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Abstract—A theoretical model, suitable for multiple structures
of integrated vortex beam emitters, is proposed, developed and ver-
ified. Using the interference superposition of multiple plane waves
in the far-field plane, which have the same wavevector in the z-
direction, the expressions of the orbital angular momentum (OAM)
beam field emitted from integrated devices are obtained. The results
are applicable to OAM beams with larger or fractional topological
charges, and consider different initial polarization states, which
means different structures. Especially, when 3 = 0, p = 0, the result
is the same as those derived from the dipole model and is consistent
with the previous experimental results. The calculated results show
that it can obtain more accurate far-field light field with topological
charge | increasing gradually and gain the same Ex and Ey with
different initial polarization states. By constructing this model, the
generation mechanism of the integrated OAM beam emitters can be
easily understood and the beam vortex can be generated naturally
and flexibly.

Index Terms—Orbital angular momentum (OAM), photonic
integrated circuits, optical beams, integrated optics, vortex beam.

I. INTRODUCTION

NTEGRATED OAM vortex beam emitter [1]-[9], with its
I advantages of small footprint, tunability and large-scale mass
production, has become an important method for vortex beam
generation. Lots of Integrated emitters, like microring resonator
[1]-[4] or cobweb structure [5]-[9] have been made, which
usually use emission points to send out wavelets. They interfere
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in space to procedure OAM vortex beam. However, there are few
theoretical studies on OAM beam generated by those devices
because it is difficult to describe the process by using distinct
and straightforward formulas. So far, some theoretical models
on integrated OAM vortex beam emitter have been studied
like, coupled mode theory (CMT) [1], [10], [11], which can
explicitly explain the physical mechanism of mode coupling,
but it needs to solve complex coupled-mode equations and spend
lots of energy to find the coupling coefficient in many modes.
Three-dimensional Finite Difference Time Domain numerical
method (3D-FDTD) [8], [12]-[14] is also came up, which can
catch simulation results by high-performance computer, but
it is difficult to distinguish the physical mechanism. Dipole
model [15], [16] is used to replace the beam-emitting sources
directly with dipole oscillators. Although, it can well verify
the experimental results when topological charge / is small,
the equation introduces some quantities independent on light as
dipole moment such that, it is very limited in larger or fractional
[ due to the approximations are made in the solution process,
like integral approximation, Fresnel diffraction approximation
etc. Moreover, CMT and Dipole model are only applicable to
microring resonator structure which means integer topological
charges. 3D-FDTD is only used to calculate small size effec-
tively and the devices with aradius of more than 30 um can hardly
be analyzed (part 3 in [14]). Therefore, an accurate, intuitive and
comprehensive theory needs to be proposed, by which to calcu-
late the larger or fractional / precisely and large-scale structures
faster. The theory also takes different initial polarization of the
emission into consideration.

In this Letter, a multi-plane wave interference model [17]
suitable for various structures is proposed, proved and verified
for the integrated OAM beam emitters. It replaces each emission
grating with a plane wave source instead of dipole oscillator and
start directly from the light field of plane wave instead of dipole
moment. In fact, it has been proved experimentally that the light
emitted from the grating can approximate to a plane wave in
the far field [17, Fig. 6(a)]. Due to the same polarization along
the z-axis of the beam emitted by each sub wave source, the
magnitude of radial polarization is the same, and the direction
is related to the position of emission point, that is conical wave
(the name from [18] or conical wavefronts in [19]) we call it
conical wave model (CWM). Through rigorous calculation, the
expressions of the radiated light field are obtained. In particular,
when 3 = 0, p = 0 the results are same as those derived from the
dipole model and they are also demonstrated the beam from the
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Fig. 1. (a) Schematic illustration of CWM for integrated emitters.
(b) Schematic of microring resonator structure. (c) Cobweb structure.

integrated emitters is formed from left-handed circularly polar-
ized (LHCP) light of charges / - 1 and right-handed circularly
polarized (RHCP) light of charges / 4 1. In order to showcase the
advantages of the model, we use cosine similarity to compare
the intensity and phase images obtained by different models
qualitatively and quantitatively. The results show that when /
increases gradually, the discrepancies between the models grad-
ually enlarge, attributing to the failure in approximate conditions
in the dipole model. In addition, we also use this model to
analyze the fractional OAM beam, showing be consistent with
the previous simulation and experimental results. Finally, the
far-field interference results of wavelet with different primary
polarization states are numerically calculated, it demonstrates
that they have the same E; and E, and when they interfere with
the spherical wave, the difference of the initial polarization state
will be shown.

II. METHODS

The schematic diagram of the CWM for integrated emitters
is illustrated in Fig. 1(a). The emitted plane wave from multiple
sub wave sources (red area) interfere in the far field (gray area)
to form OAM beam. Fig. 1(b) and (c) show the microring
resonator and cobweb structure [8], [20] similar shapes are
called circular grating coupler in [21]-[23], which have different
polarization state distribution (blue arrow line), since the beam
in TE mode is perpendicular to the propagation direction of
the waveguide (dark orange area). Thanks to the size of the
grating element is very small compared to wavelength [1],
[2], the spherical wave emitted by sub-wavelength grating can
be approximated as plane wave under paraxial and far-field
conditions. The electric field distribution of the plane wave
emitted by the nth sub wave source is:

Eln = anexp (zEn (F—7) + il@n) , (1)
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Where a, is the amplitude of nth plane wave, ¢ is
the imaginary number of units, K, = k(sin ¢ cos(f, + ),
sin ¢ sin(6,, + 1), cos ¢) is the wavevector for nth field, 7=
T + yy + zZ'is the position vector, [ is the topological charge of
OAM vector beams, 6,, = 27n/N is the azimuthal angles. What’s
more, ¢ = arcsin(k,/k) is the polar angle and half of the apex
angle of the cone in Fig. 1(a), k = 27/X is the wavenumber and
k2 = kﬁ + k2, Nis the total number of sub wave sources, A is the
wavelength of plane beam in vacuum, ¥ is an angle controlling
the polarization direction, with a value from 0 to /2, which
corresponds to the microring resonator structure when ¥ = 0
and for cobweb structure when ¢ = 7/2. Therefore, the OAM
beam field in far field plane is:

N
= (Ez\ _ sin (0, + V)
B = (Ely) _z_:la"<—cos(9n+19))e}{p

[iE : (? . ?n) + il@n} , )

Since the coordinates of the light source point are
(Zn, Yn,0) = R(cosb,,sinb,,0), here R is the radius of the
device and the coordinates of the far-field image point are

(z,y,2) = (pcosu, psinu, z), using the mathematical expres-
sion ?%cos¥ —= Zz_icoo o (2)i™e™ here J,, () is the first

kind of Bessel function. Eq. (2) can be cast into the following
form:

~+o00
=A Z {Jm (kop)

m=—00

i exp (—imu)

(0n + 0 . :
) Z (-Slcr(l)s 0 ++ 1)9) ) exp [im (O + ) + Zmn]} ,
3)

Where A = a,, exp(ik.z) exp[—ik, R cos(?)], and we define
AO =27 /N, B* = (m + | + 1)Af, which will have no effect
on the result except in appearance. By using the Euler’s formula
in complex function, we obtain Eq. (4).

o 1 m . .
El’x:Am;m ij (kpp)i™ exp (imd — imu)
exp(iﬂ)exp[%i(N—l)B*]sin(N’§+)
sin(%) B (4)
exp(fiﬁ)exp[%i(Nfl)B’}sin(%) ’
sin(%)
When [ is an integer, we have sin(NB1/2)=

sinf[r(m+1+10)] =0, and we can catch sin(NB*/2)/
sin(B*/2) = N6(pN — 1 — 1 —m) Here p is an integer and
0(x)is the delta function (see (5) at the bottom of this page).

A +o0
= 2

m=—00

E)l;y = {Jm (kpp)i™ exp (imd — imu)

[exp (19) exp [%
exp (—i) exp |

(N—=1)BY| N6 (pN —1—1—
i(N—-1)B~

U)o

] N6 (pN —1+1 -
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Finally, we attach the far-field electric field Eq. (6),

(~1) N D7 exp i) (pN — )] PN

(%)
e (pyesp i -1+ (1) [ |

(6)

Equation (6) indicates that the OAM beam from inte-
grated emitter consists of (I — pN) — 1 order LHCP light and
(I —pN)+1 order RHCP light. For clarity, RHCP light is
discussed by default when the following analysis is not explic-
itly described. Particularly, when 3 = 0, p = 0 and using the
math formula J_,,, (z) = (—1)"J,, (), we obtain Eq. (7) from
Eq. (6), which is same as the reported result (Eq. (9) in [15],
Eq. (7) in [16]) and be consistent to the experimental results in

Res [1].
1
)

{Jpn-i-1 (kyp) exp [—iu (pN — 1 — 1)]}

- AN |

B = St { i (hop) exp i 14 1)

+ Ji—1 (kpp) exp [iu (I — 1)] (1) } , @)

Formicroring resonator structure with M, gratings in Fig. 1(b)
(M ;is aninteger), when a stable mode is formed in the microring,
there is the following relationship 27 Rn.sy = M\, here M,,
is an integer and n.yy is the effective refractive index of the
device. The phase difference of light waves emitted by adjacent
gratings is A@ = 2w M, /M,. Since the topological charge of
this structure is [ = M,, — M, [1]. Finally, We can get the phase
of this structure in the CWM model.

16, = (M, — M,) 2xnM,/M,, ®)

For cobweb structure in Fig. 1(c), since the phase of each
emission source can be controlled separately, it does not need
to meet the resonance condition, as long as the phase between
adjacent emission beams is maintained at Af = 27 /N, vortex
beams can be emitted, and the order of topological charge is not
necessarily integer.

III. RESULTS

In order to demonstrate the disparity between the Eq. (6)
(CWM) and Eq. (7) (Dipole model) in detail, we use cosine
similarity to calculate them more accurately, which has been
used to study optical frequency comb [24] and optical phased
array [25] for quantitatively. Consider two known vectors @ =
(x1,22,..., zK),gz (y1,Y2,---,YK ), and their cosine simi-
larity can be expressed as Eq. (9) ranging from O to 1, which
means weaker correlation and strong correlation or exactly same
between two vectors. The similarity between two pictures by
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Fig. 2. Comparison of cosine similarity between two images when 9 = 0.

(a) The cosine similarity of light intensity (dark red triangle), phase (orange
diamond) changes with topological charges from 0 to 16 between p = 0 and p
=0, £1 in Eq. (6), the solid and dash line are intensity and phase fitting curve,
the insets (I1-16, P1-P6) are intensity or phase diagrams of the corresponding
points. (b) The cosine similarity of light intensity (solid line), phase (dash line)
changes with the summation range p, pictures compared to them are the ideal
(p ranges from -20 to 20) light intensity and phase pattern which have the same
topological charge number, different colors correspond to different orders of
topological charges as I = 1, 3, 5, 7, 9 respectively, the insets (17, I8, P7, P8) are
intensity or phase diagrams of the corresponding points, the Group! and Group2
are the intensity and phase forp =0, £1 and [ =1, 3, 5, 7, 9 respectively.

different models can be quantitatively evaluated using the cosine
similarity.

_ Zszl TkYk
K K
\/Zk:l 3 \/Ek:l Yi

To a specific device with R = 3.9 um N = 36 and the maximum
OAM beam’s order is 2 (see Fig. 2S(a) in [1]), there is no
difference between the results by Eq. (6) [12 and P2 in Fig. 2(a)]
and Eq. (7) [I1 and P1 in Fig. 2(a)] due to the / is small relative
to N. Their cosine similarity is 0.9919 for light intensity and
0.9893 for light phase. However as is shown in Fig. (2a) with
[ getting bigger and bigger, the dissimilarity will become more
and more serious. The light intensity I5 (simulation by dipole
model) and 16 (by conical wave model), P5 (by dipole model) and
P6 (by conical wave model) in Fig. 2(a) are markedly different,
the cosine similarity is 0.8758 for light intensity and 0.9126 for
light phase, which is one of the advantages of our model over the
dipole model. What’s more, the dipole model may break down
at some points, for example the intensity and phase with [ = 35
(even [ = 20), N = 36 can be obtained by Eq. (7), however,
the result is contrary to reality. The strange result arises from
approximations in dipole model, and obviously, the approximate
conditions are void this case. There is an abnormal point [P3 and
P4 in Fig. 2(a)] in the above phase calculation, which may come
from the size interception of the calculated picture or the setting

®

cos (a,b)
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of simulation parameters, but it does not affect the conclusion
that the cosine similarity gradually decreases with the increase
of topological charge, which means that using the dipole model
to calculate larger / will produce larger error in theory. This
deviation from the dipole model theory will affect the light
field scattering force [26], the gradient force [27] in optical
micromanipulation [28] and the purity of OAM mode [16]
in high-capacity optical communication [29] or high-security
encryption [30], that is, the error rate of communication will
increase greatly. There is no doubt that the use of dipole model
will bring some strange problems to specific devices, especially
when [ is larger, which will limit the application of OAM beam.

Although p takes an integer from negative infinity to positive
infinity in Eq. (6), it is sufficient when p = 0, &1 since the value
of higher-order Bessel function is very small. We quantitatively
analyzed the light intensity, phase using Eq. (6) when p = 0;
p=0,£l;p=0, %1, £2; p =0, =1, £2, £3; p = 0, £1,
+2, £3, £4 respectively, and compared it with the ideal light
intensity and phase diagram (p ranges from -20 to 20). As shown
in Fig. 2(b) when p = 0, with the increase of topological charge
1, the value of cosine similarity becomes smaller and smaller
whether for light intensity or phase, the values are 0.9742,
0.9668,0.9543, 0.9378, 0.9160 for intensity and 0.9810, 0.9627,
0.9456,0.9264, 0.9217 for phase with/ =1, 3, 5,7, 9. Especially
17 (calculated with p = 0), I8 (p from -20 to 20) are the calculated
picture for the light intensity of I = 9in Fig. 2(b), and P7 (p =0),
P8 (p from -20 to 20) are for the light phase of [ = 9. However,
when p =0, %=1 the values of their cosine similarity are all 1 after
retaining 12 decimal places, which means that the results are the
same as those from p ranges from -20 to 20, here the calculated
pictures are marked in Groupl (for light intensity) and Group2
(for light phase) with [ = 1, 3, 5, 7, 9 respectively. In addition,
we also calculated p =0, +1, £2; p =0, £1, 2, £3; p =0,
+1, £2, 43, 4 in order to avoid accidental errors in Fig. 2(b),
which are the same as the result of p = 0, 4-1. Finally, we still
keep p from —oo to +o0 in Eq. (6) for generality in engineering
and rigorous on mathematical.

Emitters based on the microring resonator structure cannot
release OAM beams with fractional topological charges since
l = M, — M, is an integer. The dipole model is sufficient for
these emitters, but it is powerless when [ is a fraction for the
emitters based on the cobweb structure, because / is considered
an integer from the beginning of the model. What’s more, to
the best of our knowledge, there is no theoretical model for
fractional topological charges / from integrated emitters so far
what shows many applications such as rotating and manipulating
microscopic particles [31]. Luckily, we can use Eq. (2) and
Eq. (4) from the CWM to analyze them, which is a unique
advantage of the model. Especially, we calculated the light for
[l =4.3 by Eq. (2) and the results are shown in Fig. 3(a), (b).
Moreover, we simulated the light for [ = 4.7 by Eq. (4) with
m from —40 to 40 in Fig. 3(c), (d). Those simulation results
are consistent with the theoretical and experimental results in
the previous report [32, Fig. 1(a), (b), (c)], which confirms the
feasibility of the model.

Attributing to the completely diverse polarization distribution,
the dipole model based on microring structure cannot be directly
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Fig. 3. Simulated light intensity and phase diagram of fractional topological
charges in N = 36 devices and ¢ = 7/6 3 = 0. (a) Intensity and (b) Phase for
[ = 4.3 by Eq. (2). (c) Intensity and (d) Phase for [ = 4.7 by Eq. (4) with m
from —40 to 40.

Fig. 4. Interference diagram of OAM beam with different initial polarization
and spherical wave when N = 32, / = 3. (a) ¢ = 0 and the inset shows E,, with
any initial polarization. (b) ¥ = 7/4 and the inset shows E,, with any initial
polarization. (¢) ¥ = 7 /2 (d) ¥ = 37 /4.

applied to the cobweb structure. In addition, the dipole model
cannot do anything to some devices with more general polariza-
tion state [12, Fig. 3(a)] since it does not consider the initial
polarization of each emission point. Fortunately, our model
considers these cases and introduces 1 to reflect the effects of
different initial polarization states on OAM beams. For example
the initial polarization states is radially polarized for ¢ =0
and is azimuthally polarized for ¢ = /2. As we can see from
Eq. (6) that ¥ only affects the phase for light field in far-field
and has no effect on the polarization of the OAM beam. No
matter from microring resonator structure or cobweb structure,
the OAM beam in the far-field consists of (I — pN) — 1 order
LHCP light and (I — pN) + 1 order RHCP light, which is a
pioneering conclusion.

To manifest their dissimilarities of different initial polariza-
tion states, we use spherical waves to interfere with them. As
shown in Fig. 4, the interference diagrams Fig. 4(a)—(d) are
the interference results of spherical wave with OAM beams for
$ =0, /4, /2, 31 /4 respectively. The results show that the
four petals correspond to the topological charge of the vortex
beam and when & becomes larger, the petals rotate clockwise
at a certain angle. Simultaneously, this rotation is related not
only to the initial polarization distribution states, but also to the
value of topological charge. Finally, we calculated the £, [inset
in Fig. 4(a)] and E, [inset in Fig. 4(b)] of OAM beams with
$=0, /4, /2, 37 /4, which do not change with . This shows
theoretically that the initial polarization state has no effect on
the far-field polarization.

VI. CONCLUSION

In this paper, we have established, developed and verified a
conical wave model, which regards the diffraction grating as a
plane wave source. The wavefront of all plane waves forms a
conical shape, and through strict calculation, we obtained that
all wavelets interfere in the far field to form OAM beams, which
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consists of / — pN - 1 order LHCP light and / — pN + 1 order
RHCP light. The model has the following three advantages.
First, the physical mechanism of the model is very distinct by
approximating the light emitted from the grating with plane
wave and directly calculating from the light field. Second, it
can precisely calculate the distribution of light field when the
topological charge is too large or fractional, which will provide
a more comprehensive and accurate theoretical description for
the application of OAM beams. Thirdly, by introducing 4 to
analyze the initial polarization state of the beam, the model can
be applied to a variety of structures, such as micro ring resonator
structure and cobweb structure as mentioned in the article.

Compared to the other previously theoretical models of in-
tegrated devices for vortex beam generation, our model have
an accurate, intuitive and comprehensive result. The CWM is
more concise and ocular than the coupled mode theory (see
Eq. s17 in [1]), which only quantitatively illustrates the value
of topological charges and the coupling process. What’s more,
at some points where the dipole model is break down, our
model still works and can be calculated on fractional order
beams. Although numerical methods such as FDTD or FEM
(Finite Element Method) can give good results due to the rapid
development of high performance computing, our model can
give results in a shorter time, especially for devices with large
size.

It is worth noting that this model is essentially different from
the dipole model, because it replaces each emission grating with
a plane wave source instead of dipole oscillator and start directly
from the light field of plane wave instead of dipole moment.
And it will be an arbitrary behavior to treat the conical wave
model as a fairly straightforward extension of the dipole model
since the former has been experimentally validated to treat the
radiation grating as a planar wave source [17] and the latter not.
As discussed in this paper, when /is small, the similarity between
the two models is as high as 0.9919 for light intensity and 0.9893
for light phase, but when / gets larger, the similarity decreases
gradually, which is the main advantage of this model. In addition,
although FDTD or FEM is highly efficient and accurate, this does
not mean that a new model is meaningless because time costs of
using numerical methods will be extraordinary high for devices
larger than 30 um.

In summary, the conical wave model have more generality
results than above models or methods and when 3 =0, p =0 in
Eq. (6), we can get the same result as the dipole model. What’s
more, itis also applicable to the theoretical analysis of generating
OAM beams with fractional topological charges for integrated
devices, which is a distinguishing feature from other analytical
method or model. By using this model to analyze the far-field
light field of different structures, we find that the different
initial polarization states only affect the phase of the beam and
they can get the same Ex and Ey results with different 3. This
work can help people understand the generation mechanism of
integrated OAM beam emitters more accurately and clearly. It
will provide better theoretical support for OAM beam in engi-
neering applications, such as optical micromanipulation, high-
capacity optical communication, high-security encryption and
SO on.
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