods in the

signal processing literature to select proper kernel-width like:
(a) Silverman’s and Scott’s rule of thumb [14], (b) adaptive
techniques [26], [27] for learning kernel-width based on various
criteria such as MMSE, minimum symbol error rate (MSER)
etc., and (c) Bayesian leaning methods [28]. However, Silver-
man’s rule is simple to implement but prone to estimation errors.
Further, adaptive techniques require additional computational
steps, and large number of iterations to converge upon poor ini-
tialization of kernel-width. Bayesian learning techniques rely on
computation of complex likelihood functions for optimization
of kernel-width. Recently, RFF-KRLS based post-distorter is
proposed using kernel-width sampling (KWS) technique [29],
that alleviates the need for hyperparameter initialization. How-
ever, RFF-KWS-KRLS [29] algorithm rely on MMSE criterion,
which is not suitable to deliver optimal performance over non-
Gaussian distortions.

B. Contributions

In this paper, for the first time, the paradigm of KWS is
explored for Versoria criterion based algorithm. Following are
the major contributions of this paper:

1) In this paper, a novel KWS technique is proposed for
RFF-KRMVC to yield RFF-KWS-KRMVC algorithm,
which mitigates the non-Gaussian additive distortion due
to LED nonlinearity and user-mobility, and facilitates
hyperparameter-free solution to a VLC post-distortion
problem. Furthermore, the proposed RFF-KWS-KRMVC
post-distorter is derived from the second order adaptive
filters, which updates both the mean and the covariance
matrix, and hence are found to outperform the existing first
order RKHS (KLMS [10], KMSER [9], KLMS-DFE [20],
and RFF-KMSER-DFE [18]) based algorithms which up-
dates mean alone.

2) Analytical MSE for the proposed RFF-KWS-KRMVC
post-distorter is quantified, which is found to be smaller
than the existing RFF-KWS-KRLS algorithm.

3) The probability density function (PDF) of the effective ad-
ditive distortion for a VLC link degraded by user-mobility,
LED nonlinearity, and unstable DC-bias is quantified.

4) Using the derived PDF of the effective additive distortion,
an analytical upper bound on bit error rate (BER) is derived
for the proposed post-distortion algorithm for a VLC link
that considers user-mobility, LED nonlinearity, and DC-
bias error together as opposed to user-mobility, and LED
nonlinearity alone in the existing works [18], [22].

5) Monte-Carlo simulations are performed for random way-
point (RWP) mobility model for both memoryless, and
memory LED nonlinearity as opposed to memoryless non-
linearilty alone in the existing works [9], [18], [22]. Sim-
ulations indicate that the proposed RFF-KWS-KRMVC
post-distorter outperforms the existing RFF-KRLS, RFF-
KWS-KRLS, and Volterra-RLS approaches.

Furthermore, the contributions of the proposed post-distorter
for VLC as compared to the existing post-distortion algorithms
are enlisted in Table I.
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TABLE I
COMPARISON OF THE PROPOSED ALGORITHM WITH THE EXISTING APPROACHES

C. Organization

Rest of the paper is structured as follows: System model for
VLC is presented in Section II. An overview of RFF based
learning in RKHS is given in Section III. Proposed RFF-KWS-
KRMVC post-distortion algorithm is described in Section IV.
Analytical results for the proposed algorithm are derived in
Section V. Section VI presents the simulation results, and finally
Section VII concludes the paper.

D. Notations

Capital, and small boldface letters represent matrices, and
vectors, respectively while scalars are denoted by simple lower-
case letters. (·)k or (·)(k) denotes (·) at kth time instance. Inner
product in RKHS H is denoted by 〈·, ·〉H . Hermitian transpose
is represented by (·)H , Tr(·) denotes trace of a matrix, and I(·)
represents identity matrix of order (·). A Gaussian distribution is
denoted by N (·, ·), uniform distribution by U(·, ·), and gamma
distribution by Gamma(·, ·). The quantity [g(h)]h=hmax

h=hmin
is de-

fined as g(hmax)− g(hmin), andΓ(·, ·) denotes upper incomplete
gamma function.

II. SYSTEM MODEL

In this section, the considered VLC system model is de-
scribed, where the transmitted signal model is described in
Section II(A) followed by VLC channel model, and received
signal model in Section II(B), and Section II(C), respectively.

A. Transmitted Signal Model

In this subsection, the transmitted carrierless amplitude phase
QAM (CAP-QAM) signal model, and the LED nonlinear model
is described. First, the transmitted data bits are modulated using
QAM technique, and decomposed into in-phase, and quadrature-
phase symbols. Next, the real and the imaginary parts of QAM
symbols are given as an input to orthogonal in-phase hI(t), and
quadrature-phase hQ(t) filter, respectively, which are related as
Hilbert transform pair, and given as [30], [31]

hI(t) = p(t) cos(2πf0t), andhQ(t) = p(t) sin(2πf0t), (1)

where p(t) denotes the impulse response of baseband filter. The
overall real CAP-QAM transmitted signal is written as [30], [31]

xk(t) =
∞∑

k=−∞
sI(k)hI(t− kT )− sQ(k)hQ(t− kT ), (2)

where sI(k), and sQ(k) represents real, and imaginary parts
of QAM symbols, respectively. Next, sufficient DC offset is
added to the transmitted symbol to operate the LEDs in forward
biased mode. LED response exhibit nonlinearity since current-
voltage, and current-optical power conversion is nonlinear. In
particular, LEDs characteristics are nonlinear for signals with
large dynamic range, and at high switching frequencies. This
work considers Wiener model for modeling LEDs nonlinearity
with memory effects [32], which consists of a cascade of linear
time-invariant (LTI) system followed by a memoryless Rapp’s
nonlinear block. The output of the LTI block is written as [32]

x′k =
M−1∑
m=0

bm(xk−m + b) (3)

whereM , and {bm}Nm=0 represents the memory, and weights for
LTI system, and b is an appropriate DC bias. The memoryless
Rapp’s model for LED, denoted byALED(·) is given as [33], [34]

ALED(x
′
k) =

⎧⎪⎪⎨⎪⎪⎩
(x′

k−Vth)(
1+

(
(x′

k
−Vth)

Vmax

)2p
) 1

2p
x′k ≥ Vth

0 x′k < Vth

(4)

where Vmax is the maximum saturation voltage, Vth is the cut-in
voltage of LED, and p controls the level of nonlinearity called as
knee factor. Finally, the composite optical signal is transmitted
by VLC link. The considered VLC channel model is described
in the next subsection.

B. VLC Channel Model

In this subsection, the VLC channel model considering user-
mobility is described. The standard IEEE 802.15 PAN VLC
channel models [35] are deterministic in nature where the users
are assumed to be fixed at their locations, and user-mobility
is neglected. However, in a practical scenario, users can move
while reading, talking on a cell phone, shopping in a mall etc.,
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Fig. 1. Block diagram of the proposed system model.

which makes the overall VLC channel probabilistic in nature.
In this work, a RWP mobility model is considered [7], which
considers non-uniform distribution of users, and is more realistic
as compared to the uniform distribution of users considered
in [36]. The RWP probabilistic model for VLC (denoted by
fH(h)) is given as [7], [37]

fH(h) =

{∑4
i=1Kih

−ci h ∈ [hmin, hmax]

0 otherwise,
(5)

where c1 = ( 2
m+3 ) + 1, c2 = c4 = ( 4

m+3 ) + 1, c3 =

( 6
m+3 ) + 1, K1 = K̃K, K2 = −35K̃

r2e
κ2β , K3 = 8K̃

r4e
κ4β , K4 =

−16K̃L2

r4e
κ2β , hmin = κ

(r2e+L2)
m+3

2

, and hmax = κ
Lm+3 , where

K̃ = 12κ2β

73(m+3)r2e
, K = 27 + 35L2

r2e
+ 8L4

r4e
, β = 1

m+3 , re denotes

the user’s maximum coverage radius,κ = Ad

2π (m+ 1)Lm+1,Ad

represents geometric area of receiver, and m = − log(2)
log(cos(φ 1

2
)) ,

where φ 1
2

denotes half power semi-angle of LED.

C. Received Signal Model

The composite received signal by the PD is written as

rk =

{
hALED(x

′
k) + nk for memory nonlinearity

hALED(xk + b) + nk for memoryless nonlinearity,
(6)

where nk ∼ N (0, σ2
n) denotes VLC noise, which consists of

ambient light, and thermal noise [38], [39]. The received symbol
vector rk = [rk, rk−1, . . . , rk−n+1]

T is sampled and passed
through in-phase hI(−n), and quadrature-phase hQ(−n) filters
to extract real, and imaginary parts of the received symbol,
and applied as an input to the proposed RFF-KWS-KRMVC
post-distorter detailed in Section IV. Lastly, symbols are passed

through a QAM demodulator to generate estimate of transmitted
bits b̂k.

III. OVERVIEW OF RFF BASED LEARNING IN RKHS

In this section, mathematical insights for RFF is provided
in order to motivate the proposed RFF-KWS-KRMVC post-
distorter for VLC. From representer theorem, any arbitrary func-
tion g(·) can be represented in RKHS as a weighted combination
of Mercer kernel functions (denoted by K(·, ·)) given as [14]

g(rk) =
N∑
i=1

aiK(ri, rk) (7)

However, (7) relies on growing network of kernel evaluation
functions with newly added input at each iteration. Hence, a
Mercer kernel function K(·, ·) can be approximated by using
RFF based explicit feature maps, which is directly motivated
from Bochner’s theorem restated as follows [40], [41]:

Theorem 1: A continuous function ψ(·) ∼ Rn is positive
definite iff there exists a finite non-negative Borel measure P (·)
on Rd such that

ψ(r) =

∫
Rn

exp(jωT r)P (ω)d(ω) (8)

In other words, Fourier transform P (ω) (where ω is the angular
frequency) of a shift-invariant positive definite function is a
probability distribution.

Using Bochner’s theorem, shift-invariant positive definite ker-
nel function K(·, ·) can be written as

K(r, r′) = K(r− r′) =
∫

Rn

exp(jωT (r− r′))P (ω)d(ω),

(9)
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where r, and r′ are arbitrary dummy variables. Defining
Ψ̂ω(y) = exp(jωT r), an unbiased estimate of (9) can be ex-
pressed as [17]

K(r, r′) = E
{
Ψ̂T

ω(r)Ψ̂ω(r
′)
}

(10)

Using Monte-Carlo sampling technique, (10) is approximated
using D independent random features as [40], [41]

K(r, r′) =
1

D

D∑
i=1

Ψ̂T
ωi
(r)Ψ̂ωi

(r′), (11)

where {ωi}Di=1 ∼ P (ω), and explicit feature map Ψ̂ : Rn −→
RD defined as [42]

Ψ̂(r) =
1√
D
[exp(jωT

1 r), exp(jω
T
2 r), . . . , exp(jω

T
Dr)]T

For real Gaussian kernel, the explicit feature map Ψ̂(·) can be
further approximated by using cosine functions cos(·) given as
follows

Ψ̂(r) =

√
2

D

⎡⎢⎢⎢⎢⎣
cos(ωT

1 r+ α1)

cos(ωT
2 r+ α2)

...

cos(ωT
Dr+ γD)

⎤⎥⎥⎥⎥⎦ , (12)

where {ωi}Di=1 ∼ N (0D,
1
σ2 ID) (σ denotes the kernel-width),

and {αi}Di=1 ∼ U(0, 2π) is drawn from a uniform distribu-
tion [17]. However, the conventional RFF’s depends upon the
appropriate choice of kernel-width, and results in degraded
performance upon improper choice of kernel-width. In the next
section, we propose a probabilistic technique for assigning
kernel-widths for Versoria criterion based approaches.

IV. PROPOSED RFF-KWS-KRMVC BASED POST-DISTORTER

FOR VLC

This section describes the proposed RFF-KWS-KRMVC
post-distortion algorithm for VLC. For conventional RFFs, the
frequencies {ωi}Di=1 corresponding to Gaussian kernel is drawn
from a Gaussian distribution N (0, 1

σ2 ID), which stems from
Bochner’s theorem. Similarly, the ensemble of kernel-widths
{σ2

i } can be drawn from a inverse-Gamma distribution, which
is found to be a viable prior distribution for kernel-width from
the perspective of Bayesian learning [28]. A RFF map using
KWS technique (RFF-KWS) for complex symbols, denoted by
Ψ̂σ̃(·) : R2n → RD, is written as [29]

Ψ̂σ(rk) =

√
2

D

⎡⎢⎢⎢⎢⎣
cos(σ1ω

T
1 [�(rk);�(rk)] + α1)

cos(σ2ω
T
2 [�(rk);�(rk)] + α2)

...

cos(σDωT
D[�(rk);�(rk)] + αD)

⎤⎥⎥⎥⎥⎦ , (13)

where {ωi}Di=1 is drawn from standard Gaussian distribution
N (0D, ID), and {σi}Di=1 ∼ √

Gamma(γ1, γ2), where γ1, and
γ2 are shape, and inverse scale parameter of gamma distribution,
respectively. Using the periodicity property of discrete Fourier

spectra, and from [29], [43], the suitable values of γ1, and γ2
are given as

γ1 =

{
M
4 M-PAM√
M
2 M-CAP-QAM

(14)

γ2 =
σ2
r

4π2
, (15)

where σ2
r denotes the variance of regressors. Based on Verso-

ria function, and training regressors {xi, Ψ̂σ(ri)}ki=1, the cost
function for the proposed post-distorter is given as

L(w) = min
w

k∑
i=1

λk−i 1

1 + τ |xi − 〈wi, Ψ̂σ(ri)〉H |2 , (16)

where λ is the forgetting factor close to unity, and τ is the
Versoria shape parameter. To solve (16), the gradient ∂L(w)

∂w is
set to 0 which yields

w(k) = GRFF-KWS
Ψ̂σΨ̂σ

(k)pRFF-KWS
xΨ̂σ

(k), (17)

where

GRFF-KWS
Ψ̂σΨ̂σ

(k) =

(
k∑

i=1

λk−ifMVC(ei)Ψ̂σ(ri)Ψ̂
H
σ (ri)

)−1

=
(
λRRFF-KWS

Ψ̂σΨ̂σ
(k − 1) + fMVC(ek)Ψ̂σ(rk)Ψ̂

T
σ (rk)

)−1

(18)

is the inverse of auto-correlation matrix RRFF-KWS
Ψ̂σΨ̂σ

(k), and

pRFF-KWS
xΨ̂σ

(k) is the cross-correlation vector given as

pRFF-KWS
xΨ̂σ

(k) =

k∑
i=1

λk−ifMVC(ei)x
∗
i Ψ̂σ(ri)

= λpRFF-KWS
xΨ̂σ

(k − 1) + fMVC(ek)x
∗
kΨ̂σ(rk),

(19)

where fMVC(ek) =
1

(1+τ |ek |2)2 , and ek = xi − 〈wi, Ψ̂σ(ri)〉H
is the prediction error. For A = B−1 +CD−1CH , matrix
inversion lemma can be written as A−1 = B−BC(D+
CTBC)−1CTB [44], and assuming A = RRFF-KWS

Ψ̂σΨ̂σ
(k), B =

λ−1(RRFF-KWS
Ψ̂σΨ̂σ

(k − 1))−1, C =
√
fMVC(ek)Ψ̂σ(rk), and D =

I, the recursive update equation for GRFF-KWS
Ψ̂σΨ̂σ

(k) is written as

GRFF-KWS
Ψ̂σΨ̂σ

(k)

=
1

λ

(
I− fMVC(ek)g(k)Ψ̂

T
σ (rk)

)
GRFF-KWS

Ψ̂σΨ̂σ
(k − 1), (20)

where

g(k) =
λ−1GRFF-KWS

Ψ̂σΨ̂σ
(k − 1)Ψ̂σ(rk)

1 + λ−1fMVC(ek)Ψ̂T
σ (rk)G

RFF-KWS
Ψ̂σΨ̂σ

(k − 1)Ψ̂σ(rk)

(21)
is the gain vector. Substituting (19)-(21) in (17), the weight
update equation for the proposed RFF-KWS-KRMVC post-
distorter is written as

w(k) = w(k − 1) + g(k)fMVC(ek)ek. (22)
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As observed from (22), the term fMVC(ek) → 0 for large values
of error ek → ∞, and hence the parameter learning for the pro-
posed RFF-KWS-KRMVC post-distorter is unaffected by tran-
sients due to non-Gaussian distortions that arises due to residual
nonlinearity, and user-mobility. Furthermore, there is no re-
quirement of tuning hyperparameters (like kernel-width, γ1, and
γ2) for the proposed RFF-KWS-KRMVC post-distorter, which
makes the proposed algorithm attractive for post-distortion over
VLC links.

Furthermore, for the existing fixed kernel-width based RFF-
KRMVC algorithm, and GK-DNN equalizer, kernel-width
needs to be tuned/estimated separately for different deployment
scenarios as in [12], [22]. On the other hand, the kernel-width
for the proposed RFF-KWS-KRMVC post-distorter is proba-
bilistic in nature, and hence there is no requirement for hyper-
parameter tuning for the proposed RFF-KWS-KRMVC, which
makes the proposed approach generic for different deployment
scenarios/noise distributions. The pseudo code for the proposed
algorithm is given in Algorithm 1.

A. Computational Complexity

The step-wise computational complexity for the proposed
RFF-KWS-KRMVC algorithm is given as follows: (1) Com-
putation of RFF map Ψ̂σ(rk) involves D independent inner
products of two 2n× 1 vectors rk, and {ωi}Di=1 (which requires
2nD number of multiplications, and (2n− 1)D additions),
and D additions for addition of {αi}Di=1 to {σiωT

i rk}Di=1. (2)
Computation of output x̂k and error ek involves inner product
of two D × 1 vectors, which require D multiplications and D
additions. (3) Computation of g(k) requires a matrix-vector
product in the numerator, which requires D2 multiplications,
andD(D − 1) additions, and a vector-vector product, which re-
quiresDmultiplications, and (D − 1) additions. (4) The weight
update in (22) involves multiplication of a scalar fMVC(ek)ek
with each element of D × 1 vector g(k), which requires D
multiplications, and addition of two D × 1 vectors (wk−1, and
g(k)fMVC(ek)ek), which requires D additions. (5) Lastly, the
covariance update in (20) involves a matrix-vector product, outer
product of two vectors, and subtraction of twoD ×D matrices,
which requires D(3D + 1) multiplications, and D(2D − 1)
additions. Hence, the proposed RFF-KWS-KRMVC algorithm
requires (4D2 +D(n+ 4)) ≈ O(D2) multiplications per iter-
ation, 3D2 +D(n+ 1) ≈ O(D2) additions per iteration, and
memory requirement of order O(D2) which is similar to the
existing RFF-KRMVC [22], and RFF-KRLS algorithms [21].

V. ANALYTICAL RESULTS FOR THE PROPOSED

RFF-KWS-KRMVC POST-DISTORTER

In this section, analytical results dictating MSE, and BER
for the proposed algorithm is quantified in Section V(A), and
Section V(B), respectively.

A. Convergence Analysis

In this subsection, convergence analysis for the proposed
RFF-KWS-KRMVC algorithm is performed. Let w̃(k) = wo −

Algorithm 1: Proposed RFF-KWS-KRMVC Post-Distorter
for VLC.
Input: Received observations rk
Initialization:

• k = 1, Number of pilots: NUMPILOTS, λ, ε, τ , γ1, γ2,
w1 = 0, GRFF-KWS

Ψ̂σΨ̂σ
(1) = εID×D, and RFF Dimension D

• Generate iid {ωi}Di=1 ∼ N (0, ID) from normal
distribution.

• Generate iid {γi}Di=1 ∼ U(0, 2π) from uniform
distribution.

• Generate iid {σi}Di=1 ∼ √
Gamma(γ1, γ2)

Computation:
while k ≤ NUMPILOTS do

Compute RFF-KWS vector: Ψ̂σ(rk) via (13).
Compute post-distorter output: x̂k = wT (k)Ψ̂σ(rk)
Compute prediction error: ek = xk − x̂k
Update gain vector g(k) via (21)
Update weight vector:
w(k) = w(k − 1) + g(k)fMVC(ek)ek

Update covariance matrix:
GRFF-KWS

Ψ̂σΨ̂σ
(k) =

1
λ
(I− fMVC(ek)g(k)Ψ̂

T
σ (rk))G

RFF-KWS
Ψ̂σΨ̂σ

(k − 1)

end while
Output: Estimated symbols x̂k

w(k) be the deviation of weight vector w(k) from the opti-
mal weight vector w0. The desired input can be written as:
xk = wT

0 Ψ̂σ(rk) + nk, where nk is the measurement noise,

and ˜̂
Ψσo

(·) = Ψ̂σ(·)− Ψ̂σo
(·), where σo is the optimal kernel-

width. Using the standard assumptions in adaptive filters the-
ory [22], [44], the MSE for the proposed algorithm is given by
the following theorem:

Theorem 2: The overall MSE at the kth iteration for the pro-
posed RFF-KWS-KRMVC post-distorter under the high SNR
regime is given as

SRFF-KWS-KRMVC
k

≈ (1− λ2)

3(k − n− 1)

(∑
∀r

(
1

ρr

)
+

2σ2
oA||w||22
D

)
σ2
n︸ ︷︷ ︸

σ2
RFF-KWS-KRMVC

+ σ2
n, k > n+ 1, (23)

where {ρi}i=r
i=1 are the Eigen values of Gram matrix, and A is

the arbitrary constant given in [29].
Proof: See Appendix A.
Following conclusions are observed from Theorem 2, which

are given as follows:
� Corollary 1: The excess MSE (EMSE) for the pro-

posed RFF-KWS-KRMVC post-distorter (denoted by
σ2

RFF-KWS-KRMVC) is similar to the EMSE of the existing
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RFF-KRMVC algorithm [22] except for an additional off-
set error which arises due to the imperfection in kernel-
width, and decays with the increase in number of RFF
dimensions as O( 1

3D ).
� Corollary 2: The offset error for the proposed RFF-KWS-

KRMVC algorithm is 2σ2
oA||w||22
3D that is three times smaller

as compared to the offset error of existing RFF-KWS-
KRLS algorithm [29, eq. (22)], which is the desirable
property of the proposed approach.

B. BER Analysis

In this subsection, we derive the analytical BER for the pro-
posed algorithm. After subtracting DC bias at the receiver, using
Bussgang’s theorem for decomposition of memoryless nonlinear
functions, and at convergence of the proposed algorithm, (6) is
rewritten as [18]

rk = αxk + h−1nk + δ +Δb︸ ︷︷ ︸
additivedistortionñ

, (24)

where α = E{A(xk)xk}
E{|xk |22} is the scaling correlation factor, and

δ ∼ N (0, σ2
δ ) is the additive distortion component due to LED

nonlinearity, which is modeled as Gaussian distribution with
varianceσ2

δ , andΔb ∼ U(−ε, ε) is the DC-bias error term which
arises due to unstable DC-bias. Hence, the probabilistic model
for the overall additive distortion ñ in (24) is given by the
following theorem:

Theorem 3: The PDF of the overall additive distortion for
a VLC link impaired by user-mobility, LED nonlinearity, and
DC-bias fluctuations is given in (25) at the bottom of this page,
where di = (2− ci), up, and Ωp denote zeros, and weights
of the P th order Gauss Hermite function, respectively, and
{lj ,mj}Ne

j=1 are set of coefficients (Ne is the number of terms)
used for approximation of erfc(·) function.

Proof: See Appendix B.
Capitalizing on the derived PDF in (25), next we proceed to

derive analytical BER for the proposed algorithm. Usingα→ 1,
and error-variance σ2

δ ≈ σ2
RFF-KWS-KRMVC [27] at convergence of

the proposed RFF-KWS-KRMVC post-distorter, an analytical
BER is derived, which is given by the following theorem.

Theorem 4: The analytical upper bound on BER for the
proposed algorithm (denoted by PRFF-KWS-KRMVC

e ) for a VLC
link degraded by LED nonlinearity, user-mobility, and DC-bias
fluctuations is defined in (28), shown at the bottom of the next
page, for generalized M-PAM, and M-QAM technique.

In (28), the constants z(M), and A are defined as

z(M) =

{(
1− 1

M

)
for M-PAM

2
(
1− 1√

M

)
for M-QAM,

(26)

A =

⎧⎨⎩
√

6Es

M2−1 for M-PAM√
3Es

M−1 for M-QAM,
(27)

where Es is the average energy of the transmitted constellation.
Proof: See Appendix C.

VI. SIMULATIONS

This section presents simulation results to demonstrate
the performance of the proposed RFF-KWS-KRMVC post-
distorter, which is compared with the following existing post-
distortion algorithms: (1) Volterra-RLS [4], (2) SGD based
RFF-KMSER-DFE [18], (3) RFF-KRLS [21], (4) RFF-KWS-
KRLS [29], and (5) RFF-KRMVC [22] with fixed kernel-width
estimated by (a) Silverman’s rule, and (b) brute force trial and
error [29]. Kernel-width σ for RFF-KRLS, and RFF-KMSER-
DFE based post-distorters is set by brute force trial and error
method to achieve best performance [29], and Versoria-shape
parameter τ = 2 is chosen for RFF-KRMVC, and the pro-
posed RFF-KWS-KRMVC algorithms [22]. Simulations are
performed for 16-CAP-QAM, and 64-CAP-QAM with an en-
semble of 105 symbols over 100 Monte-Carlo iterations. In all
the simulations, number of RFFs D = 100 is chosen for RFF
based post-distorters (unless and until specified explicitly in the
legends), and data rate is set to 0.8 Gbps. Simulation parameters
for RWP channel model [37], and Wiener LED model [32] are
enlisted in Table II.

SNR vs BER performance are depicted in Figs. 2(a), and 3(a)
for the proposed RFF-KWS-KRMVC algorithm for memoryless
nonlinearity for 16-CAP-QAM, and 64-CAP-QAM technique,
respectively. It can be observed from Figs. 2(a), and 3(a) that the
proposed RFF-KWS-KRMVC algorithm delivers 4 dB gain at
BER of 10−5 for 16-CAP-QAM, and 6 dB gain at BER of 10−4

for 64-CAP-QAM over the existing MMSE based RFF-KRLS,
and RFF-KWS-KRLS post-distorters due to the incorporation
of higher order statistics of error. Next, Figs. 2(b), and 3(b)
shows evolution of MSE with the number of iterations for
memoryless nonlinearity at SNR of 25 dB for 16-CAP-QAM,
and 64-CAP-QAM technique, respectively. It is observed from
Figs. 2(b), and 3(b) that the proposed RFF-KWS-KRMVC
post-distorter delivers fast convergence, and lower MSE as
compared to the existing RFF-KRLS, and RFF-KWS-KRLS
post-distorters.

fÑ (ñ) ≈
Ne∑
j=1

4∑
i=1

P∑
p=1

Ωp
lj√
mj

Ki2
di
2 −1σdi−1

n σδ
4
√
πε

(
|ñ−

√
2

mj
σδup − ε|−di

[
Γ

(
di
2
,
(h)2(ñ−

√
2
mj
σδup − ε)2

2σ2
n

)]h=hmin

h=hmax

− |ñ−
√

2

mj
σδup + ε|−di

[
Γ

(
di
2
,
(h)2(ñ−

√
2
mj
σδup + ε)2

2σ2
n

)]h=hmin

h=hmax

)
(25)
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TABLE II
CHANNEL PARAMETERS

Further, It is observed from Figs. 2 and 3 that the pro-
posed probabilistic kernel-width based RFF-KWS-KRMVC
algorithm delivers better BER, and MSE performance over
the existing fixed kernel-width (estimated by the Silverman’s
rule) based RFF-KRMVC algorithm. This is attributed to
the presence of statistical approximation error that arises due
to erroneous kernel-width estimation by Silverman’s rule of
thumb whilst computing standard deviation with insufficient
regressors/datasets.1 Furthermore, it is observed from Figs. 2,

1The approximation error due to erroneous kernel-width estimation by Silver-
man’s rule is unbounded for the generic fixed kernel-width based RFF-KRMVC
algorithm. On the other hand, stochastic sampling of kernel-width makes the ap-
proximation error for the proposed RFF-KWS-KRMVC post-distorter bounded
since averaging is done for the deviation due to improper kernel-width over
the Gamma distribution, and this approximation error decays as O( 1

3D ), and
becomes negligible under the assumption of large number of RFF dimensions
D.

and 3 that there is a marginal BER performance gap, and higher
steady-state MSE floor for the proposed RFF-KWS-KRMVC
algorithm over the existing fixed best kernel-width (estimated
by brute force trail & error) based RFF-KRMVC algorithm
for smaller number of RFFs D = 100. However, this BER,
and MSE performance gap reduces with the increase in the
number of RFFs since offset error due to sampled kernel-width
is negligible under the assumption of sufficiently large number
of RFF dimensions as observed from the theoretical derived
expression of MSE in (23). It is inferred from Figs. 2 and 3 that
the BER, and the MSE of the proposed RFF-KWS-KRMVC
algorithm overlaps with the existing fixed best kernel-width
based RFF-KRMVC algorithm for higher number of RFFs D
= 1000, which highlights the viability of proposed algorithm
for hyperparameter-free post-distortion under finite memory
budget. The analytical BER curves for the proposed RFF-
KWS-KRMVC are shown in Figs. 2(a), and 3(a) for Ne = 2
since approximation in (34) holds good for Ne = 2 [45], where
l1 = 1

6 , l2 = 1
2 , m1 = 1, and m2 = 4

3 . Lastly, as inferred from
Figs. 2(a) and 3(a), the analytical upper bound on BER for the
proposed RFF-KWS-KRMVC post-distorter agrees well with
the simulated BER for different values of ε, which validates the
derived BER in (28), shown at the bottom of previous page.

Next, Fig. 4 shows SNR vs BER performance for the proposed
RFF-KWS-KRMVC post-distorter for memory nonlinearity. As
inferred from Fig. 4, the proposed RFF-KWS-KRMVC algo-
rithm delivers gain of 4 dB at BER of 10−4, and 6 dB gain at
BER of 10−3 (which is below the forward error correction limit)
for memory nonlinearity for 16-CAP-QAM, and 64-CAP-QAM,

PRFF-KWS-KRMVC
e ≤ z(M)

Ne∑
j=1

4∑
i=1

P∑
p=1

Ωp
lj√
mj

Ki2

(
di
2 −1

)
σdi−1
n σδ

4
√
πε(di − 1)

×
({(

A+

√
2

mj
σδup − ε

)(1−di) [
Γ

⎛⎝di
2
,
h2(A+

√
2
mj
σδup − ε)2

2σ2
n

⎞⎠]h=hmin

h=hmax

−
(
A+

√
2

mj
σδup + ε

)(1−di) [
Γ

⎛⎝di
2
,
h2(A+

√
2
mj
σδup + ε)2

2σ2
n

⎞⎠]h=hmin

h=hmax

+

(
A−

√
2

mj
σδup − ε

)(1−di) [
Γ

⎛⎝di
2
,
h2(A−

√
2
mj
σδup − ε)2

2σ2
n

⎞⎠]h=hmin

h=hmax

−
(
A−

√
2

mj
σδup + ε

)(1−di) [
Γ

⎛⎝di
2
,
h2(A−

√
2
mj
σδup + ε)2

2σ2
n

⎞⎠]h=hmin

h=hmax

}

+

[
2
√
π

(
h√
2σn

)di−1
{
Q

(
h(A+

√
2
mj
σδup + ε)

σn

)
−Q

(
h(A+

√
2
mj
σδup − ε)

σn

)

+Q

(
h(A−

√
2
mj
σδup + ε)

σn

)
−Q

(
h(A−

√
2
mj
σδup − ε)

σn

)}]h=hmin

h=hmax

)
(28)
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Fig. 3. BER and convergence performance for the proposed RFF-KWS-KRMVC post-distorter, and existing Volterra-RLS, KMSER-DFE, RFF-KRLS, RFF-
KWS-KRLS and RFF-KRMVC algorithms for memoryless nonlinearity using 64-CAP-QAM.

Fig. 2. BER and convergence performance for the proposed RFF-KWS-KRMVC post-distorter, and existing Volterra-RLS, KMSER-DFE, RFF-KRLS, RFF-
KWS-KRLS and RFF-KRMVC algorithms for memoryless nonlinearity using 16-CAP-QAM.

Fig. 4. SNR vs BER performance for the proposed RFF-KWS-KRMVC post-distorter, and existing Volterra-RLS, RFF-KMSER-DFE, RFF-KRLS, RFF-KWS-
KRLS and RFF-KRMVC algorithms for memory nonlinearity.
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respectively over the existing RFF-KRLS, and RFF-KWS-
KRLS post-distorters. Further, gains in BER performance are
more visible for 64-CAP-QAM as compared to 16-CAP-QAM
since LED nonlinearity is more dominant for higher order
constellation having high peak-to-average power ratio, which
is mitigated by the proposed RFF-KWS-KRMVC algorithm.
Furthermore, it is observed from Figs. 2(a), 3(a), and 4 that the
system performance degrades with the increase in DC-bias error
ε, and results in error rate floor at high SNR regime.

VII. CONCLUSION

A novel RFF-KWS-KRMVC based post-distortion is pro-
posed in this paper, which assigns random kernel-widths using
a pre-designed probability density function, which alleviates
kernel-width dependence. Convergence analysis of the proposed
RFF-KWS-KRMVC is performed, and analytical MSE for the
proposed RFF-KWS-KRMVC algorithm is found to be smaller
as compared to the existing RFF-KWS-KRLS algorithm, which
highlights the viability of the proposed algorithm for post-
distortion over VLC links. Analytical bound for BER is derived
for the proposed post-distortion algorithm for a nonlinear, and
mobility impaired VLC link in the presence of unstable DC-
offset. Furthermore, the computer simulations performed over
a RWP mobility model indicate that the proposed RFF-KWS-
KRMVC algorithm delivers better BER performance as com-
pared to the existing Volterra-RLS, and RFF-KWS-KRLS based
post-distorters under the same computational budget. Hence, the
proposed RFF-KWS-KRMVC post-distorter is viable for prac-
tical VLC systems deployments for the future beyond 5G/6G
communication technologies.

APPENDIX A
PROOF OF THEOREM 2

Substituting (19) in (17), the evolution of weight error vector
is written as

w̃(k) =
(
GRFF-KWS

Ψ̂σo Ψ̂σ0

(k) + G̃RFF-KWS
Ψ̂σo Ψ̂σo

(k)
)

×
k∑

i=1

λk−ifMVC(ei)
(
Ψ̂σo

(ri) +
˜̂
Ψσo

(ri)
)
ni. (29)

Under the assumption of G̃RFF-KWS
Ψ̂σo Ψ̂σo

(k), and ˜̂
Ψσo

(ri) to be sta-

tistically independent [29], the weight error correlation matrix
is written as [22, eq. 11]

Ξ(k) = E(w̃(k)w̃H(k))

= σ2
nE

[
GRFF-KWS-KRLS

Ψ̂σo Ψ̂σ0

(k) + G̃RFF-KWS-KRLS
Ψ̂σo Ψ̂σo

(k)
]

×
(

E(f2MVC(ek))

[E(fMVC(ek))]2

)
, (30)

whereGRFF-KWS-KRLS
Ψ̂σo Ψ̂σ0

(k) = (
∑k

i=1 λ(k−i)Ψ̂σo
(rk)Ψ̂

H
σo
(rk))

−1,

and G̃RFF-KWS-KRLS
Ψ̂σo Ψ̂σ0

(k) = (
∑k

i=1 λ(k−i) ˜̂Ψσo
(rk)

˜̂
Ψ

H

σo
(rk))

−1.

Hence, the MSE at kth iteration for the proposed RFF-KWS-
KRMVC based post-distorter is written as

SRFF-KWS-KRMVC
k = σ2

n + Tr(Ξ(k)) = σ2
n +

σ2
n(1− λ2)

(k − n− 1)

×
(∑

∀g

(
1

ρg

)
+ E

(˜̂
Ψσo

(rk)
˜̂
Ψ

H

σo
(rk)

))

×
(

E(f2MVC(ek))

[E(fMVC(ek))]2

)

Using the integrals given in [22], the ratio
(

E(f2
MVC(ek))

[E(fMVC(ek))]2

)
→

1
3 [22, eq. 26] at high SNR, and from [29, eq. (15)],

E(
˜̂
Ψσo

(rk)
˜̂
Ψ

H

σo
(rk)) =

2σ2
oA||w||22
D , the overall MSE can be de-

rived as given in (23).

APPENDIX B
PROOF OF THEOREM 3

Using function of random variables, and from [46], the overall
PDF of z = ĥ−1nk (denoted by qZ(z)) is given as

qZ(z) =

4∑
i=1

Ki√
π
2

di−3

2 σdi−1
n |z|−di

[
Γ

(
di
2
,
z2(h)2

2σ2
n

)]h=hmin

h=hmax

.

Using central limit theorem, the PDF of sum of Gaussian, and
uniform random variable n′ = δ +Δb in (24) is given as [27,
11]

gN ′(n′) ≈ 1

4ε

(
erfc

(
n′ − ε√
2σ2

δ

)
− erfc

(
n′ + ε√
2σ2

δ

))
, (31)

Under the assumption of z, and n′ to be independent, the PDF
of ñ = z + n′ is written as

fÑ (ñ) ≈
4∑

i=1

Ki2
di−3

2 σdi−1
n

4
√
πε

×
(∫ ∞

−∞
|ñ− n′|−di

[
Γ

(
di
2
,
(h)2(ñ− n′)2

2σ2
n

)]h=hmin

h=hmax︸ ︷︷ ︸
×

{
erfc

(
n′ − ε√
2σ2

δ

)
− erfc

(
n′ + ε√
2σ2

δ

)})
dn′︸ ︷︷ ︸

I1

(32)

Upon change of variables x = n′−ε√
2σ2

δ

→ dn′ =
√
2σδdx, and

y = n′+ε√
2σ2

δ

, I1 reduces to

I1 =
√
2σδ

∫ ∞

−∞

{
|ñ−

√
2σδx− ε|−di

×
[
Γ

(
di
2
,
(h)2(ñ−√

2σδx− ε)2

2σ2
n

)]h=hmin

h=hmax

− |ñ−
√
2σδx+ ε|−di
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×
[
Γ

(
di
2
,
(h)2(ñ−√

2σδx+ ε)2

2σ2
n

)]h=hmin

h=hmax

}
erfc(x)dx

(33)

From [45, eq. (8)], a complementary error function erfc(x) can
be approximated as sum of exponentials as follows:

erfc(x) ≈
Ne∑
j=1

lj exp(−mjx
2). (34)

Invoking (34) in (33), and using change of variables t =
√
mjx

→ dx = 1√
mj
dt, (33) reduces to

fÑ (ñ) ≈
Ne∑
j=1

4∑
i=1

lj√
mj

Ki2
di
2 −1σdi−1

n σδ
4
√
πε

∫ ∞

−∞{
|ñ−

√
2

mj
σδt− ε|−di

×
[
Γ

(
di
2
,
(h)2(ñ−

√
2
mj
σδt− ε)2

2σ2
n

)]h=hmin

h=hmax

− |ñ−
√

2

mj
σδt+ ε|−di

×
[
Γ

(
di
2
,
(h)2(ñ−

√
2
mj
σδt+ ε)2

2σ2
n

)]h=hmin

h=hmax

}
exp(−t2)dt.

(35)

Using Gauss Hermite numerical integration
∫∞
−∞ f(t)e−t2dt =∑P

p=1 Ωpf(up), the PDF of the overall additive distortion ñ is
obtained as given in (25).

APPENDIX C
PROOF OF THEOREM 4

Let a1 ∈ {±(2m+ 1)A± j(2n+ 1)A}m,n=(M
2 −1)

m,n=1 denotes
M-QAM symbols. The analytical upper bound on error rate for
M-PAM is given as

PM-PAM
e ≤

(
1− 1

M

)
(Pr(ñ < −A) + Pr(ñ > A))

≤
(
1− 1

M

)(∫ A

−∞
fÑ (ñ)dñ︸ ︷︷ ︸
I2

+

∫ ∞

A

fÑ (ñ)dñ︸ ︷︷ ︸
I3

)
. (36)

Invoking (25) in (36), and using change of variables

x = (ñ−
√

2
mj
σδup − ε)2 → dñ = 1

2x
− 1

2 dx, and y = (ñ−√
2
mj
σδup + ε)2 → dñ = 1

2y
− 1

2 dy, and then replacing dummy

variable y = x, integrals I2, and I3 can be written as

I2 ≈
Ne∑
j=1

4∑
i=1

P∑
p=1

Ωp
lj√
mj

Ki2

(
di
2 −1

)
σdi−1
n σδ

4
√
πε

×
∫ (A+

√
2

mj
σδup+ε)2

(A+
√

2
mj

σδup−ε)2

x−d′
i

2

[
Γ

(
di
2
, h̃x

)]h=
h2

min
2σ2

n

h=
h2

max
2σ2

n

dx

(37)

I3 ≈
Ne∑
j=1

4∑
i=1

P∑
p=1

Ωp
lj√
mj

Ki2

(
di
2 −1

)
σdi−1
n σδ

4
√
πε

×
∫ (A−

√
2

mj
σδup+ε)2

(A−
√

2
mj

σδup−ε)2

x−d′
i

2

[
Γ

(
di
2
, h̃x

)]h=
h2

min
2σ2

n

h=
h2

max
2σ2

n

dx,

(38)

where li =
di+1
2 . Using the integral∫ B

A

x−lΓ(a, kx)dx =
A(1−l)Γ(a, kA)−B(1−l)Γ(a, kB)

(l − 1)

+
k(l−1)

l − 1
(Γ(1 + a− l, kB)− Γ(1 + a− l, kA)) , (39)

Γ(0.5, x) = 2
√
πQ(

√
2x), andPM-QAM

e = 2P
√

M−PAM
e , the final

bound on BER is determined as given in (28).
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