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Integral Equation Formulation for Planar Plasmonic
Structures With Finite Thickness in Layered Media

Esraa M. Mahdy , Alaa K. Abdelmageed, and Ezzeldin A. Soliman , Senior Member, IEEE

Abstract—A detailed Volume Integral Equation (VIE) formu-
lation for planar plasmonic nano structures with finite thickness
in flat multi-layers medium is presented. The boundary condi-
tion along the localized metallic objects is expressed in terms of
the unknown polarization current flowing through these objects
in the form of an integral equation, which is solved using the
Method of Moments (MoM). The Green’s functions associated
with a layered medium of practical importance are expressed in
the spectral domain. The corresponding spatial domain Green’s
functions are obtained using the Discrete Complex Images Method
(DCIM). Special treatment for the spectral function’s asymptote
at high spectral values is performed. The presented formulation is
applied on different plasmonic structures immersed inside layered
media. The structures include nano-rod and nano-patch excited
by an incident plane wave. In addition, a simple band-stop filter
based on quarter-wavelength stubs is considered. This filter is
fed with a couple of plasmonic transmission lines. The obtained
current distributions and S-parameters are compared with those
obtained using a commercial full-wave electromagnetic simulator,
namely CST Microwave Studio. A very good agreement is observed.
The proposed integral equation formulation enjoys high degree of
stability, numerical efficiency, and accuracy.

Index Terms—Integral equation formulation, method of
moments, green’s functions, layered media, plasmonics, nano
antennas.

I. INTRODUCTION

R ECENT advances in fabrication technology allows the re-
duction of the device’s dimensions down to the nano-scale

At this scale, the high power dissipation is a significant problem
for classical electronic devices. Photonic components can be
considered as substitute due to their wide operational bandwidth
and low power dissipation. However, the diffraction limit of light
constrains the dimensions to be in the order of micrometers.
Recently, plasmonic devices overcome this problem as they
enable the confinement of the light down to the nanoscale, which
bridges the size gap between electronic and optical devices. This
opened the gate for several plasmonic applications such as sens-
ing and spectroscopy applications [1]–[5], nano-antennas [3],
[6]–[11], waveguides [12]–[17], and enhancing the absorption of
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photovoltaic solar cells [18]–[20]. At optical and near Infra-Red
(IR) frequencies, metals behave like plasma. The Drude model
[21] simplifies their behavior as a free electron gas moving
in a background of positive metallic ions. Consequently, their
response can be modeled via a complex frequency-dependent
relative permittivity.

In this paper, a detailed volume integral equation formulation
to analyze planar plasmonic devices with finite thickness in mul-
tilayered media, is developed. This integral equation is solved
numerically. Computational electromagnetics is a discipline
that seeks a solution for Maxwell’s equations associated with
irregular structures, which cannot be solved analytically. There
are two main branches of computational electromagnetics, one
that depends on the differential form of Maxwell’s equations,
such as Finite Element Method (FEM) [22]–[24] and Finite
Difference Time Domain (FDTD) method [25], [26]. The other
depends on the integral formulation of Maxwell’s equations,
such as the Method of Moments (MoM) [27]–[30]. The FEM
and FDTD methods, require discretization of the structure as
well as the substrate and surrounding media. Thus, the number of
unknowns and memory storage as well as the computation time
are big. Moreover, these techniques have another disadvantage in
solving problems with open boundaries, as a Perfectly Matched
Layer (PML) is required to truncate the computational domain,
which may result in numerical errors.

On the contrary, the MoM requires discretization of the finite
metal structures only. Thus, the number of unknowns and the
needed storage are relatively small. The MoM is perfectly suited
for structures with open boundaries as no truncation for the
computational domain is needed. However, in comparison with
the other two methods, the MoM requires more analytical work.
Hence, it isn’t frequently used if compared with FDTD and FEM
in the field of plasmonics. The MoM has been used in the field
of plasmonics to solve the Surface Integral Equations (SIEs)
associated with various plasmonic structures. SIE relies on the
electromagnetic equivalence principle to simplify the treatment
of plasmonic volumetric structures. In [31], SIE is formulated for
calculating the near and scattered fields of plasmonic structures
illuminated with incident plane waves. Another SIE is presented
in [32], where multiregion piecewise vector basis functions are
used. Such basis functions are convenient for meshing relatively
complex composite structures having multiple junctions. The
scattered field due to plane wave excitation of different structures
is obtained. An enhanced discretization method suitable for
sharp-edged plasmonic nano scatterer particles, such as cubes
and pyramids, is presented in [33]. Various SIEs applied on
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various plasmonic nano scatterers are compared in [34], [35].
The different iterative solvers used to solve the corresponding
system of linear equations are compared in [35]. The MoM
is also used to solve the SIE of plasmonic transmission lines
in free-space [36] and layered media [37]. Plasmonic trans-
mission lines are open structures in one direction, that is the
longitudinal direction of the wave propagation, while finite in
the other two transversal directions. The associated Green’s
functions are due to wire, filament, sources instead of the con-
ventional point sources used for analyzing finite structures in all
directions.

If higher accuracy and more flexibility in the shape of the
plasmonic structure under investigation are needed, SIE has to
be replaced with Volume Integral Equation (VIE) to be solved
also using the MoM. VIE formulation requires more analytical
work, computer memory, and simulation time if compared to
SIE. Consequently, VIE has less share in plasmonics’ literature
relative to SIE formulation. The electric volume current inside
a plasmonic scatterer is solved for via VIE in [38]. Surface
plasmon resonance due to plane wave illumination of cylinders
and stars with different cross-sectional geometries embedded
inside homogeneous medium are analyzed. The propagation
of surface plasmon polaritons in planar layered media due to
excitation with near line sources is studied using VIE in [39].
Another VIE is formulated in [40] to solve for the dispersion
characteristics of plasmonic photonic crystals in layered media.
Thin-film solar cells with embedded plasmonic nano particles
is analyzed in [41] making use of a VIE formulation. The
absorption enhancement within the active region of solar cell
due to illumination with sunlight is obtained.

The VIE formulation proposed is this paper has several
appealing features such as: 1) Closed-forms of the spectral
Green’s functions of layered medium of practical importance
are presented. 2) The corresponding spatial Green’s functions
for the same frequently used layered medium are analytically
expressed. 3) The matrix representation of the formulated VIE
is presented, with detailed expressions of the impedance matrix
elements. 4) The elements of the excitation vector are fully
expressed not only for the conventional plane wave excitation
of plasmonic structures, but also for excitation with plasmonic
transmission lines terminated with localized current sources,
which makes the proposed formulation very suitable for ana-
lyzing plasmonic devices such as filters, couplers, splitters, and
antennas.

The remainder of the paper is organized as follows. In Sec-
tion II, the spectral domain Green’s functions are defined and
expressed. Then, the Discrete Complex Images Method (DCIM)
is used to convert the spectral Green’s functions back to the
spatial domain. In Section III, the integral equation formulation
of the category of structures under investigation is presented.
The formulated integral equation is then solved using the MoM.
The presented technique is applied in Section IV to analyze
number of plasmonic planar structures, such as nano-rod and
nano-patch antenna in layered medium excited by plane wave.
A band-stop filter on top of a grounded substrate and fed with
plasmonic transmission lines is also investigated. The results of
the presented formulation are always compared with the results

Fig. 1. HED on top of a layered medium.

obtained by CST Microwave Studio [42]. Finally, the paper is
concluded in Section V.

II. GREEN’S FUNCTIONS OF LAYERED MEDIUM

A. Spectral Domain Green’s Functions

Green’s functions can be looked at as the impulse response
of a system, so they are defined as the electromagnetic fields
due to infinitesimal unit current sources. Any general source
can be seen as combination of a number of infinitesimal unit
sources with different weights. Therefore, the response of a
linear system due to a source can be found as the superposition
of the responses due to these unit sources. Consequently, the
Green’s functions are considered as a corner stone for solving
electromagnetic problems via integral equation formulation, as
demonstrated in Section III. There are closed forms for the
Green’s functions of a source in free-space [22], while there
is no such a straightforward analytical solution for the Green’s
function for layered media. The first step to obtain the Green’s
function for a Horizontal Electric Dipole (HED) impressed in a
multilayered medium, as shown in Fig. 1, is to solve Maxwell’s
equations satisfying the boundary conditions at each interface
between the layers. Via mapping the problem from the spatial
to the spectral domain, Maxwell’s equations which are coupled
Partial Differential Equations (PDE), are converted into uncou-
pled second-order Ordinary Differential Equations (ODE) that
can be easily solved by analogy to a transmission line problem.

By transforming Maxwell’s equations to the spectral domain
and calculating the spectral electric field components due the
HED shown in Fig. 1, the spectral dyadic Green’s functions can
be expressed as follows [36]:

G̃xx = G̃1 − (jkx) (jkx) G̃2 (1)

G̃yy = G̃1 − (jky) (jky) G̃2 (2)

G̃xy = G̃yx = − (jkx) (jky) G̃2 (3)

where kx and ky are the spectral correspondent of the spatial
variables x and y, respectively, which are the coordinate axes
perpendicular to the direction of stratification, z-axis. The basic
spectral Green’s functions G̃1 and G̃2, where both the source and
observation points are located in medium 1, can be expressed as
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follows:

G̃1 = − ωμ1

2kz1

[
e∓jkz1(z−z′) + ΓTE

1 e−jkz1(z+z′)
]

(4)

G̃2 =
1

2kz1ωε1

×
[
e∓jkz1(z−z′) +

1

k2ρ

(
ω2μ1ε1Γ

TE
1 + k2z1Γ

TM
1

)
e−jkz1(z+z′)

]
(5)

where the –ve and +ve sign in the exponent of the first exponen-
tial function in both (4) and (5) correspond to the observation
point (z) above and below the HED source (z’), respectively. kzi
is the propagation constant along z-direction in the ith layer and
defined as k2zi = ω2 μiεi − k2ρ. kρ is the spectral correspondent

of the spatial variable ρ =
√

x2 + y2 , where k2ρ = k2x + k2y .

Γ
TE/TM
i is the reflection coefficient in ith layer for the TE/TM

subsystem taking into account the presence of the entire layered
medium, such that:

Γ
TE/TM
1 =

Γ
TE/TM
2,1 + Γ

TE/TM
2 e−j2kz2z1

1 + Γ
TE/TM
2,1 Γ

TE/TM
2 e−j2kz2z1

ej2kz1z1 (6)

Γ
TE/TM
2 = Γ

TE/TM
3,2 ej2kz2z2 (7)

ΓTE
i,j =

μikzj − μjkzi
μikzj + μjkzi

, ΓTM
i,j =

εikzj − εjkzi
εikzj + εjkzi

(8)

B. Spatial Domain Green’s Functions

The conversion back to the spatial domain can be done by ap-
plying the inverse Fourier transformation on the spectral domain
Green’s functions, (1)–(3), which leads to the following:

Gxx = G1 − ∂2

∂x2
G2 (9)

Gyy = G1 − ∂2

∂y2
G2 (10)

Gxy = Gyx = − ∂

∂x

∂

∂y
G2 (11)

where G1 and G2 are the spatial counterparts of the spectral
functions G̃1 and G̃2, respectively. The multiplication by jkx
and jky in the spectral domain is converted into ∂/∂x and ∂/∂y
in the spatial domain, respectively. Applying inverse transfor-
mation from the spectral domain back to the spatial domain on
(4) and (5), the spatial basic Green’s functions can be obtained:

G1 = − jωμ1

4π

∞∫
−∞

[
e∓jkz1(z−z′) +R1e

−jkz1(z+z′)
]

H2
0 (kρρ)

kρ
j2kz1

dkρ (12)

G2 =
j

4πωε1

∞∫
−∞

[
e∓jkz1(z−z′) +R2e

−jkz1(z+z′)
]

H2
0 (kρρ)

kρ
j2kz1

dkρ (13)

Fig. 2. The spectral function R1 versus the spectral variable kρ.

where the spectral functions R1 and R2, which are free from z
and z’ dependency, can be expressed as follows:

R1 = ΓTE
1 (14)

R2 =
1

k2ρ

(
ω2μ1ε1Γ

TE
1 + k2z1Γ

TM
1

)
(15)

The integrals in (12) and (13) are known as Sommerfeld inte-
grals, which are computationally expensive and time-consuming
due to the highly oscillatory and slowly decaying integrands.
Therefore, the Discrete Complex Images Method (DCIM) [43]
is employed in order to avoid evaluating these integrals nu-
merically. In this technique, a spectral domain Green’s func-
tion is expanded into a summation of number of exponen-
tial functions with complex coefficients via the Generalized
Pencil-Of-Function (GPOF) [44] method, or Prony’s method
[45]. The conversion into spatial domain is then accomplished
using Sommerfeld identities [46] to obtain the closed form of
the spatial Green’s function as another summation of exponen-
tial contributions from the source’s images located at complex
distances.

It is worth mentioning that the DCIM is better applied on the
spectral functions after extracting the quasi-dynamic terms [47].
This extraction can be done by applying the low frequency limit,
where kz of all media are almost equal. The real and imaginary
parts of R1 versus kρ are plotted in Fig. 2. As shown in this
figure, the quasi-dynamic subtraction is not required for this
spectral function R1 as it is rapidly decaying.

On the other hand, Fig. 3(a) and 3(b) show the real and imag-
inary parts of the second spectral function R2 before and after
the subtraction of the quasi-dynamic terms, R2q, respectively.
Unlike the original function R2, the function (R2 −R2q) is
rapidly decaying as desired. The spectral functions presented
in Figs. 2 and 3 correspond to a HED located in free-space
above a frequently used SiO2/Au substrate. The SiO2 layer has
thickness of 500 nm and relative permittivity equals 2.1. The
lower-most Au layer is assumed thick enough to act effectively
as a half-space with no reflection. The subtracted quasi-dynamic
terms, R2q, are:

R2q = −K1 e
j2kz1z1 +K2

(
K2

1 − 1
)
ej2kz1z2

+K1K
2
2e

−jkz1(2z1−4z2) (16)
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Fig. 3. The spectral function R2 versus the spectral variable kρ: (a) Before
extracting the quasi-dynamic terms. (b) After extracting the quasi-dynamic
terms, R2q .

where

K1 =
ε2 − ε1
ε2 + ε1

, K2 =
ε3 − ε2
ε3 + ε2

(17)

Applying the aforementioned steps of the DCIM, the inte-
grations appearing in (12) and (13) can be expressed as follows
[43]:

G1 =
−jωμ1

4π

(
e−jk1r1

r1
+

N1∑
i = 1

ai
e−jk1ri1

ri1

)
(18)

G2 =
j

4πωε1

[
e−jk1r1

r1
−K1

e−jk1r2

r2

+K2

(
K2

1−1
) e−jk1r3

r3
+K1K

2
2

e−jk1r4

r4
+

N2∑
i=1

ci
e−jk1ri2

ri2

]

(19)

where

r1 =

√
(x− x′)2 + (y − y′)2 + (z − z′)2 (20)

r2 =

√
(x− x′)2 + (y − y′)2 + (z + z′ − 2z1)

2 (21)

r3 =

√
(x− x′)2 + (y − y′)2 + (z + z′ − 2z2)

2 (22)

r4 =

√
(x− x′)2 + (y − y′)2 + (z + z′ + 2z1 − 4z2)

2

(23)

ri1 =

√
(x− x′)2 + (y − y′)2 + (z + z′ + jbi)

2 (24)

TABLE I
COEFFICIENTS AND LOCATIONS OF THE COMPLEX IMAGES OF THE SPECTRAL

FUNCTION R1

TABLE II
COEFFICIENTS AND LOCATIONS OF THE COMPLEX IMAGES OF THE SPECTRAL

FUNCTION (R2 −R2q)

Fig. 4. Gold rod in free-space.

ri2 =

√
(x− x′)2 + (y − y′)2 + (z + z′ + jdi)

2 (25)

The coordinates of the observation and source points are (x,
y, z) and (x’, y’, z’), respectively. (ai, ci) and (bi, di) are the
coefficients and locations of the complex images for the spectral
functions R1 and (R2 −R2q), respectively, whose values for a
source on top of the same SiO2/Au substrate under investigation
are listed in Tables I and II, respectively. It is worth mentioning
that the ∓ sign in (12) and (13) disappears due to squaring
the difference between z and z’ in (20). This makes the spatial
Green’s function expressions for observation points above and
below the source identical.

The derived form of the basic spatial domain Green’s
functions in a layered medium, equations (18) and (19),
resembles the form of the Green’s function due to a source
located in free-space. Consequently, when these Green’s
functions are plugged into the integral equation derived in the
following section, the problem of a plasmonic structure in a
layered medium, can be looked as a superposition of a number
of free-space associated problems.

III. INTEGRAL EQUATION FORMULATION AND THE

METHOD OF MOMENTS

The volume integral equation to be satisfied at any point within
the volume of a localized plasmonic structure, for example a gold
rod with finite thickness in free-space as shown in Fig. 4, is given
by [46]:∫∫∫

localized
metal

GE,J (r, r′) J (r′) dτ ′ =
J (r)

jω (ε̂− ε0)

− Ei (r) (26)
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Fig. 5. Rectangular meshing and the basis functions: (a) Basis functions along
x-direction. (b) Basis functions along y-direction. (c) 3D view of an x-directed
basis function.

where r and r′ are the observation and source points, respec-
tively. J represents the unknown induced polarization electric
current flowing through the plasmonic metallic structure. GE,J

is the Green’s function matrix that links the electric current J
to the electric field E according to (9)–(11). ε0 and ε̂ are the
permittivity of the free-space and the metal forming the local-
ized plasmonic structure, respectively. The latter permittivity is
complex and frequency dependent. It can be calculated using
the Drude model [21]. In this study, the experimental results
[48] are used as a better alternative. Ei represents the excitation
electric field, which could be due to an incident plane wave or
a localized current source usually located at the far edge of a
feeding transmission line.

The MoM starts by the meshing step, where the structure
under investigation is subdivided into small segments, as shown
in Fig. 5. In this study, rectangular mesh is used with dimensions
Δx, Δy and Wz along the x-, y- and z-axis, respectively. It
is worth mentioning that the structures under investigation in
this paper are planar structures with relatively small non-zero
thickness, Wz , along z-direction. Hence, a single mesh cell is
assumed along z-axis, whose thickness, Wz , is the same as that
of the entire planar structure. Consequently, there is no need to
consider current flowing along z-axis.

The second step in the MoM technique is to expand the un-
known polarization currents in terms of known basis functions,
triangular basis functions (roof-tops), weighted by unknown
expansion coefficients. Finally, using testing technique, such as
point-matching or Galerkin, (26) is applied at many test points
along the metallic structure. By applying these steps, the integral
(26) is converted into the following matrix equation, which can

be solved using conventional matrix techniques:[
[Zxx]Nx×Nx

[Zxy]Nx×Ny

[Zyx]Ny×Nx
[Zyy]Ny×Ny

] [
[Cx]Nx×1

[Cy]Ny×1

]

=
1

jω (ε̂− ε0)

1

ΔxΔyWz

[
[I]Nx×Nx

[0]Nx×Ny

[0]Ny×Nx
[I]Ny×Ny

]

×
[
[Cx]Nx×1

[Cy]Ny×1

]
−
[ [

Ei
x

]
Nx×1[

Ei
y

]
Ny×1

]
(27)

where [Cx] and [Cy] are the unknown current expansion coef-
ficients of the x- and y-directed basis functions, respectively.
[I] and [0] are the identity and zero matrices, respectively. [Ei

x]
and [Ei

y] represent the x- and y-components, respectively, of
the excitation electric field. Nx and Ny are the number of
basis functions along x- and y-directions, respectively. [Zxx],
[Zxy], [Zyx], and [Zyy] are the sub-matrices of the impedance
matrix. Adopting point-matching testing, the elements of these
sub-matrices can be expressed as follows:

Zxx (m,n) =

z0+
Wz
2∫

z0−Wz
2

dz′
bn+

Δy
2∫

bn−Δy
2

dy′
an+Δx∫
an−Δx

dx′G1| x=am

y=bm
z=z0

× T (x′ − an)R (y′ − bn)R (z′ − z0)

−
z0+

Wz
2∫

z0−Wz
2

dz′
bn+

Δy
2∫

bn−Δy
2

dy′
∫ an+Δx

an−Δx

dx′ ∂G2

∂x

∣∣∣∣ x=am

y=bm
z=z0

× dT (x′ − an)

dx′ R (y′ − bn)R (z′ − z0) (28)

Zxy (m,n) =

−
z0+

Wz
2∫

z0−Wz
2

dz′
dn+Δy∫

dn−Δy

dy′
∫ cn+

Δx
2

cn−Δx
2

dx′ ∂G2

∂x

∣∣∣∣ x=am

y=bm
z=z0

×R (x′ − cn)
dT (y′ − dn)

dy′
R (z′ − z0) (29)

Zyx (m,n) =

−
z0+

Wz
2∫

z0−Wz
2

dz′
∫ bn+

Δy
2

bn−Δy
2

dy′
an+Δx∫

an−Δx

dx′ ∂G2

∂y

∣∣∣∣ x=cm
y=dm

z=z0

× dT (x′ − an)

dx′ R (y′ − bn)R (z′ − z0) (30)

Zyy (m,n)=

z0+
Wz
2∫

z0−Wz
2

dz′
∫ dn+Δy

dn−Δy

dy′
cn+

Δx
2∫

cn−Δx
2

dx′G1| x=cm
y=dm

z=z0
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×R (x′ − cn)T (y′ − dn)R (z′ − z0)

−
z0+

Wz
2∫

z0−Wz
2

dz′
dn+Δy∫

dn−Δy

dy′
cn+

Δx
2∫

cn−Δx
2

dx′ ∂G2

∂y

∣∣∣∣ x=cm
y=dm

z=z0

×R (x′ − cn)
dT (y′ − dn)

dy′
R (z′ − z0) (31)

where T and R are triangle and rectangular functions, respec-
tively, that are used to expand the unknown current components
[36]. m and n are the orders of the test point and the current
expansion function, respectively. (an, bn, z0) and (cn, dn, z0)
are the coordinates of the centers of the nth x- and y-directed
basis functions, respectively, as shown in Fig. 5. z0 is the
halfway z-coordinate of the metallic structure. The basic Green’s
functionsG1 andG2 for the layered medium under consideration
are expressed in (18) and (19), respectively. Substituting these
Green’s functions into (9)–(11) then into (28)–(31), it is clear
that any element in the impedance matrix can be looked at as a
superposition of terms similar to the corresponding free-space
case.

The elements of the excitation electric field vectors [Ei
x] and

[Ei
y] are calculated according to the method of excitation. For

a plane wave excitation propagating along –z direction with its
electric field polarized along x-axis, the excitation field vectors
can be written as follows:

[
Ei

x

]
Nx×1

=

⎡
⎢⎢⎢⎢⎣
E0

...

...
E0

⎤
⎥⎥⎥⎥⎦ ,

[
Ei

y

]
Ny×1

=

⎡
⎢⎢⎢⎢⎣
0
...
...
0

⎤
⎥⎥⎥⎥⎦ (32)

whereE0 is the incident electric filed at the halfway z-coordinate
of the metallic structure, z0. If the plasmonic structure is to
be fed with a transmission line, the excitation is not due to
an incident plane wave but due to a localized current source
located at the outer edge of the feeding transmission line. This
localized current source can be represented by a half-roof-top
basis function [49]. Consequently, the elements of the excitation
field vectors can be expressed as follows:

Ei
x (m) =

z0+
Wz
2∫

z0−Wz
2

dz′
ys+

Δy
2∫

ys−Δy
2

dy′
xs+Δx∫
xs

dx′G1| x=am

y=bm
z=z0

×TH (x′ − xs)R (y′ − ys)R (z′ − z0)

−
z0+

Wz
2∫

z0−Wz
2

dz′
ys+

Δy
2∫

ys−Δy
2

dy′
xs+Δx∫
xs

dx′ ∂G2

∂x

∣∣∣∣ x=am

y=bm
z=z0

×dTH(x′−xs)
dx′ R (y′ − ys)R (z′ − z0)

(33)

Ei
y (m) = −

z0+
Wz
2∫

z0−Wz
2

dz′
ys+

Δy
2∫

ys−Δy
2

dy′
xs+Δx∫
xs

dx′ ∂G2

∂y

∣∣∣∣ x=cm
y=dm

z=z0

×dTH(x′−xs)
dx′ R (y′ − ys)R (z′ − z0)

(34)

Fig. 6. Gold rod above a finite substrate backed by sufficiently thick gold
ground layer.

where TH is a half-triangular function located at the outer edge
of a feeding transmission line oriented parallel to the x-axis
[49]. The x- and y-coordinates of this edge are xs and ys,
respectively. If the feeding transmission line is oriented parallel
to the y-axis, the dual version of (33) and (34) have to be used.
After calculating the elements of the impedance matrix and the
elements of the excitation electric field vectors, the unknown
expansion coefficients of the current [C], can be found by solving
(27) using conventional matrix techniques.

IV. RESULTS AND DISCUSSION

A. Plasmonic Nano Rod Above Finite Substrate Illuminated by
Plane Wave

A plasmonic rod, shown in Fig. 6, embedded within a prac-
tical supporting layered medium is investigated. The Green’s
functions for a source in a three-layers medium, specifically
air/SiO2/Au, are calculated as presented in Section II. The
gold nano rod is located above the SiO2 substrate with relative
permittivity of 2.1, thickness of 500 nm, and backed by a
sufficiently thick Au ground plane. The rod is excited by a plane
wave propagating along the z-axis with its incident electric field
polarized along the length of the rod, i.e., along x-axis, with E0

of 1 V/m. The length Lx, width L y , and thickness Wz of the rod
are 387.5, 15.5, and 15.5 nm, respectively. These dimensions
are equivalent to 0.25 λ0 , 0.01 λ0 , and 0.01 λ0 , respectively,
at a frequency of 193 THz whose free-space wavelength λ0 is
1550 nm.

The normalized x-component of the induced current along
the rod axis is calculated at 193 THz and plotted in Fig. 7
together with the results obtained using CST. As can be observed,
the comparison between the proposed solver and CST shows
a very good matching. The number of mesh cells used by
the developed solver to simulate this structure is 65 segments
along the longitudinal direction and one segment along the
other two perpendicular directions. Significantly large number
of segments is taken along the longitudinal direction in order to
obtain a smooth current distribution curve. On the other hand,
the total number of mesh cells required by CST to simulate the
same structure is 516,675. Consequently, the required memory
by the proposed solver and CST are 24.8 MB and 183 MB,
respectively. The current distribution along the rod shows the
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Fig. 7. Normalized longitudinal current coeffieicnts magnitude along the rod
of Fig. 6 due to an illumination with a co-polar plane wave with frequency of
193 THz.

Fig. 8. Gold patch on top of a finite SiO2 substrate backed by a sufficiently
thick gold ground layer.

expected sinusoidal behavior, which is associated with a rod
length close to half of a guided wavelength. Current nulls are
observed at the open-circuit terminals of the rod. Between
the two current nulls at the terminals, the current goes to its
maximum value at the center of the rod. The maximum current
coefficient magnitude at the center of the rod is 4.34×10–18 A.m,
which is used for normalization in Fig. 7. It is worth mentioning
that exciting a structure with a plane wave allows one to easily
obtain the current distribution of the fundamental mode(s) of
this structure.

B. Plasmonic Nano Square Patch on Top of Finite Substrate
and Illuminated by Plane Wave

The resonator is now in the form of a square gold nano patch
on top of the same SiO2/Au substrate, with same thicknesses as
in subsection A, as shown in Fig. 8. The dimensions of the patch
are Lx = 775 nm, Ly = 775 nm, and Wz = 77.5 nm. At λ0 of
1550 nm (193 THz), these patch dimensions correspond to 0.5
λ0 , 0.5 λ0 , and 0.05 λ0 , respectively.

Similar to the previous example, this square patch is excited
by a 193 THz incident plane wave propagating along –z direction
whose electric field is polarized along the x-direction with E0

of 1 V/m. The distributions of the x- and y-components of the
induced current over the entire patch are calculated using the
proposed solver and plotted in Fig. 9. The patch is meshed such
that 21, 21, and 1 segment are taken along x-, y-, and z-directions,

Fig. 9. Logarithm (decade) of the current coeffieicnts magnitude (A.m) over
a square patch located above SiO2/Au substrate and excited with a x-polarized
plane wave with 193 THz frequency: (a) x-component and (b) y-component.

respectively. The corresponding memory for this mesh size is
31.7 MB for the proposed solver. As for CST, it requires 248
MB of memory to simulate the same structure.

As expected, the current component parallel to the incident
electric field, which is the x-component, is dominant. Similar
to the rod, half-sinusoidal distribution can be noticed for the
dominant current component along the direction of the incident
electric field. Along the orthogonal direction, the dominant
current component shows significant and rapid increase towards
the edges of the patch. Due to the symmetry of the structure,
one should expect another perpendicular fundamental mode.
Similar patch nano antenna is considered in [50], but fed with a
plasmonic transmission line.

C. Band-Stop Filter

The band-stop filter is a two-port structure that prevents
specific frequency band from being transferred from one port
to the other one. This band is known as the stop-band of the
filter. A silver band-stop filter is built above SiO2 substrate with
a thickness of 1450 nm and backed by a sufficiently thick silver
ground plate, as shown in Fig. 10.

The theory of operation of this device is fairly simple. There
two open circuit stubs located at the edges of the vertical rod. At
a specific frequency, these two stubs seen as short circuits at the
points of intersection between the vertical rod and the feeding
horizontal transmission lines. This occurs when the length of
these stubs equal quarter of a guided wavelength. Consequently,
the current coming from a transmission line is flowing almost
totally through the stub, which appears as a short circuit, leaving
no current for the other transmission line. The frequency at
which this happens is the resonance frequency of the filter, which
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Fig. 10. Silver band-stop filter on top of SiO2 substrate backed by sufficiently
thick silver ground layer: (a) Top view and (b) Three-dimensional view.

is located close to the middle of its stop-band. This structure
was used in [51] as a microwave band-stop filter. The same
structure is reconsidered here for the optical frequency range.
The optimum values of the filter’s dimensions shown in Fig. 9
to resonate at 193 THz and to match feeding transmission lines
with width Ly,TL = 36.15 nm are: Lx = 28 nm, Ly = 470 nm,
Lsep = 144.61 nm. The thickness of the structure is Wz = 26
nm. The considered length of the feeding transmission lines is
Lx,TL = 336 nm.

The proposed solver is used to analyze the band-stop filter
under investigation. The structure is first excited with a roof-top
at the edge of the left-hand side transmission line, port 1 in
Fig. 10(a). The corresponding current along the structure is cal-
culated. Then, the excitation is applied at port 2, which is located
at the far edge of the right-hand-side transmission line and the
corresponding current along the structure is also calculated. The
currents along the feeding lines, for the two excitations, are
expanded as superposition of incident and reflected waves. The
weights of these waves are used to calculate the S-parameters of
the proposed structure [52].

The dimensions of the mesh used for simulating this structure
are 12-by-1-by-1 for each horizontal feeding transmission line
and 1-by-13-by-1 for the vertical connecting rod. The required
memory to simulate this structure by the proposed solver and
CST are 139 MB and 958 MB, respectively. The insertion loss,
i.e., S21, is plotted versus frequency in Fig. 11 as obtained
using the proposed solver and CST. S21 is defined as the ratio
between the transmitted wave to port 2 and the incident wave
at port 1, when port 1 is excited and port 2 is terminated with a
matched load. The losses along the two transmission lines are
de-embedded from the results of the two solvers.

Fig. 11. S21 in dB versus frequency in THz for the band-stop filter obtained
using both the proposed solver and CST.

Very good agreement can be observed in Fig. 11. S21 is lower
than −10 dB from 150 THz till 240 THz, which is the stop-
band of this filter. Normalizing to the central frequency, this
bandwidth is equivalent to 46%. Narrower bandwidth down to
a few percentages can be achieved if a high-quality resonator is
used instead of the simple structure under investigation.

V. CONCLUSION

In this study, a volume integral equation formulation for
planar plasmonic nano structures in layered media is presented.
The thickness of the structures under investigation is accurately
taken into account. Layered media of practical importance in
plasmonic applications are considered. The Green’s functions
of these media are fully expressed in the spectral domain. The
corresponding spatial domain Green’s functions are efficiently
obtained by means of Sommerfeld identity and the DCIM. The
MoM is used to solve the formulated integral equation. The
developed solver based on the presented formulation is applied
on different plasmonic structures in layered media. The results
show a very good agreement with those obtained using the
frequency domain solver of CST Microwave Studio. Since only
the localized metal objects are meshed with no need for meshing
the surrounding medium, the number of unknowns solved for by
the proposed solver is much less than that considered by CST.
Consequently, the proposed integral equation solver is about 10
times faster than solvers based on FEM or FDTD. Moreover,
the memory needed by the proposed MoM solver is much less
than that needed by solvers employing the other two numerical
techniques.
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