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Abstract—As a 2-D full-wave numerical algorithm in the time
domain, the compact Finite Difference Time Domain (FDTD) is
an efficient algorithm for eigenvalue analysis of optical waveguide
system. However, the numerical dispersion accuracy and stability
of fast algorithm need to be improved while simulating at high
frequency. A novel high-order symplectic compact FDTD scheme is
developed and validated for optical waveguide modal analysis. The
stability condition and the numerical dispersion of schemes with
fourth-order accuracy in temporal and spatial using the symplectic
integrator and compact scheme are analyzed. By comparisons
with other time-domain schemes, their stable and accurate perfor-
mance is qualitatively verified. The proposed high-order SC-FDTD
method can be used for efficiently simulating electrically large
and longitudinally invariant optical devices since the reduction
of simulation dimensionality and the novel high-order symplectic
algorithm can greatly reduce the memory cost and the numerical
dispersive errors.

Index Terms—Finite-difference time-domain, symplectic
integrator, compact-scheme, optical waveguide.

I. INTRODUCTION

R ESEARCH on the analytical method of eigenvalue prob-
lem is an important topic in optical devices. As a full-wave

numerical scheme in the time domain, the finite-difference time-
domain (FDTD) method has been extensively used for modeling
computational electromagnetic in optical waveguide system [1],
[2]. The FDTD method has the advantages of physical intuitive,
easy to implement, and efficient. It can capture a broad frequency
range with just a single simulation, and can investigate nonlinear
electrodynamics in a natural way [3]–[5]. Thus, FDTD method
has been applied to optical devices analyses at the nanometer
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scale, such as spaser, nanoscale waveguide, nanolasers, and
solar cells [6]–[10]. However, this algorithm needs to scale
down the time step to mitigate the numerical dispersion errors
while simulating at high frequency. Especially in dealing with
the field pattern and transmission characteristics of different
modes in the optical waveguide simulation [11]–[13]. It takes
plenty of computing resources and time since they are several
tens to several thousand times larger than the wavelength in
them. Therefore, it is an urgent problem to study the efficient
time-domain algorithm for solving the eigenvalue problem of
optical guided wave structures.

In view of the particularity of solving the eigenvalue prob-
lem of an optical guided wave system. The refractive index
profile is invariant along the propagation direction, thus, the
electromagnetic wave has the same optical field distribution on
any cross-section. In this case, the compact-FDTD (C-FDTD)
scheme has been proposed by Xiao et al., in which all the field in-
formation about the three-dimensional structure can be extracted
from its two-dimensional cross-section [14]–[20]. Though the
computing resources and times has reduced by the fast algo-
rithm, the accurate performance cannot be guaranteed. Then,
the high-order spatial differencing scheme has been researched
by Hadi and Mahmoud [21]. Although the spatial accuracy can
be slightly improved by the high-order spatial schemes, it is also
subjected to CFL stability condition. In order to further develop
a nondissipative scheme for mitigating the error of the C-FDTD
scheme. Other high-order temporal differencing schemes are
also attracting attention [22]–[24].

Recently, based on higher-order symplectic integrator tem-
poral algorithm for energy conservation and compact spa-
tial algorithm for dimensional reduction, a novel high-order
symplectic compact FDTD (SC-FDTD) scheme is proposed.
The novel scheme is different from the previously proposed
schemes, which follow the improvement on the above mentions.
Combined symplectic integrator temporal scheme for energy
conservation with the compact spatial scheme for dimensional
reduction, the scheme not only guarantees simulation preci-
sion but also ensures the high efficiency of the simulation.
Firstly, the scheme establishes a new high-order spatio-temporal
matching evolution matrix in which the fast evolution matrix
of spatial dimension reduction and the Hamiltonian matrix of
temporal symplectic integral for Maxwell’s equations, which
has energy-conserving characteristics for long-range propaga-
tion [25], [26]. Secondly, the appropriate propagation con-
stant has selected into the matrix and vector wave function
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expansion. Thirdly, the novel scheme optimization of the various
key technologies which contain numerical stability, numerical
dispersion, and absorption boundary conditions are researched.
Especially, different from the multi-image technique used in the
time-domain multi-resolution algorithm is adopted on the metal
truncation boundary, when solving the eigenvalue problem of
metal resonator [28]. The split-field can be used to construct the
higher-order PML absorption boundary conditions, when deal-
ing with eigenvalue problems of complex dielectric resonators
and photonic crystals. Comparisons with other time-domain
algorithms, the advantages of the novel scheme is verified by
the analysis of numerical stability and accuracy in long time
simulation. One can find that the global dispersion error can be
effectively improved by the novel scheme at the same accuracy
of time due to the nondissipative characteristic of symplectic
integrator temporal scheme. Furthermore, the novel scheme
can be made nearly independent of the maximum limitation
of the Courant Friedrich Levy law, which largely enhances the
computational efficiency without improving precision by using
excessive fine subdivision. This paper presents the details of the
scheme and describes its basic properties, and is demonstrated
by numerical experiment on long-term simulation of dielectric
optical waveguides with complex cross-sections and photonic
crystal fiber.

II. METHOD AND THEORY SCHEMES

A. Schemes

In the passive, uniform and lossless media, using the theoret-
ical background of the symplectic properties [27], the Hamilton
function of Maxwell’s curl equations is defined as follows:

Ξ(H,E) =
1

2

(
1

ε
H · ∇ ×H+

1

μ
E · ∇ ×E

)
. (1)

According to the variational principle, the above equation is
rewritten into the matrix form:

∂
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where E and H are the electric and magnetic field vectors, ε and
μ are the permittivity and permeability of the space. In order
to get the compact spatial scheme, replacing the z-derivative
(assumed the propagation direction along the z-axis) with the -jβ
term, the three-dimensional curl operator � can be rewritten as:

� =

⎛
⎜⎝

0 jβ ∂
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−jβ 0 − ∂
∂x

− ∂
∂y

∂
∂x 0

⎞
⎟⎠ . (4)

The time evolution of (2) from time t = 0 to t = Δt are
obtained: (

H

Ê

)
(Δt) = exp (ΔtL)

(
H

Ê

)
(0) . (5)

Here, Ê is defined by the normalized electric field. Δt is
the time step temporal. The evolution matrix exp (ΔtL) can be
approximated by the mth-stage pth-order symplectic integrator
scheme:

exp(Δt (U + V ))=

m∏
l=1

exp(dlΔtV ) exp (clΔtU)+O
(
Δp+1

t

)
,

(6)
where cl and dl are the constant coefficients of pth-order tem-
poral symplectic operators. The exp(clΔtU) and exp(clΔtU)
are basic symplectic transformations at each time step, which
completes the display iteration between electric field and mag-
netic field components f. Meanwhile, the qth-order staggered
central difference scheme with the 2-D Yee lattice is used to
approximate the first-order spatial derivatives. The operator ς(x-,
y-component) are derived as follows:

ςx ≈
q/2∑
r=1

Wr
f (i+ r + 1/2, j)− f (i− r + 1/2, j)

h
, (7a)

ςy ≈
q/2∑
r=1

Wr
f (i, j + r + 1/2)− f (i, j − r + 1/2)

h
, (7b)

where h is the mesh size and Wr is the qth-order spatial differ-
ence coefficient. Then, the appropriate propagation constant is
selected into the matrix and vector wave function expansion. The
novel high-order symplectic compact FDTD (SC-FDTD(p,q))
formulation can be deduced as (8) shown at the bottom of this
page:

Therefore, a new high-order spatio-temporal matching evo-
lution matrix in which the fast evolution matrix of spatial
dimension reduction and the Hamiltonian matrix of temporal
symplectic integral are combined. Here, p=4 and q=4 are used,
and the explicit fourth-order accurate difference coefficients
are W1 = 9/8 and W2 = −1/24. The SC-FDTD (44) updated
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Ê

)∣∣∣∣
t=Δt

=
m∏
l=1

⎛
⎜⎜⎜⎝

{I}3×3 0

1
ε

⎛
⎜⎝ 0 jβ ςy

−jβ 0 −ςx

−ςy ςx 0

⎞
⎟⎠ dlΔt {I}3×3

⎞
⎟⎟⎟⎠
⎛
⎜⎜⎜⎝{I}3×3 − 1

μ

⎛
⎜⎝ 0 jβ ςy

−jβ 0 −ςx

−ςy ςx 0

⎞
⎟⎠ clΔt

0 {I}3×3

⎞
⎟⎟⎟⎠
(
H

Ê
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equations can be derived accordingly. For the sake of brevity,
only the x component of E and H fields are given as follows:

Ê
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H
n+l/m
x (i, j + 1

2 ) = H
n+(l−1)/m
x (i, j + 1

2 )

+ 1
μr(i,j+

1
2 )

× {γz ×
[
Ê
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where

αδ1 =
9

8
dl × CFLδ, αδ2 =

−1

24
dl × CFLδ, γδ1

=
9

8
cl × CFLδ,

γδ2 =
−1

24
cl × CFLδ, γz = β × CFLz ×Δz, (10)

in which

CFLδ =
1√
μ0ε0

Δt

Δδ
, δ = x, y, (11)

where εr denotes the relative permittivity at point (i + 1/2, j),
and Δx= Δy= Δz = h is the mesh size.

B. Stability Conditions Criteria

Reviewing background knowledge of the stability condition
of the symplectic algorithm [27], it may be helpful to understand
the numerical stability of SC-FDTD algorithm. Firstly, the up-
dated field vectors F from time t = n to t = n+1 meeting the
following conditions:

Fn+1 = S · Fn, (12)

where, S is the stability matrix of the symplectic algorithm. If the
algorithm is stable, the sufficient and necessary condition is that
all eigenvalues modulus of the matrix S is less than or equal to 1.

According to the (8) of SC-FDTD(p, q) algorithm, the stability
matrix S can be obtained as follows (13) shown at the bottom of
this page:

TABLE I
THE MAXIMUM VALUES OF CFL NUMBER

The eigenvalue equation of matrix S is expressed as:

λ2 − tr (S) λ + 1 = 0. (14)

By multiplying (13) in turn, we can get the trace of matrix S:

tr (S) = 2 +
m∑
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t
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In order to meet the requirement of stability condition, the
eigenvalues modulus of the (14) is equal to 1, as long as, that is
satisfying |tr(S)| ≤ 2. According to (15), the CFL number of
the SC-FDTD(44) can be obtained:
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As β0 is the unbounded wave number, β = 0.99β0 is de-
fined. Concerning the values of different algorithms, the SC-
FDTD(44) algorithm has the largest CFLmax number as illus-
trated in Table I. The results show that the new algorithm is more
stable than other algorithms.
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Fig. 1. Normalized energy at each time step.

C. Numerical Dispersion Analysis

According to (14), the new algorithm is dissipative when
the stability condition meets |λ1,2| = 1. So, the phase Angle
of the eigenvalue can be calculated by the arccosine, and the
dispersion-free equation can be expressed as [27]:

cos (ωΔt) = tr (S) /2. (19)

Substitute into the expression of (16), the dispersion relation
equation (15) can be rewritten as:

sin2
(
ωΔt

2

)
+

1

4

m∑
l=1

gl
{
(−4) · v20 ·Δ2

t ·Q
}l

= 0, (20)

in which,kx and kyare, respectively, numerically rendered trans-
verse wave number for x-, y-direction.

By the dispersion (20), the numerical global phase error Φ is
depended on several factors, such as the normalized propagation
constant (κ = β / β0), the courant number (ν = Δtmax / Δt)
and the resolution factor (R = λT / h). For the influence of
the above factors on the global phase error Φ, we have made
a detailed study of the comprehensive comparisons of global
phase errors between the proposed algorithm SC-FDTD(4, 4)
and other algorithms in reference [28]. One can find that the
global phase error of SC-FDTD(4, 4) algorithm is far below that
of the other methods at the same accuracy condition.

In order to verified that the nondissipative characteristic of
symplectic integrator temporal derivatives in SC-FDTD(4, 4)
algorithm. A comparative study of the normalized energy at
each time step is shown in Fig. 1. Note that the amplitude of
the energy oscillation of SC-FDTD (4, 4) algorithm is closer
around the exact value than that of C-FDTD(2, 2) algorithm.
This conclusion suggests that the SC-FDTD (4, 4) algorithm
can achieve energy-conserving.

As the normalized propagation constant approaches unity,
rigorous dispersion analysis will follow which the global phase
error deterioration and the time step is kept at the maximum
limit allowed by the dispersion relation (20) for each κ value.
Further analysis of the normalized propagation constant κ and

the resolution factor R have critical role to play in minimizing
numerical global phase errors Φ. A comprehensive comparisons
of global phase error between SC-FDTD(4, 4) and C-S24[5], [7]
at the same time step Δtmax for different R and κ is shown
in Table II. It be clearly seen that the error of SC-FDTD(4,
4) algorithm is far below that of the C-S24 algorithm at any
value κ and R. Meanwhile, the excessively high resolution
factors R are needed near the limiting value of κ approaches
unity of the C-S24 algorithm. Or more courant number νopt are
required to improve the error of the C-S24 algorithm. However,
the SC-FDTD (4, 4) algorithm can be made nearly independent
of the maximum limitation of the Courant Friedrich Levy law,
which largely enhances the computational efficiency without
improving precision by using excessive fine subdivision.

D. PML Absorption Boundary Condition

Similar to the treatment for Maxwell equations in S-FDTD
algorithm[27], PML for the SC-FDTD updated equations in
(9a) and (9b) are derived by incorporating high-order expo-
nential difference techniques in dealing with complex dielectric
resonators, photonic crystals and open or half-open eigenvalue
problems. Considering the different forms of Maxwell equations
in the time domain under the split field in three dimensions, our
following derivations will be made to Ex and Hx component
only, as other field components can be treated in a similar
manner.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
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TABLE II
A COMPARATIVE SUMMARY OF THE FORMATION IN SIMULATIONS USING DIFFERENT METHODS FOR DIFFERENT R AND κ

Fig. 2. The modal of the photonic crystal fiber structure in this simulation,
the diameter of the air hole column (d = 1 μm), the lattice size of the air hole
column a = 5 μm, and the air hole column is coated with silica material.

III. NUMERICAL RESULTS

The dispersive characteristic is an important parameter of
a longitudinally invariant optical waveguide structure in engi-
neering practice [29]–[33]. To validate our algorithm, the dis-
persive characteristics of photonic crystal fiber is simulated by
SC-FDTD(44) algorithm and compared with the results of FEM.
The modal of the photonic crystal fiber is shown in Fig. 2. Firstly,
the propagation constant and the excitation source are defined
beforehand. Secondly, the Maxwell equations of the main and
PML areas are discretized by using the high-order symplectic
compact difference scheme. Thirdly, the six field components of
the electromagnetic field are staggered and iterated in the grid
until the steady-state is reached, and then the time-domain field
value is output. Finally, the frequency value is obtained through
the Fourier transform, and then modal analysis can be carried
out. The same propagation constant corresponds to different
propagation modes in the same physical size, of which the
fundamental mode has the longest wavelength. On the contrary,
the fundamental mode corresponds to different wavelengths
under different propagation constants.

Fig. 3. Equipotential lines of the electric field component with continuous
varying wavelengths. (a) λ = 0.6μm. (b) λ = 1.5μm.

Here, the propagation constants are selected to be 15e6 rad/m
and 6e6 rad/m, respectively. Meanwhile, the corresponding fun-
damental mode wavelength is chosen as 0.6 μm and 1.5 μm,
respectively. By continuous varying wavelength, equipotential
lines of the electric field component are shown in Fig. 3.

It can be seen that the propagation of the light in the fiber
is affected by the structure of the air hole column. When the
value of d/a is larger than a critical value, the effective refractive
index of the cladding region composed of the air hole column,
and the medium is lower than the effective refractive index of



2211407 IEEE PHOTONICS JOURNAL, VOL. 14, NO. 1, FEBRUARY 2022

Fig. 4. The variation of effective refractive index with wavelength and prop-
agation constant under different structures.

the medium core. Therefore, the light wave field is limited in the
fiber core to achieve the total reflection phenomenon. whereas,
the generation of total reflection is related to the effective re-
fractive index. So, we consider that the variation of effective
refractive index with wavelength and propagation constant under
different structures are shown in Fig. 4. Here, the value of d/a
are set to 0.5; 0.6; 0.7 when a is set to 5 μm. It can be seen
that the SC-FDTD(44) algorithm is exactly consistent with the
numerical results of the FEM. So, the correctness of the proposed
algorithm can be verified. Furthermore, the simulation time and
memory cost of the proposed algorithm are reduced to 1/10 and
1/3 of the FEM algorithm at the same accuracy condition.

IV. CONCLUSION

To study the efficient time-domain schemes for saving a lot of
computational time and memory of photonic crystal fiber struc-
tures. a novel high-order symplectic compact FDTD scheme is
proposed, which is attributed to the theory combination of the
fast-spatial scheme and stable temporal scheme. The stability
condition and the numerical dispersion of schemes with fourth-
order accuracy in temporal and spatial using the symplectic
integrator and compact scheme are derived. By comparisons
with other time-domain schemes, their stable and accurate
performance is qualitatively verified and is also demonstrated
by numerical experiment on long-term simulation of dielectric
optical waveguides with complex cross-sections and photonic
crystal fiber.
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