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Integrated Frame Coding for Short Burst
Transmission in Mobile Visible Light

Communication Systems
Jing-Shu Xue , Yan-Yu Zhang, and Yi-Jun Zhu

Abstract—Recently, visible light communication (VLC) has be-
come a promising option for secure data transmission in industrial
Internet of Things (IIoTs). In IIoT-VLC systems, small attocells are
adopted to achieve higher spatial reuse rate, and the transmission of
data, control and feedback bursts often requires high efficiency and
real-time feature. Conventionally, multi-field (MF) frames are used
in VLC systems which consists of sync header, channel training
sequence, check field, etc. in addition to data payload. However, for
short burst transmission, MF frames could result in efficiency loss
and latency increase due to useless padding bits. In this paper, a
novel coding scheme named integrated frame code (IFC) in physical
layer to realize efficient and real-time transmission simultaneously
is presented. IFC scheme reduces latency by simplifying transmis-
sion procedure and decreases overhead redundancy by integrated
design. Specifically, we propose a joint soft-decision criterion for
receiving without separate synchronization and channel estimation
and then analyze its error performance. After that, we present IFC
construction criterion and two design examples. At last, simulation
results confirm that for short burst transmission, IFC achieves
better efficiency and robustness than MF especially in moving
process.

Index Terms—Attocell, frame coding, industrial internet of
things, visible light communication.

I. INTRODUCTION

R ECENTLY, visible light communication (VLC) with in-
herent security feature has become a promising option

to realize secure data transmission in industrial Internet of
Things (IIoTs) [1]–[4]. In IIoT-VLC systems, small attocells
are densely distributed to achieve higher spatial reuse rate, and
diverse mobile users require varies of data for status monitoring,
action control and reaction feedback, most of which are short
bursts and thus desiring higher efficiency and lower latency
transmission [5]–[9].

Traditionally, data to be transmitted are organized into several
multi-field (MF) long frames in data link layer, which mainly
include overheads of sync header, channel training field and
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check field in addition to data payload [10]. However, for short
burst transmission, a large amount of useless padding bits should
be added in order to keep long frame length, leading to a decrease
in communication efficiency [11]. Meanwhile, receiving a lot
of useless data could also cause latency increase. Additionally,
channel factors estimated by channel training sequences at head
of each frame could has larger error for rear bits in the process
of receivers’ movement over attocells, and thus resulting in
receiving deterioration [12]. Therefore, long MF frames are
no longer suitable for short burst transmission in IIoT-VLC
systems.

Nevertheless, if we merely shorten the MF frame, the pro-
portion of fixed length overhead for channel training, synchro-
nization and anti-noise coding will be greatly increased, which
could also cause efficiency loss. Also, the fields being serially
generated and processed could extend time latency at both
transmitting and receiving end. Consequently, neither long nor
short MF frame could achieve high efficiency and low latency
transmission of short bursts, which has brought a great challenge
to IIoT-VLC system.

Inspired by [13] which integrates frame acquisition, carrier
recovery and carrier phase tracking into pilot symbols, we want
to propose a novel coding scheme named integrated frame code
(IFC) in physical layer to realize efficient and real-time trans-
mission for short burst data in IIoT-VLC systems. IFC replaces
the channel training sequence of MF frame by averaging the
receiving signal power for channel estimation, and removes the
sync header and check field by introducing the squared shifting
Euclidean distance (SSED) in code construction and signal
decision for simultaneous synchronization and error correction.
Therefore, the integrated design compresses the overhead length
in short frames, thereby increasing communication efficiency.
Meanwhile, different from MF frame which requires multi-step
generation and processing, short frames generated in one step
using IFC could realize robust transmission without serial pro-
cesses of different fields, which greatly simplifies transmission
procedure and may improve the real-time feature.

To sum up, our contributions could be summarized as follows.
1) We establish a complete VLC coding scheme with IFC.

At transmitters, burst data is coded to short IFC frames
and then transmitted by Lambert sources. At receivers,
soft-decision are jointly operated without separate syn-
chronization and channel estimation, and then signals are
decoded to transmitted messages.
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Fig. 1. Diagram of (a) mobile VLC in an attocell and (b) transmission process with MF frame or IFC.

2) We figure out the joint soft-decision criterion which inte-
grates synchronization and anti-noise receiving, and the
error performance of this criterion is analyzed. After that,
we specify the code set construction objective for IFC with
SSED as the core, and two design examples of binary code
are given.

3) We verify the synchronization and the anti-noise abilities
of IFC scheme under different frame lengths and channel
conditions by simulation. The results also demonstrate that
IFC achieves higher efficiency and better robustness to
noise and movement in mobile VLC systems.

The remainder of this paper is organized as follows. In
Section II, we introduce the transmitting and receiving system
with IFC. After that, the joint soft-decision method is detailedly
proposed and analyzed in Section III. Then, in Section IV, we
present the construction criterion and two IFC examples. After-
wards, the previous theorems are verified and the performance
of IFC system is explored by simulation in Section V. Finally,
our paper is concluded in Section VI.

II. SYSTEM MODEL

In this paper, we consider a single-input single-output mobile
VLC system with IFC as Fig. 1(a), where users move in the
coverage of one AP. In Fig. 1(b), the transmission processes of
system with MF frame and IFC are presented. Unlike in system
with MF frame which has serial processes of frame generation
and signal recovery, IFC system has coding and decoding pro-
cesses which can be operated in one step. Meanwhile, the IFC
frame is shorter than the MF frame by integrating design. Both
properties improve the efficiency and decrease the latency [14].
Note that we do not consider inter-attocell interference in this
paper [15], [16]. Next, let us introduce the three key links of
short burst transmission with IFC.

At transmitters, message s of a constant length is coded to
an M -ary IFC c = [ c0 c1 · · · cN−1 ]

T without serial adding
of sync header, channel training sequence and check field
like in MF frame. Here, the length of c is N , and c ∈ C =
{γ1, γ2, . . . ., γK}. The code set C is composed of K non-zero
code elements. Note that every code element γk is transmitted
with equal probability, i.e.P (c = γk) =

1
K fork = 1, 2, . . . ,K,

and when no message is transmitted, c = 0.

On the basis of IFC coding, we also operate Manchester
coding and decoding respectively at transmitters and receivers
in order to ensure the continuity of lighting and the relative
constancy of average power [17]. Because Manchester decod-
ing could be realized by detecting rising and falling edges of
received signals without additional symbol synchronization, and
the coding and decoding processes do not change the probability
distribution of additive Gaussian noise, we ignore the influence
of both Manchester coding and decoding in our research.

In VLC channel, both transmitted signals simultaneously
suffer time delay, Gaussian noise and channel attenuation. In MF
frame, synchronization is carried out before data recovery, and
thus the random transmission delay can be ignored in subsequent
operations. However, in IFC, the position of the first bit of every
short frame in received signals is unknown because of the lack of
sync header and synchronization in advance. Therefore, we first
discuss the time delay without considering channel attenuation
and Gaussian noise. We suppose that the sampling starts early
enough and persists long enough so that c could be completely
received. Hence, the received signal without channel influence
could be equivalent to

x(c,m0) =
[
01×m0

cT 01×(L−N−m0)

]T
1×L

(1)

where L is sampling length and m0 is named sampling delay.
In addition, m0 follows a discrete uniform distribution from 0
to L−N .

On the basis of the delayed signal, we also adopt a mostly
used VLC channel model as (2) [18]

y = hx(c,m0) + v (2)

Among them,v = [ v0 v1 · · · vL−1 ]
T is an additive Gaussian

noise satisfying vi ∼ N(0, σ2) for i = 0, 1, . . . , L− 1. Mean-
while, h is the channel factor between Lambertian source and
the receiver that follows [19], [20]

h =
(α+ 1)ARδ

2πd2
cosαφ cosψ (3)

where φ is the radiation angle of light source and ψ is the
incident angle of light at receivers. Also,m is the lighting order
of Lambertian sources following α = −ln 2/ln(cosψ0.5), and
ψ0.5 is the semi-power angle of light sources. Additionally,AR is
the area of detecting sensors, δ is the detecting responsivity [21],
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and d is the distance between light and receiver. In addition, for
the bursts transmitted at a high data rate, the duration of one
frame is very short compared with the time that users take to go
across an attocell. Therefore, we assume that h is constant in a
frame period.

At receivers, unlike the serial signal processing of MF frame,
in IFC, the channel is estimated by averaging the receiving
signal power and the transmitted frame ĉ is determined based
on sampled signals y with noise interference and unknown m0.
After that, the determined signals are decoded to ŝ by mapping
methodology. In this paper, our main task is to properly design
an efficient IFC code set C which is robust to noise interference
and random time delay and to propose a joint synchronization,
channel estimation and anti-noise signal soft-decision cooper-
ated with IFC scheme.

III. JOINT SOFT-DECISION FOR IFC

In this section, we establish the joint synchronization, channel
estimation and anti-noise soft-decision criterion of IFC system.
Meanwhile, its the error performance is also analyzed.

Here, we apply the maximum-likelihood (ML) criterion to
jointly decide the transmitted frame c and sampling delay m0

from y [22], [23]. First, the transition probability density func-
tion is given by

f (y |γk,m ) =
1(√
2πσ

)L e− ‖y‖2+h2‖γk‖2−2hRγky(m)

2σ2 , ∀k,m
(4)

wherem is any probable sampling delay, γk is any code element,
‖y‖2 and ‖γk‖2 represent the squared 2-norm of y and γk, and
Rγky(m) =

∑N−1
i=0 γk,iyi+m. When σ is constant, we could get

ML soft-decision criterion of IFC

(ĉ, m̂) = argmax
γk,m

l (γk,m)

= argmax
γk,m

[
2Rγky(m)− ĥ‖γk‖2

]
(5)

where ĉ, m̂ and ĥ are the estimated value of c, m0 and h. Here,
ĥ is estimated by averaging received Manchester coded signals.
Then, Property 1 is satisfied in terms of the performance of
the proposed joint soft-decision criterion. Its proof is shown in
Appendix A.

Property 1: The error decision probability of the joint soft-
decision criterion is upper bounded by

P ((ĉ, m̂) �=(c,m0))≤

∑
mi

∑
mj

∑
γi

∑
γj

Q
(

h
2σ

√
D2(γi, γj ,Δm)

)
K (L−N + 1)

(6)
where γi, γj ∈ C, and

D2 (γi, γj ,Δm)=

{∥∥x(γj ,0) − x(γi,Δm)
∥∥2, Δm ≥ 0∥∥x(γi,0) − x(γj ,−Δm)
∥∥2, Δm < 0

(7)

where Δm = mi −mj . �
In (7), D2(γi, γj ,Δm) degrades into the squared Euclidean

distance ‖γi − γj‖2 when Δm = 0. Meanwhile, when Δm �=
0, D2(γi, γj ,Δm) could be regarded as the squared Euclidean

distance (SED) between the shifted γi and γj , and thus being de-
fined as SSED, which is very essential to IFC construction [24].

IV. IFC CONSTRUCTION

In this section, we first set the construction criterion of IFC
code set. According to the criterion, two design examples are
analytically presented.

A. Design Criterion

According to (6), error decision rate is determined by SSED
when h and σ is constant in a frame period. Thus, we give the
design criterion of IFC construction as

argmax
C

min
i,j,Δm

D2 (γi, γj ,Δm)

s.t.

γi
(0) �= γj

(Δm) ©1
Δm ≥ 0 ©2

(8)

In order to promote the coding robustness to noise and uncer-
tain sampling delay, our optimization objective is to maximize
the minimum value of SSED under the constraints. Specifically,
1© is used to prevent fuzzy decision, i.e. the case thatSSED = 0.
2© is used to avoid repeated search caused by code sets’ sym-

metrical feature. If we adjust the parametersM ,N andK, code
sets for different efficiency and robustness requirements could
be constructed.

B. Design Examples

On the basis of the proposed design objective, we could con-
struct IFC by exhausting searching. However, for some relatively
simple cases, IFC could be analytically constructed. Next, two
binary examples will be presented.

In order to simplify the code design, we utilize an equivalence
property between different code sets. Before we introduce the
property, the definition of equivalent shifting is given.

Definition 1: The transition from sequence
γk = [01×m̃0

αT
1×n 01×(N−n−m̃0) ]

T
1×N ∈ C to

[01×m̃ αT
1×n 01×(N−n−m̃) ]

T
1×N is named as equivalent shifting,

where the first and the last elements of α are nonzero and
m̃0, m̃ = 0, 1, 2, . . . , N − n.

It is not difficult to obtain that equivalent shifting on el-
ements of C = {γ1, γ2, . . . , γK} does not change the min-
imum SSED of the code set C. Therefore, code set C is

equivalent to Cμ1 = {γk|γk = [01×(N−nk) α
(k)T
1×nk

]
T

1×N
}for bi-

nary code i.e. M = 2, which could be rewritten as Cμ1 =

{γk|γk = [μ
(k)T
1×(N−1) 1 ]

T

1×N
} because the last element of α is

‘1’. Then, Property 2 is workable, the proof of which is shown
in Appendix B.

Property 2: If γ(i), γ(j) ∈ Cμ1, then SSED between γ(i) and
γ(j) is increased by two or stays the same under different cases
compared with {γk|γk = μ

(k)
1×(N−1)}. �

According to Property 2, the addition of ‘1’ on the code set
{γk|γk = μ

(k)
1×(N−1)} could ensure thatmin SSED �= 0, which is

equivalent to the first constraint in (8). Thus, we obtain Theorem
1 and Theorem 2 to construct code sets withmin SSED = 1 or 2.
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Theorem 1: If μ(k) in Cμ1 traverse all the binary sequences
from 0 to 2N − 1 as follows, then min SSED = 1.

γ1 : 0 0 0 · · · 0 0 1
γ2 : 0 0 0 · · · 0 1 1
γ3 : 0 0 0 · · · 1 0 1
...

...
...

...
...

...
...

γ2N−1 : 1 1 1 · · · 1 0 1
γ2N : 1 1 1 · · · 1 1 1

�
Proof: WhenΔm = 0, it is not difficult to get that SSED �= 0.

For Δm �= 0, b = 1 corresponds to the last ‘0’ of the shifted γi,
and thus SSED ≥ 1. �

Theorem 2: We arrange {μ(k)} of Theorem 1 in Gray code
order, and then add ‘1’ after each code [25]. After that, we divide
them into two sets according to odd and even of the ordinal
numbers as follows

γ
(1)
1 : 0 0 0 · · · 0 0 1

γ
(2)
1 : 0 0 0 · · · 0 1 1

γ
(1)
2 : 0 0 0 · · · 1 1 1

γ
(2)
2 : 0 0 0 · · · 1 0 1

...
...

...
...

...
...

...

γ
(1)

2N−1 : 1 0 0 · · · 0 1 1

γ
(2)

2N−1 : 1 0 0 · · · 0 0 1

then both code sets C1 = {γ(1)1 , γ
(1)
2 , . . . , γ

(1)

2N−1} and C2 =

{γ(2)1 , γ
(2)
2 , . . . , γ

(2)

2N−1} satisfy min SSED = 2. �
The proof of Theorem 2 is in Appendix C. We adopt C2 which

is with larger minimum code weight to distinguish from non-
signal case, namely the all-zero sequence.

Our theorems only cost 1 b overhead make min SSED = 1
and 2 bits to make min SSED = 2 for frames of all lengths.
Therefore, we believe that IFC scheme is efficient especially for
short burst transmission.

V. SIMULATION

In this section, we verify the correctness of previous findings
about joint decision performance and IFC construction crite-
rion. Meanwhile, the synchronization and anti-noise receiving
abilities are tested by simulation. Moreover, comparison of IFC
and MF scheme in mobile system is also carried out. Note that
in our simulation, message sequences are randomly mapped to
code elements, indicating that IFC could probably achieve better
performance than our results if mapping algorithm is elaborately
designed.

A. Verification of Property 1 and IFC Design Criterion

In previous sections, we have derived the upper bound of
error decision rate i.e. Property 1, and based on which IFC
construction criterion has been proposed. In order to verify
them, we compute the analytical upper bound and simulate
the error decision rate of code sets in Table I under different

Fig. 2. Error determination rate of code sets with different min SSEDs.

signal-to-noise ratios (SNRs), which is shown in Fig. 2. As
we can see, the results by simulation approach upper bound
when SNR ≥ 12dB, implying that the analyzed upper bound
could represent error decision rate under high SNR. Meanwhile,
for both analyzed and simulated results, code sets with larger
min SSED perform better under the same SNR, and error floor
occurs when min SSED = 0, which reflects the rationality of
our IFC construction criterion.

B. Synchronization and Anti-Noise Performance

In this part, we first explore the anti-noise performance of
IFC constructed by Theorem 2 under perfect synchronization.
Hence, SSED degrades into SED and thus the last ‘1’ of each
code could be removed. In Fig. 3, we present the frame error rate
(FER) and bit error rate (BER) of on-off keying transmission
with or without IFC. The results illustrate that IFC with only
1 b coding overhead achieves an obvious error rate reduction
especially under high SNR. Moreover, the BER performance
enhancement of short frames with different lengths is relatively
close to each other, which we believe could improve applicability
of our scheme.

Next, we consider both synchronization and noise resistance
performance of our scheme. In this simulation, we compare IFC
scheme with MF frame transmission, which adopts a relatively
simple frame structure with a PN sync header of length Ls

before binary message sequence of length Lm [26]. Consid-
ering the short frame length, check field is not added after
data payload, and receivers use sliding correlation for signal
synchronization [27]. In IFC scheme, integrated frame code
constructed by Theorem 2 and joint soft-decision method are
utilized at receivers. In Fig. 4, when SNR < 10dB andLs = 15,
the scheme with MF frame outperforms the proposed scheme on
both BER and synchronization. This is because IFC with only
2 bits overhead for both synchronization and error decrease
cannot resist the huge noise, and thus leading to error syn-
chronization and recovery (especially the error synchronization
which severely increases BER), while the sliding correlation
synchronization with long sync header is more robust to the
noise, which however costs more overheads and efficiency. For
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Fig. 3. (a) FER and (b) BER under different N and SNR with or without IFC.

Fig. 4. BER and Synchronization error rate under different SNR.

the case when SNR ≥ 10dB, IFC system presents smaller BER
than the upper bound of MF method (i.e. the BER when synchro-
nization is perfectly operated) because of the anti-noise coding
and soft-decision. In terms of synchronization performance, IFC
scheme with 2 bits cost has an approximate error rate to the

TABLE I
SETUP OF ERROR DECISION SIMULATION

Fig. 5. BER of different receiver locations under different transmission
schemes.

Ls = 7 case under the given message length, indicating that
IFC could achieve great synchronization and receiving for short
frame and under proper channel condition.

C. Simulation in Mobile VLC System

Now, we explore the receiving performance of IFC and MF
scheme in a mobile VLC system which is set up as Table II.
We consider two groups of comparison for IFC and MF. In
each group, frame length N and message length Lm are the
same. Here, we use IFC constructed by Theorem 2 in IFC
scheme. However, in MF schemes, sync headers are added, and
sliding correlation is used for synchronization. Meanwhile, we
adopt 8-ary modulation to ensure the same short frame length
with IFC scheme, and thus RS codes of different formats are
also utilized for robustness improvement. In Fig. 5, we present
the BER distribution of different receiver locations. Here, x is
the distance between the receiver and the vertical projection of
the light source on floor. As we can see, the BER of both schemes
deteriorates with the increase of users’ distance from AP because
of the increasing channel attenuation and the decreasing SNR.
Nevertheless, for the simulated locations, BER of IFC demon-
strates a great superior compared with MF scheme and always
keeps at a very low level, which indicates an increase of APs’
communication coverage and the save of power consumption.
Additionally, because of the frame length limitation, we do not
add a channel training sequence and assume that receivers know
the channel factors of every position in MF scheme, which
is idealized and would make the result of MF higher than
actual value. Consequently, the simulation demonstrates that the
integrated scheme performs better for short burst transmission
in mobile VLC system.
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TABLE II
SYSTEM SIMULATION SETUP

VI. CONCLUSION

In this paper, we have proposed an IFC method for short
burst transmission in mobile IIoT-VLC system. We introduced
the transmitting and receiving VLC model with IFC. Under
the system, we proposed a joint soft-decision algorithm which
realizes anti-noise receiving without separate synchronization
and also explored its performance upper bound. According to
the upper bound, a design criterion of IFC was raised, and
two design examples were analytically presented. Finally, our
simulations have verified the upper bound and design criterion.
The results have also demonstrated that IFC could achieve
efficient and robust transmission especially for short burst data
under high SNR. At last, the enhancement of IFC scheme
compared with MF scheme in mobile VLC system has also been
verified.

APPENDIX A
THE PROOF OF PROPERTY 1

(9) is the error probability when actual values are γk and m0

while the estimated values are γβ and m.

P {l (m0, γk) < l (m, γβ) |γk,m0 }

= P

{
Rγky (m0)−Rγβy(m) < ĥ

‖γk‖2 − ‖γβ‖2
2

∣∣∣∣∣ γk,m0

}

= P

{
V (γk, γβ ,Δm)<ĥ

(
Rγβγk

(Δm)− ‖γk‖2+‖γβ‖2
2

)}
(9)

Here, V(γk, γβ ,Δm)=
∑N−1

i=0 γk,ivi+m0
−∑N−1

i=0 γβ,ivi+m.
According to the independence of vi, the left part of (9) sat-
isfies V(γk, γβ ,Δm) ∼ N(0, D(γk, γβ ,Δm)σ2). Meanwhile,
D2(γk, γβ ,Δm) = ‖γk‖2 + ‖γβ‖2 − 2Rγβγk

(Δm). Then, (9)

can be simplified to Q( ĥ
2σD(γk, γβ ,Δm)). If signal sample is

long enough to make ĥ ≈ h, then the conditional error probabil-
ity presetting a certain transmitted sequence and sampling delay
could be upper bounded by

P ((ŝ, m̂) �= (s,ms) |γk,m0 )

≤
∑
γβ

∑
Δm

P {l (m0, γk) < l (m, γβ) |γk,m0 }

=
∑
γβ

∑
Δm

Q

(
h

2σ
D (γk, γβ ,Δm)

)

Finally, using the total probability formula, it is not difficult
to get Property 1. �

APPENDIX B
THE PROOF OF PROPERTY 2

We denote Cμ0 = {γk|γk = [μ
(k)T
1×(N−1) 0 ]

T

1×N
}, which

evidently has the same SSED with the code set
{γk|γk = μ

(k)
1×(N−1)}. We explore the impact of ‘1’ at the

end of each code in Cμ1 by comparing SSED between codes of
Cμ1 and Cμ0.

Case 1: When Δm = 0, D2(γi, γj , 0) = ‖μ(i) − μ(j)‖2 for
both Cμ1 and Cμ0.

Case 2: When Δm �= 0, we present the shifted γi, γj ∈ Cμ0
or Cμ1 as

i : μ
(i)
0 · · · μ(i)

Δm · · · a 0 · · · 0
j : 0 · · · μ(j)

0 · · · μ(j)
N−1−Δm μ

(j)
N−Δm · · · b

where a = b = 0 for Cμ0, and a = b = 1 for Cμ1. For Cμ0, if
we convert b from ‘0’ to ‘1,’ SED between γi and γj will be
increased by one. Meanwhile, when converting a from ‘0’ to
‘1,’ SSED will be increased by one if μ

(j)

N−1−Δm = 0, and if

μ
(j)

N−1−Δm = 1, SSED will be decreased by one. In summary,
Property 2 is workable. �

APPENDIX C
THE PROOF OF THEOREM 2

As we know, the Gray codes {μ(k)} of C1 have a mapping
relationship with natural binary codes. Meanwhile, it is not
difficult to obtain that the lowest bit of every corresponding
natural binary code is ‘0’. Therefore, the following mapping
relationship is workable.

Bin : b0 b1 · · · bn · · · bN−3 0
μ(k) : b0 b0⊕b1· · · bn−1⊕bn· · · bN−2⊕bN−3 bN−3
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where ⊕ means modulo 2 addition.
For the caseΔm = 0, we assume that∃γ(1)i , γ

(1)
j ∈ C1, i �= j,

which satisfy D2(γ
(1)
i , γ

(1)
j , 0) = 1. And if their n0th (n0 =

0, 1, . . . , N − 3) bits are different and other bits are the same,
then {

b
(1)
i,n = b

(1)
j,n, n = 0, 1, . . . , n0 − 1

b
(1)
i,n = b̄

(1)
j,n, n = n0, n0 + 1, . . . , N − 3

(10)

Thus, their (N − 2)th bits are also different, which
is in conflict with D2(γ

(1)
i , γ

(1)
j , 0) = 1. Therefore,

D2(γ
(1)
i , γ

(1)
j , 0) ≥ 2 comes into existence. Additionally,

it can be derived in the same way that the conclusion also
applies to C2.

For Δm �= 0, we assume that in the following case,
D2(γ

(1)
i , γ

(1)
j , 0) = 1.

i : γ
(1)
i,0 · · ·γ(1)i,Δm· · ·γ(1)i,N−2 1 · · ·0

j : 0 · · ·γ(1)j,0 · · ·γ(1)j,N−Δm−2 γ
(1)
j,N−Δm−1· · ·1

Then,⎧⎪⎪⎪⎨
⎪⎪⎪⎩
γ
(1)
i,n = 0, n = 1, 2, . . . ,Δm− 1

γ
(1)
i,n = γ

(1)
j,n−Δm, n = Δm,Δm+ 1, . . . , N − 2

γ
(1)
j,N−Δm−1 = 1

γ
(1)
j,n = 0, n = N −Δm, . . . , N − 2

(11)

Thus, the case could be rewritten as

γ
(1)
i =

[
01×Δm αT

�×1 01×(N−Δm−�−1) 1
]T

γ
(1)
j =

[
αT
�×1 1 01×(N−�−2) 1

]T
We map γ

(1)
i and γ

(1)
j back to natural binary sequence

according to the gray code mapping criterion. In this
way, the penultimate bits of two codes are respectively
α0 ⊕ α1 ⊕ · · · ⊕ α�−1 and its not value α0 ⊕ α1 ⊕ · · · ⊕ α�−1.
Therefore, D(γ

(1)
i , γ

(1)
j , 0) ≥ 2 is workable. Additionally, this

result is also suitable for C2. �
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